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Abstract. A gentle introduction to stratified Morse theory and Kashiwara’s conormal
cycle.
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1. Euler characteristic and classical Morse theory

Suppose M ↪→ E is an embedding of a compact, connected, smooth oriented, m-dimensional
manifold M in the finite dimensional vector space E.

Every linear function ξ ∈ E∗ = HomR(E,R) defines by restriction a smooth function ξM

on M . The level sets M=t = ξ−1
M (t) can be visualized as the intersection of M with the

hyperplane ξ = t. A point x ∈ M is critical for ξM if the hyperplane ξ = ξ(x) is tangent to
M at x, i.e. TxM ⊂ ξ−1(0).

For generic ξ the restriction ξM is a Morse function on M , i.e. all its critical points are
nondegenerate. Recall that the critical point p0 of a smooth function f is called nondegenerate
if we can find local coordinates (x1, · · · , xm) on M near p0 such that

xi(p0) = 0, f(x1, · · · , xm) = f(p0)− x2
1 − · · · − x2

λ + x2
λ+1 + · · ·+ x2

m.

The integer λ is independent of the above choices of coordinates. It is called the Morse index
of f at p0 and it is denoted by λ(p0) = λ(f, p0).

Denote by Cξ ⊂ M the critical set of ξM . Then Cξ is finite and we denote by

Dξ = ξ(Cξ) ⊂ R
the set of critical values. Dξ is a finite subset of R so that R \Dξ is a finite union of open
intervals.

M<t = {x ∈ M ; ξ < t}, χ(t) := χ(M<t)

Consider for example the situation depicted in Figure 1. The critical set Cξ and the discrim-
inant set Dξ are marked in red.
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Figure 1. The height function on a genus two surface.

The first theorem of classical Morse theory implies that the function χ(t) is constant on
each connected component of R \Dξ, i.e.

χ(M<a) = χ(M<b) if the interval [a, b] does not intersect the discriminant Dξ.

Thus for every t ∈ R the limits χ−(t) = lims→t− χ(s) and χ+(t) = lims→t+ χ(s) are well
defined and

δ(t) = χ+(t)− χ−(t) = 0, ∀t ∈ R \Dξ.

We deduce that
χ(M) = χ(∞)− χ(−∞) =

∑

τ∈Dξ

δ(τ).

Observe that for τ ∈ Dξ we have

δ(τ) = χ(τ + ε)− χ(τ − ε), ∀0 < ε ¿ 1,

i.e.
δ(τ) = χ(Mτ+ε)− χ(M<τ−ε) = χ

(
H•(M<τ+ε,M<τ−ε)

)
.

Let Cξ(τ) = Cξ ∩ {ξM = τ} denote the set of critical points of ξM with critical value τ . In
Figure 1 We see that Cξ(τ4) consists of three critical points.

By choosing ε > 0 sufficiently small we can cover Cξ(τ) by finitely many disjoint open
balls B(x), x ∈ Cξ(τ) such that

B(x) ⊂ {τ − ε < ξM < ξM + ε}, B−(x) := B(x) ∩ {ξM < τ − ε/2} 6= ∅, ∀x.

The second fundamental theorem of classical Morse theory states

H•(M<τ+ε,M<τ−ε) ∼=
⊕

x∈Cξ(τ)

H•(B(x), B−(x)
)
,

where each pair (B(x), B−(x) ) deformation retracts to the pair (Dλ(x), ∂Dλ(x) ). Here λ(x)
denotes the Morse index of the critical point x and Dλ denotes the closed λ-dimensional ball.

We deduce that

δ(τ) =
∑

x∈Cξ(τ)

χ(Dλ(x), ∂Dλ(x)) =
∑

x∈Cξ(τ)

χ(Dλ(x))− χ(∂Dλ(x) =
∑

x∈Cξ(τ)

(−1)λ(x).

Hence we deduce
χ(M) =

∑

x∈Cξ

(−1)λ(x).
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Let us rephrase the above equality. Denote by

〈•, •〉 : E × E∗ → R
the natural pairing between a vector space and its dual. Consider the cotangent bundle T ∗E
of E. Recall that we have a natural pairing

〈•, •〉 : TE × T ∗E → RE := R× E,
〈
(y, x), (ξ, x)

〉
= (〈v, ξ〉, x).

This induces a pairing
TE |M ×T ∗E |M→ RM

Define the conormal bundle of the embedding M ↪→ X as the subbundle T ∗ME of T ∗E |E
defined by the condition

(ξ, x) ∈ T ∗ME ⇐⇒ 〈v, ξ〉 = 0, ∀v ∈ TxM.

We regard T ∗ME as a submanifold of T ∗E. Observe that dimT ∗ME = dimE = 1
2 dimT ∗E.

The total space of the cotangent bundle T ∗E caries a natural symplectic form

ω0 = dα.

If we choose linear coordinates (x1, · · · , xN ) on E and we denote by (ξ1, · · · , ξN ) the dual
coordinates on E∗ then

α =
∑

i

ξidxi, ω0 =
∑

i

dξi ∧ dxi.

We orient1 the total space of T ∗E using the volume form

Ω := dξ1 ∧ · · · ∧ dξN ∧ dx1 ∧ · · · ∧ dxN =
(−1)N(N−1)/2

N !
ωN

0 .

Then T ∗ME is a lagrangian submanifold of T ∗E, i.e. ω0 restricts to the trivial form on T ∗ME.
An orientation on E induces a natural orientation on T ∗ME defined as follows. Let p ∈ M
and choose local coordinates x1, · · · , xN on E near p such that

xi(p) = 0, ∀i, M = {x1 = · · · = xN−m = 0}
and the orientation of E is defined by dx1 ∧ · · · ∧ dxN . We obtain coordinates (ξ1, · · · , ξN )
in the fiber T ∗p E. Then (x1, · · · , xm, ξm+1, · · · , ξN ) define local coordinates on T ∗ME and we
orient this manifold using the volume form

dξ1 ∧ · · · ∧ dξN−m ∧ dxN−m+1 ∧ · · · ∧ dxN .

Suppose ξ0 ∈ E∗. We view ξ0 as a smooth function on E. Its differential is a section of T ∗E
and its graph

Γξ0 =
{

(dξ0 |x, x) ∈ E∗ ×E = T ∗E
}
.

is a Lagrangian submanifold of T ∗E. It carries a natural orientation induced by the orien-
tation of E. Observe that p0 ∈ M is a critical point of ξ0 |M if and only if P0 := (ξ0, p0) ∈
Γξ0 ∩ T ∗ME.

We want to prove that if p0 is nondegenerate as a critical point of index λ then Γξ0

intersects T ∗ME transversally2 in P0. Set for simplicity Λ = T ∗ME and Γ = Γξ0 . Since p0 is
a nondegenerate critical point of ξ0 we can find local coordinates (x1, · · · , xN ) in E near p0

such that xi(p0) = 0, ∀i, such that if we set

x⊥ = (x1, · · · , xN−m), x0 = (xN−m+1, · · · , xN )

1This differs from the two different orientation conventions in [5] and [10].
2The converse is also true
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then M = {x⊥ = 0}

ξ0(x) = ξ0(p0) + 〈x⊥, c0〉+
1
2
(ε1(xN−m+1)2 + · · ·+ · · ·+ εm(xN )2)

+xN−m+1`1(x⊥) + · · ·+ xN`m(x⊥) + q(x⊥) + O(3),
where εj = ±1,

#{j; εj = −1} = λ,

c0 ∈ E∗\0 vanishes along Tp0M , `i are linear functions in the variables x⊥, q(x⊥) is quadratic
in the same variables. Then near P0 the graph of dξ0 admits the parametrization

ξk = c0
k +

m∑

j=1

xN−m+j ∂`j

∂xk
+

∂q

∂xk
+ O(2), k = 1, · · · , N −m

ξN−m+j = εjx
N−m+j + `j(x⊥) + O(2), j = 1, · · · ,m

xi = xi, ∀i.
An oriented basis of TP0Γξ0 is given by the vectors

Uj =




∂ξ1
∂xj

...
∂ξN

∂xj

∂x1

∂xj

...
∂xn

∂xj




, j = 1, · · · , n.

An oriented basis of TP0Λ is given by the vectors

Vj =
{

∂ξj if j ≤ N −m
∂xj if j > N −m

.

We want to compute Ω(U1, · · · , UN , V1, · · · , VN ). Denote by Sm the diagonal m×m matrix
with entries εj . We deduce

Ω(U1, · · · , UN , V1, · · · , VN ) = det




∗ ... ∗ ... IN−m
... 0

· · · · · · · · · · · ·
∗ ... Sm

... 0
... 0

· · · · · · · · · · · ·
IN−m

... 0
... 0

... 0
· · · · · · · · · · · ·
0

... Im
... 0

... Im




= det




∗ ... ∗ ... IN−m

· · · · · · · · ·
∗ ... Sm

... 0
· · · · · · · · ·

IN−m
... 0

... 0




= (−1)N(N−m) det




∗ ... Sm

· · · · · ·
IN−m

... 0




= (−1)N(N−m)+m(N−m) det Sm = (−1)N−m detSm = (−1)N−m(−1)λ.
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Let us perform a few cosmetic changes. Observe that if λ(−ξ0, p) denotes the index of p as
a critical point of (−ξ0) then λ(−ξ0, p) = m− λ(ξ0, p) so that

(−1)λ−m = (−1)λ(−ξ0,p).

If we consider the antipodal map a : T ∗E → T ∗E, (ξ, x) 7→ (−ξ, x) we deduce that

#(Γ−ξ0 ∩ ΛM , P a
0 ) = (−1)N+λ(ξ0,p)

and since dimΓ = dim Λ = N we conclude

#(ΛM ∩ Γ−ξ0 , P a
0 ) = (−1)λ(ξ0,p).

We obtain the following equality

χ(M) = #(ΛM ∩ Γ−ξ), for any generic linear map ξ : E → R. (1.1)

2. Weyl tube formula

Suppose M ↪→ E is as before but we assume additionally that M is equipped with an
Euclidean metric g0. g0 induces a metric g on M . We set c = N −m = the codimension of
M in E. The normal bundle of the embedding M ↪→ E is the quotient bundle

TME := (TE) |M /TM.

Since TE is equipped with a metric we can identify TME with the bundle N(M) → M , the
orthogonal complement of TM in (TE) |M . The metric on E defines a function

ρ : TE → R, ρ(Y, x) = |Y |g0 .

We set

Dr(N) :=
{
p ∈ N(M); ρ(p) ≤ r

}
, Sr(N) := ∂Dr(N) =

{
p ∈ N(M); ρ(p) = r

}
,

Sr(TE) =
{
p ∈ TE; ρ(p) = r

}
.

We have an exponential map

exp : TE → E, exp(y, x) = x + y.

Define the tube of radius r > 0 around M to be the closed set

Tr(M) :=
{
x ∈ E; dist (x,M) ≤ r

}
.

For r > 0 sufficiently small we have a diffeomorphism

exp : Dr(N)−→Tr(M). (2.1)

Let VM (r) = Vol(Tr(M) ). We would like to understand the behavior of VM (r) as r ↘ 0.
Denote by dvE the volume form on E. Using the identification (2.1) we deduce

VM (r) =
∫

Tr(M)
dvE =

∫

Dr(N)
exp∗ dvE .

In more down-to-Earth terms, we are using normal (Fermi) coordinates near M to compute
the volume of the tube.

Let us first understand the N -form

ΩE = exp∗ dVE ∈ ΩN (TE).
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Choose oriented, orthonormal coordinates x = (x1, · · · , xN ) on E. They induce oriented
orthonormal coordinates Y = (Y 1, · · · , Y N ) in each tangent space. Then

dvE = dx1 ∧ · · · ∧ dxN , ΩE = exp∗ dvE =
N∧

j=1

(dxj + dY j).

Denote by ∂ρ the radial vector field along the fibers of TE

∂ρ = ∇ρ =
1
ρ

∑

j

Y j∂Y j .

Then ∂ρ dρ = 1 and we set
σE := ∂ρ ΩE

so that
ΩE = dρ ∧ σE .

Then

VM (r) =
∫

Dr(N)
ΩE =

∫ r

0
dt

∫

St(N)
σE .

Consider the radial projection νt : S1(TE) → St(E) and set σE,t := ν∗t (σE |St(TE)) We
conclude

VM (r) =
∫

Dr(N)
ΩE =

∫ r

0
dt

∫

S1(N)
σE,t. (2.2)

Set

S :=
1
ρ
Y = (s1, · · · , sN ).

Observe that ∂ρ dY k = sk so that

σE = ∂ρ

N∧

j=1

(dxj + dY j)

=
∑

k

(−1)k−1sk
∧

j 6=k

(
dxj + dY j

)
=

∑

k

(−1)k−1sk
∧

j 6=k

(
dxj + ρdsj + sjdρ

)

Hence

σE,t =
∑

k

(−1)k−1sk
∧

j 6=k

(
dxj + tdsj

)
=

N−1∑

j=0

tjηN−1−j ,

where ηk ∈ Ωn−1(S1(TE)) is a form independent of t of degree k in the variables dx and of
degree N − k− 1 in the variables ds. We denote by ωd the volume of the unit d-dimensional
ball and by σd the ”area” of its boundary. More explicitly

ωd =
πd/2

Γ(d/2 + 1)
, σd = dωd,

where for every positive integer j we compute Γ(j/2) inductively using the formulæ

Γ(1) = 1, Γ(1/2) = π1/2, Γ(x + 1) = xΓ(x).

We normalize

η̂k :=
1

σN−k
ηk =

1
(N − k)ωN−k

ηk.
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We deduce

VM (r) =
N−1∑

j=0

∫ r

0

(∫

S1(N)
ηN−1−j

)
tjdt =

N∑

k=1

Ak(M)ωN−kt
N−k,

where

Ak(M) =
∫

S1(N)
η̂k

Observe that ∫

S1(N)
ηk = 0, if k > m

so that

VM (r) =
m∑

k=0

Ak(M)tN−k =
m∑

j=0

Am−j(M)ωc+jt
c+j , c = N −m = codimM.

Example 2.1. (a) Suppose E = R2 with Euclidean coordinates (x, y). In each fiber of TE
we choose polar coordinates (r, θ) so that

exp(r, θ;x, y) = (x + r cos θ, y + r sin θ), exp∗ dvE = d(x + r cos θ) ∧ d(y + r sin θ)

∂r exp∗ dvE = (cos θdy − sin θdx) + ρdθ,

so that

η̂1 =
1
2
(cos θdy − sin θdx), η̂0 =

1
2π

dθ.

ut

The integrals of the forms ηk over S1(N) can be expressed in terms of the second fun-
damental form of M ↪→ E. This is also known as the shape operator and it is a bilinear
map

S : TM × TM → N

defined as follows. Given vector fields X,Y tangent to M we denote by ∇E
XY the Euclidean

covariant derivative of Y along X

∇E
Xi∂i

Y j∂j =
(
Xi∂iY

j
)
∂j .

We have an orthogonal decomposition of ∇E
XY into a tangential and a normal part

∇E
XY = (∇E

XY )τ + (∇E
XY )ν .

Then
S(X,Y ) = (∇E

XY )ν .

The shape operator enjoys several nice properties (see [9, §4.2.4]).

Proposition 2.2. (a) S is symmetric in its arguments, i.e.

S(X, Y ) = S(Y, X), ∀X, Y ∈ Vect(M).

(b) For all N ∈ C∞(NM ) and X, Y ∈ Vect(M) we have

g0(S(X, Y ), N) = g0(∇E
XN, Y ).
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The shape operator is related to the Gauss map ΓM : M → Grm(E) = the Grassmanian
of m-dimensional subspaces in E

M 3 p 7→ TpM ∈ Grm(E).

For a m-dimensional vector space V ⊂ E the tangent space of the Grassmanian at V is
described by

TV Grm(E) = Hom(V, V ⊥).
The differential at p ∈ M of the Gauss map can therefore be viewed as a map

DΓ : TpM → TΓ(p)Grm(E) = Hom(TpM, Np).

One can show that for every X, Y ∈ TpM the linear map DΓp(X) ∈ Hom(TpM, Np) is given
by

Y 7−→ Sp(X, Y ).
Theorema Egregium shows that the shape operator determines the Riemann tensor of
(M, g) via the formula

Rijk` = g
(
S(∂i, ∂k), S(∂j , ∂`)

)− g
(
S(∂i, ∂`), S(∂j , ∂k)

)

For any local coordinate system (xi) on M .
The forms ηk can be explicitly expressed in terms of the shape operator. More precisely,

for every unit normal vector ~ν ∈ Np we obtain a symmetric bilinear form on TpM

S~ν(X, Y ) = g0( S(X, Y ), ~ν).

Using an orthonormal basis of TpM we can identify it with a symmetric matrix. We denote
by Pν(t) = det(1TpM + tS~ν ) its characteristic polynomial. Then

ΩE = exp∗ dvE |N= Pν(ρ)ρc−1dρd~νdVM ,

where d~ν denotes the volume form on the unit sphere S1(Np). We obtain (see the beautiful
original source [12] for details)

VM (r) =
∫

Dr(N)
ΩE =

∑

k≥0

ωc+2kr
c+2k

∫

M
Pk(R)dVM

︸ ︷︷ ︸
:=λ2k(M)

,

where Pk(R) is a universal degree k-polynomial in the curvature tensor (Rijk`). Hence µk(M)
is an intrinsic invariant of the Riemann manifold (M, g). We have an equality

λk(M, g) =
1

σc+2k

∫

S1(N)
ηm−2k.

Note that the quantity λk(M) is measured in metersm−2k. For this reason we introduce the
notation

µm−2k(M, g) = λ2k(M, g).
We can then rewrite

VM (r) =
∑

k≥0

µm−2k(M, g) · vol
(
Bc+2k(r)

)
,

where Bd(r) denotes the d-dimensional Euclidean ball of radius r.
There are some old acquaintances amongst the quantities µj(M, g). For example

µm(M, g) = vol (M, g).
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If m is even, m = 2m0 then Pm0dVM ∈ Ωm(M) is the Euler form determined by the metric
and the Gauss-Bonnet theorem implies

µ0(M, g) = χ(M).

In general we have

µm−2(M, g) =
1
4π

∫

M
sdVM ,

where s : M → R denotes the scalar curvature of (M, g).
The quantities µk are related by the so called reproducing formulæ. Denote by Graffc(E)

the Grassmanian of affine subspaces in E of codimension c. More precisely we have the
following result (see [3])

µk(M) := A(N, m, c, k) ·
∫

Graffc(E)
µk−c(M ∩ P )|dP |,

where |dP | is a O(E)- invariant measure on Graffc(E). If we set c = k we deduce

µk(M) := A(N, m, k) ·
∫

Graffk(E)
χ(M ∩ P )|dP |.

We can interpret µk(M) as an average of the Euler characteristics of the intersections of M
with codimension k affine planes. If we take k = dimM we deduce

vol (M, g) = A(N,m)
∫

Graffm(E)
χ(M ∩ P )|dP |.

The intersection of M with a generic codimension m affine subspace P is a finite set so that

χ(M ∩ P ) = |M ∩ P |.
The last formula can be rewritten as

vol (M, g) = A(N, m)
∫

Graffm(E)
|M ∩ P | |dP |.

This generalizes the classical Crofton formula for curves in R2.
As explained in [7], we can normalize the invariant measures in Graffm(E) in a very clever

way so that A(N,m) = 1.

3. Singular Morse theory

To understand how to extend the previous facts to more singular situations we need to
produce more flexible definitions of the notions of critical points and critical values.

We will begin by defining the notion of regular value. This will require the notion of local
cohomology

Suppose X is a locally compact metric space, and S is a closed subset. To eliminate many
pathological phenomena we will assume that X and S are locally contractible, i.e. every point
admits a basis of contractible neighborhoods. This condition implies for example that X and
S are ENR’s (Euclidean Neighborhood Retract). We denote by i : S ↪→ X and j : X\S ↪→ X
the natural inclusions We define the local cohomology of X along S (with real coefficients)
to be

H•
S(X) := H•(X, X \ S;R).
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For every topological space Y we denote by H•(Y ) its (Čech) cohomology with real coeffi-
cients. A cohomology class c ∈ H•(X \ S) is said to propagate across S if it belongs to the
image of the morphism

j∗ : H•(X) → H•(X \ S).
Observe that we have a long exact sequence (called the adjunction sequence)

· · · → Hk(X)
j∗−→ Hk(X \ S) δ−→ Hk+1

S (X) → · · · (3.1)

We see that a cohomology class c ∈ H•(X \ S) propagates across S if and only if δ(c) =
0 ∈ H•+1

S (X). We can the regard the local cohomology of X along S as collecting the
obstructions to the propagation across S of the cohomology classes in the complement of S.
If the inclusion j induces an isomorphism in cohomology then H•

S(X) = 0. This is the case
if for example X \ S is a deformation retract of X.

Observe that if V is an open neighborhood of S in X then X \V is a closed subset in X \S
and we obtain an excision isomorphism

H•
S(X) = H•(X, X \ S) ∼= H•( X \ (X \ V ), (X \ S) \ (X \ V )

)
= H•(V, V \ S) = H•

S(V ).

This shows that the local cohomology reflects the local behavior of X near S and it is blind
to what is happening further away from S.

We can now define the local cohomology sheaves H•
S to be the sheaves associated to the

presheaves
U 7−→ H•

S∩U (U).
If x ∈ X and Un(x) denotes the open ball of radius 1/n centered at x then for every m ≤ n
we have morphisms

H•
S∩Um

(Um) → H•
S∩Un

(Un)

and then the stalk of H
p
S at x is the inductive limit

H•
S(x) := lim

n→∞H•
S∩Un

(Un)

Observe that since X is locally contractible we have

H•
S(x) = 0 for every x ∈ (X \ S) ∪ int (S). (3.2)

We set
χS(X) =

∑

k

(−1)k dimHk
S(X), χS(x) :=

∑

k≥0

(−1)k dimHk
S(x).

Example 3.1. Assume X is the planar three arm star depicted in Figure 2 and P0 is the
center of the star. Assume S = {P0}. In this case we have

H•
S(P0) = H•

{P0}(X) ∼= H•(X,X \ P0)∗

and we deduce

H0
S(P0) = 0, H1

S(P0) ∼= R2, χS(P0) = χ(X, X \ P0) = χ(X)− χ(X \ P0) = −2.

ut

An iterated application of the Mayer-Vietoris sequence shows that the local cohomology
sheaves determine the local cohomology along S. More precisely we have a Grothendieck
spectral sequence converging to H•

S(X) whose E2 term is

Ep,q
2 = Hp(X, Hq

S).
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Figure 2. A planar star.

If it happens that the local cohomology sheaves are supported by finite sets then

Hp,q(X, Hq
S) = 0, ∀p > 0,

so that the spectral sequence degenerates at the E2-terms. In this case we have

Hq
S(X) ∼= H0(X, Hq

S) ∼=
⊕

x∈X

H
q
S(x). (3.3)

In particular
χS(X) =

∑

x∈X

χS(x). (3.4)

Observe that if the local cohomology sheaves are trivial then so is the local cohomology. The
converse need not be true.3

Before we proceed with our search for a new definition for a regular value let us mention
that if V = ⊕n∈ZVn is a graded vector space we denote by V [µ] the shift by µ

V [µ]n = Vn+µ

We will identify R with the graded vector space V defined by

Vn = 0, ∀n 6= 0, V0 = R.

Then
R[−µ]n = 0, ∀n 6= µ, R[−µ]µ = R.

Suppose M is a smooth manifold and f : M → R is a smooth function. For every c ∈ R
we set M≥c = {f ≥ c}, M<c := {f < c} etc. If c is a regular value of f then the level set
{f = c} is a smooth hypersurface. Moreover, every point x on this level surface admits a
fundamental system of neighborhoods Un(x) such that the set Un ∩ {M<c} = Un \M≥c is a
deformation retract of Un. This implies

H•
Un∩M≥c

(Un) = 0

These non-obstructions to local propagation are patched together in the next result.

Theorem 3.2 (Kashiwara’s Lemma). Suppose K
f−→ R is a continuous function on the

compact space K. If for every p ∈ K we have

H•
K≥f(p)

(p) = 0

then for every t ∈ R the inclusion induced morphism H•(K) → H•(K<t) is an isomorphism.

3Can you find and example?



12 LIVIU I. NICOLAESCU

For a proof of this result we refer to [6, §2.7]. The above result shows that if the interval
[a, b] contains no critical value of f the for every a ≤ s < t ≤ b the inclusion induced morphism

H•(M<t) → H•(M<s)

is an isomorphism. Thus we obtain a fact we knew already that when going through regular
values the sublevel sets do not undergo changes detectable homologically.

Suppose now that the level set contains a critical point p of index λ. Denote by W−
p the

unstable manifold of p. for a small coordinate ball U around b we have U ∩ W−
p
∼= Dλ =

open λ-dimensional disk centered at p and we have an isomorphism

H•
U≥c

(U) = H•(U,U<c) ∼= H•(Dλ, Dλ \ p) = H•
{p}(D

λ) ∼= R[−λ].

The critical point p distinguishes itself from other points on the level set {f = f(p)} by the
condition

H•
M≥f(p)

(p) 6= 0.

We will use this as our criticality test.

Definition 3.3. Suppose M is a compact connected (subanalytic) subset in an Euclidean
space and f : M → R is smooth function. A point p ∈ M is said to be critical for f if

H•
M≥f(p)

(p) 6= 0.

We set
δ(f, p) := χ(H•

M≥f(p)
(p)).

Observe that any relative minimum of f is necessarily a critical point. Suppose M is as
above and f : M → R is a smooth function with finitely many critical points p1, · · · , pν with
critical values c1 ≤ · · · ≤ cν . For the simplicity of the exposition we assume that the critical
values are distinct, i.e. there is at most one critical point on each level set.

Observe that any relative minimum of f is necessarily a critical point. c1 must be the
absolute minimum of f so that M<c1 = ∅. From Kashiwara’s lemma we deduce

χ(M) = χ(M<cν+ε)

and we deduce

χ(M) = χ(M<c1)︸ ︷︷ ︸
=0

+χ(M<c2)−χ(M c1)+ · · ·+χ(M<cν )−χ(M<cν−1)+χ(M<cν+ε)−χ(M<cν )

= χ( H•(M<c2 ,M<c1) ) + · · ·+ χ( H•(M<cν ,M<cν−1) ) + χ( M cν+ε,M<cν ) )

=
ν∑

k=1

χ
(
M<ck+ε,M<ck

)
.

Due to Kashiwara’s Lemma we have

χ
(
M<ck+ε,M<ck

)
= lim

ε↘0
χ
(
H•

M≥ck
(M<ck+ε)

)
.

Since ⋂

ε>0

M<ck+ε = M≤ck

we deduce

H•
M≥ck

(M≤ck) = lim−→n
H•

M≥ck
(M<ck+1/n) = H•

M≥ck
(M<ck+ε), ∀0 < ε < ck+1 − ck.
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Now observe that the restriction of H•
M≥ck

on M≤ck is supported exactly at the point pk so
that

H•
M≥ck

(M≤ck)
(3.3)
= H•

M≥ck
(pk).

Hence
χ
(
M<ck+ε,M<ck

)
= χM≥ck

(pk)

and

χ(M) =
ν∑

k=1

χM≥ck
(pk) =

ν∑

k=1

δ(f, p).

If M is a compact smooth manifold and M is a Morse function then

χf≥ci(pi) = (−1)λi ,

where λi denotes the Morse index of pi.

Example 3.4. Suppose C ⊂ E is a simplicial complex linearly embedded in the Euclidean
space E. We denote by V (C) the set of vertices of C. Suppose ξ : E → R is a linear function
in general position with respect to C, i.e. its restriction to the set of vertices is one-to-one.
Then the set of critical points of ξ is contained in the set of vertices, and in fact there is at
most one critical point in each level set.

For each p ∈ E we denote by H<
ξ,p the half space

H<
ξ,p = {v ∈ E : 〈v, ξ〉 < 〈p, ξ〉} = {ξ < ξ(p)}.

Denote by Bε(p) the open ball of radius ε centered at p. Then for every vertex p of C we
have

Hξ≥ξ(p)(p) = H•(Bε(p) ∩ C, Bε(p) ∩ C ∩H<
ξ,p ), ∀0 < ε ¿ 1.

Denote by St(p), the star at p which is the union of all simplices in C which have p as a
vertex. The set Bε(p) ∩ C = Bε(p) ∩ St(p) deformation retracts to p and we deduce

χξ≥ξ(p) = χ(Bε(p) ∩ C)− χ(Bε(p) ∩ C ∩H<
ξ,p) = 1− χ( St(p) ∩H<

ξ,p ).

For every simplex σ in St(p) we denote by V−(σ) the collection of vertices v of σ such that
ξ(v) < ξ(p). We denote by V+(σ) the collection of vertices v 6= p of σ such that ξ(v) ≥ ξ(p).
Projecting from the face [V+(σ)] of σ spanned by V+(σ) onto the face spanned by p and
V−(σ) we obtain a deformation retraction (see Figure 3)

Dσ : σ → [p, V−(σ)] = the face of σ spanned by {p} ∪ V−(σ)

This induces a linear deformation retraction

Dσ : σ ∩H<
ξ,p → [p, V −

σ ] ∩H<
ξ,p.

If we denote by St−(p) the union of all simplices of C contained in H≤
ξ,p which have p as a

vertex. If σ is a simplex in St−(p) and v 6= p is a vertex then ξ(v) < ξ(p) since ξ was chosen
in general position.

Hence we obtain a deformation retract of St(p)∩H<
ξ,p onto St−(p)\p. Denote by Lk−(p) =

Lk−ξ (p) the descending link of p defined as the simplicial subcomplex of St−(p) spanned by
the vertices v 6= p. Then St−(p)− p deformation retracts to Lk−(p) and we deduce

χ(St(p) ∩H<
ξ,p) = χ(Lk−(p)).
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V (   )

V (  )

p

p

σ

σ

σ

ξ=ξ(   )

 +

−

Figure 3. The local homotopic structure of critical sublevel sets.

Observe that Lk−(p) consists of the simplices [V−(σ)], where σ is a simplex in St−(p), other
than p. Hence

χ(Lk−(p)) =
∑

σ∈St−(p)\[p]

(−1)dim[V−(σ)] = −
∑

σ∈St−(p)\[p]

(−1)dim σ

so that
χξ≥ξ(p) = 1 +

∑

σ∈St−(p)\[p]

(−1)dim σ =
∑

σ∈St−(p)

(−1)dim σ =: a(ξ, p).

We deduce
χ(C) :=

∑

p∈V (C)

a(ξ, p) =
∑

p∈V (C)

(
1− χ(Lk−ξ (p))

)
.

The first equality was proved by T. Banchoff in [1] using a direct elementary method.
For example, consider the simplicial complex depicted in Figure 2 where the horizontal

dotted lines depict the level sets containing the vertices. The Euler characteristic of the star
is 4− 3 = 1. Upon inspecting the figure we deduce

Lk−(P1) = Lk−(P2) = ∅, Lk−(P0) = {P1, P2}, Lk−(P3) = {P0}
so that

a(P0) = a(P1) = 1, a(P0) = −1, a(P3) = 0
so that

a(P0) + a(P1) + a(P2) + a(P3) = 1 = χ(C).
Observe that P3 is an absolute maximum of the height function yet it is not a critical point
in our sense. In fact if C is a convex simplex then a generic linear function ξ will have exactly
one critical point on C, the absolute minimum. The hyperplane ξ = ξ(p) passing through
the absolute minimum p will be a supporting hyperplane of C. In particular, a point could
be critical for f but it may not be critical for −f . ut

4. The characteristic variety and the conormal cycle of a simplicial
complex

Suppose X is a compact simplicial complex inside the Euclidean vector space E.
The characteristic variety of X is the closed subset of the cotangent bundle T ∗E = R∗×E

of E which is the closure of the set
{

(ξ, p) ∈ E∗ ×E; p is a critical point of (−ξ) |X
}
.
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The last condition signifies that p admits a fundamental system of neighborhoods Un in X
such that

H•(Un, Un ∩ {ξ > ξ(p)} 6= 0, ∀n.

Loosely speaking this means that the region Un ∩ {ξ > ξ(p)} is structurally different from
Un. We set

Chp(X) := Ch(X) ∩ T ∗p E.

Example 4.1. Suppose E = R2 equipped with the standard Euclidean metric so we will
identify E∗ = E. Assume X is a horizontal line segment. Denote by Tr(X) the tube of
radius r around X

Tr(X) :=
{
x ∈ E; dist (x,X) ≤ r

}
.

For each q ∈ ∂Tr(c) there exists a unique point π(q) ∈ X such that

dist (q, π(p) ) = r.

Denote by Rq the ray which starts at π(q) and goes through q (see Figure 4). We can regard
it as a ray in Tπ(q)R2 ∼= T ∗π(q)R

2. Then

Ch(X) =
⋃

q∈∂Tr(X)

Rq.

We see that Ch(X) is homeomorphic to the ”aura” Int (Tr) ut

q

q

qR

π(  ) p

Figure 4. The ”aura” of a straight line segment in the plane

Motivated by this example we introduce the subbundle Dr(TE∗) → E of TE∗ of radius r
closed disks and we set

Chr(X) = Ch(X) ∩Dr(TE∗).

If X is as in the above example then Chr(X) ∼= Tr(X).
We have the following elementary facts.

Proposition 4.2. (a) (0, p) ∈ Ch(X), ∀p ∈ X.

(b) If (ξ, p) ∈ Ch(X) then (tξ, p) ∈ Ch(X), ∀t ≥ 0. (We say that Ch(X) is a conic subset of
the cotangent bundle.)

(c) If σ is a simplex of X, p is an interior point of σ and (ξ, p) ∈ Ch(X) then the simplex
σ is contained in the hyperplane ξ = ξ(p). Equivalently this means that (ξ, p) belongs to the
conormal bundle T ∗Int σE.

ut
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Given a point p ∈ X there exists a unique simplex σ such that p ∈ Intσ. Suppose the
simplex σ is a face of the simplex τ (written σ ¹ τ). We set

Λσ,τ (p) :=
{

ξ ∈ E∗; the hyperplane ξ = ξ(p) contains τ
}

∼=
{
the set of lines through p perpendicular to τ

}
,

Λ(p) = Λσ(p) := Λσ,σ(p),

Chp(X, τ) := Chp(X) ∩ Λσ,τ (p).
Observe that Λσ(p) can be identified with the fiber at p of the conormal bundle T ∗Int σE, or
equivalently with the set of lines trough p perpendicular to σ. In Figure 4 if we take σ = p
and τ = the segment X then Chp(X, τ) is the vertical line through p since any line through
p and perpendicular to that line will contain the segment X. Observe that

codim
(
Chp(X, τ) ↪→ Chp(X)

)
= codim(σ ↪→ τ) = dim τ − dimσ.

Note that
σ ¹ τ1 ¹ τ2 =⇒ Λσ,τ1 ⊇ Λσ,τ2 .

The star of σ in X, denoted by St(σ), is the subcomplex determined by all the simplices τ
which admit σ as a face

St(σ) :=
⋃

τºσ

τ.

We get a collection (arrangement) of subspaces in Λσ(p)

Aσ(p) =
{

Λσ,τ (p); τ ∈ St(σ)}.
We denote by Λ0

σ(p) the complement of this arrangement of planes. Its connected components
are open polyhedral cones. We will refer to them as chambers. We denote by Cσ,p the
collection of chambers of Λσ(p). The covectors in Λ0

σ are called nondegenerate covectors (for
X at p). We set

Chp(X)0 = Chp(X) ∩ Λ0
σ(p).

The covectors in Chp(X)0 are called nondegenerate characteristic vectors (for X at p). Ob-
serve that if p, q ∈ Intσ then

Λ0
σ(p) = Λ0

σ(q), Cσ,p = Cσ,q,

so Λ0
σ(p) is really an invariant of the embedding Intσ ↪→ X. Since every point belongs to the

interior of a single simplex so we can safely drop p or σ from the notations Λσ(p), Cσ,p.
For every (ξ, p) ∈ T ∗E we set

m(ξ, p, X) := χ
(
H•

X≤ξ(p)(p)
)

= lim
r↘0

χ
(
Br(p) ∩X

)− χ
(
Br(p) ∩X>ξ(p)

)
.

We will refer to m(ξ, p, X) as the multiplicity of the generic covector (x, p). Note that if
p ∈ X \ E m(x, p, X) = 0 for any ξ ∈ Λp = T ∗p E. On the other hand

m(ξ, p, X) = m(ξ, q,X), ∀p, q ∈ Intσ,

so we can use the notation mσ(ξ, X) for m(ξ, p, X), p ∈ Intσ. To provide a combinatorial
description of these integers we need to introduce some terminology.

Given two simplices σ ≺ τ we denote by Lk(σ, τ) the maximal face of τ which is disjoint
from σ. In other words Lk(σ, τ) is the face of τ ”opposite” to σ. Observe that

dimσ + dimLk(σ, τ) = dim τ + 1.
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Given a simplicial complex K and σ a simplex in define the link of σ in K to be the subcomplex

Lk(σ,K) :=
⋃

σ�τ

Lk(σ, τ). (4.1)

Fix a point p ∈ X and denote by σ the unique simplex σ in X such that p ∈ Int(σ). For
ξ ∈ Λσ we define

St+ξ (p) = St+ξ (σ) =
{
τ ∈ St(σ); ξ(x) ≥ ξ(p), ∀x ∈ τ

}
=

{
τ ∈ St(σ); τ ⊂ {ξ ≥ ξ(p)}}

,

Lk+
ξ (p) = Lk+

ξ (σ) = Lk+
ξ (p,X) = Lk(σ, St+ξ (σ) )

Proposition 4.3. Suppose p ∈ Intσ and ξ ∈ Λ0
σ is a nondegenerate vector. Then

m(ξ, p) = 1− χ
(
Lk+

ξ (p)
)

= (−1)dim σ
∑
τÂξσ

(−1)dim τ ,

where τ Âξ σ signifies that τ Â σ and τ ⊂ {ξ ≥ ξ(p)}
Proof For r > 0 sufficiently small Br(p) ∩X is a deformation retract of St(σ) so that

χ(Br(p) ∩X) = χ(St(σ)) = 1.

Arguing exactly as in Example 3.4 one proves that Br(p)∩X{ξ>ξ(p)} is a deformation retract
of St(σ){ξ>ξ(p)} and then that St(σ){ξ>ξ(p)} deformation retracts onto the complement of σ

in St+ξ (σ). Finally this complement deformation retracts onto Lk+
ξ (σ). Hence

χ
(
Br(p) ∩X{ξ>ξ(p)}

)
= χ(Lk+

ξ (p)).

Next, observe that

χ(Lk+
ξ (p)) =

∑
τÂξ σ

(−1)dim Lk(σ,τ) =
∑

τÂξ σ

(−1)dim τ+1−dim σ = −(−1)dim σ
∑

τÂξ σ

(−1)dim τ .

Hence
1− χ(Lk+

ξ (p)) = 1 + (−1)dim σ
∑

τÂξ σ

(−1)dim τ = (−1)dim σ
∑

τÂξ σ

(−1)dim τ

ut

We see that the multiplicity of a generic covector as defined above coincides with the
multiplicity defined in [2]. The above result has an important consequence.

Corollary 4.4. Suppose the generic covectors (ξi, p), i = 0, 1 belong to the same chamber
C ∈ Cp. Then

m(ξ0, p, X) = m(ξ1, p,X).

Proof Since x0 and ξ1 belong to the same chamber we deduce

Lk+
ξ0

(σ) = Lk+
ξ1

(σ)

whence the equality of the two multiplicities.
ut

The multiplicity function we have just constructed associates to each chamber at p ∈ X
an integer and thus can be viewed as a function mp : Cσ,p → Z. Again mp = mq for all
p, q ∈ Intσ.
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Example 4.5. Consider again the planar star in Figure 2. We denote it by X and we denote
by P0 its center. In Figure 5 this simplicial complex is described with dotted lines. We would
like to describe the chamber structure at P0. Assume for simplicity that P0 is the origin.
We identify T ∗R2 with TR2. The linear functionals containing an arm of the start in a level
set can be identified with the line orthogonal to that arm at P0. We get three such lines are
depicted as continuous lines in Figure 5.

C
C

C

C

C

C
1

2

3

5
6

-1
0

-1
0

0

-1

4

Figure 5. The chambers at the vertex of a three-armed star

They divide the plane into six cones denoted by C1, · · · , C6. The multiplicities of the
corresponding chamber are indicated in the right-hand-side of Figure 5. More precisely

m(P0, Ck) =
−1 + (−1)k

2
=

{
0 if k is even
−1 if k is odd .

ut

Proposition 4.6. Suppose X1, X2 ⊂ are two simplicial complexes such that X1 ∩ X1 is a
subcomplex of both. Then for every (x, p) ∈ T ∗E we have

m(ξ, p, X1 ∪X2) = m(x, p, X1) + m(ξ, p, X2)−m(ξ, p, X1 ∩X2).

Proof For r > 0 sufficiently small and Y = X1∪X2, X1, X2 or X1∩X2 we have the equality

m(ξ, p, Y ) = χ(Br ∩ Y )− χ(Br ∩ Y{ξ>ξ(p)}).

The proposition now follows from the inclusion-exclusion property of the Euler characteristic.
ut

To define the characteristic cycle we need a brief detour in the theory of currents. For
more details we refer to [4].

Suppose V is a connected, oriented smooth manifold of dimension n. We denote by Ωk(V )
the vector space of smooth k-dimensional forms and by Ωk

cpt(V ) the space of smooth, com-
pactly supported k-dimensional forms. They have natural structure of locally convex topo-
logical vector spaces with the topology given by the uniform convergence on compacts of the
forms and their partial derivatives.

For every k ≥ 0 we denote by Ωk(V ) the topological dual of Ωk
cpt(V ), i.e. the space of

continuous linear functionals Ωk
cpt(V ) → R. Similarly we define Ωcpt

k (V ) to be the topological
dual of Ωk(V ). For C ∈ Ωk(V ) we denote its action on η ∈ Ωk

cpt(V ) by 〈C, η〉.
Observe that we have an embedding

D : Ωn−k(V ) ↪→ Ωk(V ), ω 7−→ Dω : Ωk
cpt(V ) → R, 〈Dω, η〉 =

∫

M
ω ∧ η, ∀η ∈ Ωk

cpt(M).
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We will refer to D as the Poincaré duality map. We have a boundary operator

∂Ωk(V ) → Ωk−1(V ), 〈∂C, η〉 = 〈C, dη〉, ∀η ∈ Ωk−1
cpt (V ).

We obtain in this fashion of chain complex (Ω•(V ), ∂). Its homology is called the Borel-Moore
homology of V , or the homology of V with closed supports. It will be denoted by Hcl• (V ).
The Poincaré duality map induces an isomorphism

H•(V ) → Hcl
n−•(V ).

Example 4.7. Suppose V is an oriented real vector space and P is a polyhedral region, i.e.
a finite intersection of half-spaces (closed or open). Let p = dimP . In other words p is the
dimension of the affine subspace span (P ) spanned by P .

Any orientation or on span (P ) determines a p-current [P ] = [P, or] defined by

〈[P ], η〉 =
∫

P,or
η, ∀η ∈ Ωp

cpt(V ).

We will say that [P, or] is the integration current defined by P and the orientation or.
Denote by F(P ) the collection of (p− 1)-dimensional faces of P . For every face F ∈ F(P )

the orientation or on P induces an orientationorF on F determined by the outer-normal-first
convention. For example, in Figure 6 where we depicted a 2-dimensional polyhedron in R2

equipped with the orientation induced from the canonical orientation of R2. The classical
Stokes formula implies

∫

[P,or]
dη =

∑

F∈F(P )

∫

[F,orF ]
η, ∀η ∈ Ωp−1

cpt (V ).

Hence

∂[P, or] =
∑

F∈F(P )

[F, orF ].

P

Figure 6. A polyhedron in R2 and its boundary.

Note that if we remove from P a finite collection of polyhedral regions of dimensions < p
and we integrate on the remaining region, the integration current thus obtained is equal to
P .

ut
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For each simplex σ ∈ X and each chamber C ∈ Cσ we consider the open polyhedral subset
Ch(σ,C)0 := C × Intσ of the conormal bundle of Intσ. The characteristic variety of X is
the closed set

Ch(X) =
⋃

σ∈X, C∈Cσ

Ch(σ,C)0.

The smooth part of the characteristic variety, denoted by Ch(X)0, is filled-up by the nonde-
generate characteristic vectors

Ch(X)0 =
⋃

σ∈X, C∈Cσ

Ch(σ,C)0.

It is a finite disjoint union of oriented polyhedral regions Ch(σ,C)0 of dimension N . Each
defines a N -dimensional current CC(σ,C)0 and we define

CC(X) =
∑

σ∈X

( ∑

C∈Cσ

mσ(C)CC(σ,C)
)
∈ ΩN (T ∗E).

We say that CC(X) is the conormal chain of X.
For any two sets A,B ⊂ T ∗E we use the notation A ≈ B to signify that

A ∪ S = B ∪R,

where S,R are unions of polyhedral sets of dimension < N . This is an equivalence relation
and we denote by [A] the equivalence class of [A]. Note that if A, B are two oriented N -
dimensional polyhedral sets and A ≈ B then A and B define the same integration current
which we denote by [A]. We regard the multiplicity function mX as a function defined on
a set ≈ T ∗E. Its level sets carry a natural orientation and for every k ∈ Z we denote by
[mX = k] the current defined by the ≈ class of the level set m−1

X (k). We see that we can
define the conormal cycle by the formula

CC(X) =
∑

k∈Z
k[mX = k].

Proposition 4.8. Suppose X1, X2 are finite simplicial complexes in the oriented vector space
E such that X1∩X2 is a subcomplex of both. Then we have the following equality in ΩN (T ∗E).

CC(X1 ∪X2) = CC(X1) + CC(X2)−CC(X1 ∩X2).

Proof Using Proposition 4.6 we deduce

{mX1∪X2 = `} ≈
⊔

i+j+k=`

{mX1 = i} ∩ {mX2 = j} ∩ {mX1∩X2 = −k}.

We deduce the following equality of currents.

CC(X1 ∪X2) =
∑

`

`[mX1∪X2 = `] =
∑

i,j,k

(i + j + k)[mX1 = i,mX2 = j, mX1∩X2 = −k]

=
∑

i,j,k

i[mX1 = i, mX2 = j, mX1∩X2 = −k] +
∑

i,j,k

j[mX1 = i, mX2 = j, mX1∩X2 = −k]

+
∑

i,j,k

k[mX1 = i,mX2 = j, mX1∩X2 = −k]

=
∑

i

i[mX1 = i] +
∑

j

[mX2 = j]−
∑

k

k[mX1∩X2 = k]

= CC(X1) + CC(X2)−CC(X1 ∩X2).
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ut

For any compact simplicial complex X ⊂ E we denote by 1X its characteristic function.
If X1, X2 are simplicial complexes then we can subdivide each of them so that X1 ∩X2 is a
subcomplex of both. Moreover

1X1∪X2 = 1X1 + 1X2 − 1X1∩X1 = 1X1 + 1X2 − 1X11X2 . (4.2)

We can rewrite the last equality as

1− 1X1∪X2 = (1− 1X1)(1− 1X2).

For every simplicial complex X we denote by F(X) the Abelian subgroup of the group of
Z-valued functions on E spanned by the characteristic functions of subcomplexes of X. If G
is an Abelian group, then a G-valued measure on X is a function which associates to each
subcomplex K an element m(K) ∈ G such that the inclusion-exclusion principle is satisfied

m(K1 ∪K2) = m(K1) + m(K2)−m(K1 ∩K2).

A G-valuation on X is a morphism of Abelian groups F(X) → G.

Remark 4.9. The equality (4.2) shows that every G-valuation µ on X defines a G-valued
measure via the equality

m(K) = µ(1K).
We obtain a map

ΨX,G : Hom(F(X), G) → MeasG(X) := G-valued measures on X

Observe also that the correspondence K 7−→ 1K is a F(X)-valued measure on X. We want
to prove that ΨX,G is a bijection.

ut

Proposition 4.10. F(X) is a free Abelian group generated by the characteristic functions of
the (closed) simplices in X.

Proof We first prove that the family of functions 1σ is Z-linearly independent. Suppose
we have an equality of the form

a :=
∑

σ∈X

aσ1σ =
∑

σ∈X

bσ1σ =: b, (4.3)

where aσ, bσ ∈ Z≥0. Let

A = {σ ∈ X; aσ 6= 0}, B = {σ ∈ X; bσ 6= 0}.
We have to prove that

A = B, aσ = bσ, ∀σ ∈ A. (4.4)
Let α be an element in A maximal with respect to the order relation ”≺”. Let p be a point

in Int |α|. Then
0 < aα = a(p) = b(p)

and from the equality (4.3) we deduce that the set

Bα := {σ ∈ B; α ≺ σ}
is nonempty. Let β be a maximal element in Bα. We claim that β = α If q ∈ Int |β| then

0 < bβ = b(q) = a(q).
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Hence there must exists an element in γ ∈ A such that γ Â β Â α. Since α is maximal we
deduce

α = β = γ, aα = bβ.

We deduce that maxA, the set of maximal elements in A, is contained in B and

aσ = bσ, ∀σ ∈ maxA.

If we set A1 = A \maxA, B1 = B \maxA we deduce an equality
∑

σ∈A1

aσ1σ =
∑

σ∈B1

bσ1σ, |A1| < |A|, |B1| < |B|

Iterating this procedure we deduce (4.4).
Now let us prove that the family

{
1σ; σ ∈ X} spans F(X). Let K be a subcomplex of

X. We want to prove that we can write

1K =
∑

σ∈K

νK(σ)1σ, νK(σ) ∈ Z.

We define νK(σ) by descending induction

νK(σ) = 1−
∑
τÂσ

νK(τ) (4.5)

ut

From Proposition 4.10 we deduce that a valuation µ is uniquely determined by the quan-
tities

µ(σ) := µ(1σ).

Remark 4.11. Suppose K is a finite simplicial complex and that R is a commutative ring
with 1. We consider the space I(K) of K ×K-matrices A with entries in R such that

A(σ, τ) 6= 0 =⇒ σ ¹ τ.

The ζ-function of K is the incidence matrix of the face relation

ζK(σ, τ) =
{

1 if σ ¹ τ
0 if σ � τ

.

Observe that I(K) is a R-algebra with respect to the addition and the usual multiplication
if matrices. Note that ζK ∈ I(K). ζK is an invertible element of I(K) and, following the
terminology of [11, Chap.3], we denote by µK its inverse. It is known as the Möbius function
of K. The matrices in I(K) act in the usual on RK . We denote by XK ∈ RK the vector

XK(σ) = 1, ∀σ.

We regard the correspondence σ 7→ νK in the proof of Proposition 4.10 as a vector in RK .
The equality (4.5) can be rewritten as

ζK · νK = XK =⇒ νK = µK · XK . (4.6)

We can be more specific about µ. Observe that ζK is an upper triangular matrix with 1’s
along the diagonal. In particular we deduce that ζK − 1 is a nilpotent matrix so that

µK = ζ−1
K =

(
1 + (ζK − 1)

)−1
=

∑

n≥0

(−1)n(ζK − 1)n.
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Now observe that
(ζK − 1)n(σ, τ) =

∑
σ≺σ1≺···≺σn=τ

1

= the number of increasing chains of length n from σ to τ : σ ≺ σ1 ≺ · · · ≺ σn = τ.

We denote this number by cn(σ, τ) = cn(σ, τ ; K). Hence

µK(σ, τ) =
∑

n≥0

(−1)ncn(σ, τ).

This alternating sum can be computed directly4 or we can invoke [11, Ex. 3.8.3] to conclude
that

µK(σ) = (−1)dim τ−dim σ.

Hence
νK(σ) =

∑

τºσ

(−1)dim τ−dim σ = 1−
∑
τÂσ

(−1)dim τ−dim σ−1.

The last sum is precisely the Euler characteristic of the link of σ in K as defined in (4.1).
Hence

νK(σ) = 1− χ
(
Lk (σ,K)

)
(4.7)

If we denote by H•
σ(K) the local cohomology of K along σ then we have

νK(σ) = χσ(K) := χ
(
H•

σ(K)
)
. (4.8)

The number χσ(K) can be computed as follows. Consider the plane P of codimension = dimσ
perpendicular to σ at its barycenter bσ. Consider a sphere S(ε, σ) of radius ε in P centered
at bσ. Then

χσ(K) = 1− lim
ε↘0

χ(S(ε, σ) ∩K). (4.9)

We deduce that if µ is a valuation on X we have

µ(1X) =
∑

σ∈X

χσ(X)µ(1σ). (4.10)

ut

Proposition 4.12. Suppose m is a G-valued measure on X. Denote by λ the valuation
determined by

λ(1σ) = m(σ).
Then for every subcomplex K of X we have

m(K) = λ(1K).

Proof Consider again the quantity νK defined inductively in (4.5). The Möbius inversion
formula [11, Prop. 3.7.1] implies

m(K) =
∑

σ∈K

νK(σ)m(σ) = λ
( ∑

σ∈K

νK(σ)1σ

)
= λ(1K).

ut
4Let Sn,k denote the number of k-chains ∅ ( T1 ( · · · ( Tk = {1, · · · , n}. Then Sn,k =

P
j>0

�
n
j

�
Sn−j,k−1.

If we set cn =
P

k(−1)kSn,k we deduce that cn = −Pj>0

�
n
j

�
cn−j . The last equality implies inductively that

cn = (−1)n.
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Remark 4.13. Observe that if m is a G valued measure and ϕ : G → H is a morphism of
groups we obtain a new measure

ϕ∗m(K) := ϕ(m(K)).

We denote by 1 the F(X)-valued measure K 7→ 1K . The results established so far show that
for any G-valued measure m on X there exists a unique morphism ϕ : F(X) → G such that

m = ϕ∗1.

ut

Example 4.14. Suppose ∆ is a n-dimensional simplex and m is a measure on ∆. We want
to compute m(∂∆). Using (4.10) we deduce

m(∂∆) =
∑

dim σ<n

χσ(∂∆)m(σ).

∂∆ is a topological manifold and using (4.9) we deduce

χσ(∂∆) = (−1)n−1−dim σ

Hence

m(∂∆) = (−1)dim ∂∆
∑

σ∈∂∆

(−1)dim σm(σ).

ut

Given a simplicial complex X in the N -dimensional oriented real vector space E and
σ ∈ X we denote by CC(σ) the conormal chain of σ. The correspondence σ 7−→ CC(σ) is a
ΩN (T ∗E)-valued measure and as such it extends to a valuation

CC : F(X) → ΩN (T ∗E).

Now observe that for every simplex σ we have ∂ CC(σ) = 0 so that CC(σ) is a Lagrangian
cycle. We deduce that CC(X) = CC(1X) is a cycle as well. We denote by ZN (T ∗E) ⊂
ΩN (T ∗E) the subgroup of N -cycles. Note that we have an equality

CC(X) =
∑

σ∈X

χσ(X)CC(σ). (4.11)

Suppose X is a finite simplicial complex in the oriented N -dimensional vector space E
and X ′ is a simplicial subdivision of X. We write this X < X ′. The subcomplexes of X are
subcomplexes of X ′ and thus we have a natural map

IX′X : F(X)−→F(X ′).

The conormal cycle construction defines group morphisms

CCX : F(X) → ZN (T ∗E), CCX′ : F(X) → ZN (T ∗E)
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such that the diagram below is commutative.

F(X ′)

ZN (T ∗E)

F(X)

'
'
'')
CCX′

u

IX′X

[[
[[]
CCX

. (4.12)

We denote by |X| the topological space subjacent to the complex X and we set

F(|X|) = lim−→X′>X
F(X ′).

The group F(|X|) is the subgroup of Z-valued functions on |X| corresponding to (linearly)
triangulable subsets. We obtain in this fashion a morphism

CC|X| : F(|X|) → ZN (T ∗E).

Finally, we denote by T(E) the collection of compact, triangulable subsets of E. For any
A,B ∈ T(E) we have a morphism

F(A) → F(B)
and a commutative diagram similar to (4.12). We set

F(E) = lim−→A
F(A)

and we deduce in a similar fashion the existence of a group morphism

CCE : F(E) → ZN (T ∗E).

CCE associates to each triangulable compact set A its conormal cycle in E, CCE(A). When
E is obvious from the context we will drop it from the notation.

References

[1] T. Banchoff: Critical points and curvature for embedded polyhedra, J. Diff. Geom., 1(1967),
245-256.

[2] J. Cheeger, W. Müller, R. Schrader: Kinematic and tube formulas for piecewise linear spaces,
Indiana Univ. Math. J., 35(1986), p. 737-754.

[3] S-S Chern: On the kinematic formula in integral geometry, J. of Math. of Mech., 16(1966),
p.101-118.

[4] G. De Rham: Variétés différentiables, Hermann, 1960.
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