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1. EULER CHARACTERISTIC AND CLASSICAL MORSE THEORY

Suppose M — FE is an embedding of a compact, connected, smooth oriented, m-dimensional
manifold M in the finite dimensional vector space F.

Every linear function £ € E* = Homg(E,R) defines by restriction a smooth function &y,
on M. The level sets M—; = 5;/‘,1 (t) can be visualized as the intersection of M with the
hyperplane £ = t. A point z € M is critical for &y if the hyperplane £ = £(z) is tangent to
M at z,ie. T,M C £71(0).

For generic £ the restriction £ is a Morse function on M, i.e. all its critical points are
nondegenerate. Recall that the critical point pg of a smooth function f is called nondegenerate
if we can find local coordinates (x1,- -+ ,x,,) on M near py such that

zi(po) =0, fla1, -+, xm) = f(po) — ] — -+ — a3 + 254, + -+ a5,

The integer A is independent of the above choices of coordinates. It is called the Morse index
of f at pp and it is denoted by A(pg) = A(f,po)-
Denote by C¢ C M the critical set of £y7. Then C¢ is finite and we denote by

De =&(Ce) CR

the set of critical values. Dg is a finite subset of R so that R\ D¢ is a finite union of open
intervals.

Mo ={ze M; £<t}, x(t)=x(M)
Consider for example the situation depicted in Figure 1. The critical set C¢ and the discrim-
inant set D¢ are marked in red.
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F1GURE 1. The height function on a genus two surface.

The first theorem of classical Morse theory implies that the function x(¢) is constant on
each connected component of R\ D, i.e.

X(M<q) = x(Mp) if the interval [a,b] does not intersect the discriminant Dg.

Thus for every ¢t € R the limits x_(¢) = lim, ;- x(s) and x4+(t) = lim,_;+ x(s) are well
defined and
5() = x4 () — x—(H) = 0, ¥t € R\ D.
We deduce that
X(M) = x(00) = x(—00) = Y (7).
reD;
Observe that for 7 € D¢ we have

0(r)=x(t+e)—x(t—¢), V0<ek1,
- 5(7) = x(My12) = x(Mer ) = xX(H*(Merio, My o).

Let Ce¢(1) = Ce N {&y = 7} denote the set of critical points of £y with critical value 7. In
Figure 1 We see that C¢(74) consists of three critical points.

By choosing € > 0 sufficiently small we can cover C¢(7) by finitely many disjoint open
balls B(x), x € C¢(7) such that

Bxz)Cc{r—e<&u<&éu+e}, B_(zx):=B@)n{éy <1—¢/2} #0, Va.
The second fundamental theorem of classical Morse theory states
H*(Merie,Mero) 2 @ H*(B(z),B_(z)),
x€C¢(T)

where each pair (B(z), B_(z)) deformation retracts to the pair ( DX®) 9D ). Here \(z)
denotes the Morse index of the critical point z and D* denotes the closed A-dimensional ball.
We deduce that

5(r)= Y x(D®,oD*M)= Y (D) y(0D*) = Y (—1)2®.
z€Ce(T) z€Ce(T) z€C¢(T)
Hence we deduce

(M) = 37 (-1,

LL’EC&
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Let us rephrase the above equality. Denote by
(e,0) : E X E* - R
the natural pairing between a vector space and its dual. Consider the cotangent bundle T*FE
of E. Recall that we have a natural pairing
(0,0) . TEXT'E—Rp:=RxE, ((y,2),(&2))=({,§,x).

This induces a pairing

TE’M XT*E’M—> RM
Define the conormal bundle of the embedding M — X as the subbundle T},E of T*E |g
defined by the condition

(&, x) e Ty E <= (v,§) =0, Yv e T,M.

We regard T3, E as a submanifold of T*E. Observe that dim7T);F = dim FE = %dim T*E.
The total space of the cotangent bundle T*E caries a natural symplectic form

wo = da.

If we choose linear coordinates (x!,---,2"V) on E and we denote by (£1,---,&y) the dual

coordinates on E* then 4 '
a=> &dr', wo=)Y d&Ada'.
i i
We orient! the total space of T*E using the volume form

Q:=d&i A Ndéy Ndat A Ada =

Then T}, E is a lagrangian submanifold of T*FE, i.e. wg restricts to the trivial form on Ty, E.
An orientation on F induces a natural orientation on Ty, E defined as follows. Let p € M

and choose local coordinates z',--- ,z" on E near p such that

xz(p) =0, Vi, M:{:El = -'-:xN_m:()}
and the orientation of E is defined by dz!' A --- A dz’¥. We obtain coordinates (&1,--- ,&n)
in the fiber T E. Then (zt, - 2™, &y, -+, En) define local coordinates on T E and we

orient this manifold using the volume form
dEi A NdEN—m ANdzN TN A deY.
Suppose £ € E*. We view £° as a smooth function on E. Its differential is a section of T*E
and its graph
Ieo={(d¢" |s,2) € E*x E=T"E }.

is a Lagrangian submanifold of T*E. It carries a natural orientation induced by the orien-
tation of E. Observe that pg € M is a critical point of £° |y if and only if Py := (£9,pg) €
FeoNTHE.

We want to prove that if py is nondegenerate as a critical point of index A then I'co
intersects T, F transversally? in Py. Set for simplicity A = TyE and I' = T'go. Since pg is

a nondegenerate critical point of £&0 we can find local coordinates (z!,--- ,z") in E near pg
such that z*(pg) = 0, Vi, such that if we set
mL:(l’l,"‘wa’N—m), a’/‘oz(l’N_m—’—l?’l'N)

I This differs from the two different orientation conventions in [5] and [10].
2The converse is also true
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then M = {z, =0}

&(x) = (po) + (&, &0) + %(el(xN_m‘*‘l)Q Fot ot en(2Y)?)

+2V T () 4 - 2N () + g(a) + O(3),
where €; = £1,
#{i; =1} =A
® € E*\0 vanishes along T},, M, ¢; are linear functions in the variables z , ¢(z ) is quadratic
in the same variables. Then near P the graph of d¢® admits the parametrization

" ol dq
_ 0 Ne-m+j 2% . T4 4 59y k=1.... N—
Ek‘ Ck;_{_]_zla7 8xk+3xk+ ( )7 ) 5 m
EN-mig =z " 4 4z )+ 0(2), j=1,--,m
=1t Vi.
An oriented basis of Tp,T'c0 is given by the vectors
_ & -
oz
o6x
U=194 |, j=1-,n
dxT
ozm
L a? .
An oriented basis of Tp A is given by the vectors
v — O, if j<N-—-m
T 0y it j>N-—-m
We want to compute Q(Uy,--- ,Un, Vi,---,Vn). Denote by Sy, the diagonal m x m matrix
with entries €;. We deduce

_ * * IN—m 0 ]
* Sm 0 0
Q(Ula“‘,UN,Vl,"',VN):det
IN—m 0 0 0
- 0 Im 0 Im_
[ * * IN—m_
) * : S
=det | . g, i o0 | =(CEDYETdet
IN—m 0
L INom & O 0 |

= (—)NW=m)mN=m) qet G, = (—=1)N"" det S, = (=1)N"™(=1)N.
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Let us perform a few cosmetic changes. Observe that if A(—£0,p) denotes the index of p as
a critical point of (—£9) then A(—¢€°, p) = m — A(£%,p) so that
(- = (),
If we consider the antipodal map ® : T*E — T*E, (§,x) — (=&, z) we deduce that
#(T_eo N App, BY) = (—1)NHAE)
and since dimI' = dim A = N we conclude
(A NT_go, PY) = (1M,
We obtain the following equality
X(M) =#(Ay NT_¢), for any generic linear map £ : £ — R. (1.1)

2. WEYL TUBE FORMULA

Suppose M — FE is as before but we assume additionally that M is equipped with an
Euclidean metric gg. go induces a metric g on M. We set ¢ = N — m = the codimension of
M in E. The normal bundle of the embedding M — FE is the quotient bundle

Ty E = (TE) |y /TM.

Since T'E is equipped with a metric we can identify T, E with the bundle N(M) — M, the
orthogonal complement of TM in (TE)|p. The metric on E defines a function

p:TE =R, p(Y,z)=Y]g.
We set
D,(N) = {p € N(M); p(p) <7}, S:(N) := OD,(N) = {p € N(M); p(p) =1},
S(TE) = {p e TE; p(p)=r}.

We have an exponential map

exp: TE — E, exp(y,x) =z +y.
Define the tube of radius r > 0 around M to be the closed set

T,(M) :={z € E; dist (z, M) <r}.
For r > 0 sufficiently small we have a diffeomorphism
exp : D, (N)—T,(M). (2.1)

Let Vas(r) = Vol(T,(M)). We would like to understand the behavior of Vys(r) as r N\, 0.
Denote by dvg the volume form on E. Using the identification (2.1) we deduce

VM(T):/( )dvE:/ (N)exp*dvE.
T (M D»

In more down-to-Earth terms, we are using normal (Fermi) coordinates near M to compute
the volume of the tube.
Let us first understand the N-form

Qp = exp* dVg € QV(TE).
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Choose oriented, orthonormal coordinates z = (z!,--- ,2") on E. They induce oriented
orthonormal coordinates Y = (Y'!,---,Y") in each tangent space. Then
N - .
dvg =dz' A ANd2N, Qp = exp* dvop = /\(de +dY7).
j=1
Denote by 9, the radial vector field along the fibers of TE
1 .
P75
Then 0, 1dp = 1 and we set
op:=0,10E
so that
Qp=dpAhog.
Then
Varlr) = | QE_/ atf o
D, (N) St(N)
Consider the radial projection v : S1(TE) — Si(E) and set op; = v{(oE |s,rr)) We
conclude .
Vi (r) = / Qp = / dt/ OF,t- (2.2)
Dr(N) 0 S1(N)
Set .
S:=2Y =(s,---,sV)
p

Observe that 0, dY* = s* so that

N
/\ (da’ + dY7)

=S (-0F N A\ (da? +dyT) = ST (—)F s A (dad + pds? + s7dp)

k J#k k JF#k

N-1

= S DN (0 4 19) = 3
k j#k §=0

where 1, € Q""1(S1(TE)) is a form independent of ¢ of degree k in the variables dz and of

degree N — k — 1 in the variables ds. We denote by wg the volume of the unit d-dimensional

ball and by o4 the ”area” of its boundary. More explicitly

/2

Hence

T
I'(d/2+1)’
where for every positive integer j we compute I'(j/2) inductively using the formulse

(1) =1, I(1/2) =72, D(z+1) =2l (x).

wq = o4 = dwy,

We normalize
1 1

on—k " (N = k)wy—g

Tk -
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We deduce
N-1 ,, N

/0 </51 - TIN_1_j)tjdt =" Ap(M)wn_tNF,

=0 ( k=1
where

Ap(M) = ik
S1(N)

/ ne = 0, if k>m
S1(N)

Observe that

so that

VM(r):Z M)tN=F ZAm _i(M)wert, ¢ = N —m = codim M.

Example 2.1. (a) Suppose E = R? with Euclidean coordinates (z,y). In each fiber of TE
we choose polar coordinates (r,#) so that

exp(r,0;z,y) = (z +rcos,y +rsinh), exp*dvg = d(x +rcosf) Ad(y + rsind)
Oy 1 exp” dvg = (cos 0dy — sin 0dx) + pd#,
so that
1 1
1 = =(cosOdy — sinOdzx), 1y = —db.

2 2m
O
The integrals of the forms 7 over S;(N) can be expressed in terms of the second fun-

damental form of M <— FE. This is also known as the shape operator and it is a bilinear
map

S:TMxTM — N

defined as follows. Given vector fields X, Y tangent to M we denote by V%Y the Euclidean
covariant derivative of Y along X

Vi Y70 = (X'0,Y7)0;.
We have an orthogonal decomposition of Vf(Y into a tangential and a normal part
VEY = (VEY)" + (VEY)”.
Then
S(X,Y) = (VEY)".
The shape operator enjoys several nice properties (see [9, §4.2.4]).
Proposition 2.2. (a) S is symmetric in its arguments, i.e.
S(X,Y) = S(Y,X), VX,Y € Vect(M).
(b) For all N € C*°(Nys) and X,Y € Vect(M) we have
9o(S(X,Y),N) = go(VEN,Y).
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The shape operator is related to the Gauss map I'y; : M — Gry,(E) = the Grassmanian
of m-dimensional subspaces in F

M >p—T,M € Gry(E).
For a m-dimensional vector space V C F the tangent space of the Grassmanian at V is
described by

Ty Grp, (E) = Hom(V, V1),
The differential at p € M of the Gauss map can therefore be viewed as a map

DT : TyM — Ty Grp (E) = Hom (T, M, Ny).
One can show that for every X,Y € T, M the linear map DI',(X) € Hom(7,M,N,) is given
by
Y — Sp(X,Y).

Theorema Egregium shows that the shape operator determines the Riemann tensor of
(M, g) via the formula

Rijie = g(S(0:,0),S(85,00) ) — g(5(85,0),5(95,0%) )

For any local coordinate system (z) on M.
The forms 7 can be explicitly expressed in terms of the shape operator. More precisely,
for every unit normal vector 7 € N, we obtain a symmetric bilinear form on 7, M

Sg(X,Y) = gU(S(Xv Y)717)
Using an orthonormal basis of T, M we can identify it with a symmetric matrix. We denote
by P,(t) = det( 1z, +tSy) its characteristic polynomial. Then
QO = exp” dvg|n= P, (p)p° 'dpdidVay,

where di/ denotes the volume form on the unit sphere S;(N,). We obtain (see the beautiful
original source [12] for details)

Vu(r) = / Op = ch+2krc+2k/ Pr(R)dV,
Dr(N) k>0 L/—/

=Xk (M)

where Py (R) is a universal degree k-polynomial in the curvature tensor (Rjr¢). Hence iy, (M)
is an intrinsic invariant of the Riemann manifold (M, g). We have an equality

1
(M, g) = / Thn—2k-
Oerak Js (N

Note that the quantity A;(M) is measured in meters™ 2*. For this reason we introduce the
notation

/meQk(Mv g) = )\Qk(M7g)
We can then rewrite
VM(T) = Z /-meQk(Ma g) - vol (Bc+2k(’r) )7
k>0

where B%(r) denotes the d-dimensional Euclidean ball of radius r.
There are some old acquaintances amongst the quantities p1;(M, g). For example

(M, g) = vol (M, g).
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If m is even, m = 2my then P, dVys € Q™ (M) is the Euler form determined by the metric
and the Gauss-Bonnet theorem implies

po(M, g) = x(M).

In general we have
1
—2o(M,g) = — d
Hm 2( 79) A /MS VM7

where s : M — R denotes the scalar curvature of (M, g).

The quantities py are related by the so called reproducing formule. Denote by Graff(E)
the Grassmanian of affine subspaces in F of codimension ¢. More precisely we have the
following result (see [3])

(M) i= AN mee )+ [ (00 P)laP)
Graff®(E)

where |dP| is a O(E)- invariant measure on Graff®(E). If we set ¢ = k we deduce

(M) i= AN,y [ (a0 P)aP.
Graft®(E)
We can interpret p, (M) as an average of the Euler characteristics of the intersections of M
with codimension k affine planes. If we take k = dim M we deduce

vol (M, g) = A(N, m)/ x(M N P)|dP|.
Graff™ (E)

The intersection of M with a generic codimension m affine subspace P is a finite set so that
xX(MNP)=|MnP|.
The last formula can be rewritten as

vol (M, g) = A(N,m)/ MO P||dP|.
Graff™(E)
This generalizes the classical Crofton formula for curves in R2.

As explained in [7], we can normalize the invariant measures in Graff™(E) in a very clever
way so that A(N,m) = 1.

3. SINGULAR MORSE THEORY

To understand how to extend the previous facts to more singular situations we need to
produce more flexible definitions of the notions of critical points and critical values.

We will begin by defining the notion of regular value. This will require the notion of local
cohomology

Suppose X is a locally compact metric space, and S is a closed subset. To eliminate many
pathological phenomena we will assume that X and S are locally contractible, i.e. every point
admits a basis of contractible neighborhoods. This condition implies for example that X and
S are EN R’s (Euclidean Neighborhood Retract). We denote by i : S < X and j : X\S — X
the natural inclusions We define the local cohomology of X along S (with real coefficients)
to be

HY(X) = H*(X, X \ S;R).
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For every topological space Y we denote by H*(Y) its (Cech) cohomology with real coeffi-
cients. A cohomology class ¢ € H*(X \ 5) is said to propagate across S if it belongs to the
image of the morphism

jrH*(X)— H*(X\9).

Observe that we have a long exact sequence (called the adjunction sequence)

s HE(X) L HRXO\ §) -5 HEPN(X) > - (3.1)

We see that a cohomology class ¢ € H*(X \ S) propagates across S if and only if §(c) =
0 € H§+1(X ). We can the regard the local cohomology of X along S as collecting the
obstructions to the propagation across S of the cohomology classes in the complement of S.
If the inclusion j induces an isomorphism in cohomology then Hg(X) = 0. This is the case
if for example X \ S is a deformation retract of X.

Observe that if V' is an open neighborhood of S in X then X \ V is a closed subset in X \ S
and we obtain an excision isomorphism

H§(X) = H*(X, X\ ) = H*(X\ (X \V),(X\ S\ (X\V)) =H(V,V\S) = Hg(V).

This shows that the local cohomology reflects the local behavior of X near S and it is blind
to what is happening further away from S.

We can now define the local cohomology sheaves Hg to be the sheaves associated to the
presheaves

U— Hqy (U).
If x € X and U, (x) denotes the open ball of radius 1/n centered at x then for every m <mn
we have morphisms

HémUm(Um) - H;‘mUn(Un)
and then the stalk of }C‘g at z is the inductive limit

Hy(o) o= lim Hy, (Un)
Observe that since X is locally contractible we have
H(z) =0 for every = € (X \ S)Uint (S5). (3.2)

We set

vs(X) = SO(~1)F dim HE(X), xs(2) = S (~1)F dim 3¢k ().
k k>0

Example 3.1. Assume X is the planar three arm star depicted in Figure 2 and P, is the
center of the star. Assume S = {Py}. In this case we have

HY(P) = Hipy (X) = Ha(X, X \ Py)’
and we deduce
HG(Po) =0, Is(Po) 2R, xs(Ro) = x(X,X \ Fy) = x(X) = x(X \ Py) = —2.
O
An iterated application of the Mayer-Vietoris sequence shows that the local cohomology

sheaves determine the local cohomology along S. More precisely we have a Grothendieck
spectral sequence converging to Hg(X) whose E» term is

ED = HP(X,HL).
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FIGURE 2. A planar star.

If it happens that the local cohomology sheaves are supported by finite sets then
HPI(X,HL) =0, Vp>0,
so that the spectral sequence degenerates at the Fo-terms. In this case we have
HY(X) = HO(X,3%) = @ Hi(x). (3.3)
rzeX
In particular
xs(X) = xs(x). (3.4)
zeX
Observe that if the local cohomology sheaves are trivial then so is the local cohomology. The
converse need not be true.?
Before we proceed with our search for a new definition for a regular value let us mention
that if V' = @,ezV, is a graded vector space we denote by V[u| the shift by p
Vil = n+p
We will identify R with the graded vector space V' defined by
Vi,=0, Vn#0, Vh=R.
Then
R[—pln =0, Vn# p, Rl—p], =R
Suppose M is a smooth manifold and f : M — R is a smooth function. For every ¢ € R
we set M>. = {f > ¢}, M<¢:= {f < ¢} etc. If ¢ is a regular value of f then the level set
{f = ¢} is a smooth hypersurface. Moreover, every point x on this level surface admits a

fundamental system of neighborhoods U, (x) such that the set U,, N {M <} = U,, \ M>. is a
deformation retract of U,,. This implies

Hr o, (Un) =0

These non-obstructions to local propagation are patched together in the next result.

Theorem 3.2 (Kashiwara’s Lemma). Suppose K 7, R is a continuous function on the
compact space K. If for every p € K we have

:H;(zf(p) (p) =0

then for every t € R the inclusion induced morphism H*(K) — H®*(K<') is an isomorphism.

3Can you find and example?
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For a proof of this result we refer to [6, §2.7]. The above result shows that if the interval
[a, b] contains no critical value of f the for every a < s < ¢ < b the inclusion induced morphism
H*(M<") — H*(M~?)

is an isomorphism. Thus we obtain a fact we knew already that when going through regular
values the sublevel sets do not undergo changes detectable homologically.
Suppose now that the level set contains a critical point p of index A. Denote by W, the

unstable manifold of p. for a small coordinate ball U around b we have U N W, = DN =
open A-dimensional disk centered at p and we have an isomorphism

Hp, (U) = H*(U,U<%) = H*(D*, D*\ p) = H; 1 (D*) = R[-A].

The critical point p distinguishes itself from other points on the level set {f = f(p)} by the
condition

We will use this as our criticality test.

Definition 3.3. Suppose M is a compact connected (subanalytic) subset in an Euclidean
space and f : M — R is smooth function. A point p € M is said to be critical for f if

We set
o(f,p) = x(Hir, ) (P))-

Observe that any relative minimum of f is necessarily a critical point. Suppose M is as
above and f : M — R is a smooth function with finitely many critical points py,--- ,p, with
critical values ¢; < --- < ¢,. For the simplicity of the exposition we assume that the critical
values are distinct, i.e. there is at most one critical point on each level set.

Observe that any relative minimum of f is necessarily a critical point. ¢; must be the
absolute minimum of f so that M < = (). From Kashiwara’s lemma we deduce

X(M) = x(M<+9)
and we deduce
X(M) = x(MS) +x(M<2) = x (M) 4+ 4 x (M) = x (M%) 4 x (M%) — x (M <)
=0

— X(H.(M<62’M<Cl) ) Lt X( HO(M<C,,7M<CV,1) ) —I—X(Mc”+€,M<C"))

14
— ZX(M<C]€+E7M<C)€ )
k=1
Due to Kashiwara’s Lemma we have

V(M) = i (B, O4°7)).

Since
ﬂ M<Ck+6 _ MSck
e>0

we deduce

H].V[ch (Mﬁck) _ h—m H].WZ% (M<Ck+1/ﬂ) _ H].\/IZ% (M<Ck+s), V0 < e < Ch1 — Ch.
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Now observe that the restriction of Hyy, on M <¢ is supported exactly at the point p; so
ZCL
that

(3:3)

i, (=) 96, ().

Hence
X(M<Ck+€7 M<clc ) — XMZ% (pk)

and

ZXM>% Pr) Za f.p).

If M is a compact smooth manifold and M is a Morse functlon then

XfZCi(pi) = (_1)>\i7
where A; denotes the Morse index of p;.

Example 3.4. Suppose C C F is a simplicial complex linearly embedded in the Euclidean
space E. We denote by V(C) the set of vertices of C. Suppose £ : E — R is a linear function
in general position with respect to C, i.e. its restriction to the set of vertices is one-to-one.
Then the set of critical points of £ is contained in the set of vertices, and in fact there is at
most one critical point in each level set.

For each p € F we denote by H, £<,p the half space

HE,={veE: (0,8 <&} ={{<&p)}

Denote by B:(p) the open ball of radius e centered at p. Then for every vertex p of C' we
have

Hesep)(p) = H*(B:(p) N C, Be(p) NCNHS,), Y0<e< 1

Denote by St(p), the star at p which is the union of all simplices in C' which have p as a
vertex. The set B:(p) N C' = B.(p) N St(p) deformation retracts to p and we deduce

Xezep) = X(Be(p) N C) = x(B:(p) NC N HE,) =1 —x(St(p) N HE, ).

For every simplex o in St(p) we denote by V_(o) the collection of vertices v of o such that
£(v) < &(p). We denote by V(o) the collection of vertices v # p of ¢ such that £(v) > £(p).
Projecting from the face [Vi(0)] of o spanned by Vi (o) onto the face spanned by p and
V_(o) we obtain a deformation retraction (see Figure 3)

D, : 0 — [p,V_(o)] = the face of o spanned by {p} UV_(0)
This induces a linear deformation retraction

Dy :oNHE, — [p, Vo [N HS,

If we denote by St~ (p) the union of all simplices of C' contained in H gp which have p as a
vertex. If o is a simplex in St~ (p) and v # p is a vertex then &(v) < £(p) since £ was chosen
in general position.

Hence we obtain a deformation retract of St(p) ﬂng onto St~ (p) \p. Denote by Lk~ (p) =
Lk, (p) the descending link of p defined as the simplicial subcomplex of St~ (p) spanned by
the vertices v # p. Then St~ (p) — p deformation retracts to Lk~ (p) and we deduce

X(St(p) N He,) = x(LE™ (p)).
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FiGUrE 3. The local homotopic structure of critical sublevel sets.

Observe that Lk~ (p) consists of the simplices [V_(o)], where o is a simplex in St~ (p), other
than p. Hence

L) = S (cpEmve@l o §T (qyding

oceSt—(p)\[p] oeSt=(p)\[p]
so that . .
Xesey =14+ > (=D™m7= 3" (—=1)T™7 = a(¢,p).
ceSt—(p)\[p] €St~ (p)
We deduce
X(©C) = > al&p)= Y (1-x(Lk (p)).
peV(C) peV(C)

The first equality was proved by T. Banchoff in [1] using a direct elementary method.

For example, consider the simplicial complex depicted in Figure 2 where the horizontal
dotted lines depict the level sets containing the vertices. The Euler characteristic of the star
is 4 —3 = 1. Upon inspecting the figure we deduce

Lk™(P1) = Lk™(P,) =0, Lk™(PRy) ={P1, P2}, Lk~ (P3) ={R}

so that

CL(P()) = a(Pl) = 1, a(Po) = —1, G(Pg) =0
so that

CL(P()) + a(Pl) + CL(PQ) + Q(Pg) =1= X(C)
Observe that Ps is an absolute maximum of the height function yet it is not a critical point
in our sense. In fact if C' is a convex simplex then a generic linear function £ will have exactly
one critical point on C, the absolute minimum. The hyperplane £ = £(p) passing through
the absolute minimum p will be a supporting hyperplane of C. In particular, a point could
be critical for f but it may not be critical for — f. ad

4. THE CHARACTERISTIC VARIETY AND THE CONORMAL CYCLE OF A SIMPLICIAL
COMPLEX

Suppose X is a compact simplicial complex inside the Euclidean vector space E.
The characteristic variety of X is the closed subset of the cotangent bundle T*E = R* x F
of E which is the closure of the set

{ (&,p) € E* X E; pis a critical point of (—¢)|x }
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The last condition signifies that p admits a fundamental system of neighborhoods U,, in X
such that

H* (U, Uy N{§>&(p)} #0, Vn.

Loosely speaking this means that the region U, N {¢ > £(p)} is structurally different from
U,. We set

Chy(X) := Ch(X) N T;E.

Example 4.1. Suppose E = R? equipped with the standard Euclidean metric so we will
identify F* = E. Assume X is a horizontal line segment. Denote by T,(X) the tube of
radius r around X

T (X) :={z € E; dist(z,X) <r}.
For each ¢ € 0T, (c) there exists a unique point 7(q) € X such that
dist (¢, 7(p) ) =
Denote by R, the ray which starts at w(¢q) and goes through ¢ (see Figure 4). We can regard
it as a ray in Tﬂ(q)RZ = T:(q)RQ. Then
chX)= |J R,
qedT(X)

We see that Ch(X) is homeomorphic to the "aura” Int (T,) 0

— —~

FIGURE 4. The ”aura” of a straight line segment in the plane

Motivated by this example we introduce the subbundle D, (T E*) — E of TE* of radius r
closed disks and we set
Chy(X)=Ch(X)ND,.(TE").

If X is as in the above example then Ch,(X) = T, (X).
We have the following elementary facts.

Proposition 4.2. (a) (0,p) € Ch(X), Vp € X.

(b) If (&, p) € Ch(X) then (t&,p) € Ch(X), Vt > 0. (We say that Ch(X) is a conic subset of
the cotangent bundle.)

(c) If o is a simplex of X, p is an interior point of o and (§,p) € Ch(X) then the simplex
o is contained in the hyperplane & = (p). Equivalently this means that (&, p) belongs to the
conormal bundle T7;, | E.

O
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Given a point p € X there exists a unique simplex o such that p € Into. Suppose the
simplex o is a face of the simplex 7 (written o < 7). We set

Ao (p) := {& € E*; the hyperplane £ = £(p) contains T }

~ {the set of lines through p perpendicular to 7 },

A(p) = Ao(p) = Ao’,o‘(p)7
Chy(X,7) = Chy(X) N Apr (p).

Observe that A,(p) can be identified with the fiber at p of the conormal bundle 77, E, or

equivalently with the set of lines trough p perpendicular to o. In Figure 4 if we take o = p
and 7 = the segment X then Ch,(X, 1) is the vertical line through p since any line through
p and perpendicular to that line will contain the segment X. Observe that

codim( Chy(X, 1) < Chy(X) ) = codim(c — 7) = dim7 — dimo.
Note that
03T T — AO’,Tl 2 AO',TQ-

The star of o in X, denoted by St(o), is the subcomplex determined by all the simplices 7
which admit o as a face
St(o) = U T.

T>=0

We get a collection (arrangement) of subspaces in Ay (p)

Ao(p) = {Aer )i 7 € St(0)).

We denote by A%(p) the complement of this arrangement of planes. Its connected components
are open polyhedral cones. We will refer to them as chambers. We denote by C,, the
collection of chambers of A,(p). The covectors in A are called nondegenerate covectors (for
X at p). We set

Chy(X)? = Chy(X) N Ag(p)-
The covectors in Ch,(X)? are called nondegenerate characteristic vectors (for X at p). Ob-
serve that if p,q € Int o then

Ag(p) = Ag(a), €op = Coyg,
so A%(p) is really an invariant of the embedding Int ¢ < X. Since every point belongs to the
interior of a single simplex so we can safely drop p or o from the notations As(p), Cqp.
For every (§,p) € T*E we set

m(&§,p, X) 1= X (Hcen () = 0 x(Br () N X) = x(Br(p) N Xogp) )-

We will refer to m(§, p, X) as the multiplicity of the generic covector (x,p). Note that if
p€ X\ Em(z,p,X)=0for any £ € A, =T E. On the other hand

m(&,p, X) =m(§q,X), Vp,q€lInto,

so we can use the notation m, (&, X) for m(§,p, X), p € Into. To provide a combinatorial
description of these integers we need to introduce some terminology.

Given two simplices 0 < 7 we denote by Lk(o,7) the maximal face of 7 which is disjoint
from o. In other words Lk(o,7) is the face of 7 ”opposite” to o. Observe that

dimo + dim Lk(o,7) = dim 7 + 1.
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Given a simplicial complex K and o a simplex in define the link of o in K to be the subcomplex
Lk(0,K) == | | Lk(o, 7). (4.1)
o3T

Fix a point p € X and denote by o the unique simplex o in X such that p € Int(o). For
& € A, we define

Ste(p) = St (o) = {7 € St(0); &(x) > &(p), Yo et} ={TeSt(o); TC{{=>&D)}},
Lkg'(p) = Lk:g'(a) = Lk:g'(p,X) = Lk(o, Stg'(a))
Proposition 4.3. Suppose p € Into and & € A% is a nondegenerate vector. Then
m(&,p) =1—x(Lkf(p)) = (=T " (=)™,
TH¢o
where T -¢ o signifies that T > o and T C {& > &(p)}

Proof For r > 0 sufficiently small B, (p) N X is a deformation retract of St(o) so that

X(Br(p) N X) = x(St(o)) = 1.

Arguing exactly as in Example 3.4 one proves that B,.(p) N Xies¢(p)y is a deformation retract
of St(0)ese(p)y and then that St(o)ges¢(p)y deformation retracts onto the complement of o
in Stgr (0). Finally this complement deformation retracts onto Lk:gr (o). Hence

X(Br(p) N Xiesepyy ) = X(LES (p)).

Next, observe that
X(Lk;(p)) = Z (_1)dimLk(U,T) = Z (_1)dim7—+1—dima — _(_1)dimcr Z (_1)dim’r.
ar3d Tr¢o Treo

Hence

1 — X(Lkg-(p)) =14 (_1)dima Z (_1)dim7 — (_1)dima Z (_1)dim7—
TH¢O TH¢O
O

We see that the multiplicity of a generic covector as defined above coincides with the
multiplicity defined in [2]. The above result has an important consequence.

Corollary 4.4. Suppose the generic covectors (§;,p), i = 0,1 belong to the same chamber
C € C,. Then

m(f(]:an) = m(£17p7X)'
Proof Since zp and &; belong to the same chamber we deduce
Lkg;(a) = Lkg'l(a)
whence the equality of the two multiplicities.

O

The multiplicity function we have just constructed associates to each chamber at p € X
an integer and thus can be viewed as a function m, : €,, — Z. Again m, = m, for all
p,q € Into.
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Example 4.5. Consider again the planar star in Figure 2. We denote it by X and we denote
by Py its center. In Figure 5 this simplicial complex is described with dotted lines. We would
like to describe the chamber structure at Py. Assume for simplicity that Py is the origin.
We identify T*R? with TR?. The linear functionals containing an arm of the start in a level
set can be identified with the line orthogonal to that arm at Py. We get three such lines are
depicted as continuous lines in Figure 5.

-1 09 -1

G G
"¢ “~~~ C;( C
'¢/ ~ 0 /CN 0

FIGURE 5. The chambers at the vertex of a three-armed star

They divide the plane into six cones denoted by Ci,---,Cs. The multiplicities of the
corresponding chamber are indicated in the right-hand-side of Figure 5. More precisely

—1+(=1)k {o if  kis even

m(Po, Cr) = 9 =\ -1 if kisodd

O

Proposition 4.6. Suppose X1, Xy C are two simplicial complexes such that X1 N X1 is a
subcomplex of both. Then for every (x,p) € T*E we have

m(gaanl U XQ) = m(l‘apa Xl) + m(gaanQ) - m(gapa Xl mXZ)

Proof For r > 0 sufficiently small and Y = X3 U Xs, X1, X5 or X1 N X5 we have the equality
m(§,p, Y) = X(Br N Y) - X(Br N Y{§>f(p)})'

The proposition now follows from the inclusion-exclusion property of the Euler characteristic.
O

To define the characteristic cycle we need a brief detour in the theory of currents. For
more details we refer to [4].

Suppose V is a connected, oriented smooth manifold of dimension n. We denote by QF(V)
the vector space of smooth k-dimensional forms and by Q’gpt(V) the space of smooth, com-
pactly supported k-dimensional forms. They have natural structure of locally convex topo-
logical vector spaces with the topology given by the uniform convergence on compacts of the
forms and their partial derivatives.

For every k > 0 we denote by (V) the topological dual of Q’gpt(V), i.e. the space of
continuous linear functionals QF (V') — R. Similarly we define Q;” (V) to be the topological

dual of Q¥(V). For C € Q4(V) we denote its action on n € Q’gpt(V) by (C,n).
Observe that we have an embedding

cpt cpt

D Q" RV) = V), w— D, :QF (V) =R, (Dw,n)_/ wAn, VneQk (M).
M
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We will refer to D as the Poincaré duality map. We have a boundary operator

O (V) = Q1 (V), (0C,n) = (C.dn), Vne Q' (V).

cpt

We obtain in this fashion of chain complex (24(V'),d). Its homology is called the Borel-Moore
homology of V, or the homology of V with closed supports. It will be denoted by HE (V).
The Poincaré duality map induces an isomorphism

H*(V) — H (V).

Example 4.7. Suppose V is an oriented real vector space and P is a polyhedral region, i.e.
a finite intersection of half-spaces (closed or open). Let p = dim P. In other words p is the
dimension of the affine subspace span (P) spanned by P.

Any orientation or on span (P) determines a p-current [P] = [P, or] defined by

(P ) = /P 0, ¥ne (V).

We will say that [P, or] is the integration current defined by P and the orientation or.

Denote by F(P) the collection of (p — 1)-dimensional faces of P. For every face F' € F(P)
the orientation or on P induces an orientationorg on F' determined by the outer-normal-first
convention. For example, in Figure 6 where we depicted a 2-dimensional polyhedron in R?
equipped with the orientation induced from the canonical orientation of R%2. The classical
Stokes formula implies

/ dn = Z / n, Vne QIC)I;;I(V).
[P,or] FeF(P) [Forp]

Hence

[P, or] = Z [F, orp].

FeF(P)

FIGURE 6. A polyhedron in R? and its boundary.

Note that if we remove from P a finite collection of polyhedral regions of dimensions < p
and we integrate on the remaining region, the integration current thus obtained is equal to
P.

g
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For each simplex o € X and each chamber C' € C, we consider the open polyhedral subset
Ch(o,C)? := C x Int o of the conormal bundle of Into. The characteristic variety of X is
the closed set

Ch(X)= |J Ch(sC).
ceX, CeCy
The smooth part of the characteristic variety, denoted by Ch(X)?, is filled-up by the nonde-
generate characteristic vectors

Ch(X)’= |J Ch(s0)"
ceX, CeCy

It is a finite disjoint union of oriented polyhedral regions Ch(a, C)° of dimension N. Each
defines a N-dimensional current CC(c, C')? and we define

= ( 3" me(C) CClo, C)) € ON(T*E).

oceX CeC,
We say that CC(X) is the conormal chain of X.
For any two sets A, B C T*FE we use the notation A =~ B to signify that
AUS=BUR,

where S, R are unions of polyhedral sets of dimension < N. This is an equivalence relation
and we denote by [A] the equivalence class of [4]. Note that if A, B are two oriented N-
dimensional polyhedral sets and A ~ B then A and B define the same integration current
which we denote by [A]. We regard the multiplicity function my as a function defined on
a set =~ T*FE. Its level sets carry a natural orientation and for every k € Z we denote by
[mx = k] the current defined by the ~ class of the level set my'(k). We see that we can
define the conormal cycle by the formula

(X) =) klmx = k.
keZ

Proposition 4.8. Suppose X1, Xo are finite simplicial complexes in the oriented vector space
E such that X1NXa is a subcomplex of both. Then we have the following equality in Qn(T*E).

CC(Xl U XQ) = CC(Xl) + CC(XQ) — CC(Xl N XQ)
Proof Using Proposition 4.6 we deduce

{mxux, =} = |_| {mx, =i} N{mx, = j} N {mx,nx, = —k}.
itj+k=¢
We deduce the following equality of currents.

CcC X1 UX2 ZEmXIU)Q— ] Z(’i-Fj-i—k)[le :i,mX2:j,mxlmX2:—k]
i7j7k
= Zi[m)ﬁ =1i,mx, = J,Mx;nXx, = _k] + Zj[m)ﬁ =1,Mmx, = J,Mx;NX, = _k]
i,5,k 4,5,k

+Zk[mX1 = i7mX2 = j7 mx,nxs = _k]
1,5,k
= ilmx, =i+ Y [mx, =41 — Y _ klmx,nx, = K]

= CC(Xl) + CC(XQ) - CC(X1 N X2)
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O

For any compact simplicial complex X C E we denote by 1x its characteristic function.
If X1, X9 are simplicial complexes then we can subdivide each of them so that X7 N X5 is a
subcomplex of both. Moreover

ﬂXlszzﬂxl—F]l)Q—]lele:ﬂX1+]lX2—]lX1]lX2. (4.2)

We can rewrite the last equality as
11— ILX1UX2 = (1 - ]]‘Xl)(l - ILXE)'

For every simplicial complex X we denote by F(X) the Abelian subgroup of the group of
Z-valued functions on F spanned by the characteristic functions of subcomplexes of X. If G
is an Abelian group, then a G-valued measure on X is a function which associates to each
subcomplex K an element m(K) € G such that the inclusion-exclusion principle is satisfied

m(Kl U Kz) = m(Kl) + m(KQ) — m(K1 N KQ)
A G-valuation on X is a morphism of Abelian groups F(X) — G.

Remark 4.9. The equality (4.2) shows that every G-valuation p on X defines a G-valued
measure via the equality

m(K) = u(1x).
We obtain a map
Ux g : Hom(F(X),G) — Measg(X) := G-valued measures on X

Observe also that the correspondence K —— 1 is a F(X)-valued measure on X. We want
to prove that ¥y g is a bijection.
O

Proposition 4.10. F(X) is a free Abelian group generated by the characteristic functions of
the (closed) simplices in X .

Proof We first prove that the family of functions 1, is Z-linearly independent. Suppose
we have an equality of the form

a = Z asly, = Z boly =: b, (4.3)
geX geX
where a,, by € Z>¢. Let
A={o€eX; a, #0}, B={o€ X; b, #0}.
We have to prove that
A=B, a, =b,, Vo€ A. (4.4)

Let a be an element in A maximal with respect to the order relation ”<”. Let p be a point
in Int |a|. Then

0 < aa = a(p) = b(p)
and from the equality (4.3) we deduce that the set

By:={c€eB; a<o}
is nonempty. Let [ be a maximal element in B,. We claim that § = a If ¢ € Int|3| then
0 < bz =0b(q) =a(q).
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Hence there must exists an element in v € A such that v > 8 > «. Since « is maximal we
deduce

a=p=7, aq=bg.
We deduce that max A, the set of maximal elements in A, is contained in B and

as = by, Vo € max A.
If we set Ay = A\ max A, By = B\ max A we deduce an equality
o acle =Y boly, |Ail <Al [Bi] <|B|
€A oceB;

Iterating this procedure we deduce (4.4).
Now let us prove that the family {ILU; o € X} spans F(X). Let K be a subcomplex of
X. We want to prove that we can write

1 = Z I/K(O')]la, I/K(O') € 7.
ceK
We define v (o) by descending induction

vi(o) =1-Y vk(r) (4.5)

T>0

O

From Proposition 4.10 we deduce that a valuation p is uniquely determined by the quan-
tities
(o) == p(ly).

Remark 4.11. Suppose K is a finite simplicial complex and that R is a commutative ring
with 1. We consider the space I(K) of K x K-matrices A with entries in R such that

Alo,7) #0 =0 < T.
The (-function of K is the incidence matrix of the face relation

1 if o<1

Cﬂmﬂ_{OifUﬁT

Observe that I(K) is a R-algebra with respect to the addition and the usual multiplication
if matrices. Note that (x € I(K). (x is an invertible element of I(K) and, following the
terminology of [11, Chap.3], we denote by u its inverse. It is known as the Mdbius function
of K. The matrices in I(K) act in the usual on RX. We denote by X € R¥ the vector

XK<O') = 1, Vo.

We regard the correspondence ¢ — v in the proof of Proposition 4.10 as a vector in R¥.
The equality (4.5) can be rewritten as

CK'VK:XK:VK:,UK'XKW (4.6)

We can be more specific about . Observe that (g is an upper triangular matrix with 1’s
along the diagonal. In particular we deduce that (x — 1 is a nilpotent matrix so that

pe =G = (L e —1) = 1) -

n>0
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Now observe that

Cx-Den)= Y 1

0=<01<"=0pn=T
= the number of increasing chains of length n from o to7: 0 <01 <--- <0, =7.
We denote this number by ¢, (o, 7) = ¢, (0, 7; K). Hence
pg (o, 1) = Z(—l)”cn(o’, T).
n>0

This alternating sum can be computed directly? or we can invoke [11, Ex. 3.8.3] to conclude
that

NK(O') — (_1)dim7-—dima‘
Hence
VK(U) = Z(_l)dim‘rfdimo =1— Z(_l)dimrfdimafl_
T=o T0

The last sum is precisely the Euler characteristic of the link of o in K as defined in (4.1).
Hence

vi(o) =1—x(Lk(0,K)) (4.7)
If we denote by H2(K) the local cohomology of K along ¢ then we have
vic(0) = Xo(K) == x(Hy(K) ). (4.8)

The number y,(K) can be computed as follows. Consider the plane P of codimension = dim o
perpendicular to o at its barycenter b,. Consider a sphere S(e, o) of radius € in P centered
at b,. Then

X () = 1 = lim \(S(e,0) N K), (4.9)
3
We deduce that if 4 is a valuation on X we have

p(Ix) =D Xo(X)p(Lo). (4.10)

ceX
a

Proposition 4.12. Suppose m is a G-valued measure on X. Denote by A the valuation
determined by

AM1y) = m(o).
Then for every subcomplex K of X we have
m(K) = A1kg).

Proof Consider again the quantity vx defined inductively in (4.5). The Md&bius inversion
formula [11, Prop. 3.7.1] implies

m(K) = 3" vg(o)m(o) = )\( 3 VK(O—)L,) — A(1x).

ceK ceK
O

— P
et Sp,k denote the number of k-chains @ C Ty gp -+ C Ty ={1,---,n}. Then S, =

If we set ¢, = k(—l)kSn,k we deduce that ¢, = —

cn = (—1D)".

n
j>0 g Sn—jk-1-

>0 ;L ¢n—j. The last equality implies inductively that
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Remark 4.13. Observe that if m is a G valued measure and ¢ : G — H is a morphism of
groups we obtain a new measure

pam(K) = p(m(K)).

We denote by 1 the F(X)-valued measure K — 1. The results established so far show that
for any G-valued measure m on X there exists a unique morphism ¢ : F(X) — G such that

m = @,1.

O

Example 4.14. Suppose A is a n-dimensional simplex and m is a measure on A. We want
to compute m(0A). Using (4.10) we deduce

m(0A) = > xo(0A)m(o).
dimo<n

OA is a topological manifold and using (4.9) we deduce
Xo(aA) — (_1)n—1—dima

Hence

m(aA) — (_1)dim8A Z (_1)dimam(o_)‘

oE€IA
O

Given a simplicial complex X in the N-dimensional oriented real vector space E and
o € X we denote by CC(o) the conormal chain of 0. The correspondence o0 — CC(0) is a
Qn (T E)-valued measure and as such it extends to a valuation

CC: F(X) — Qn(T*E).

Now observe that for every simplex ¢ we have d CC(c) = 0 so that CC(o) is a Lagrangian
cycle. We deduce that CC(X) = CC(1ly) is a cycle as well. We denote by Zn(T*E) C
Qn(T*E) the subgroup of N-cycles. Note that we have an equality

CC(X) = Y xo(X)CC(0). (4.11)
ogeX

Suppose X is a finite simplicial complex in the oriented N-dimensional vector space E
and X' is a simplicial subdivision of X. We write this X < X’. The subcomplexes of X are
subcomplexes of X’ and thus we have a natural map

Ixx : F(X)—F(X).
The conormal cycle construction defines group morphisms

CCyx : F(X) — 2n(T*E), CCyx/ : F(X) — Zn(T*E)
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such that the diagram below is commutative.

Iy ZN(T*E) . (4.12)

F(X)
We denote by | X| the topological space subjacent to the complex X and we set
T '

The group F(|X|) is the subgroup of Z-valued functions on |X| corresponding to (linearly)
triangulable subsets. We obtain in this fashion a morphism

CCix: F(|X]) = ZN(T*E).

Finally, we denote by T(E) the collection of compact, triangulable subsets of E. For any
A, B € T(FE) we have a morphism

F(A) — F(B)
and a commutative diagram similar to (4.12). We set

F(E) = lim , F(A)
and we deduce in a similar fashion the existence of a group morphism
CCpg:J(E) — ZN(T*E).

CCp associates to each triangulable compact set A its conormal cycle in E, CCg(A). When
FE is obvious from the context we will drop it from the notation.
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