MIXED HODGE STRUCTURES ON SMOOTH ALGEBRAIC VARIETIES

LIVIU I. NICOLAESCU

ABSTRACT. We discuss some of the details of Deligne’s proof on the existence of a functorial
mixed Hodge structure on a smooth quasiprojective variety.
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NOTATIONS

o H*(S):= H*(S,C).
o If W, is an increasing filtration on the vector space V then we denote by W* the decreasing
filtration defined by

Wt =w_,.

If F* is a decreasing filtration then we can associate in a similar fashion the increasing
filtration F .
e For an increasing filtration W, and k € Z we define the shifted filtration

W[n]. = Wn+..
We define the shifts of decreasing filtrations in a similar way. Note that
Win|® = W_[—n]*.

e For every graded object C* = @,czC"™ and every integer k we denote by C*®[k] the graded
object defined by

C"[k] :== C"TF,
e For a bigraded object C'** and every integers (k, m) the shifted complex C**[k, m] is defined
in a similar fashion.
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1. FORMULATION OF THE PROBLEM

We assume X* is a smooth, complex, n-dimensional algebraic variety. According to Hi-
ronaka it admits a smooth compactification X such that the complement D = X \ X* is a
normal crossings divisor. This means that every point p € D there exist an integer 1 < k <n
and an open neighborhood O bi-holomorphic to an open ball B in C” centered at 0 such that

DNO=A{(z1, - ,2n) € B; z1--- 2z, =0}.
We assume X is projective and we explain how to produce a mixed Hodge structure on
X* using the Hodge structure on X. The mixed Hodge structure thus produced will be
independent of the compactification X.

The strategy we will employ is easy to describe. Denote by 7 : X* — X the natural
inclusion of X* as an open subset of X. We observe that

H*(X*) = H*(X,.0).

The construction of a mixed Hodge structure on H®*(X* Z) is carried on in several steps.
Step 1. We construct a complex of sheaves 8° on X quasi-isomorphic to j,C. This complex
will be equipped with a natural decreasing filtration FP and a natural increasing filtration
Wy. We then produce a hypercohomology spectral sequence E,’* associated to the decreasing
filtration W* := W_, and converging to H*(X*,8*) = H*(X*,C). The increasing filtration
Wy induces an increasing filtration on H®(X™*,C) which, up to a shift, will be the weight
filtration.

Step 2. We will show that the filtration F' induces pure Hodge structures on E"? and the
differential d; is a morphism of pure Hodge structures of a given bidegree (0,0). In particular,
we deduce that F5 is equipped with a mixed Hodge structure.

Step 3. We will show that for every r > 2 the differential d, on E, vanishes so that
Gr)/ H™(X*) = Byttt
is equipped with a natural pure Hodge structure induced by F of weight m + £. We deduce
that the filtrations (F'*, W[—m],) define a mixed Hodge structure on H™(X*). We have
0 =W H"(X*) Cj7*H™(X)=W,H™(X*) C--- C Wy, H"(X*) = H™(X™).

Step 4. We will show that a holomorphic map between smooth quasiprojective varieties
induces a morphism of mixed Hodge structures.

The implementation of Step 1 requires the introduction of smooth and holomorphic log
compleres. Step 2 requires the use of the Poincaré residue. Step 3 is based on a clever
algebraic argument of P. Deligne known as ”le lemme de deux filtrations”. The last step
makes heavy use of Hironaka’s resolution of singularities theorem.

2. THE LOGARITHMIC COMPLEXES

For every subset S C X we define
S*:= S5\ D.

For every integer m > 0 and every open set V' C X we denote by A%(V,log D) the subspace
of A%} (V*) consisting of smooth, complex valued m-forms on V* with the propriety that for
any coordinate neighborhood (U, (z;)) C V such that D N U = {2 -2, = 0} the forms
21+ 2zpp and 21 - - - zpdp on U* extend to smooth forms on U*. We define

Q% (V,log D) = Qg (V*) N A% (V,log D).
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The correspondences
Vi— A%(V,log D), U r— Q%(V,logD)
define sheaves A% (log D) and Q% (log D) on X.
From the definition we deduce
dA% (V,log D) C A% (V,log D)[1], 99% (log D) C Q% (log D)[1],

and thus we obtain two complexes of sheaves on X: (A% (log D), d) called the smooth loga-
rithmic complex, and (2% (log D), 0) called the holomorphic logarithmic complez.

Denote by j the natural inclusion j : X* < X. By definition, (Q% (log D), 0) is a subcom-
plex of (A% (log D), d) which is a subcomplex of (j..A®,d).

Theorem 2.1. The inclusions

(2% (log D), 0) — (A% (log D), d) (2.1)
and
(2% (log D), 0) < (jxA% d) (2.2)
are quasi-isomorphisms of complexes of sheaves. In particular, the inclusion
(A% (log D), d) — (jxA%,d) (2.3)

s also a quasi-isomorphism.

Proof The proof of this result will occupy the remainder of this section. We use a com-

bination of the approaches in [6, §5] and [8, Chap. 8]. We begin by giving an alternate

description of A% (log D).

Lemma 2.2. Suppose (U, (z;)) is an open coordinate neighborhood on X such that
DﬂU:{21~--2k:0}.

Then any o € AR (U,log D) can be written as a combination

k dzil dzij
a=ag+ ) > i A Ty i

- . . Ziy Zi;
J=1 1<i1<<i;<k J

where )
ag € AR(U), iy..i; € AL (U).

Proof For simplicity we consider only the case k = 1 and we write z = z;. Note first that
we can write

1
We write

)
B=0o+dzNar, a; € ATHU), By ARU), &JBO:O.

On the other hand, since zda € AT (U) we deduce

z(—% AB+ %dﬁ) - —d—; AB+dB e ATV,

Hence

d
—f A Bo + dBo — dz A doy € ATTHU)
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Hence
Bo = zag, ag € A% (U).
O

It is convenient to introduce some simplifying notations. If U is a coordinate neighborhood
in which D is described by the monomial equation zp - - - z; then for every multi-index I =
(1<ip <---<ij <k) we set

dzi, AeA dz;,

1] :=j, (dlogz)" =

Ziq Zz'j
and
o= Z ag A (dlog z)!
1120
We will refer to such a representation as a local logarithmic representation.
To prove the quasi-isomorphism (2.1) we will show that for every p > 0 the sequence of
sheaves over X

0 — Q%" (log D) < AR’ (log D) LA A% (log D) 9, ... (2.4)
is exact. To achieve this we will need a J-version of the Poincaré lemma. We state below a
more refined version due to Nickerson, [7]. Denote by D} the polydisk in C™ defined by

D ={(z1,---,2zn); |2 <7, Vi=1,---,n}

Lemma 2.3 (Dolbeault Lemma). For every integers n > 1, 0 < p < n, 1 < g < n there
exists a linear operator
Ty : A (D)) — A%*(D7)9)[0, 1]

such that Voo € ZP9(D]') we have
« ’ID);L/QZ 0Tya + TpOo.
O
For every integers 0 < k < n we denote by S, = Sj,, the normal crossings divisor in D}
defined by the equation z1---2, =0if k >0, Sy =0, if £ = 0. Set
Z0(Dr) = ker( 31 A% (D", log Sy) — A**(D", log S;)[0, 1] ) .
To prove the exactness of the sequence (2.4) it suffices to show the following.
Lemma 2.4. For every k < n and every r > 0 there exists a linear map
Ty : Z° (D)) — AS*( f/z,log Sk)[0, —1],

such that
a|D:L/2: 0Ty, Va € Z]:’.(]D):}).

Proof We will argue by induction over k.
For k = 0 this follows from the Dolbeault lemma. Let us prove the inductive step. Set
2 = zj41. Suppose a € Z;!, (D)), Then Lemma 2.2 implies that the forms

d
B =20, 1a € APH(DM log Sg), v = — ?Z A B e APYD?, log Sk)
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contain no dz. By design, we have
dz
a=—A[B+7.
z
From the equality 0o = 0 we deduce
N
y—"n0B=0.
z
Since §# and ~ contain no dz we deduce
vy =0=0p,
so that by induction, T3 and T}y are well defined. Now set

Thpr100 = —% N8+ Tk
Since 3 and v depend linearly on a we deduce that T} is a linear operator. Clearly
dlg11 = o
O

To prove the quasi-isomorphism (2.2) it suffices to show that any point p € X admits a
fundamental system of neighborhoods U, such that every neighborhood U € U, contains a
neighborhood U’ € U, such that the natural map

% (U, log D), 9) — (j:A%(U"),d)
is a quasi-isomorphism. To achieve this it suffices to show that for any integers 0 < k < n
and every positive real number r the natural map
(Q.(]D);’}’ log Sk)? 8) - (‘A.( :}/2 \ Sk)7 d)

is a quasi-isomorphism. Let first observe that the above map induces a surjection in coho-
mology. Indeed

H*(A*(D2) \ Sk),d) = H (D)), \ Si) = H®((C)F x CF) = H*((C)F).

This shows that the cocycles (dlog z)! of (2°(D?,log Si), d) restrict to a C-basis of the DeR-
ham cohomology groups H '(]D)f/2 \ Sk, C). This proves the claimed surjectivity.

To prove the injectivity we argue by induction over k and show that the restriction to
D7y of a cocycle of (Q°(D},log Sk),d) is cohomologous to constant logarithmic form, i.e.
linear combination of (dlogz)! with constant coefficients. We denote by ~ the cohomology
equivalence relation.

For k = 0 this follows from the Dolbeault Lemma. Suppose o € QP(D7,log Si41) is such

that Oa = 0. Split the coordinates (z1,- -, 2z,) into two groups
(zla e azn) — (Zk‘-i-l; w)a w = (Zb Crt 3 Rk—1yRk+1y ,Zn).
As in the proof of the exactness of (2.4) we can write
dz

azi/\ﬂ—’_’%
z

where 8 € QP~H(D?, log Si),y € QP(D?,log S;) contain no dz. We describe the dependence
of 8 on (z,w) as B(z,w), we denote by D*~! the corresponding polydisk in the w subspace
and we set

Bo = B(0,w) € QP71 DI ! log Si) € QP~H(D?, log Si),
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1
M = (8= fo) € @D} log S).

Hence p
Z [ ]
a=— ABo+dz Ay +7, Bo,v,m € Q* (D}, log Sk)

and the coefficients of Jy are independent of z. Since da = 0

% A OwfBo = 0y — dz A Ov1.
Since the right hand side does not have poles along z = 0 we deduce
d—;/\ﬁwﬁozo<:>8wﬂ():0 and 6(%/\&)) = 0.

Thus 3y is a cocycle of the complex (2*(D"~! log Si),d) and by induction, its restriction to
D™ ! is cohomologous to a constant logarithmic form wy in the variables dlogw so that

r/2
dz
~ A Bo ~ (dlogz) Awo on D).
On the other hand,
d
a(fwo) =0=0a = d(dz Ay +7) = 0.

By induction dz A 1 + v is also cohomologous to a constant logarithmic form.
This concludes the proof of the quasi-isomorphism (2.1) and thus the proof of Theorem
2.1.
O

3. THE WEIGHT FILTRATION AND THE ASSOCIATED SPECTRAL SEQUENCE

We say that a section o € A% (V,log D) has weight < ¢, and we write this w(a) < £ if in
each coordinate neighborhood it admits a logarithmic representation such that ay = 0 for all
|I| > ¢. Equivalently, this means that every point p € V' admits a coordinate neighborhood
(U, (z;)) such that

Sy = {Zy--ZgZO}CDﬂU

and

alpe A*(U,log Sy).
We denote by W, A% (V,log D) the subspace of A% (V,log D) consisting of sections of weight
< /. Equivalently, we have

WeA% (V,log D) = A% (V,log D) A A% (V)[—1].

The correspondence

V— A% (V,log D)
defines a subsheaf W;A% (log D) of A% (log D). The subsheaf W,Q% (log D) of Q% (log D) is
defined in a similar fashion. Note that

Wi C Wigr, dWy, OWy C Wy, Wo AWy C Wesp,
WeAS (log D) = A% (log D), WoA%(log D) = A%, W_1 =0.

The increasing filtration WyA% (log D) is called the weight filtration. Note that

dWA% (log D) C WyA% (log D)[1], 0W, AR (log D) C Wgﬂg(ﬂ’q(log D)
Clearly the sheaves W A% (log D) are fine.
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Denote by {D), A € A} the irreducible components of D. Fix a total order on the finite
set A. For every finite subset L C A and every positive integer £ we set

D= (\Dx D¢= |J Di, D= || Dr.
AEL |L|=¢ |L|=¢

Since D is a normal crossings divisor Dy is a projective manifold of dimension n — ¢, n =
dimc X. We denote by a the natural holomorphic map Dy — X induced by the inclusions
i:D; — X. Note that

[ ] . [ ] [ ] . [ ]
a*QDZ = @ Z*QDL, a*.ADE = @ Z*‘ADL'
|L|=¢ |L|=¢

Proposition 3.1. There exist natural quasi-isomorphism of complexes of sheaves

(Gr)Y Q% (logD),0) — a.(Q,[-4,9), (3.1)
(Gr A%*(log D),d) — a. (A%‘f", d). (3.2)
(Gr)Y A% (log D),d) — a. (A%, [, d), (3.3)

Proof The above isomorphisms are induced by the Poincaré residue
R —l,
Res’ : WeAR! (log D), — a. A%

which is defined as follows.
Let x € X. If z € X \ Dy then

s —Ll,0
Res’ : WpAR (log D), — (a*ﬂ%l )a-

is trivial. Suppose z € Dy and a € AX?(log D),. Then we can find a coordinate neighborhood
U of x and k > ¢ with the following properties.

e The triplet (U, D N U, ) is biholomorphic to the triplet (D}, Sk, 0), where we recall that

Sk = {Z1~~-Zk:0}.
Set [k] = {1, v ,k‘}, G = zl-@zi, Vi € [k‘]
e For i € [k] we denote by D), the component of D such that

D)\i NnNU = {Zi == 0}
Then

1< J = N <A
e The germ « can be represented by a form
a = Z ar, A (dlog2)t, ar EAI;{_‘L"Q(U),
LCK], |L|<t

where the coefficients ay, are uniquely determined by the conditions (; 1oy =0, Vi € L.

For |L| = ¢ we define

0 \¢ —£,
Resp, o := (2mi)ar |p, € a. A}, (V).



8 LIVIU I. NICOLAESCU

To see that this definition is independent of the defining equations {z; = 0} suppose we
replace one of them z = 0 by an equivalent one w = 0, where w = uz and u is a holomorphic
function, nowhere vanishing on U, then

dw _dz du

w z u

and we see that this affects only the terms ay with |L| < ¢. This shows the map ReSEL is
independent of the various choices. Moreover

Res) W;_1A%(log D) = 0,
so that we do have a well defined map
, —L
Res’ = H Res? : Gr)Y A% (log D), — a*ﬂpbé :
|L|=¢

This map is surjective, yet is not injective. For example, if X = C, D = {0} then Res gdz =0
yet fdz ¢ Wo. However, it induces an isomorphism of complexes of sheaves

(GryQ%,0) — a*(Q})Z[—E], 0).
The proof of Lemma 2.4 shows that the inclusion
Wi (log D) — (W,AP*,0)
is a resolution of the sheaf W;Q% (log D). We deduce that
Gr, Q% (log D) < Gr}" AP*,9)

is a quasi-isomorphism. In particular we obtain a commutative diagram of complexes of

sheaves
v/
Resg,

—¢
Gry Q% (log D) a*Q%Z
fl f'r'
_ Res! _te =
(Gr)Y AP®,0) — a(A] ™*,0)

in which the vertical arrows f; and f,. are quasi-isomorphisms® and the top horizontal arrow
is an isomorphism. Hence Res’, is a quasi-isomorphism which proves (3.2).
The complex (WyA%(logY),d) is the total complex associated to the double complex

(W!AS®,0,0) in which the columns are exact. Thus the inclusion
(Wi (logY), 9) — ((WeAX (log V'), d)

is a quasi-isomorphism.
The proof of (3.3) now follows using la similar commutative diagram relating via the
Poincaré residue the Dolbeault-to-DeRham spectral sequences (GrZV ALY (logY),d + 9) to

the Dolbeault-to-DeRham spectral sequence (AB'[—K],B 4+ 0). The columns of both these
44

double complexes are acyclic.
O

1 fr is a quasi-isomorphism since a. is an exact functor.
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The complex of sheaves A% (log D), d) is an fine resolution of j,C so that
H*(A%(X,log D),d) = H*(X, j.C) = H*(X™).
The decreasing filtration W¢ = W_, on A% (log D) leads to a spectral sequence
EX* =EY*(W_) = H*(X").
In particular, we obtain an increasing filtration W, on H®(X™*) such that
W, =0, VE<O
and
WoH®(X™*) = j"H*(X). (3.4)
The last equality follows from the definition of WyH®(X*) as the image of the homology of
H*(T(X,WoA%(log D), d) = H*(T'(X,A%),d) = H*(X)
in
H*(H*(T(X,A%(log D),d) = H*(X™).

Since the sheaves WyA% (log D) are fine we deduce that the sheaves Gr}" A% (log D) are

acyclic and the Ey term of the above spectral sequence is given by

By = GrlV (X, A% (log D)) 2 T'( X,Gr} A% (log D)), dy=d.

Note that Eg ™ =0 for k> 0 or m < 0. From (3.3) we deduce that the complex of acyclic

sheaves Gr)¥ A% (log D) is quasi-isomorphic to a..A%

D[[—K]. Since the functor a, is exact and

A% is a resolution of Cj we deduce
Dy 4
Ey5™ = H™ (X, Gr) A% (log D)) =2 H™*( X, Gr}” A% (log D) )

= H" ! (Dy, A}, [-4]) = H™*(Dy, C).

For example, if X is a smooth algebraic surface, and D is a normal crossing divisor then the
FE1-page of this spectral sequence has the look

~ d ~ d d
H°(Dy) —— H*(Dy) —— HY(X) —— 0
d\\\\ \c\l\ d
0 —— HY(D) —— H*(X) 0
d \d\\ d
0 —— HY(Dy) —— H*(X) —— 0
d\\\ d
0 0 ——— HY(X) 0
d d
0 0 —— H%(X) —— 0
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The complex (A% (log D), d) is equipped with a natural decreasing filtration F' = Fx
FPAR(log D) = P AY"™ " (log D),
k>p

and the differential d is clearly compatible with this filtration. We will refer to this as the
Hodge filtration. Note that we have an isomorphism of complexes of sheaves

(Gl A% (log D), Grh. d) = (AR*(log D), 0).

Using (3.2) we deduce that they are complexes of acyclic sheaves. We conclude that the
sheaves

Grp G ~ G Grp
are acyclic. This implies
FGr'VI(X,A%(log D)) = I'(X, F Gr" A% (log D)

and
Grp Gr'V (X, A% (log D)) = I'(X, Grp Gr'V A% (log D).

We obtain a filtration a canonical Fx on E(;". The sheaves A’Bl are also equipped with
decreasing filtrations F' = Fp defined by

P agm k,m—k
F ‘ADZ - @Am

k>p
and the Poincaré residue isomorphism
Ry : Ey"™ =T(X, Gr} A7 !(log D)) — T(Dy, Af~%)

satisfies
RyF% C Fp|—1]°.

The filtration Fp induces on H™ 2 (Dg, C) a pure Hodge structure of weight m — 2¢. Using
the Poincaré residue isomorphism

Ry : B7Y™ — H™ (D)

we obtain a pure Hodge structure of weight m on E; b™ - We want to prove that d; is a
morphism of pure Hodge structures of bidegree (0,0) and so that we have a canonical Hodge
structure on Fy. To complete the argument we will show that d, = 0 for all r» > 2.

To show that d; is a morphism of Hodge structures we can proceed in two different ways.
The first approach is more geometric and is based on an explicit geometric description of dy
in terms of Gysin maps. This description is contained in the Appendix and it is particularly
useful in concrete computations. The second approach, due to P. Deligne is more algebraic in
nature and is based on a careful analysis of filtered spectral sequences. We follow this method
as it will also lead to a very elegant proof of the degeneration of the spectral sequence. We
need a brief algebraic interlude.
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4. SPECTRAL SEQUENCES

We want to first recall a few elementary constructions involving filtered modules.

Suppose R is a commutative ring with 1 and F'® is a decreasing filtration on the R-module
A. If B is a submodule of A then F' induces a canonical filtration Fg on B such that the
inclusion B < A is strict with respect to the corresponding filtrations. More explicitly,

Fp=FnNB.
The quotient A/B has a canonical filtration uniquely determined by the requirement that
the natural projection A — A/B is strict. More precisely
FP(A)+ B
Iz .

If C is a submodule of B then the quotient B/C has a canonical filtration uniquely determined
by the requirement that both natural morphisms

B/C < A/C, B - B/C

FP(A/B) =

are strict. More precisely
FPANB+C | FPNB
c T FrnC
We have a canonical morphism ¢ : A/C — A/B completing the commutative diagram

FP(B/C) =

\ ,
A/B
Note that ker ¢ = B/C and thus we have a canonical isomorphism
A/C AJC

This isomorphism is strict with respect to the canonical filtrations induced by F' on both
sides.
If X,Y are two submodules of A then we have a natural isomorphism
X X+Y
Y — ;
Xny Y
which completes the commutative diagram

(4.1)

Xg»X

XNy
\ ¢

X+Y
Y

1) is compatible with the filtrations induced by F', but not necessarily strictly. More precisely,
1 is strict if and only if the following condition is satisfied

FPN(X+Y)CFPNX+FPNY, Vp. (4.2)
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Suppose (K, d) is a cochain complex of R-module. For simplicity, we do not include grading
of the complex in our notations. Then any decreasing filtration W on K*® compatible with
the derivation d determines a spectral sequence

EP = EX(K,W) = Gr}, H(K,d)
defined by
z
Eg,? - Bi,,l,),
where?
ZP=WPnd 'wrt,
- - —(r—1 1
BY = (dWPH AWP) 4 (WP d- Wty = azp =D 4zt
Using the inclusions
dBP = dzZP*| ¢ BP, dzP c ZPT
we obtain a cochain complex (E,.(W), d,), where d, : EX — EP*" is defined by the composition
Zy a dzZf+ By T ZpT
— — — —»
BY BY BT
We have a natural isomorphism «, : E.1 — H(E,,d,) defined as the composition

P D D p+1
Zri1 _ Zri1 v Zeat 20

Bl Zian@zh 42 gk + 2
U_’1> (Zf—&-l + ij_ll)/B%l3 _ Z(Era dr)
(dzZP~" + zPTy/BY  B(E;,d.)
The above description identifies E, with a quotient of submodule of K. We can give a dual
description of E, as the submodule of a quotient of K. More precisely we set

BP = dwP=U=h) oyl 70 — 70 4 B — WP N g WP gwPm (D et
Observe that

and thus we have an isomorphism
z0 oy ZP+BY 2P - ~
D . P — _Zr _ p P\ _. P
nr'Er(W)_meBE% Bf _Bg_lm(zr_)K/Br)_' T(W)
On E, we have a differential defined by the composition
- ZP g dZP+BE ZETT Oz
dy: — — _ o= o =
B? By Bl B
The isomorphism 77 is an isomorphism of complexes (E7, d,.) — (EP.d,).
We also have a natural identification &, : H(E,,d,) — E,1 defined as the composition

P
‘7Zr+1

Br(E,,d,)  (WPNdWr— + BF)/BF (WP N dWP~" + BP)

zP(E,,d,)  (WPQd-'wetrtl 4 BRY/BP (WP Nd 'WPT 1 4 BP)
—

_RP
._BM_1

20ur definition of B? differs from the conventional one B? = (dW?~ "t nWP).
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744 744
_ Zr+1 P Zr+1 _ P
NG R
r+1 N r+1 r+1

We obtain in this fashion a commutative diagram

Mr+1 ~

E’/‘+1

Oy

& (4.3)

H(Ey,dy) s H(E;,d;)

Suppose F' is second decreasing filtration on K compatible with d. It induces a canonical
filtration F' = F(r) on EY, called the first direct filtration, by setting
FFnZP + BY

BP '
On the other hand, it induces a filtration F = F (r) on EP. called the second direct filtration
by

F*pP =

g FNZE LB
T_B—f

Observe that
ny(F(r)) C F(r),

i.e. n is compatible with the filtrations, not necessarily strictly.
For r = 0 we have

Z0=W?t =725, BY=WP" =DBP

so that we have

For r =1 we have
Z0 =wPnd'wrtt BY = dw? + WPt = BY
and we conclude again that
F(1) = F(1).

There is a third filtration F on E?, called the recurrent filtration defined inductively by the
requirements.

o F(r)=F(r), r=0,1.
e F(r) induces a canonical filtration on H(E,,d,) and using the isomorphism

oy : Eryy — H(E,,d,)

we obtain a filtration F(r 4+ 1) on E,1;. and we have
I{sil}g the isomorphism 7, and the commutative diagram (4.3) we obtain three filtrations
F,F,F on FE, satisfying
FCFCF on E,,
with equalities for r = 0,1. The differential d, is compatible with F and F' but may not be
compatible with F. We have the following result.
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Theorem 4.1 (Le lemme de deux filtrations). Suppose that for every 0 < k < r the differ-
ential dy is strictly compatible with the recurrent filtration F. Then d,yq is compatible with
F and for every 0 < k <r+ 1 we have

F=F=F on Ej.

For a very elegant proof of this result we refer to [3, §1.3] or [4, §7.2].

5. THE DEGENERATION OF THE SPECTRAL SEQUENCE E,(A®(X,log D), W)

We now apply the previous abstract considerations to the special case of the complex of
C-vector spaces
(K*,d) = A*(X,log D),d)

Equipped with the decreasing filtrations
WK = WpA*(X,log D), FPK =HAP(X,log D).
k>p

As explained in the previous section, on E; = E;(K,W) the three filtrations F, F and F
and dy : E=6™ — Ef“l’m is compatible with F. Since F induces on E}" a pure Hodge
structure of weight m we deduce that d; is strict with respect to F', and in particular E, tm
is equipped with a canonical pure Hodge structure of weight m. The Hodge filtration is
described by the recurrent filtration F.

We now prove by induction over r > 2 that d, = 0. Since dy and d; are strictly compatible
with F' = F we deduce from Theorem 4.1 that dy is compatible with F. In particular we
deduce that
is a morphism of pure Hodge structures. Since the weight of the codomain E, Hr2m=1 of d,
is strictly smaller than the weight of the domain Fy E™m we deduce ds = 0. Indeed we have

dy(FP NFINES™) c FPNFI N EY™ !
and we have
By = P FPNFINE™, FPAFNES™ ' =0, ¥p+q>m-—1.
ptq=m
Assume we have proved the vanishing of d, 2 < k < r and we prove it for kK = r + 1. The
vanishing implies that dj is strictly compatible with F for 0 < k < r and that E;ﬁ has a

pure Hodge structure of weight m with Hodge filtration F. By Theorem 4.1 the differential
dr41 is compatible with F and thus induces a morphism of pure Hodge structures

. em o m—r
dTJrl : ErJrl - Er+1

and we conclude as before that d,+1 = 0 because the weight of Er'f{_r is strictly smaller than

the weight of E"}.

We deduce that
Gr) H™(X*,C) = Gryf, H™(X*,C) = B, """
is equipped with a pure Hodge structure of weight m + ¢. Observe now that

Gr)' = Germ}
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so that the decreasing filtration F and the increasing filtration W [—m] define a mixed Hodge
structure on H™(X*,C). From the equality (3.4) we deduce

W H™(X*) = j*H™(X). (5.1)

6. FUNCTORIALITY

It is time to stop and reflect on the things we have done so far. We started with a smooth
quasi-projective variety X*, We chose a smooth compactification X of X* such that the locus
at infinity X \ X™ is a normal crossings divisor. Then, using the embedding j : X* — X we
produced a mixed Hodge structure on H®*(X™). We have the following result.

Theorem 6.1 (Functoriality of mixed Hodge structures). (a) The above mized Hodge struc-
ture on H®(X™) is independent of the compactification X .

(b) If f : X — Y is a holomorphic map between two smooth quasi-projective manifolds then
the induced morphism

F5H(Y) — HY(X)

is a morphism of mixed Hodge structures. O

The proof of this theorem makes heavy use of Hironaka’s resolution theorem. For details
we refer to [3, §3.2].

7. EXAMPLES

We want to discuss a few simple examples to get a feeling of the complexity of the objects
involved. We begin by introducing some notations.
If V is a complex vector space equipped with a mixed Hodge structure (F, W) we set

hPA(V) = dlm(c(GI'p+q) ,
and we define the Poincaré-Hodge polynomial Py (z, Z) to be

Py(z,2) g hP4(V)2PZ9.

For a smooth quasi-projective manifold X we set

Px =Px(t,z,2) =Y t"Pyuixy(2,2), EP9(X;2,2) =D (-1)*WPIUHF (X)) € Z[2, 4,
E>0 k>0

E(X;2,2) 1= Px(t,2,8) [i=1= D _ EP9(X;2,2) € Zz, 2.
P
We begin with the simplest situation when the divisor D is smooth and irreducible.

Example 7.1. Suppose Y <, X is a smooth hypersurface in the projective manifold X. We
would like to understand the mixed Hodge structure on X* = X'\ Y. Denote by j the natural
inclusion X* — X.

Observe that in this case we have Dy = () for ¢ > 1. In particular El_é’m is zero for £ # 0, 1.
We have

BT = HM(X), BT = HPTA(Y).
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The Ei-term has the shape

0 0 HY(X)— 0

0 0 H(X)— 0
Denote by H®*(Y)yan the kernel of the Gysin map 4. We deduce
Ey N = H™ (Y ) yan-
Using the long exact sequence

i

s HA(X) < H(X7) 52

()2 H(YV)[-1] = -+

we deduce
EY™ = H™(X)/Imiy = H™(X)/ ker j* = j* H™(X)

Thus we can identify Eg’m with the subspace of H™(X™) consisting of cohomology classes
which extend over X. If we denote by W the weight filtration on H™(X™*) we deduce

Wi =0, Yk <m, W, =H™(X"), ¥Yp>m+1

W, H™(X*) = j*H™(X), Grp .,  H™(X*) =2 H™ Y )pan.

In special cases we can say more about the differential d;. Assume i : ¥ — X is a smooth
very ample divisor. We then have the following result. For a proof we refer to [9, §2.3]

Theorem 7.2 (Hard Lefschetz Theorem). Set m = %dimRY and denote by [Y] the line
bundle associated to'Y .

(a) For every k # m we have

Moreover
H"™ (Y )yan C H™(Y)prim <= Yu € H™(Y )yan, wUci([Y]) [y=0.
(b) We have direct sum decompositions
H™Y)=H"(Y )pan @i H™(X), (7.2a)
H™(Y )prim = H™ (Y )yan @ " H™ (X ) prim.- (7.2b)

The summands in each decomposition are orthogonal with respect to the intersection form on
H™(Y). O
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This theorem is useful when for example Y is a smooth hypersurface in some P". In this
case m =n — 1, H" " }(P")pim = 0 and we deduce from (7.2b)

Hn_l(Y)prim - Hn_1<Y)van-
Using (7.2a) we conclude

1 if dimcY is even

. n—]_ — 3 n—1 i
dim H" (Y )yan = dim H" ™ (Y) { 0 if dimcY is odd

In particular, if Y is a hyperplane in P” then H*(P" \ H) is equipped with a pure Hodge
structure of weight k. Let us look at a few other special examples.

Suppose for example that Y = Yy is a degree d curve in P2. Set X* = P2\ Y;. Then the
Poincaré-Hodge polynomial of Y is
(d—1)(d—-2)

5 t(z + 2) + t3(22).

Py(z, 2) =1+

Then
HO(P?\Y)=C
WlHl(X*) =0, Wng(X*) = HO(Y)van =0
WoH?(X*) =0, W3H*(X*) = H'(Y )pan = H'(Y)
and we deduce
(d-1){d-2)

5 t2(22)(z + 2) = 1 +t22(Py — 1 — t222).

{PPQ\Yd == 1 +

Using the equality
Ppr = 1+ t2(22) + - - - 4+t (22)F
we deduce
(d—1)(d-2)
2
Suppose now that Y = Yy is a degree d hypersurface in P2. Set X* = P3\ Y. Then

-1 4d* —12d* + 14
h2’0(Y):h0’2(Y):<d3 ) iy = 2 6d+ ¢

Ppavy, = 1+ t2(22)(z + 2) = 1 + tz2(Py — Pp1). (7.3)

We have
ROY(X*) =1, HY(X*) = H*(X*) =0
Gr3 H3(X*) =0, Gry H}(P*\Y) = H*(Y)van
h3,1(H3(X*) — hQ’O(Y) — hl,S(HB(X*) )7 h2,2(H3(X*)) — hl’l(Y) -1
since the nonprimitive class in H?(Y') has type (1,1) and it is the restriction of the hyperplane
class which is a (1, 1)-class. We deduce

Peavy =1+ t22(Py — 1 —tzz — t122) = 1 + t22(Py — Ppe). (7.4)
O
Example 7.3. Often Y could be very far from ample. Here is a simple example. Suppose

X is a smooth algebraic surface and set X* = X \ {pt}. As compactification for X* we can
choose X = the blowup of X at p. Denote by E — X the exceptional divisor so that

X*=X\E.
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In this case £ = P! and since the morphism i, : He(E) — He(X) is one-to-one we deduce
H*(E)yan = 0 so that

—1,e
By =o.
Hence H™(X \ E) is equipped with a pure Hodge structure of weight m. Hence
CPX\p =Px — t4(2’5)2.
O

Example 7.4. Suppose X* is the complement of a three distinct lines Ly, Lo, L3 in P2. We
distinguish two cases (see Fig 1)

FIGURE 1. Three lines in the plane.

(a) The generic situation. The three lines are not concurrent. In this case we set p;; = L1NL;.

(b) The degenerate situation. The three lines intersect at a single point p.

To the configuration of lines we associate its nerve which is a simplicial complex with
one vertex for every line in the configuration, and one edge for pair of intersecting lines, a
2-simplex for every triplet of intersecting lines (see Fig 2) etc.

(b)

(a)

FIGURE 2. The nerves of the two possible configurations of three lines in the plane.
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In the case (a) the spectral sequence has the form

0 0 0 0

®HO(py;) - @H2(L;) 2%  HYP?) — 0
0 @H(L) 2 H3 P — 0
0 OHO(L;) 2 H2(P?) — 0
0 0 HY(P?) — 0
0 0 HY(X) = 0

The row containing H*(P?) is the augmented simplicial chain complex corresponding to the
simplicial complex N depicted in Figure 2(a) and thus its homology is the reduced homology
of the associated space which is a circle. Note that H°%(L;) = H°(P?) = 0 and the
differentials 2, d3, 94 are onto. We deduce,

HY(X*)=C
Gri HY(X*) =0, Gro H'(X*) = H'(X*) = C?,
Gry H*(X*) =0, Grz H*(X*) =0, Gry H*(X*) = H*(X*) =2 H;(N) =C

H3(X*) = HY(X*) = 0.

As X* is an affine set, the above computations agree with the Andreotti-Fraenkel theorem
which states that an affine set has no homology beyond middle dimension.

For k = 0,1,2 the space H*(X*) has a pure Hodge structure of maximal possible weight
2k. The Poincaré-Hodge polynomial of X* is

Pxr =1+ 2t(22) + t3(22)%
We deduce that the Euler characteristic is
xX(X*)=1-2+1=0.
Equivalently we can compute this as
X(X*) = x(P?) = x(L1 ULy U Lg) =3 — (6 — 3) = 0.
(b) In the degenerate case we blow up P? at the triple intersection point p. Denote by X the
result of this blowup, by E the exceptional divisor and by L; the strict transform of L;. We
get a configuration of four rational curves as depicted in Figure 3.

The second homology of X is the direct sum C([L]) & C([E]), where [L] denotes the
homology class determined by a line in P? \ {p} C X. Then

(L] =[L] +[E], Vi=1,2,3. (7.5)
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L
3
b
E L
9 E
T ;
- 4
) ) B L] )i
L L h

FI1GURE 3. A configuration of rational curves and its associated nerve.

The Poincaré dual of the Eq-term of the spectral sequence has the form

@ Ho(pi) — (@1 Ho(Li)) ® Ho(E)— Ho(X)

0 0
— 6 —
0 (@}_ Hy(Li) @ Hy(E) —= Hy(X) -
0 0 0
0 0 Hy(X)

The top row is the augmented simplicial chain complex associated to the nerve of the collection
os curves L; and FE. Since the nerve is contractible we deduce that the homology of the top
row is trivial. We deduce

HYX*) =0, ;VE>2
From the equation (7.5) we deduce that the map J5 is onto and we conclude
ES? =0 = H*(X*) =0.
Finally we deduce that Wo H'(X*) = 0, and thus
H'(C*) 2 ker 6, = C?

so that H'(X*) has a pure Hodge structure of weight 2. H°(X*) has a pure Hodge structure
of weight 0. The associated Poincaré-Hodge polynomial is

Px+ =1+ 2t(22).
O

Remark 7.5. V. Danilov and A. Khovanskii have shown in [2] that for any quasi-projective
variety X the cohomology with compact supports H?(X) is equipped with a natural mixed
Hodge structure. We define

EP9(X;2,2) = Y (1) IPU(HF(X))2P2Y, €u(X;2,2) = > EPI(X;2,2).
k>0 X
These quantities are motivic in the sense that if S is a Zariski closed subvariety of X then
Ec(X;2,2) = E(X\ S;2,2) + (S, 2, 2).
Since every algebraic variety admits a filtration by Zariski closed subsets

SoCcSiCc---CS, =X
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such that Sy \ Sk—_1 is smooth we deduce from the equality
=Y &Sk \ Sp1)
k>0
that the Euler-Hodge characteristic
X — E(X;2,2) € L]z, Z]

is uniquely determined by its values on smooth varieties X.
For smooth varieties the Poincaré duality

H*(X) x H*(X) — C

defines a canonical pairing between Deligne’s mixed Hodge structure on H®(X) and the
above mixed Hodge structure on H?(X) so that each one of these mixed Hodge structures
canonically determines the other. If X is smooth and projective then £.(X) completely
determines all the Hodge-Betti numbers of X. For example

k Z)k+1
]P)k: — (ZZ) ]
Z 1—-2z
7=0
Since
PP\ Pl > CF = £,.(CF) = (22)F
For the complement X* of three generic lines Ly, L1, L3 in P? as in Figure 1(a) we have
Ee(X*) = E(P?) — €.(L1 U Ly U Lg) = &.(Py) — Z Ec(Li) + > &(LiN Ly)
i#]
= &.(P?) — 3E.(P') + 3E.(C%) = (22)2 — 2(22) + 1 = Px«(t,2,2) =1 .

APPENDIX A. GYSIN MAPS AND THE DIFFERENTIAL d;

Let us recall the definition of the Gysin map. Suppose Xy, X1 are two, compact, oriented
smooth manifolds without boundary of dimensions ng, n1 and f : Xg — X3 is a smooth map.
For k = 0,1 we denote by (—, —)x the intersection pairing

(= )k s H* (X4, C) x H™ *(X,,C) — C, (o, ) := /X ang.

The Poincaré duality theorem states that the induced map
PDx, : H*(Xy,C) — H™ *(X},C)*
is an isomorphism. The smooth map induces a pullback morphism
f*:H*(X1,C) — H*(X,,C)
and a transpose
(f)"+ H*(Xo,C)" — H*(X1,C)".
The Gysin map is the morphism
Jr: H*(Xo,C) — H*"=)(X,C), fi = PDyl o (f*)' e PDx,
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defined by the commutative diagram
*\1
H=*(Xo,C)* ~LL o (x, o)

PDx, [ PD;(i

H*(X0,C) —— He+m=no) (X, C)

Equivalently, the Gysin map is uniquely determined by the equality
/ al f*p= (fio) A B, Ya € H*(Xy,C), p e H™(X1,C), k+m = ny. (A1)
Xo Xl
We want to give a more explicit description of the Gysin map in the special case when X; = Z

is a compact Kéhler manifold, X is a smooth divisor Y on Z and f is the natural inclusion
1:Y — Z. For this we need an auxiliary result. Consider the Poincaré residue map

Res : A9 (log V) — i, AP 11

and denote by AZ%, its kernel. Set
‘A%Z,Y = @p+q:mﬂgg/_

Note that we have natural injections
p.q P
Ay — Az

ISNENY]
—
7}

o7

However these are not isomorphisms. For example if Z = C, Y = 0 then the form
section of A(lc’% with a singularity at 0. However, its residue is trivial.

The sheaves A%, are fine and
m m+1 3 1p.q p,q+1
d‘AZ,Y — ‘AZ,Y s aAZ7Y — ‘AZ,Y .

Lemma A.1. The inclusions
( .Z76) - (‘A.Z,Yvd)

and
(A%, d) — (AZy,d)

are quasi-isomorphisms.
Proof Note that we have a commutative diagram of complexes sheaves
Res

0 _>( .Zva) - (Q.Z(logy)va) - 2*(9;/[—1],8) —0
(t)

(A% ogY),d) —= i, (AY[~1],d) — O

0— (AZy,d)
The rows are exact, the middle vertical arrow is a quasi-isomorphism by (2.1) and the last
vertical arrow is a quasi-isomorphism (Dolbeault-to-DeRham). Using the five lemma we

deduce that first vertical lemma is a quasi-isomorphism as well. This proves (A.2).
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To prove the quasi-isomorphism (A.3) note that we have a commutative diagram of com-
plexes of sheaves

(Q,0) —L— (A, d)

(‘A.Z,Y7 d)

where j; and j are quasi-isomorphisms.
O

The divisor Y determines a pair (L,s), where L — Z is a holomorphic line bundle and
s: Z — L is a holomorphic section such that ¥ = s71(0). Fix a hermitian metric h on L

and consider )
2
n=1Nsn = %8log |s]7.

Locally, on a trivializing neighborhood U C Z for the line bundle L the section s is described
by a holomorphic function f vanishing along Y NU and we have

|slh = e*|fI?

for some smooth real valued function u. Using the equality | f|> = ff we deduce

o ldf 1 1,0
=5 7 + Wiﬁu e A, (U,logY). (A4)
_ 1 _
W p = dn =0n = —i@@u € AEI(U). (A.5)
s

In particular, ny, satisfies
ReSy Nh = 1.
The closed form wyj, represents the first Chern class of L. Observe that if we change the

metric h to hy = €2¥h then we have
1 1=
Ns,hw = Ns,h T —ow, Ws hy = Ws b + —00w.
i i
Note for later use that
1 _
We by = Ws h + Td((?w — 0w) = wy , + ddw, (A.6)
i

where the operator d€ is defined as in [5, p.109]
Suppose o € ADY(Y) is a closed form and denote by [ the class it determines in
HP*(Y,C). Set m := p+q. Fix & € A%?(Z) such that
aly=«a
and set
[(e) = —d(nAa)e AL (Z logY).
From the local description (A.4) we deduce
G(I'(a)) = —Res(d(n A &) = Res(n A da) = da = 0,

ie.
G(a) € AL PT(2).
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Clearly do = 0av = 0 and using Lemma A.1 we deduce that I'(«) determines a cohomology

class
[[(a)] € HIYY(Z,001Y) = HPHLatl(Z) ¢ H™2(Z,0).

Remark A.2. We can avoid the use of Lemma A.1 as follows. Denote by T, a tubular
neighborhood of radius € > 0 around Y defined by the inequality
|s|n < e.

Identify 7T of Y in Z with a tubular neighborhood of Y in the normal bundle of the imbedding
Y < Z. Thus we can produce a submersion 7y : 7. — Y and then we construct & € I'(Z, A%)
such that & |7, ,,= 7y-a. Then da =0 on T, /; and d(n A &) = dnp A& —n A da. Using (A.5)
we deduce that d(n A &) is smooth form of degree (m + 2) on Z. We will say that & is a
good extension of a. In fact, as explained in [1, Thm. 5.7], we can define the projection 7y
carefully so the pullback by my preserves the Hodge type, i.e.

a e (Y, AY!) = mya e T(T:, AD9).

In other words, we can choose an extension & of o with the same Hodge type as a such that
G(&) is smooth on Z. O

Proposition A.3. For every a € I'(Y, A}?) such that dao = 0 and for every extension & of
a as a m-form on Z (m = p+ q) we have

[G(@)] = irfal,
where 11 denotes the Gysin map induced by the inclusion i : Y — Z. In particular, i\ is a

morphism of pure Hodge structures of type (1,1).
Proof We need to prove that

/G(d)/\ﬁ:/a/\ﬁhf, VB e T(Z,A5™77m72) " dg = 0.
Z Y

We orient 9T, using the outer-normal-first convention. We have
Gla) A = —d(n A G A B)
and

/ZG(oz)/\B:—lim dinNaAp)

e\.0 Z\T-
Using Stokes formula we deduce
—/ d(n/\d/\ﬂ):—/ nANaNp= nAaAnpg.
Z\T: O(Z\T:) oT.
Using partitions of unity we can reduce this to a local computation and we can assume we
work in a coordinate neighborhood (U, (z;)) = (D, (z;)) where f = z;. We have a natural
projection
T 8TE - Y7 (21722,"‘ 7Z'n) = (07227"' 7Zn)
Integrating along the fibers of m and using the Cauchy residue formula we deduce

/ nANaNB=aAf
aT:]Y

so that for € > 0 sufficiently small we have

/6]Tsn/\5¢/\ﬁ:/ya/\ﬁ|y.
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O
Remark A.4. (a) If & is a good extension of o then we say that G(&) is a good representative
of i]a].

(b) Proposition A.3 can be rephrased more conceptually as follows. We consider the short
exact sequence of complexes of fine sheaves

0 — (Ayy,d) — (Ay(logY),d) 23 (i, A [~1],d) — 0.

Applying the functor I'(X, —) we obtain a long exact sequence in (hyper) cohomology. We
have H*(X, i.A},[—1]) = H*(Y,C)[—1]. Given a cohomology class u € H*(Y,C)[—1] repre-
sented by a closed form « on Y we deduce that dju is represented by +I'a.

The above short exact sequence is quasi-isomorphic to the sequence

0= (23,0) — (2%(log ¥),8) == (1.03[~1],0) — 0

and we deduce that the connecting morphism in the hypercohomology long exact sequence
dy (Y, (23 [-1],0) ) — H*(Z,(Q%,9))[1] (A.7)

is, up to a sign, the Gysin morphism. This long exact sequence is essentially the long exact
sequence of the pair (Z, Z*), Z* = Z \ Y. To see this note that by excision we have

H*(Z,Z*)= H*(1.,T;) = H*(1.,0T.) = H*(Y)[-2],

where the last isomorphism is given by the composition

PD . .
H.(Tg,aTg) ~ H2d1mZ—0(TE) ~ H2d1mZ—0(Y) ~ H.(Y)[—Q]
The long exact sequence is then

Res
—

s HY(Y)[-2] 5 HY(Z) — HYU) RS By -1 - -

(|
To relate the above construction to the differential dy in the spectral sequence E,. (K, W_),

K = (A% (log D),d) we need to recall an abstract result. More precisely, the differential d;
is described by the connecting morphism

§: HY(Gryy, K)— HT(Grif' K)
of the long exact sequence corresponding to the short exact sequence
0 — WY wH2 L whywh? - wt ywitlo. (A.8)

In our special case, the connecting morphism is given by the connecting morphism in the
hyper-cohomology long exact sequence associated to the short exact sequence of complexes
of sheaves we have a commutative diagram of complexes of sheaves

WQs (log D)
W=2Q5 (log D)’

0 — (Grl, Q% (log D), d) — ( a) — (Gl Q% (log D), d) — 0.
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As before note that we have a commutative diagram

0 — (Wi-19% (log D), 8) —— (W*'Q%(log D),d) —— (Gr}" Q% (log D),d) — 0

f g[ RGSZ

0 — (W}A% (log D). d) (WA (log D).d) — = (a.A%[~0],d) = 0

in which W, = ker Res’, the rows are exact, and the vertical arrows are quasi-isomorphisms
of complexes of sheaves. To understand the

The bottom row consists of complexes of acyclic sheaves and the short exact sequence
(A.8) is obtained by applying the functor I'(X, —) to the bottom row. The resulting long
exact sequence is naturally isomorphic to the hypercohomology long exact sequence obtained
by applying the derived functor RI'(X, —) to the first row. We denote by § the connecting
morphism.

To understand the connecting morphism we need to introduce some notations. Fix hermit-
ian holomorphic line bundle (L;, h;), ¢ = 1,--- ,v and holomorphic sections s; € I'(X, Or,)
such that D; = 5;1(0). Denote by n; = 15, 5, the associated (1,0)-form. For every ordered
multi-index I = (i1 < -+ < iy), |[I| = ¢, we set

nr =i, N A, € WiA*(X,log D).

Note that
dnr € Wy_1A®*(X,log D).

Fix tubular neighborhoods 77 of Dy in X with projections 7y : 11 — Dj. For every closed
form o on D; we denote by mjar a good extension and set

Gi(ar) = (~)!"d(nr Axar) € Wi A*(X, log D).
Its image in Wy_1/W;_5 represents d[az]. Using the identification
Res™ ' : H*(X, Gry_1 A% (log D)) — H*(Dy_1)[¢ — 1]

we can identify d[o;] with Res~! Gy(ay). Note that

¢
Res"™" Gy(ay) @ (Dniy,)-
k=1
More precisely, if [a;] € H™(D;) then we have?
¢
Res" ' Gy(ar) = 07las] == (=1 (w( @Hm+2 Dpi,).
k=1 k=1

where ¢, denotes the inclusion Dy < Dp;, . Now define

=Y - @PHDL)~ P H(Dr)2]  H (D)2,

I|=¢  |L|=¢ |L/|=t—1

3Here we skipped some computational details.
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The differential d; on E; bm _, E; EHLm 5s then given by the commutative diagram

_ d1 _
E1 4m B +1,m

Res Res . (AQ)
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