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Math 658, Spring 2004: The Atiyah-Singer Index Theorem
Instructor: Liviu I. Nicolaescu

This is arguably one of the deepest and most beautiful results in modern geometry, and in my
view is a must know for any geometer/topologist. It has to do with elliptic partial differential opera-
tors on a compact manifold, namely those operators P with the property that dim ker P, dim coker P
oo. In general these integers are very difficult to compute without some very precise information
about P. Remarkably, their difference, called the index of P, is a “soft” quantity in the sense that
its determination can be carried out relying only on topological tools. You should compare this with
the following elementary situation.

Suppose we are given a linear operator A : C'"™ — C". From this information alone we cannot
compute the dimension of its kernel or of its cokernel. We can however compute their difference
which, according to the rank-nullity theorem for n x m matrices must be dim ker A—dim coker A =
m —n.

Michael Atiyah and Isadore Singer have shown in the 60’s that the index of an elliptic operator
is determined by certain cohomology classes on the background manifold. These cohomology
classes are in turn fopological invariants of the vector bundles on which the differential operator
acts and the homotopy class of the principal symbol of the operator. Moreover, they proved that
in order to understand the index problem for an arbitrary elliptic operator it suffices to understand
the index problem for a very special class of first order elliptic operators, namely the Dirac type
elliptic operators. Amazingly, most elliptic operators which are relevant in geometry are of Dirac
type. The index theorem for these operators contains as special cases a few celebrated results: the
Gauss-Bonnet theorem, the Hirzebruch signature theorem, the Riemann-Roch-Hirzebruch theorem.

In this course we will be concerned only with the index problem for the Dirac type elliptic
operators. We will adopt an analytic approach to the index problem based on the heat equation on a
manifold and Ezra Getzler’s rescaling trick.

1= Prerequisites: Working knowledge of smooth manifolds, and algebraic topology (especially
cohomology). Some familiarity with basic notions of functional analysis: Hilbert spaces, bounded
linear operators, L2-spaces.

1 Syllabus: Part I. Foundations: connections on vector bundles and the Chern-Weil construction,
calculus on Riemann manifolds, partial differential operators on manifolds , Dirac operators, [16].

Part II. The statement and some basic applications of the index theorem, [19].

Part II1. The proof of the index theorem, [19].

1= About the class  There will be 3-4 homeworks containing routine exercises which involve
the basic notions introduced during the course. We will introduce a fairly large number of new
objects and ideas and solving these exercises is the only way to gain something form this class and
appreciate the rich flavor hidden inside this theorem.
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Notations and conventions

e K=R,C.

e For every finite dimensional K-vector space V' we denote by Autk (V') the Lie group of K-linear
automorphisms of V.

e We will orient the manifolds with boundary using the outer normal first convention.
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Chapter 1

Geometric Preliminaries

1.1. Vector bundles and connections

1.1.1. Smooth vector bundles. The notion of smooth K-vector bundle of rank r formalizes the
intuitive idea of a smooth family of r-dimensional K-vector spaces.

Definition 1.1.1. A smooth K-vector bundle of rank r over a smooth manifold B is a quadruple
(E, B, 7, V) with the following properties.

(a) F/, B are smooth manifolds and V' is a r-dimensional K-vector space.

(b) 7 : E — B is a surjective submersion. We set F}, := 7! (b) and we will call it the fiber (of the
bundle) over b.

(c) There exists a trivializing cover, i.e. an open cover U = (U, )qea of B and diffeomorphisms
Uy : B Uy =7 YU,) =V x U,
with the following properties.

(c1) For every a € A the diagram below is commutative.

Ely. Yo V x U,

XU A/proj

(c2) For every «, 3 € A there exists a smooth map

98a : Uga == Ua NUg — Aut(V), u > gga(u)
such that for every u € U,g we have the commutative diagram
V x {u}

‘IjOélEq/7

Eu 9pa(u)

‘1’5|Eu\

V x {u}

’_‘I
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B is called the base, E is called total space, V is called the model (standard) fiber and T is called
the canonical (or natural) projection. A K-line bundle is a rank 1 K-vector bundle.

Remark 1.1.2. The condition (c) in the above definition implies that each fiber Ej has a natural
structure of K-vector space. Moreover, each map ¥, induces an isomorphism of vector spaces

Uolg,— V x {b}.
O
Here is some terminology we will use frequently. Often instead of (E, 7, B, V') we will write

E 5 B orsimply E. The inverses of W7 ! are called local trivializations of the bundle (over U,).
The map g3, is called the gluing map from the a-trivialization to the 3-trivialization. The collection

{gﬂa :Uag — Aut(V); Uy # (Z)}

is called a (Aut(V"))-gluing cocycle (subordinated to U) since it satisfies the cocycle condition

Gra(u) = gyg(u) - gga(u), Yu € Uygy := U, NUgNU,, (1.1.1)
where ”-”” denotes the multiplication in the Lie group Aut(V"). Note that (1.1.1) implies that
gaa(u) =1y, gﬁa(u) = gaﬁ(u)_17 Vu € Uaﬁ~ (1.1.2)

Example 1.1.3. (a) A vector space can be regarded as a vector bundle over a point.

(b) For every smooth manifold M and every finite dimensional K-vector space we denote by V ;.
the trivial vector bundle
VxM-—M, (v,m)—m.

(c) The tangent bundle T'M of a smooth manifold is a smooth tangent bundle.

(d) If E 5 B is a smooth vector bundle and U < B is an open set then E |Ui> U is the vector
bundle

=~ Y U) S U.
(e) Recall that CP! is the space of all one-dimensional subspaces of C2. Equivalently, CP' is the
quotient of C2 \ {0} modulo the equivalence relation

p~p = 3INeC: p =N
For every p = (20, z1) € C%\ {0} we denote by [p] = [20, 21] its ~-equivalence class which we vie
as the line containing the origin and the point (2o, z1). We have a nice open cover {Ug, U; } of CP*
defined by
Ui = {[Z(),Zl]; Z5 75 0}.
Uy consists of the lines transversal to the vertical axis, while U; consists of the lines transversal to

the horizontal axis. The slope my = z1/z¢ of the line through (z, 1) is a local coordinated over
Uy and the slope m; = zp/z is a local coordinate over U;. On the overlap we have

mi = 1/m0.
Let .
E = {(z,v; 20, 21]) € C? x CP*; C Loie yzo— a2 =0}
x 20

The natural projection C? x CP! — CP! induces a surjection 7 : £ — CP'. Observe that for every
[p] € CP! the fiber 7~!(p) can be naturally identified with the line through p. We can thus regard
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FE as a family of 1-dimensional vector spaces. We want to show that 7 actually defines a structure
of smooth complex line bundle over CIP'. Set

Eii= 7 (U) = {(w. 5[0, 5]) € By 2 # 0},
We construct a map
o : By — Cx Uy, Ep>(z,y; 20, 21]) = (@, [20, 21])

and
Uy : By — Cx U, E13(,y; 20 21]y) — (¥, [20, 21])

Observe that Wy is bijective with inverse W L. Cx Uy — Eyis given by
z
CxUy> (t; [2’0, 2’1}) — (t, Z;t; [Z(), Zl]) = (t,m()t; [Z(), Zl]).

The composition
‘Iflo‘lfaltchol—)(CXU()l

is given by
C xUo1 3 (s; [p]) = (g10([p])s; [p]),
where
Uo 3 [p] = [20, z1] = g10([p]) = 21/20 = mo([p]) € C* = GL1(C).
The complex line bundle constructed above is called the rautological line bundle. O

Given a smooth manifold B, a vector space V, an open cover U = (U, )ac 4 of B, and a gluing
cocycle subordinated to U

98a : Uap — Aut(V)

we can construct a smooth vector bundle as follows. Consider the disjoint union
X =1vu,

Denote by E the quotient space of X modulo the equivalence relation
Vi, 3 (va,ta) ~ (v8,ug) € Vi, <= ua =ug =u € Uag, vg = gga(t)va-

Since we glue open sets of smooth manifolds via diffeomorphisms we deduce that F is naturally a
smooth manifold. Moreover, the natural projections 7, : V; — U, are compatible with the above
equivalence relation and define a smooth map

m: FE— B.

The natural maps ®, : V. — E |y, are diffeomorphisms and their inverses ¥, = ®_ satisfy
all the conditions in Definition [1.1.1. We will denote the vector bundle obtained in this fashion by
(u7 Jee, V) or by (Ba uv Jee, V)

Definition 1.1.4. Suppose (E,7g, B,V) and (F, 7r, B, W) are smooth K-vector bundles over B
of ranks p and respectively q. Assume {U,, ¥, } is a trivializing cover for 7z and {V3, ®g}gep

is a trivializing cover for wp. A vector bundle morphism from E —% B to F —* B is a smooth
map T : £ — F satisfying the following conditions.
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(a) The diagram bellow is commutative.

E T
s

AB/W -

(b) T is linear along the fibers, i.e. for every b € B and every o € A, b € Bsuchthatb € U, N V3
the composition 37" |F, Yy |g,: V — W is linear,

Eb — V x {b}
Valr, !
I

1| Ey i linear .
1

v

Fb — W x {b}
cI)ﬁIFb

T is called an isomorphism if it is a diffeomorphism. We denote by Hom (E, F') the space of bundle
morphisms £ — F. When E = F we set End(F) := Hom(E, E). A gauge transformation of
E is a bundle automorphism £ — E. We will denote the space of gauge transformations of £ by
Aut(E) or GE.

We will denote by VBg (M) the set of isomorphism classes of smooth K-vector bundles over
M.

Definition 1.1.5. A subbundle of £ = B is a smooth submanifold F' < E with the property that
F 5 Bis a vector bundle and the inclusion F' < F is a bundle morphism.

Definition 1.1.6. Suppose £ — M is a rank r K-vector bundle over M. A trivialization of E is a
bundle isomorphism

K, — E.
The bundle E is called trivializable if it admits trivializations. A trivialized vector bundle is a pair
(vector bundle, trivialization).

Example 1.1.7. (a) A bundle morphism between two trivial vector bundles
T . K B — E B
is a smooth map

T:B — Hom(V,W).

(b) If we are given two vector bundles over B described by gluing cocycles subordinated to the
same open cover

(u7 Jee, V)a (u7 hoo; W)
then a bundle morphism can be described as a collection of smooth maps

T, : Uy — Hom(V, W)

such that for any o, 3 and any u € U,g the diagram below is commutative.

To(u
1% 4>( ) w
9pa(u) { [haa (u)
Ts(u)

VL’W
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g

There are a few basic methods of producing new vector bundles from given ones. The first
methods reproduce some fundamental operations for vector spaces, i.e. vector bundles over a point.
We list below a few of them.

V ~s V* := Homg(V,K) — the dual of V,
V.W ~V W — thedirect sumof V and W,
VW ~~V W — the tensor product of V and W,
V ~» Sym™V  — the m-th symmetric product of V|
V ~» A*V  — the k-th exterior power of V/,

V s detV := AMVY _ the determinat line of V.

These constructions are natural in the following sense. Given linear maps V; — W;, ¢ = 0,1 we
have induced maps

"y - W§—Vy,
TooT: Voo Vi —WoaaWr, ThyeT: Vo Vi—Wy® W,
Symk Ty : Symk Vo— Syml‘C Wo, AFTy : AFVy— AR,
If dim Vy = dim Wy = n then the map AT} will be denoted by det 7.

These operations for vector spaces can also be performed for smooth families of vector spaces,
i.e. bundles over arbitrary smooth manifolds.

Given two bundles E, I’ over the same manifold M described by the gluing cocycles
E= (u79007v)7 F = (u7 h..,W)

we can form
E* = (U, ({ges) "L, V*
ESF = (U goo D hee, VEW), ERF = (U goe @ hee, VR W,
Sym™ E = (U, Sym™ gee, Sym™ V), A*E = (U, A¥gee, AV,
detg £ = (U, det gee, det V).
detg E is called the determinant line bundle of E

Definition 1.1.8. (a) Suppose E' — M is a K-vector bundle. A K-orientation of E is an equivalence
class of trivializations of 7 : K, — detk E, where two trivializations 7; : K;; — detx F/, 7 =0, 1
are considered equivalent if there exists a smooth function i : M — R such that

T1(8) = 10(€et's), Vs € C(K,,).

A bundle is called K-orientable if it admits K-orientations. An oriented K-vector bundle is a pair
(vector bundle, K-orientation).

Example 1.1.9. (a) A smooth manifold M is orientable if its tangent bundle 7'M is R-orientable.
O
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When K = R and when no confusion is possible we will use the simpler terminology of orien-
tation rather than R-orientation.

Another important method of producing new vector bundles is the pullback construction. More
precisely given a vector bundle E = M described by the gluing cocycle
(M ) u7 Jee, V)

and a smooth map f : N — M then we can construct a bundle f*FE — N described by the gluing
cocycle

(Na f_l(u)790. © f? V)
There is a natural smooth map f, : f*E — FE such that the diagram below is commutative

and for every m € M the induced map (f*E),, — Ej(y,) is linear.
Remark 1.1.10. The above construction is a special case of the fibered product construction,
FH(E) = N ew E x 3y N 2% N,

E xp N := {(e,n) € ExN; 7(e) = f(n)}, (m xp f)le,n) =n.
Equivalently £ x 5y N is the preimage of the diagonal A C M x M via the map
X f:EXN—MxM.

This is a smooth manifold since 7 is a submersion. O

Example 1.1.11. If V is a vector space, M is a smooth manifold and ¢ : M — {pt} is the collapse
to a point, then the trivial bundle V', is the pullback via c of the vector bundle over pt which is the
vector space V itself
Vy=cV
O

Definition 1.1.12. A (smooth) section of a vector bundle E = B is a (smooth) maps: B — F
such that

S(b) € Eb, VB
If U C B is an open subset then a smooth section of F over U is a (smooth) section of E |7. We
denote by C°(U, E) the set of smooth sections of U over E. When U = B we will write simply
C>®(E).

Observe that C*°(E) is a vector space where the sum of two sections s,s’ : B — E is the
section s + s’ defines by
(s+ ') (b) :== s(b) + 5'(b) € Ey. Vb e B.

If the vector bundle £ — B is given by the local gluing data (U, ges, V') then a section of F can be
described as a collection s, of smooth functions

Se : Ue — V
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with the property that Vo, 3 and Vu € U, we have

s5(u) = gga(u)sa(u).

This shows that there exists at least one section 0 defined by the collection s, = 0. It is called the

zero section of E.

Given two sections s = (s,), s’ = (s,) their sum is the section described locally by the collec-
tion (se + 5J).

Example 1.1.13. (a) If M is a smooth manifold then a smooth section of the trivial line bundle C,,
is a smooth function M — C.

(b) A smooth section of the tangent bundle of M is a vector field over M. We will denote by
Vect(M) the set of smooth vector fields on M.

( ¢) A smooth section of the cotangent bundle 7% M is called a differential 1-form. A smooth
section of the k-th exterior power of T*M is called a differential form of degree k. We will denote
by QF(M) the space of such differential forms.

(d) Suppose £ — M is a smooth vector bundle. Then an F-valued differential form of degree k is
a section of A¥T*M ® E. The space of such sections will be denoted by Q¥ (E). Observe that

OM(M) = Q*(Ryy).
(e) Suppose that £, F' — M are smooth K-vector bundles over M. Then
C*(E*®F)~ Hom(E,F).

For this reason we set

Hom(E, F) := E*® F.
When E' = F we set

End(E) := Hom(E, E).
If E is a line bundle then

End(F) 2 K,,.

We want to emphasize that Hom(E, F) is an infinite dimensional vector space while Hom(E, F")
is a finite dimensional vector bundle and

C*(Hom(E, F)) = Hom(E, F).

Let us also point out that a K-linear map 7" : C*°(E) — C°°(F’) is induced by a bundle morphism
E — Fiff and only if T is a morphism of C°°( M )-modules, i.e. for any smooth function f : M —
K we have

T(fu) = fTu, ue C°(E).

(e) Suppose that E — M is a real vector bundle. A metric on E is then a section h of Sym? E* with
the property that for every m € M the symmetric bilinear form h,,, € Sym? E* is an Euclidean
metric on the fiber E,,,. A Riemann metric on a manifold M is a metric on the tangent bundle 7'M
A metric on E induces metrics on all the bundles E*, F®F, Symk E,A*E.

Observe that if i is a metric on E and F' is a sub-bundle of E then h induces a metric on F'. In
particular, the tautological line bundle L — CP! is by definition a subbundle of the trivial vector
bundle Q%Pl and as such it is equipped with a natural metric.
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(f) Suppose that E — M is a complex vector of rank r described by the gluing cocycle (U, ges, C").
Then the conjugate of E is the complex vector bundle £ described by the gluing cocycle (U, Ges, C")
where for any matrix g € GL,(C) we have denoted by g its complex conjugate. Note that there
exists a canonical isomorphism of real vector bundles

C:E—FE
called the conjugation.

A section u of E* defines for every m € M a R-linear map u,, : E,, — C which is complex
conjugate linear i.e.
Um(Ae) = Aup(e), Ve € B, XeC.
A hermitian metric on H is a section h of E* ®@c E* satisfying for every m € M the following
properties.

h, defines a R-bilinear map F¥ x ' — C which is complex linear in the first variable and conjugate
linear in the second variable.

hm(el,eg) = h(eg,el), Vey,es € Epy,.
hm(e,e) >0, Ve € E,, \ {0}.
If E is a vector bundle equipped with a metric h (riemannian or hermitian) then we denote by
End, F the real subbundle of End(£) whose sections are the endomorphisms 7" : £ — E satisfy-
ing
h(Tu,v) = —h(u,Tv), Yu,v e C*(E).

(g) A K-vector bundle is K-orientable iff detx £ admits a nowhere vanishing section. Indeed since
detg B = (K,;)* ® detx E = Hom(K,,, F) a section of E can be identified with a bundle
morphism K,, — FE. This is an isomorphism since the section is nowhere vanishing.

(h) Every complex vector bundle & — M is R-orientable. To construct it we need to produce a
nowhere vanishing section of detg E. Suppose E is described by the gluing cocycle (U, ges, C").
Using the inclusion
i: GL,(C) — GL2,(R)

we get maps

Q.. =10 Jee : Use — GLZT(R)
satisfying

Wee := det Joo = | det g..]z > 0.
Let

foo :=10g Wee <= Wee = €XP(foo)-

Since wee defines a gluing cocycle for detg £ and in particular

Wya(u) = wyg(w)wga(u).
We deduce

fya(u) = f'yﬁ(u) + fﬂoc(u)> va,ﬁa’% Vu € anﬁ’y-
Consider now a partition of unity (6, ) subordinated to U, supp 6, C U,. Define

fo:Us =R, falu) = 65(u)faalu Zeg w) faa(u

Uﬂ Su



Notes on the Atiyah-Singer index Theorem 9

Observe first that f, is smooth. Using the equalities

Jra — f"fﬂ = fva + fﬂv = faa
we deduce’

fa=F5=302(fro = F18) = D S0 = (3205 fia = fin
Y Y Y

Equivalently
—fp=Jpa — fa = eI = wﬁae_f‘* = (det f]ga)e_f“.
This shows that the collection s, = e~/ is a nowhere vanishing section of detr F.

(1) Suppose £ — N is a smooth bundle and f : M — N is a smooth map. Then f induces a linear
map

[T C(E) = C2(fE)
which associates to each section s of £ — N a section f*s of f*E — M called the pullback of s
by f. If s is described by a collection of smooth maps se : Us — K", then f*s is described by the
collection

seo f: f7H(U.) = K.

Moreover we have a commutative diagram

rE-p
f*{ ,
f

M — N
O
Definition 1.1.14. Suppose E — B is a smooth K-vector bundle. A local frame over the open set
U — B is an ordered collection of smooth sections e1, - - - , e, of E |y such that for every u € U

the vectors € = (e1(u), - - -, e,(u)) form a basis of the fiber E,,.

Given a local frame € = (ey,--- ,e,) of E— B over U we can represent a section s of £ over

U as a linear combination
s=sley+---+se,
where s; : U — K are smooth functions.

1.1.2. Principal bundles. Fix a Lie group G. For simplicity, we will assume that it is a matrix Lie
group?, i.e. it is a closed subgroup of some GL,, (K). A principal G-bundle over a smooth manifold
B is a triple (P, 7, B) satisfying the following conditions.

PLB
is a surjective submersion. We set P, := 7~ 1b
There is a right free action

PxG— P, (p,g)—pyg

Lor the cognoscienti. The collection of smooth functions(f,g) is a Cech 1-cocycle of the fine sheaf of smooth functions. Since
the cohomology of a fine sheaf is trivial in positive dimensions this collection must be a Cech coboundary, i.e there exists a collection of
smooth functions (fa) such that fo — fg = fga: see [9]

2Any compact Lie group is a matrix Lie group
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such that for every p € P the G-orbit containing p coincides with the fiber of 7 containing p.

7 is locally trivial, i.e. every point b € B has an open neighborhood U and a diffeomorphism
Uy mHU) — G x U such that the diagram below is commutative

7N (U) GxU
N

U

and
U(pg) = ¥(p)g, Ypex '(U), g€ G,
where the right action of Gon G x U.

Any principal bundle can be obtained by gluing trivial ones. Suppose we are given an open
cover U = (Uy)aca of M and for every «, 3 € A smooth maps

9ap : Uap — G
satisfying the cocycle condition

Gya(t) = gy5(w) - gga(u), Yu € Uapy

Then, exactly as in the case of vector bundles we can obtain a principal bundle by gluing the trivial
bundles P, = G x U,. More precisely we consider the disjoint union

X =JP. x{a}

and the equivalence relation

G x Uy x{a} 3 (g,u,a) ~ (h,v,8) € GxUg x{B)} <= u=v €Uy, h=ggau)g.
Then P = X/ ~ is the total space of a principal G-bundle. We will denote this bundle by
(B, U, Gee, G)'

Example 1.1.15 (Fundamental example). Suppose £ — M is a K-vector bundle over M of rank
r, described by the gluing data (U, ges, V'), where V' is a r-dimensional K-vector space. A frame of
V is by definition an ordered basis € = (e, - - ,e,) of V. We denote by Fr (V') the set of frames
of V. We have a free and transitive right action

FI‘(V) X GLT(K) - FI‘(V), (617"' 767“) g = (Zgzieif" 72.9:;6%')7

Vg = [gili<ij<r € GL:(K), (e1, - ,er) € Fr(V).

In particular, the set of frames is naturally a smooth manifold diffeomorphic to GL, (K). Note that a
frame € of V' associates to every vector v € V a vector v(€) € K", the coordinates of v with respect
to the frame €. For every g € GL,(K) we have

v(@-g) =g ().
If we let GL, (K) act on the right on K",
K" x GL.(K) > (u,g) —u-g =g 'u €K'
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then we see that the coordinate map induced by v € V,
v:Fr(V) - K", €—v(e)
is G-equivariant.
An isomorphism ¥ : V' — K" induces a diffeomorphism
® : GL(K) — Fr(V), g— &(g) =¥ (5)-g,
where & denotes the canonical frame of K”. Observe that
®(g-h) = ®(g) - h.

To the bundle E we associate the principal bundle Fr (E) given by the gluing cocycle (U, ges, GL; (K)).
The fiber of this bundle over m € U, can be identified with the space Fr(E),) of frames in the fiber
E,, via the map ® and the local trivialization

v,:E, — K.
g
To any principal bundle P = (B, U, ges, G) and representation p : G — Autg (V) of G on a

finite dimensional K-vector space V' we can associate a vector bundle E = (B, U, p(ges), V). We
will denote it by P x, V. Equivalently, P x, V' is the quotient of P x V' via the left G-action

g(p,v) = (pg™", p(9)v)-
A vector bundle E on a smooth manifold M is said to have (G, p)-structure if E = P x,V for
some principal G-bundle P.

We denote by g = TG the Lie algebra of G. We have an adjoint representation
d
Ad: G — Endg, Ad(9)X =gXg'= 7 li—o gexp(tX)g™t, forallg € G.
The associated vector bundle P x 54 g is denoted by Ad(P).
For any representation p : G — Aut(V') we denote by p, the differential of p at 1
px g — EndV.
Observe that for every X € g we have
p«(Ad(9)X) = pu(9Xg~ ") = p(g)(p=X)p(g)~". (1.1.3)
If we set End, V' := p.(g) C End V' we have an induced action
Ad,: G — End,(V), Ad,(9)T :=p(9)Tp(g)"", YT € EndV, g € G.
If E =P x,V then we set
End, (V) := P xaq, End,(V).
This bundle can be viewed as the bundle of infinitesimal symmetries of E.
Example 1.1.16. (a) Suppose G is a Lie subgroup of GL,,, (K). It has a tautological representation
7: G — GL,,(K) = Aut(K™).
A rank m K-vector bundle E — M is said to have G-structure if it has a (G, 7)-structure. This

means that F can be described by a gluing cocycle (U, gee, K™) with the property that the matrices
Jee belong to the subgroup G.
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For example, SO(m), O(m) C GL,,(R) and we can speak of SO(m) and O(m) structures on a
real vector bundle of rank m. Similarly we can speak of U(m) and SU(m) structures on a complex
vector bundle of rank m.

A hermitian metric on a rank r complex vector bundle defines a U (r)-structure on £ and in this
case

Ad P = End,(E) = End; (E).
0

1.1.3. Connections on vector bundles. Roughly speaking, a connection on a smooth vector bundle
is a “coherent procedure” of differentiating the smooth sections.

Definition 1.1.17. Suppose . — M is a K-vector bundle. A smooth connection on E is a K-linear
operator
V:C®FE)—-C(T"M®E)
satisfying the product rule
V(fs)=s®df + fVs, Vfe C®(M), se C®(E).
We say that Vs is the covariant derivative of s with respect to V. We will denote by A g the space
of smooth connections on F.
Remark 1.1.18. (a) For every section s of F the covariant derivative Vs is asectionof 7" M ® F/ =2
Hom(TM, E). i.e.
Vs € Hom(TM, E).
As such, Vs associates to each vector field X on M a section of £ which we denote by V xs. We

say that V x s is the derivative of s in along the vector field X with respect to the connection V. The
product rule can be rewritten

Vx(fs)=(Lxf)s+ fVs, VX € Vect(M), feC®(M), s C?(M),
where Lx f denotes the Lie derivative of f along the vector field X.

(b) Suppose E, F' — M are vector bundles and ¥ : E — F'is a bundle isomorphism. If V is a
connection of F then UVW¥ ™! is a connection on F.

(c) Suppose V? and V! are two connections on E. Set
A=V -V C®(E) - C®(T*M x E).
Observe that for every f € C°°(M) and every s € C*°(E) we have
A(fs) = fA(s)
so that
Aec Hom(E,T"M Q@ E)=ZC®(E*QT"M @ E)=C®(T"M ® E*® E)
>~ C°°(T*M,End(E) = QY (End(E)).
In other words, the difference between two connections is a End E-valued 1-form. Conversely, if
A e QY EndE) = Hom(TM ® E, E)

then for every connection V on F the sum V + A is a gain a connection on E. This shows that the
space A g, if nonempty, is an affine space modelled by the vector space Q' (End E). ([l
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Example 1.1.19. (a) Consider the trivial bundle R;,. The sections of R, are smooth functions
M — R. The differential
d:C™®(M)— Q' (M), f—df
is a connection on R, called the trivial connection.
Observe that End(R,,) = R, so that any other connection on M has the form
V=d+a, ac Q' (R,)=0M).
(b) Consider similarly the trivial bundle K. Its smooth sections are r-uples of smooth functions

81

S = E :M—)Kr.
37"

K" is equipped with a trivial connection V° defined by

st ds!

Any other connection on K" has the form
V=V'4+A4, AcQY(EndK").

More concretely, A is an 7 x r matrix [Af]i1<q p<r, Where each entry A7 is a K-valued 1-form. If
we choose local coordinates (z!,--- ,2™) on M then we can describe Aj locally as

A =" Afydat,
k

We have -
ds! > Aps
Vs = : +
ds” : b
> Aps
(c) Suppose ' — B is a K-vector bundle of rank  and € = (eq, - - - , e,) is a local frame of E over

the open set U. Suppose V is a connection on E. Then for every 1 < b < r we get section Ve, of
T*M @ E over U and thus decompositions

Vey =Y Afeq, Af €QY(U), V1<ab<r. (1.1.4)

Given a section s = Zb sPey, of E over U we have
Vs = Z ds’ep + Z Sp Z Aje, = Z (ds“ + Z Aﬁsb) eq.
b b a a b

This shows that the action of V on any section over U is completely determined by the action of V
on the local frame, i.e by the matrix (Af). We can regard this as a 1-form whose entries are 7 x 7
matrices. This is known as the connection 1-form associated to V by the local frame é. We will
denote it by A(€). We can rewrite (1.1.4) as

V(@) = - A@).
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Suppose f = (f1,--, fr) is another local frames of F over U related to € by the equalities
fa= ey, (1.1.5)
b
where U 3 u +— g(u) = (¢%(u))1<ap<r € GL,(K) is a smooth map. We can rewrite (1.1.5) as
f=é-g.
Then A(f) is related to A(€) by the equality
A(f) =g A(@)g + g dg. (1.1.6)

Indeed

fA(f) =V(f) = V(eg) = (V(&))g + édg = (EA(&)g + fg~'dg = f(g ' A(e)g + g~'dg).
Suppose now that F is given by the gluing cocycle (U, ges, , K"). Then the canonical basis of K"
induces via the natural isomorphism K, — E'|y, alocal frame e{a) of E|y,,. We set

Ay = A(e()).
On the overlap U,p we have the equality é(a) = €(8)gga so that on these overlaps the gl (K)-
valued 1-forms A, satisfy the transition formula
Aa = 95048980 + 95ad9p0 <= Ap = 9paAadpe — (A950)950- (1.1.7)
U

Proposition 1.1.20. Suppose E is a rank r vector bundle over M described by the gluing cocycle
(U, gee, K"). Then a collection of 1-forms

Aa = Ql(Ua) ®llT(K)
satisfying the gluing conditions (1.1.7) determine a connection on E.

Proposition 1.1.21. Suppose E — M is a smooth vector bundle. Then there exist connections on
E, ie Ag # 0.

Proof Suppose that F is described by the gluing cocycle (U, ges, K"), 7 = rank(FE).
Denote by Y, : K’(}a — E |y, the local trivialization over U, and by V¢ the trivial connection
on K7, Set
V= 0,Veu
Then (see Remark 1.1.18(b)) V is a connection on F |7, - Fix a partition of unity (6, ) subordinated
to (Uy). Observe that for every a and every s € C>®(E) 64s is a section of E with support in U,,.
In particular V(6,,s) is a section of 7" M ® E with support in U,,. Set

Vs =Y 05V(0as)
a?/B
If f € C°°(M) then

V(fs) =Y 05V (0afs) =Y 05 (Z df @ (Bas) + f@a(eas)>
o 5 a

—df©sY 0,08+ [Vs=df @ 8<Za‘9a) (Zﬁeﬂ) Y fVs=df @5+ fVs.
B \‘,1_/ ——

=1
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Hence V is a connection on F.
O

Definition 1.1.22. Suppose E; — M, ¢ = 0,1 are two smooth vector bundles over M. Suppose
also V' is a connection on E;, i = 0, 1. A morphism (Ey, V°) — (E7, V1) is a bundle morphism
T : Ey — Ej such that for every X € Vect(M) the diagram below is commutative.

C™(Ey) —— C™(Ey)

V& Vi

C®(Ey) —— C™®(E,)
An isomorphism of vector bundles with connections is defined in the obvious way. We denote by
VB (M) the collection of isomorphism classes of K-vector bundles with connections over M.

Observe that we have a forgetful map
VBC(M) — VB(M), (E,V)— E.
The tensorial operations @, *, ®, & and A* on VB(M) have lifts to the richer category of vector
bundles with connections. We explain this construction in detail. Suppose (E;, V') € VB(M),
1=0,1.
e We obtain a connection V = V? @ V! on Ey @ F; via the equality
V(so®s1) = (VVso @ V'sy), Vsg € C®(Ep), s € C°(EL).
e The connection V° induces a connection V° on Ej defined by the equality
Lx(U,v) = (V&u,v) + (u, Vxv), VX € Vect(M),u € C*(E}), v e C®(Ep),

where (o, 0) € Hom(E; ® Ep,K,,) denotes the natural bilinear pairing between a bundle and its
dual.

Suppose € = (e1,- -+ ,e,) is a local frame of E and A(€) is the connection 1-form associated
to V,
veé=e¢-Ae)
Denote by '€= (el,--- | e") the dual local frame of E defined by
(€%, ep) = 0y

We deduce that (V0% ¢,) = —(e?, V) = —A¢ so that

V0e® = — Z Ageb.
b
We can rewrite this

Vie="te. (-'A())
that is
A(d) = ' A@).
e We get a connection V° ® V! on Ey ® E; via the equality
(V0@ VY (s @ s1) = (Vsg) ® 51+ 51 @ (Vsy).
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e We get a connection on AFEj via the equality
VS (s1A---Asp) = (Vxsi)Asa A Asp+51A(Vrsa) A Asp4---51Asa A A (Visp)
Vsi, -, s € C°(M), X € Vect(M).

o If E is a complex vector bundle, then any connection V on E induces a connection V on the
conjugate bundle F defined via the conjugation operator C : £ — E

vV =0cvCc.

Suppose E — N is a vector bundle over the smooth manifold NV, f : M — N is a smooth map,
and V is a connection on E. Then V induces a connection f*V on f* defined as follows. If F is
defined by the gluing cocycle (U, gee, K”) and V is defined by the collection As € Q' (8) ® gl (K),

then fV is defined by the collection f*A, € Q' (f~1(U,)) ® gl (K). Itis the unique connection on
f*FE which makes commutative the following diagram.

C*(E) ——— ¢>(f*E)

| -~

CX(T*N @ E) —L ¢™(T*M  *E)

Definition 1.1.23. Suppose V is a connection on the vector bundle £ — M.
(a) A section s € C°°(FE) is called (V)-covariant constant or parallel if
Vs =0.

(b) A section s € C°(E) is said to be parallel along the smooth path + : [0, 1] — M if the pullback
section v*s of v*E — [0, 1] is parallel with respect to the connection f*V.

Example 1.1.24. Suppose v : [0,1] — M is a smooth path whose image lies entirely in a single
coordinate chart U of M. Denote the local coordinates by (x!,--- , ™) so we can represent 7y as a
n-uple of functions (z!(t),--- ,2™(t)). Suppose E — M is a rank r vector bundle over M which
can be trivialized over U. If V is a connection on E then with respect to some trivialization of F |/
can be described as

V=d+A=d+) di'®A;, Ai:U— gl (K).

The tangent vector y along ~y can be described in the local coordinates as
= i'o;.
i

A section s is the parallel along v if Vs = 0. More precisely, if we regard s as a smooth function
s : U — K" then we can rewrite this condition as

d A
d;Z+ ' Ais =0, (1.1.8)

)



Notes on the Atiyah-Singer index Theorem 17

Thus a section which is parallel over a path v(0) satisfies a first order linear differential equation.
The existence theory for such equations shows that given any initial condition sy € E. ) there
exists a unique parallel section [0, 1] > ¢ +— S(t; s9) € E, (). We get a linear map

E’y(O) S 59 — S(t; 80) |t:1€ E'y(l)-
This is called the parallel transport along v (with respect to the connection V). O
Suppose E is areal vector bundle, g is a metric on E. A connection V on E is called compatible
with the metric g (or a metric connection) if g is a section of £* ® E* covariant constant with respect

to the connection on £* ® E* induced by V. More explicitly, this means that for every sections u, v
of E and every vector field X on M we have

LXQ(U, U) = Q(VXU,U) +g(u7 VXU)

One can define in a similar fashion the connections on a complex vector bundle compatible with a
hermitian metric h.

Proposition 1.1.25. Suppose h is a metric (riemannian or hermitian) on the vector bundle E. Then
there exists connections compatible with h. Moreover the space Ap j, of connections compatible
with h is an affine space modelled on the vector space Q' (End; (E)).

Suppose that V is a connection on a vector bundle £ — M. For any vector fields X, Y over M

we get three linear operators
Vx,Vy,Vixy : CF(E) — C*(E),
where [ X, Y] € Vect(M) is the Lie bracket of X and Y. Form the linear operator
Fo(X,)Y): C®(E) — C™(E), Fv(X,Y)=VxVy-VyVx—Vixy =[Vx,Vy]-Vixy]
Observe two things. First,
Fy(X,Y) = —Fy(Y, X).
Second, if f € C*°(M) and s € C*°(FE) then
Fo(X,Y)(fs) = fFu(X,Y)s = Fy(fX,Y)s = Fy(X, fY)s

so that for every X,Y € Vect(M) the operator Fy(X,Y) is an endomorphism of F and the
correspondence

Vect(M) x Vect(M) — End(F), (X,Y)w— Fy(X,Y)

is C°°(M)-bilinear and skew-symmetric. In other words Fy (e, ®) is a 2-form with coefficients in
End E, i.e. a section of Q?(End E).

Definition 1.1.26. The End F-valued 2-form Fy (e, ®) constructed above is called the curvature of
V.

Example 1.1.27. (a) Consider the trivial vector bundle £ = K7;, where U is an open subset in R".
Denote by (z!,--- ,2") the Euclidean coordinates on U. Denote by d the trivial connection on E.
Any connection V on E has the form

V=d+A=d+) di'A; Ai:U— gl (K).
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Set 0; := %, Vi = Vg,. Then forevery s : U — K" we have
Fy(0;,05)s = [Vi,Vj]s = Vi(Vjs) — V,;(V;s)
= Vi(0js + Ajs) — V;(0is + Ajs) = (05 + Ai)(0js + Ajs) — (05 + A;j)(0is + A;s)
— (014 - ;40 + [Ai, A]) s
Hence
> F(05,0))da’ A da? = (9,45 — 0;Ai + [As, Aj] ) da’ A da.
We can write thiszf<0]rmally as

Fy=dA+ANA==) da'd(A) + () da'Ai) A (D dal Ay).
i 7 J

Observe that if r = 1, so that F is the trivial line bundle K;; then we can identify gl 1(]K) = Kso
the components A; are scalars. In particular [A;, A;] = 0 so that in this case

Fy = dA.
(b) If E is a vector bundle described by a gluing cocycle (U, ges, K") and V is a connection de-

scribed by the collection of 1-forms A, € Q1 (U,) ® gl (K) satisfying (1.1.7) then the curvature of
V is represented by the collection of 2-forms

F,=dAs,+ Ao N Ay
satisfying the compatibility conditions
Fg = ggaFaggs on Uap. (1.1.9)

(c) If V is a connection on a complex line bundle L. — M then its curvature Fy, can be identified
with a complex valued 2-form. If moreover, V is compatible with a hermitian metric then iFy is a
real valued 2-form. O

We define an operation

A: QF(End E) x QY(End E) — Q" (End E),
by setting
WS A &T)= (" An)® (ST)

for any QF € QF(M), n* € QY(M), S,T € End(E).

Using a connection V on E we can produce an exterior derivative

dV : QF(End E) — Q*Y(End E)
defined by
(W 9) = (dw) @S+ (-1 (welg) A ViES,

We have the following result.

Proposition 1.1.28. Suppose V',V are two connections on the vector bundle E — M. Their
difference B = V' — V' is an End E-valued 1-form. Then

Fy = Fy+dVB+ BAB.
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Proof The result is local so we can assume F is the trivial bundle over an open subset M — R".
Let r = rank . We can write

V=d+A, V =d+ A, AAcQ(M)egl (K).
Then B= A" — A,
F =Fg =dA +ANA, F=Fg=dA+ANA
and thus
FreF=dA -A)+ANA)—(ANA) =d(A —A)+(A+B)AN(A+T)-BAB
=dB+BANA+AANB+BAB.

In local coordinates d¥ we have (see Exercise|1.4.6)

V() da'@B;)=-) da' N[> dad @ V;B;
% 7 7

= — Zdl‘Z N Zd:ﬁj & (8]31 + [A],BZ])
( J

= da' Nda) ® (0;B; — 0;B;) — Y _ da’ Nda? @ (A;B; — BiAj)

1<j i,
=dB+ > dal ® A, /\(dei@)Bi)—i—(dei@Bi)/\ > dad ® A,
J i ( J
=dB+ ANB+BAA.
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1.2. Chern-Weil theory

1.2.1. Connections on principal G-bundles. In the sequel we will work exclusively with matrix
Lie groups, i.e. closed subgroups of some GL, (K).

Fix a (matrix) Lie group G and a principal G-bundle P = (M, U, gee ) over the smooth manifold
M. Denote by g = TG the Lie algebra of G. A connection on P is a collection

A={A, € QY(U,) ® g}
satisfying the following conditions
Ap(u) = gpa(u)Aa(u)gp, (u) — d(9pa)gpa(uw) ™, Yu € Uyp. (1.2.1)
We denote by Ap the space of connections on P.

Proposition 1.2.1. Ap is an affine space modelled on Q' (Ad P).

Proof We will show that given two connections (AL), (A%) their difference C,, = AL — Ag
defines a global section of A'T*M ® Ad P, i.e. on the overlaps U, 3o We have the equality

C,B = Ad(gﬁa)coz = gﬂacozgﬁ_o{'

This follows immediately by taking the difference of the transition equalities (1.2.1) for AL and AY.
O

To formulate our next result let us introduce an operation
[_’ _] : Qk(Ua) ® g X Qé(Ua) ® g— Qk—M(Ua) ® 9,

wh® X, n" @ Y] = (w* An) ® [X,Y],

where [ X, Y]-denotes the Lie bracket in g, or in the case of a matrix Lie group, [X,Y] = XY -Y X
is the commutator of the matrices X, Y. Let us point out that if A, B € Q!(U,) ® g we have

[A,B]=AANB+ BAA.
We define
Fo:=dA, + %[AQ,AQ] =dAy + Ag N Ay € (U, ® g
For a proof of the following result we refer to [16, Chap.8].

Proposition 1.2.2. (a) The collection F,, defines a global section F(A) of A*T*M @ Ad P, i.e. on
the overlaps U, it satisfies the compatibility conditions,
Fﬂ = g,@aFagg_; = Ad(gﬂa)Fa‘
(b) (The Bianchi Identity)
dF, + [Aa, Fo]) =0, Va.

The 2-form F(A) € Q2(Ad P) is called the curvature of A.

Consider now a representation p : G — Aut(V') and the vector bundle £ = P x, V. Denote
by p. the differential of pat 1 € G

px g — EndV.
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We recall that End,(V') = p.«g and End, £ = P xaq, End,(V). The identity (I1.1.3) shows that
any connection (A,,) on P defines a connection V = (p.A,) on E. We say that this connection is
compatible with the (G, p)-structure. Observe that
Fylu,= p«Fa.
In particular Fy € Q?(End, E).
Example 1.2.3. Suppose £ — M is a complex vector bundle of rank . A hermitian metric h on
E defines a U(r)-structure. A connection V is compatible with this structure if and only if it is
compatible with the metric. In this case End, E is the subbundle End;, E of End E and we have
F(V) € Q*(End;, E).
g

1.2.2. The Chern-Weil construction. Suppose P — M is a principal G-bundle over M defined
by the gluing cocycle (U, gee ). To formulate the Chern-Weil construction we need to introduce first
the concept of Ad-invariant polynomials on g. .

The adjoint representation Ad : G — GL(g) induces an adjoint representation
Ad*: G — GL(Sym* g&), gc := g C.
We denote by I;;(g) the Ad*-invariant elements of Sym” g*. Equivalently, they are k-multilinear
maps
P:gx---xg—C,

—_—
k

such that
P(ti(l)v"' 7ti(k)) = P(gXlg_1>"' 7ng’g_1) = P(le an’)

forany Xy, -+, Xk € g, g € G and any permutation ¢ of {1,--- , k}. If in the above equality we
take g = exp(tY), Y € g and then we differentiate with respect to ¢ at ¢ = 0 we obtain

P([Y7X1]7X27"’ 7Xk) ++P(X17 7Xk717[Y;Xk]) :07 VY,Xl,“' 7Xk €g (122)
For P € I;(g) and X € g we set

We have the polarization formula
1o
k' Oty --- Oty

More generally, given P € I;(g) and (not necessarily commutative) C-algebra R we define R-
multilinear map

P(Xl,--- ,Xk) P(t1X1—|—"'+thk).

P:Rogx---xR®g—R

k

by
Pri®@ Xy, -, 1y, @ Xg) =11 g P(Xq, -+, Xpg).
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Let us emphasize that when R is not commutative the above function is not symmetric in its vari-
ables. For example if ryrg = —ror; then

P(riXi,m9Xo, ) = —=P(roXo,m X1, ).

It will be so if R is commutative. For applications to geometry R will be the algebra 2*(M) of
complex valued differential forms on a smooth manifold M. When restricted to the commutative
subalgebra
Qe (M) = P (M) @ C.
k>0
we do get a symmetric function.

Let us point out a useful identity. If P € I(g), U is an open subset of R",
F=wioX,cQ4U)og, A=weXcQ(U)og

then
P(Fy,--+  F 1, [A F], Figr -, Fp) = (=)™ 500w P(X, - [X X, - X).
In particular, if F1,--- , F,_1 have even degree we deduce that for every ¢ = 1,--- | k we have

P(Fy,--- ,Fio1,[A ], Figr, -+, Fr) =wwr - wipP(Xq, -, [ X, X)L Xg)

Summing over i and using the Ad-invariance of P we deduce
k
> P(Fy,-- ,Fi1,[A F), Fiph, -+, Fp) =0, (12.3)
i=1

VF - Fp € QU(U) g, Frph, AcQ*(U)®g.
Theorem 1.2.4 (Chern-Weil). Suppose A = (As) is a connection on the principal G-bundle
(M, U, ges), with curvature F(A) = (F,), and P € Ii(g). Then the following hold.
(a) The collection of 2k-forms P(F,) € Q*¢(U,) define a global 2k-form P(F(A)) on M, i.e.
P(F,) = P(Fg) onUgg.
(b) The form P(F(A)) is closed
dP(F(A)) =0.
(c) For any two connections A°, A* € Ap the closed forms P(F(A°)) and P(F(A') are cohomol-
ogous, i.e their difference is an exact form.
Proof (a) On the overlap U,z we have
P(F/B) = P(Ad(gﬂa)Fa) = P<Fa)
due to the Ad-invariance of P.
(b) Observe first that the Bianchi indentity implies that dF,, = —[A,, F,]. From the product for-
mula we deduce
dP(F,) =dP(F,, -+ ,F,) = P(dFy,Fy, -+ ,Fy)+ -+ P(Fy, -, F,,dF,)
————
k

(1.2:3)

:_P([AO"FO‘LFO‘"” 7F04)_'”_P(F047'” 7Fa7[AOé7FOc]) = 0.
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(¢) Consider two connections A, A° € Ap. We need to find a (2k — 1) form 7 such tha
P(F(AY)) — P(F(A%) = dn.

Let C := A — A% € Q!(Ad P). We get a path of connections ¢ — A! = AY + +C which starts at
AY and ends at A'. Set F* := F(A') and

P(t) = P(Fa,).

We want to show that P(1) — P(0) is exact. We will prove a more precise result. Define the local
transgression forms

1
T.,P(A', A%) := k:/ P(FL,---  F.,C,)dt
0
The Ad-invariance of P implies that
T, P(A', A%) = Ty P(AY, A®), onU,gs

so that these forms define a global form T/(A!, A%) € Q*~1(M) called the transgression form
from A° to A'. We will prove that

P(1) — P(0) = dTP(A', AY).

We work locally on U, we have

1
d
P(1) = PO) = [ G P(FL- Fldt
o dt
(Fa= GFo
1
= [(PELFL B+t PBL e FLEY )i
0
1
:k/ P(Fé, 7F£43F(i)dt
0
We have )
1 t
F! = dA! + 5[/1;, Al = FY +t(dCy + [A2, Cy)) + 5 [Ca, Cal
so that '
F! =dC, + [A%, Cy] + t[Cy, Cy) = dCy + [AL, C4].
Hence

P(EL,...  F' Fy=P(F.,--.  F. dC, + [AL,C,)).
To finish the proof of the theorem it suffices to show that
dP(F.,.-- | F!.Cy) = P(F.,--- |F. dC, + [A, C.]).
Indeed we have
dP(FL, - | FL,Cy) = P(dFL, - FL,Co) 4+ P(FL, - dF.,Co)+P(FL, -+ F.,dC,)
(dFg, = —[AG, Fo))
= —P([A4, Foly - Foy Cay) =+ = P(Fy, -+ [AG, Fol, Co) + P(Fy, -+, Fy,dCy)
=P(F.,--- | F. dC, + [AL,C.])
—(PUFL - FL AL Cal) + P(AL, FL) o FlyCa) + oo+ P(FL o+ [A4, FLL. Ca) )
= P(FL,---  FL. dC, +[AL,C,))
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since the term in parentheses vanishes due to (1.2.3).

We set

Clg']% = @ (), Clig™)” =[] k(o).

k>0 k>0
C[g*]€ is the ring of Ad-invariant polynomials and C[[g*]]“ is the ring of Ad-invariant formal
power series. We have
Clg"]” c Cllg")®
Suppose A is a connection on the principal G-bundle P — M. Then for every f = > <, fr €
C[[g*]]¢ we get an element -
) =Y fi(F(A))
k>0
Observe that f,(F(A)) € Q%(M). In particular for(A) = 0 for 2k > dim M so that in the above
sum only finitely many terms are non-zero. We obtain a well defined correspondence
Cllg"]” x Ap — Q@(M), (f,A) — f(F(A)).

This is known as the Chern-Weil correspondence. The image of the Chern-Weil correspondence is
a subspace of Z*(M), the vector space of closed forms on A/. We have also constructed a canonical
map
T:C[g"]]% x Ap x Ap — Q°U(M), (f, Ao, A1) — T f(A1, Ag)
such that
f(F(A1) — f(F(Ao)) = dT f(Ax, Ao).
We will refer to it as the Chern-Weil transgression.

The Chern construction is natural in the following sense. Suppose P = (M, U, gee, G) is a
principal G-bundle over M and f : N — M is a smooth map. Then we get a pullback bundle f* P
over N described by the gluing data (N, f~1(U), f*(ges ), G. For any connection A = (4,) on P
we get a connection f*A = (f*A,) on f*P such that

F(f*A) = [TF(A).
Then for every element h € C[[g*]]“ we have

h(f*F(A)) = f*h(F(A)).

1.2.3. Chern classes. We consider now the special case G = U(n). The Lie algebra of U(n), de-
noted by u(n) is the space of skew-hermitian matrices. Observe that we have a natural identification
u(1) = iR.

The group U (n) acts on u(n) by conjugation
U(n) x u(n) 3 (g, X) — gXg " € u(n).

It is a basic fact of linear algebra that for every skew-hermitian endomorphism of C™ can be diago-
nalized, or in other words, every skew-hermitian matrix is conjugate to a diagonal one. The space

3The order in which we wrote the terms, Ft ... Ft Cinstead of C, Ft,-.. | F is very important in view of the asymmetric
definition of
P:RYgXx- - XxR®g— R
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of diagonal skew-hermitian matrices forms a commutative Lie subalgebra of u(n) known as the
Cartan subalgebra of u(n). We will denote it by Cartan(u(n)).

Cartan(u(n)) = {Diag(i)\l, i) (A, ) € R”}.

The group WU(n)4 of permutations of n objects acts on Cartan(u(n) is the obvious way and two
diagonal matrices are conjugate if and only if we can obtain one from the other by a permutation
of its entries. Thus an Ad-invariant polynomial on w(n) is determined by its restriction to the
Cartan algebra. Thus we can regard every Ad-invariant polynomial as a polynomial function P =

P(A1,---,An). This polynomial is also invariant under the permutation of its variables and thus
can de described as a polynomial in the elementary symmetric quantities
i Aj
— = () = =21
k= Z Liy - Ty $]—27T(1)\])— o
11 <<t

The factor i appears due to historical and geometric reasons. The variables x; are also known as
the Chern roots. More elegantly, if we set

—

D = D(X) = Diag(iA, - - ,i\,) € u(n)
then
it
det(1 + 21—D) =141t + cot> + -+ cpt™
T

Instead of the elementary sums we can consider the momenta
Sp = E x;.
i

The elementary sums can be expressed in terms of the momenta via the Newton relation

.
$1=c1, S9 = C% — 2c9, 83 = c% — 3¢9 + 3es, Z(fl)jsr,jcj =0. (1.2.4)
j=1

Using again the matrix D we have

Srop it
Z ﬁt = trexp(%D).
r>0

Motivated by these examples we introduce the Chern polynomial
¢ € Clu(n)*]V™ | ¢(X) = det(Len + %X), VX € u(n).
Now define the Chern character
ch € C[[u(n)]]V™, ch(X) = tr eXp(iX).

27
Using (1.2.4)

1 1
ch:n+cl+i(6%—202) +§(c§—3c1@+3c3) +o (1.2.5)

4We use the notation W (n) because this group is in this case the symmetric group is isomorphic to the Weyl group of U(n).
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Example 1.2.5. Suppose
[ iFt F} 2 _ @l
F = [ F? iF? cu(2) < Fy =—F;.
Then
1

1 _
c1(F) = —§(F11 + F3), (F)= —@(FQ1 ANFY2 — FLAFD).

U
Our construction of the Chern polynomial is a special case of the following general procedure
of constructing symmetric elements in C[[\1, - - - , A,]]. Consider a formal power series
f=ao+ a1z +ax® +--- € Cl[z]], ao = 1.
Then if we set ¥ = (x1,- - - , zp) the function
G (T) = f(x1) - f(xn) € Cllzn, - -+, wn]]

is a symmetric power series in Z with leading coefficient 1. Observe that if D = Diag(iX) then

F(5D) = Dine( far)+ f(an)) = ) = det £(1-D).

We thus get an element G ; € C[[u(n)]]Y™ defined by
i

G/(X) =det f(—X).

£(X) = det (- X)

It is called the f-genus or the genus associated to f. When f(z) = 1 + = we obtain the Chern
polynomial.

Of particular relevance in geometry is the Todd genus, i.e. the genus associated to the function”

* 1 1 1 Bay
td (z) := =14+ x4+ —2?4r...=14+= 2k
(2) = g =1+ jrt o’ + + 2:1:+Z @]
The coefficients Bj, are known as the Bernoulli numbers. Here are a few of them
1 1 1
By=-, By=—— = —
2 6 9 4 30 B 6 42 ,
1 ) 691
B = —_— B = — B = —_—
8 307 10 667 12 2730
We set
td = th'

Consider now a rank n complex vector bundle £ — M equipped with a hermitian metric h. We
denote by A j, the affine space of connections on E compatible with the metric & and by P, (E)
the principal bundle of h-orthonormal frames. Then the space of connections A j, can be naturally
identified with the space of connections on P, (E). For every A € Ap j, we can regard the curvature
F(A) as a n x n matrix with entries even degree forms on M. We get a non-homogeneous even
degree form

¢(A) = e(F(A)) = det(Lp + %F(A)) € Qeen(Ap).

5 Warning. The literature is not consistent on the definition of the Todd function. We chose to work with Hirzebruch’s definition
in [11]. This agrees with the definition in [2,14], but it differs from the definitions in [4,[19] where td (z) is defined as %~

et 1"
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According to the Chern-Weil theorem this form is closed and its cohomology class is independent
of the metric®  and the connection A. It is thus a topological invariant of E. We denote it by ¢(E)
and we will call it the total Chern class of E' . It has a decomposition into homogeneous components

o(E)=1+ci(E)+ - +cu(E), cu(E)e H*(M,R).

We will refer to c;,(E) as the k-th Chern class. More generally forany f = 1 +ajx+--- € C[[z]]
we define G ¢(E) to be the cohomology class carried by the form

G (A) = det f(F(A)).

In particular, td (£) is the cohomology class carried by the closed form

> F
td (A) = det( 2 )
exp(g-F) — 1g

(see [11, L.§1])
1ttt L@y )+1 +
= 9 C1 12 C1 (&) 24 C1Co .
Similarly we define the Chern character of E as the cohomology class ch(F) carried by the form

ch(A) = trexp( iF(A) )

— rank E + o1 (E) + %(cl(E)2 ~9ey(E)) + %(cl(Ef 3e1(E)ea(E) +3e3(E)) + -

Due to the naturality of the Chern-Weil construction we deduce that for every smooth map f : M —
N and every complex vector bundle &© — N we have

c(f*E) = f"c(E). (1.2.6)

Example 1.2.6. Denote by Lp~ the tautological line bundle over CP". The natural inclusions
Qg CF s CHY (2, z) — (21, 21, 0)
induce inclusions i;, : CP*~1 — CP* and tautological isomorphisms
Lpr—1 = 45 Lpk.
We deduce that
c1(Lpn) [cpr= c1(Lpa).

We know that H?(CP", C) = R and by Poincaré duality we can identify H?(CP", C) with the dual
of Hy(CP™, C). This is a one-dimensional space with a canonical basis, namely the homology class

carried by the oriented submanifold CP! < CP". Thus, H?(CP",C) carries a canonical basis
usually denoted by H defined by

(H,[CP']) = 1.
We can write
c1(Lpn) = axH
where
z = (c1(Lpn), [CP']) = /mn c1(Lpr).
As shown in Exercise [1.4.8/the last integral in —1 so that

c1(Lpn) = —H. (1.2.7)

6See ExerciseT4.13]
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For a proof of the following result we refer to [16, Chap.8].

Proposition 1.2.7. Suppose (E;, h;), i = 0,1 are two hermitian vector bundles, A; € Ag, p, and
f=1+a1z + ax? + --- € C[[z]].. We denote by Ag © A1 and Ay ® Ay the induced hermitian
connections on Eg @ Fy and FEy ® FEq respectively. Then

Gf(A(] D A1> = Gf(A()) VAN Gf(A1>, Ch(Ao D Al) = Ch(Ao) + Ch(A1>,
Ch(AO ® Al) = Ch(Ao) VAN Ch(Al)

In particular, we have

C(E() ® El) = C(Eo)C(El), Ch(E() D El) = Ch(Eo) + Ch(El)7 (1.2.8)

Ch(Eo ® El) = Ch(Eo) Ch(El) (1.2.9)

Remark 1.2.8. The identities (1.2.6), (1.2.7), (1.2.8) uniquely determine the Chern classes, [11,
154]. O

Example 1.2.9. Suppose L — M is a hermitian line bundle. For any hermitian connection A we
have . 13 .
i i
A) =1+ F(4), eh(4) =Y —(5-F(4)) =@,
e(A) =1+ 5 F(4), oh(4) = = (5-F(4) =e
E>0
O

1.2.4. Pontryagin classes. We now consider the case G = O(n). We will have to separate the
cases n = 2k and n = 2k + 1 but we will discuss in detail only the n-even case. The Lie algebra of
O(n) is the space o(n) of skew-symmetric n X n matrices. From now on we assume n := 2k. We
will denote by J the 2 x 2 matrix
0 -1
[0

The Cartan subalgebra of o(n) is the subspace Cartan(o(n)) consisting of skew-symmetric ma-
trices which have the quasi-diagonal form

O, s A) =T B D A\J, N €R.

Every skew-symmetric matrix is conjugate with some element in the Cartan algebra. This ele-
ment is in general non-unique. Observe that for every permutation ¢ : {1,2,--- ,k} O and every
€1, ,€x € {£1} the matrix O(A1,- -+, \x) is conjugate to O(e1 A1), , €kAy(x))- In more
modern terms, consider the Weyl group

WO(Qk) = Sk X {:i:l}k

An element (p,€) € Wy o) acts on o(n) as above, and two elements in the Cartan algebra are
conjugate if and only if they belong to the same orbit of this group action. Thus, any Ad-invariant
function on o(n) is determined by its restriction to the Cartan subalgebra, which is a Wy (az)-
invariant function in the variables \;. In particular, and Ad-invariant polynomial on o(n) can be
viewed as a symmetric polynomial in the variables A\, - - - | )\i, or equivalently, as a polynomial in
the variables \
Dj = r a1 <i; <k, zy=——.

J i1<Z:<ij 11 2 J 1
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Observe that for every O(X) € Cartan(o(n)) we have

k k
1
det(]l—27T@)zl_Idet(Il—ijJ):7;1_[1 1+a: Zp]

i=1
There is a more convenient way of reformulating this fact. Note that we have a canonical inclusion
o(n) = u(n).

For every X € o(n) we denote by X€ its image in u(n). In plain terms, X¢ is the same matrix as
X but we think of it as acting on C” rather than R™. Observe that O¢ is U (n)-conjugate with

Diag(i)\lv 7i)‘25 T ,i>‘ka 7i>\k)7
so that . .
det(1 — — :dt1/2<]1 L CQ).
et( 2719) e + (2779 )
where for every matrix X we set

det/?(1 + X) = det(1 + X)'/?,

with’
1/2 1 1 x z(x—1)---(z—k+1)
(1+X) kZX)(k) +2 8 + T \k k! ’
We define

* n i c
p € Clo(n)'1°™, p(X) = det'?p(—X°), p(x) =1+2%

Let us point out an important fact. Given X € o(n) we get X¢ € u(n). Then

2k . k
_ c\ __ L cy __ 1 +~TJ O
D cr(Xe) = o(X°) = det(L + X = Hdet [ 0 1-u
=1 j=1
k k A
H (1—2%) =) (~1)p;(X).
j=1 7j=1
By identifying the homogeneous components we deduce
ng_l(XC) = 0, pj(X) = (—1)j02j(Xc). (1210)

We can generate many more examples of Ad-invariant functions on o(n) by considering an even
power series
f(z)=1+a12? +aga +--- € C[[z?%]], ao =1,
Then
i

Gy (@) = flz1) - flax) € Cllay, -], 2= —o

is Wo (o) -invariant. Moreover
Gy () = det'/2f(-€"),
27
and we obtain .
* n 1 Cc
Gy € Cllo(m) ™, 5 G(X) = det"/2f(—X°).

TWe are not worried about convergence issues since the matrices used in geometry have nilpotent entries and all the formal power
series reduce to polynomials.
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Of particular interests are the functions®

o0
x 22K Bop o 1, 1,
(z) tanh x +; (2k)! v + 37 T 15" +
and
A /2 N | ok 1, 7 )
A — -1 B - 1- = _
(*) = Sh/2) +kZ_122k—1(2k)! 20 2a" Ttz Tt
Then, we set L := G, A = G ; and we get
o 1 1
L(7) = L(w1) -+ L(x) = L+ 301 + 3= (T2 = 7) +

and

A(F) = Aley) - A =1L L
A(Z)=A(xy) - Axe) =1 24+27'32'5(7p1 4py) +

Suppose ' — M is a real vector bundle equipped with a metric. Any connection compatible with
this metric can be viewed as a connection on the principal bundle of orthonormal frames of F.
Observe that the metric on F induces a hermitian metric on the complexification £¢ := E @ C
and any metric connection A on F induces a hermitian connection A€ on E°. Denote by F'(A) the
curvature of A.

PA) = 14 pr(A) + palA) + - = det(1 — -_F(4))

1 1

— 1/2 —

= det'/?(1 - L FA) A F(A%)) =det(1 - S F(AY) NF(A) + )
Observe that as matrices with entries 2-forms we have F'(A) = F'(A°). The closed forms

p;(A) € QY(M)
are called the Pontryagin forms associated to A. Note for example that
1
pi(A) = =) tr( F(A) AF(A)).

The cohomology classes determined by these forms are independent of the metric and the metric
compatible connection A and therefore they are topological invariants of E. They are called the
Pontryagin classes of E and they are denoted by p;(E). The identity (1.2.10) shows that

pi(E) = (=1)c2(E ® C).

The L-genus and the A-genus of E are the cohomology classes L(E) and A(E) carried by the
closed forms

81n many places L(z) is defined as % We chose to stick to Hirzebruch’s original definition, [11].
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1.2.5. The Euler class. Consider now the group SO(2k). It is the index two subgroup of O(2k)
consisting of orthogonal matrices with determinant 1. It is convenient to think of these matrices as
orthogonal transformations of R?* preserving the canonical orientation

Q:=e1 Neag A+ A ey,

where ey, - - - , egy, is the canonical orthonormal basis of R?*. We deduce that its Lie algebra so(2k)
coincides with the Lie algebra 0(2k). Any matrix X € so(2k) will be SO(2k)-conjugate to a
matrix in the Cartan algebra Cartan(o(2k)). However, two matrices in the Cartan algebra which
are O(2k)-conjugate need not be SO(2k)-conjugate. For example, the matrix J € 0(2) is not
SO(2)-conjugate to —.J. To describe this phenomenon in more detail consider the group

Wso(ak) = {(%5) € Woer); €1+ €= 1}

Two matrices in the Cartan algebra Cartan(o(2k)) are SO(2k)-conjugate if and only if they be-
long to the same orbit of the Weyl group Wgp(2r). We deduce that the polynomial functions on
0(2k) which are invariant under the conjugations action of the smaller group SO(2k) can be identi-
fied with the polynomial functions on the Cartan algebra invariant under the action of the subgroup
Wsoak) of Wo(ar)- It is therefore natural to expect that there are more functions invariant under
Wso(2k) than function invariant under Wy ay).

This is indeed the case. We will describe one Wgo ap)-invariant function which is not W ax)-
invaraint. For a complete description of the ring of Wgo2)-invariant polynomials we refer to [16,
Chap. 8].

Given
ON) = \J @ @M\, A € 50(2Kk)
we set
T P (3 [ 27T
Clearly the polynomial function
© +— e(0)

is Wso(2x)-invariant and thus it is the restriction of an invariant polynomial
e € C[so(2k)*]3OCR).

We would like to give a description of e(X) for any X € so(2k). This will require the concept of
pfaffian.

First of all, let us observe that the volume form € depends only on the orientation of R?* and
not on the choice of orthonormal basis e1, - - - , e, compatible with the fixed orientation. To any
skew-symmetric matrix X € so(2k) we associate

wy € A2(RZM)* ) wy (u,v) == g(Xu,v),
where g(—, —) denotes the standard Euclidean metric on R?*. For example

k
“Yox) = Z Ajegj—1 Negj = Arer Aeg + -+ + Apeap_1 A eay.
j=1
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The 2k-form %w’)“( will be a scalar multiple of €2, and we define the pfaffian to be exactly this scalar

1 k:
Pfaff(X) -0 = Jwk

From its definition we deduce that the pffafian is invariant under .S ()(2]{:)—conjugation9 Moreover
Pfaff (O(X)) = A1 - Ap.
More generally, if we express X as a 2k x 2k-matrix X = (z;;), where

rij = g(ei, Xej) = —g(Xei, e5) = —wx (e, €5)

— Z Tije; N\ e;
1<j
and we conclude after a simple computation that

then

Pfaff (X

2k k' Z 0'(1)0 C Lo (2k—1)0(2k)>

gESyy
where S;, denotes the symmetric group on n-elements and €(o) denotes the signature of a permuta-
tion o € .S,,. Hence

e(X) = Pfaff( —iX).
2

Suppose EE — M is an oriented rank 2k real vector bundle. Fix a metric g on E. Then any
connection A on F compatible with g induces a connection on the principal SO(2k)-bundle of
orthonormal frames of E compatible with the orientation of E. The Euler form determined by A is
the closed 2k-form

e(A) = Pfaﬂ'( ——F(A) )
The cohomology class it determines is independent of the metric g and the connection A. It is a
topological invariant of F called the Euler class of E and it is denoted by e(FE).

9The only time we relied on an orthonormal basis in its description was in the definition of 2 which as pointed out, is independent
of the choice of an oriented orthonormal basis.
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1.3. Calculus on Riemann manifolds

Definition 1.3.1. A Riemann manifold is a pair (M, g) where M is a smooth manifold and g is a
metric on the tangent bundle T'M. g is called a Riemann metric on M.

If we choose local coordinates (x!,---,2™) near a point pg € M then the vectors 9; =
define a local frame of 7'M and the metric g is described near py by the symmetric form

9ij(%) = g:(9;,0;), 1<4,j<n.
The metric g induces metrics in the cotangent bundle and in all the tensor bundles

TM=TM% @ (T*M)®*.

0
oz

In particular it induces metrics in the exterior bundles A*7™ M. When no confusion is possible we
will continue to denote these induced metrics by g or (e, ®). For every section u of T, M we set

lulg = Vg(u,u) : M — R.

Fix a Riemann metric g on M. An orientation on M, that is a nowhere vanishing section of w €
C*°(det T'M) canonically defines a volume form on M, i.e a nowhere vanishing form on M of top
degree. This form, denoted by dVj, is uniquely determined by the following conditions.

dVy(w) >0 [dVy|g =1 on M.
In local coordinates we have
dV, = y/det(gij)dz' A ---da™.

For every vector field X on M we denote by Lx the Lie derivative of a tensor field on M. In
particular L xdV/, is a n-form on M and thus it is a multiple of dV,

Lx(dV,) = A(X)dV,.

Definition 1.3.2. The scalar A(X) is called the divergence of X with respect to the metric g. It is
denoted by div, X.

Example 1.3.3. Suppose M is the vector space R™ equipped with the natural Euclidean metric gg.
The associated volume form is

dVo = dz' A+ Ada”.
Given a vector field X = Y, X'9; on R™ we have
Lx(dVy) = (Lxdz™) Adx* A - Ada" 4 -+ da' Ada? A - A (Lxda™)
Using Cartan formula
Lx =dix +ixd

where iy denotes the contraction by X we deduce Lxdz? = d(ixdx?) = dX. This shows that

Lx(dVp) = (Z &X’) dVp = divy, X = a9 X".
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Proposition 1.3.4 (Divergence Formula). Suppose (M, g) is an oriented Riemann manifold. Then
for every compactly supported smooth functions u,v : M — R we have

/ (Lxu)vdVy, :/ u(—Lx — divy X)vdV.
M M

Proof We have
Lx(uvdVy) = (Lxu)vdV g + u(Lxv)dVyg + wv divy(z)dVj,.

Using Cartan formula Lx = ixd + dix again and observing that d(uvdV,) = 0 since the form
uvdVy is top dimensional we deduce

d(ix (uvdVy)) = (Lxu)vdVy + u(Lx + divy(X))vdVj.
Integrating over M (which is possible since all the above objects have compact support we deduce

/d(z’X(uvdVg)):/ (Lxu)vdVg+/ u(Lx + divy(X))vdV.
M M M

Stokes formula now implies that the integral in the left hand side is zero since the integrand is the
exact differential of a compactly supported form.

O

The metric g is a section of 7*M ® T*M = Hom(T M, T* M) and thus we can regard it as a
bundle morphism
TM — T*M.

This is an isomorphism called the metric duality. Thus, the metric associates to every vector field X
a 1-form X* called the metric dual of X. More concretely, X* is the 1-form uniquely determined
by the equality

XHY) =g(X,Y), VY € Vect(M).
In local coordinates, if X =, X i0; then

Xﬁzz Zginj dzt.
J

i
Conversely, to any 1-form o we can associate by metric duality a vector field on M which we denote
by of. It is the vector field uniquely determined by the equality

a(X) = g(af, X), VX € Vect(X).

In local coordinates, if & = ), a;dx’ and if g denotes the inverse of the matrix gi; then

of = Z Zgijaj 0;.
J

i
In particular, the gradient of a function f : M — R is the vector field dual to df
grad, f = (df)*.

In local coordinates we have

grad, [ = () ¢79;1)0;.
i J
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Definition 1.3.5. The scalar Laplacian on an oriented Riemann manifold is the operator
Ay : C®(M) — C®(M), fw Apf=—div(grad f).
A Riemann metric together with an orientation define a more sophisticated type of duality.

Definition 1.3.6. Suppose (M, g) is an oriented Riemann manifold of dimension n. The Hodge
x-operator is the linear operator

* =xg: Q° (M) — Q" (M)
uniquely determined by the requirement
wA*n = g(w,n)dVy, Yw,neQ*(M).

Example 1.3.7. Consider the Euclidean space R™ equipped with the natural metric and orientation
defined by the n-form dV = da' A --- A dz™. Then

sdz! = dzt A - Ada", sdzt Adx? =dad A A da?,

w(dx' A Adat) = da'TEA - A da™

The Hodge *-operator has a quasi-involutive behavior. More precisely,
 (xa) = (=P R, va e QF(M). (1.3.1)
Using the Hodge *-operator we can define § : Q°*(M) — Q°*~1(M) by
ow = *d * w.

Proposition 1.3.8. For any compactly supported forms w € Q¥=1(M) and n € Q¥ (M) we have

| oV, = en.k) [ w.dnav;,

M

where
6(71, k) _ (_l)nk-‘rn-H_

For a proof we refer to [16].

Remark 1.3.9. Observe that if n is even then €(n, k) = —1, Vk. O

We have the following fundamental result. Its proof can be found in any modern book of
riemannian geometry, e.g. [7,[16].

Theorem 1.3.10. Suppose (M, g) is a Riemann manifold. Then there exists a unique metric con-
nection V onT'M satisfying the symmetry condition

VyY — Vy X = [X,Y], VX,Y € Vect(M).
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We include here an explicit description of the Levi-Civita connection.

1
9(VxY.2) = {Lxg(¥, 2) = Lzg(X.Y) + Lyg(Z. X) 1)
~9(X, Y, 2)) + 9(Z,[X,Y)) +g(¥, 2, X)) }.
If we choose local coordinates (z', z™) and we set V; = V), then the Levi-Civita connection

is completely determined by the Chrzstoﬁ‘el symbols F defined by
k

The symmetry of the condition translates into the equalities

Iy =Tk, Vijk.

Using (1.3.2) for X = 0;, Y = 0}, Z = 0, we deduce that
1
> galy; = 5{@'9;% — Okgij + Ogi}-
¢

If we denote by (¢g*) the inverse matrix of g;; so that
> 9795k =6
J

then we deduce .
k
I =35 Ek 9" {Digir — Ongij + Oigni} (1.3.3)

The Riemann curvature (or tensor) of a Riemann manifold is the curvature of the Levi-Civita
connection. It is a section R € Q*(EndTM). For every X,Y we get an endomorphism of
R(X,Y) of TM. In local coordinates we have

aza 8 816 Z szjaé

We set
Ronkij = Y GmeRisj = 9(0m, R(Di, 0;)0%)
¢

The Riemann tensor enjoys several symmetry properties.

Rijke = —Rjike, Rijre = Ryeij (1.3.4a)

Rijre + Rikej + Rigjr, = 0 (1.3.4b)

(ViR) e + (VeR) g + (ViR)}s = (1.3.4¢)

The identity (1.3.4b)) is called the first Bianchi identity while the (1.3.40) is called the second Bianchi
identity.

Using the Riemann tensor we can produce new tensors which contain partial information about

the curvature. Given two linearly independent tangent vectors X,Y € T, M we can define the
sectional curvature at p along the 2-plane spanned by X, Y to be the scalar

(R(X, Y)Y, X)

Ep(X,Y) = X AY]
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where | X A Y| is the Gramm determinant

IXAY|=

(X,X) (X,Y) ‘
¥, X) (V,Y)

This determinant is the square of the area of the parallelogram spanned by X and Y.

The Ricci curvature is a symmetric tensor Ric € C°°(T* M) defined by
Ric(X,Y) = tr{Z — R(Z, X)Y))}

In local coordinates
Ric = ) _Ricy; dz'da?, Ricy; =) R,
ij k
The scalar curvature is the trace of the Ricci curvature

S = Zgij RiCij .
)

A vector field on a Riemann manifold is said to be parallel along a smooth path if it is parallel
along that path with respect to the Levi-Civita connection. Suppose «y : [0,1] — M is a smooth
path. If the tangent vector - is parallel along v then we say that y is a geodesic. Formally this means
that
Vi =0.
Using local coordinates (x!, - - - , ™) in which + is described by a smooth function ¢t + (x(t),--- ,, 2" (t))
we deduce from (1.1.8) that the functions x(t) satisfy the second order, nonlinear system of differ-
ential equations
d’x’
dt?

+Y Thalik =0, 1<i<n. (1.3.5)
7.k

Observe that if (¢) is a geodesic then so is the rescaled path ¢t — ~(ct), where ¢ is a real constant.
Existence results for ordinary differential equations show that given a point p € M, a vector X €
T,M, there exists a geodesic v : (—&,e) — M such that 7(0) = p and 4(0). Moreover any
two such geodesics must coincide on their common interval of existence. We denote this unique
geodesic by
t > exp,(tX).

exp,(tX) is the point on the manifold M reached after t-seconds by the geodesic which starts at
p and has initial velocity X. Observe that for every real constant ¢ and any sufficiently small ¢t we
have

exp,(t - (cX)) = exp,((ct) - X).
We have the following result.

Theorem 1.3.11. For every p € M, there exists r = r(p) > 0 with the following properties.
(a) For any tangent vector X € T,M of length | X|,, < r the geodesics t — exp, (tX) exists for
all |t| < 1. Denote by B, (p) C T, M the open ball of radius 7.
(b) The map
exp, : By(p) — M, X — exp,(X)

is a diffeomorphism onto an open neighborhood of p € M. We denote this open neighborhood of p
by B, (p).
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For a proof we refer to [16]. Exercise [1.4.15 probably explains the importance of this special
choice of local coordinates.

The map X + exp,,(X) defined in a neighborhood of 0 € T},M is called the exponential map
of (M, g) at p. The neighborhood B, (p) is called the geodesic ball of radius r centered at p.
If we fix an orthonormal frame of 7), M/ we obtain Euclidean coordinates x' on T, M and via the
exponential map coordinates on B,(r). The coordinates obtained in this fashion are called normal
coordinates near p. We will continue to denote them by (x*). In these coordinates, the Christofell
symbols vanish at p.
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1.4. Exercises for Chapter 1

Exercise 1.4.1. Two vector bundles over the same manifold B described by gluing cocycles gqg3 :
Uap — Aut(V) and hog : Uy — Aut(V') subordinated to the same open cover U are isomorphic
if and only if they are cohomologous, i.e. there exist smooth maps

To : Uy — Aut(V)

such that for every «a, ﬁ and every u € U,p the diagram below is commutative.

gﬁa<u>J Jhﬁa ) 4= Ts(ts) - Gplt) = () - Ta(xs).
Tﬁ(u

O

Exercise 1.4.2. Recall that a refinement of an open cover U = (U;);c; is an open cover U =
(U!)aea such that there exists a map ¢ : A — I with the property

Uy, C Ucp(oe)a Va € A.
We write this U’ <., U. Given a gluing cocycle g;; subordinated to U then its restriction to U’ is the
gluing cocycle g |ee defined by.

9 la8= 9p(a)p(8) 1Uas
Prove that the bundles (gee, U, W) and (g.,, W, W) are isomorphic if and only if there exist an

open cover V < U, U’ such that the restrictions of g and h to V are cohomologous. 0 O

Exercise 1.4.3. Prove that for every vector bundle £ — B the space of smooth sections C*°(E) is
infinite dimensional. 0

Exercise 1.4.4. (a) Show that a metric on a real vector bundle ' — M of rank m defines a canonical
O(m) structure on E, and conversely, a O(m)-structure on E defines a metric on FE.

(b) Suppose that £ — M is a rank r K-vector bundle. Prove that a trivialization of det F defines
a canonical SL, (K)-structure on E, and conversely, every SL, (K)-structure defines a trivialization
of det E. O

Exercise 1.4.5. Prove Proposition [1.1.20. O

Exercise 1.4.6. Suppose V° and V! are connections on the vector bundles Eq, £y — M. They
induce a connection V on E; ® Ej = Hom(Ey, E1). Prove that for every X € Vect(M ) and every
bundle morphism 7' : Ey — F; the covariant derivative of 71" along X is the bundle morphism
V xT' defined by

(VxT)s = Vi (Ts) — T(V%s), Vs e C°(E).
In particular if £y = E and VY = V! then we have
VT = [V%,T],
where [A, B] = AB — BA for any linear operators A and B. O
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Exercise 1.4.7. Let V be a connection on the vector bundle £ — M. Then the operator
dV : Q*(End E) — Q*"(End E)
satisfies
(dV)?u = Fy Au, Yu € QF(End E),
and the Bianchi identity
dVFy =0.
O
Exercise 1.4.8. (a) Construct a connection on the tautological line bundle over CP' compatible
with the natural hermitian metric.

(b) The curvature of the hermitian connection A you constructed in part (a) is a purely imaginary
2-form F(A) on CP!. Show that

i
/Cqu( )= 5 [ F@

(c) Prove that the tautological line bundle over CP! cannot be trivialized. O
Exercise 1.4.9. Prove Proposition|1.1.25. O

Exercise 1.4.10. Suppose g is a metric on a vector bundle ¥ — M and V is a connection compatible
with g. Prove that Fy € Q%(End; E).

O
Exercise 1.4.11. Suppose g : R" — GL,(K) is a smooth map. Prove that
dg~'=—g~'-dg-g,
i.e. for every smooth path (—1,1) > ¢t — (t) € R™ if we set g; = g(y(t)) we have
d v 1 dge
%gt =4 'E'gt‘
|

Exercise 1.4.12. Suppose £ — M is a rank two hermitian complex vector bundle and A', A? are
two hermitian connections on E. Assume A° is flat, i.e. F(A") = 0. Describe the transgression
Teca(Al, A%) in terms of C = A' — A®. The correspondence

Q'(End, E) 3 C+ Tey(A% + C, A°)
is known as the Chern-Simmons functional. O

Exercise 1.4.13. Prove that the Chern classes are independent of the hermitian metric used in their
definition. ]

Exercise 1.4.14. Suppose (M, g) is a Riemann manifold and V denotes the Levi-Civita connection
on M. Prove that for every Q € QF(M) and every Xg, X1, -+ , Xj, € Vect(M) we have

k

dCU(X(),"' ,(A)k) :Z(VXZW)(X(L 7Xi7”' 7Xk)
i=0
where a hat indicates a missing entry. ]
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Exercise 1.4.15. Suppose (x!,--- , ™) are normal coordinates near a point p on a Riemann mani-
fold. Denote by g;; the coefficients of the Riemann metric in this coordinate system

9= Zgijdmidxja
ihj
and by T, the Christoffel symbols in this coordinate system. Set r* := (@) 4 --- + (x")2,
€; = %
(a) Prove that near p we have the Taylor expansion
1
9gij (:1:) = 5ij + g Z Rkijgmkwe + O(TS).
k¢
(b) If near p we write the volume form dVj, as p(z)dz' A- - - Adx™ then we have the Taylor expansion
1 o
plx) =1— 5 Z Ric;; 'z’ + O(r?).
i7j
O

Exercise 1.4.16. Suppose £ — M is a complex vector bundle of rank . Viewed as a real vector
bundle it has rank 27 and it is equipped with a natural orientation. Show that

o (E) =e(E).






Chapter 2

Elliptic partial differential
operators

2.1. Definition and basic constructions

2.1.1. Partial differential operators. Suppose E, F' are smooth complex vector bundles over the
same smooth manifold M of dimension n. We denote by OP (E, F') the space of C-linear operators

L:C®(E) - C™®(F).
For every f € C°°(M) and any L € OP(E, F) define ad(f)L € OP(E, F) by
ad(f)Ps = [L, f]ls = L(fs) — fL(s).
Observe that if Q € OP(E, F), P € OP(F,G) and f € C*(M) we have
ad(f)(PQ) = (ad(f)P)Q + P(ad(f)Q). 2.1.1)

We define inductively

PDOO(E, F) = {L € OP(E,F); ad(f)L=0, Vf € COO(M)}v

PDO™) (B, F) := {L € OP(E, F); ad(f)L e PDO™ V(B F), Vf e COO(M)},

PDO(E, F) = | | PDO™)(E, F).

m>0

When E = F we set PDO(E) = PDO(E, E).

Definition 2.1.1. The elements of PDO(E, F') are called partial differential operators (p.d.o.’s)
(from E to F). A partial operator L € PDO(E, F) is said to have order m if it belongs to
PDO™ \PDO(mfl). We denote by PDO™ the set of p.d.o.’s of order m. O

We need to justify the above definition. We will do this via some basic examples.
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Example 2.1.2. (a) Observe that L € PDO)(E, F) if and only if
L(fs) = fL(s), Vf e C®(M), se€ C®(E)

so that

PDO)(E, F) = Hom(E, F).
(b) Assume E = F = C,;, M = R" Then §; € PDOWY(C,,), Vi = 1,--- ,n. Indeed

ad(f)0i(u) = 9i(fu) — f(9u) = (i f)u

so that

ad(f)d; = (9;f) € PDOO .
Observe that OP(C) is an algebra and (2.1.1) implies that for any f € C°°(M) the map

ad(f) : OP(C) — OP(C)
is a derivation, i.e. it satisfies the product rule. This implies inductively that
PDOY) . PDOW c PDOUH),

i.e. PDO(C) is a filtered algebra. In particular, for every multi-index & = (aq, -+ , ) € (Z>0)"
the operator

9% =9 ... gan
isap.d.o. oforder |&d| = a1 + - + ay.

(c) Suppose V is a connection on the vector bundle E. Then V € PDOW (E,T*M ® E). Indeed
given f € Coo(M) and s € C*°(E) we have

ad(f)V(s) = V(fs) = f(Vs) =df @ s
so that
ad(f) = df® € Hom(E,T*M ® E) = PDO"(E,T*M ® E).
Similarly, we can show that for every vector field X on M we have

Vx € PDO'(E).

(d) Consider the exterior derivative d : Q¥ (M) — QF+1(M) viewed as an operator d € OP (A*T* M ®
C, A*1'T*M ® C). Then d € PDOY(AFT*M @ C, AFT'T*M @ C). Indeed, given f € C>(M)
and w € QF (M) we have

ad(f)d(w=d(fw) — fdw =df Nw+ fdw — fdw =df ANw
so that
ad(f) = df A € Hom(A*T* M, A7 M),
U
Lemma 2.1.3. The p.d.o.s are local. i.e. given . € PDO™ (E, F) and u € C*°(E) we have

supp Lu C supp u.
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Proof We argue inductively. The result is true for m = 0. In general, for any open set U D suppu
we choose a smooth function f such that such that f = 1 on supp« and f = 0 outside U. Then
u = fu.
Then
Lu = L(fu) = [L, flu+ fLu
so that
supp Lu Cc U, YU

O

Remark 2.1.4. One can show that an operator L € OP(FE, F') is local if and only if it is a p.d.o.,
[17,18]. g

Using partitions of unity and the local nature of the p.d.o.’s we deduce that in order to understand
the structure of these objects it suffices to understand the special case when M itself is a coordinate
patch and the bundles E and F' are trivial.

Suppose L € PDO™(E, F). Then for every f1,--- , f,, we have
ad(f1)ad(f2) --ad(fm)L € Hom(E, F).

We denote this operator by ad(fi,- -, fin). Using the Jacobi identity for the commutators we
deduce

ad(f)ad(g)L = [[L,g], f] = [[L, f], 9] + [L, g, f]] = ad(g) ad(f)L.
——

=0
This shows that ad(f1,- -, fm)L is symmetric and C-multi-linear in the variables f1,--- , fy,.
Thus ad(f1,- -, fm)L is uniquely determined by

ad(f)"L=ad(f,---,f)L.

m
via the polarization identity
1 am
m! oty --- Oty

Fix a point py € M and denote by I,,, the ideal of C'°°(M) consisting of functions vanishing at py.
From the identity

ad(fg)P = Pfg—fgP = [P, flg+ fPg— fgP = (ad(f)P)g+ f(ad(g)P), VP € OP(E,F)
we deduce that if f; = gh, g, h € I,,, then
ad(f1, -, fm)L = ad(gh)ad(f2, -+, fm)L = (ad(g)P)h + g(ad(h)P).
=P
On the other hand ad(h) P is a zeroth order p.d.o. so that (ad(g)P)h = had(g)P. We conclude
ad(f1, -+, fm)L =had(g)P + gad(h)P.

ad(fla"' 7fm)L: ad(t1f1+"'+tmfm)mL‘

Both ad(g) P and ad(h)P are bundle morphisms and for every section s of E we have
(ad(f1;-- 5 fm)L)s(po) = h(po)(ad(g)P)s(po) + g(po)(ad(h)P)(po) = 0
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Hence ad(f1,--- , fm)L |p,= 0 when one of the f; belongs to Igo. This shows that we have a
symmetric, m-linear map

U(L) = Opg (L) : (IPO/I}gO )m - Hom(Epov Fpo)a

(IPO/Ip?o)m > (517'” 7§n) = U(P)(gla 7§n) = %ad(flf" 7fm)L’p0

fi € Iy, fi =& mod Igo.
This function is uniquely determined by
o(L)(§) == a(L)(& -, ¢)

To obtain a more explicit description of o (L) we need to use the following classical result whose
proof is left as an exercise.

Lemma 2.1.5 (Hadamard Lemma).
fer < f(po) =0, df(po) =0,
so that we have a natural isomorphism of vector spaces
Ty M ®C= 1, /1.
Thus we have a linear map
o(L) = op,(L) : Sym™ Ty M @ C — Hom(Ey,, Fp,).

It is called the symbol of the p.d.o. L at pg.

Observe that if Lo € OP(Ey, E1), L1 € OP(E4, Es) and f € C°(M) then an iterated
application of (2.1.1) yields the identity

ad(f)"(Lito) = Y- (" ) @dr Lo (1) (o)
=0

This shows that if Ly € PDO™°(Ey, E1), L1 € PDO™ (E,, E3) then

mo + mq

ad ()"0 ™ (L Lo) = ( ) ad(f)™ (Ly) ad(f)™ (Lo)

mo

. (mg + my)!
molmll

ad(f)™ (L1)ad(f)™ (Lo)
and in particular, for every p € M and every £ € T,y M we have
op(L1Lo) = op(L1)(§)op(Lo)(E)- (2.1.2)
The symbols of a p.d.o. L € PDO™(E, F) can be put together to form a global geometric object
o(L) € Hom(Sym™(T*M),Hom(E, F)) =2 Hom(Sym™(T*M) ® E, F)
>~ PDO(Sym™(T*M) ® E, F).

It is time to look at some simple examples.
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Example 2.1.6. (a) Assume M = R", E = F' = C,,. Suppose for simplicity that pp = 0. Let
€= (6,8, ,&) € TEM and f € C°°(M such that f(0) = 0 and df (0) = &., i.e.

&=0,f(0), Yi=1,--- ,n.

Then

ad(f)0; = (9if)
so that

00(9;) = (8;1)(0) = &.
Using (2.1.2) we deduce
oo(0%)(§) =& =& - &
(b) Suppose V is a connection on the vector bundle E. Then for every p € M and every { € Ty M
we have
op(V)(§) i Epy = TyM @ E, s+ {®s.

Indeed, as we have seen in Example 2.1.2/(c) we have

ad(f)V =df®
Now replace df with £. Similarly o, (d) = A : AkTI;“M — AkHT;M.
(c) Suppose V¥ is a connection on the complex vector bundle E — M and VM is a connection on
T*M. We obtain connection V = V*) on Sym”* T*M ® F and then a differential operator

Sies1(V) : Sym* T"M @ E — Sym*" ' T*M @ E

defined by the composition

(k)
C®(Sym* T*M © E) Y5 0% (T*M ® Sym* T*M © E) — C(Sym"™' T*M ® E)

where the last map is induced by the natural symmetrization projection
T*M®™ — Sym™ T* M.
The symbol of this p.d.o. is a bundle morphism
Sym! T*M @ Sym* T*M ® E— Sym* ™' T*M @ E.
It is the natural morphism induced by the natural multiplication Sym! T*M ® Sym* T*M —
Sym*+
If we define
S(VF) = Si(V) - 5y(V) : C®°(E) — C®(Sym" T*M ® E)
then
S(VF) e PDOM(E, Sym* T*M @ E)

and its symbol is the identity morphism

Sym* T*M @ E — Sym* T*M ® E.
Suppose we have L ¢ PDO®)(E, F). Then

o(L) € PDO’(Sym* T*M ® E, F).

The composition (L) o S(V*) is an operator in PDO) (E, F) with the same symbol as L and in
particular
L—o(L)oS(V*) e PDO*V(E, F).
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Iterating this construction we deduce that we can write L as a finite sum of “monomials” P; - - - P,
where each P; is either a connection or a bundle morphism.

O

Finally we need to introduce the concept of formal adjoint of a p.d.o. For simplicity, we will
discuss this concept in a more restricted geometric context. More precisely, we will assume that all
our manifolds are oriented, equipped with Riemann metrics, and that all the bundles are equipped
with hermitian metrics.

Let (M, g) be an oriented Riemann manifold. We denote by dV; the induced Riemannian
volume form. Assume F, F' are complex vector bundles over M equipped with hermitian metrics
(—,—)g and (—, —) p. We will denote by C3°(E) the space of compactly supported sections of E.

Definition 2.1.7. A formal adjoint for the p.d.o. L € PDO(E, F)isap.d.o. L* € PDO(F,E)
such that

/(Lu,v>FdV :/ (u, L*v)gdVy, Yu € Ci°(E), ve Cy°(F).
M M
(|

The following result list some immediate consequences of the definition. Its proof is left as an
exercise.

Proposition 2.1.8. (a) A p.do. L € PDO(E, F) has at most one formal adjoint. When it exists
we have the equality
L= (L%)".
(b) If Ly, L1 € PDO(E, F) have formal adjoints then their sum has a formal adjoint and
(Lo+ L1)" =Ly+ L7.

(c)If Ly € PDO(FEy, E1) and Ly € PDO(FE1, Es) have formal adjoints, then their composition
has a formal adjoint and

(L1Lo)" = LgL7.
(d) Every zeroth order p.d.o. has a formal adjoint.

Here are a few fundamental examples.

Example 2.1.9. (a) Suppose E = F' = C,, are equipped with the canonical hermitian metric. For
every vector field X on M the Lie derivative Ly : C*°(M) — C*°(M) is a first order p.d.o. From
the divergence formula we deduce that for every u,v € C5°(C,,) we have

/ (L) - 5V, — / - (—Lx — divy(X))odV,
M M

so that
L% = —Lx — divy(X).

(b) Proposition 1.3.8 can be interpreted as stating that the formal adjoint of
d: QY (M) — QF (M)

is (n = dim M)
d* = (=1)" o d
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(c) Suppose EE — M is a hermitian vector bundle and V is a hermitian connection on E. Then for
every vector field X on M we obtain a p.d.o. Vx € PDO(E). Given u,v € C§°(E) we have

Lx(u,v)r = (Vxu,v)g + (u, Vxv)

Integrating over M and using the divergence formula again we deduce

/ ((Vxu,v)Eg + (u, Vxv) )dV, = / 1-(Lx(u,v)g)dVy = —/ divy(X)(u,v)dV,
M M M
so that
Vi = —Vx —divy(X).
(d) The above connection V, viewed as a p.d.o. has a formal adjoint V* € PDO(T*M ® E, E).

We describe it in a local coordinate patch U where V has the form

V=) di'® (Vo + Ai), A; €€ End(E|y).

Then
V=) (Vo + A)(dz'®)"

The adjoint of dz'® : C®°(E) — C>®(T*M ® E) is the contraction (dz’)f1 : C®°(T*M @ E) —
C*(E) by the vector field (dz*)?, the metric dual of dz?, which is

(ala:i)ti = Zgijaj.
J
O

From the computations in Example 2.1.6 (c) and Example 2.1.9/(d) we deduce that every p.d.o.
has a formal adjoint.

Proposition 2.1.10. Suppose L € PDO™(E, F'). Then for every p € M and every & € Ty M we
have

ap(§) (L") = (=1)"op(§)(L)".
Proof Observe that for every smooth function f : M — R we have
ad(f)L" = (L"f = fL") = (fL = Lf)" = —(ad(f)L)"

so that

ad(fi, -, fm)L* = (=1)™(@d(f1, -, fm)L)".

Definition 2.1.11. A p.d.o. L € PDO(FE) is called formally self-adjoint or symmetric if
L=1L"

There is a very simple way of constructing symmetric operators. Given L € PDO(FE, F) the
operators

L*L € PDO(E), LL* € PDO(F)

are symmetric.
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When V is a hermitian connection on F then we can form a symmetric second order p.d.o.
V*V € PDO?(E). It is usually known as the covariant Laplacian . Observe that

ap(V*V)(€) = —0p(V)(§) 0p(V)(€) = ~[€[51E,
where [€], denotes the length of £ € T,y M with respect to the Riemann metric g on M.

Definition 2.1.12. (a) A generalized Laplacian on the hermitian bundle F over the oriented Rie-
mann manifold (M, g) is a symmetric second order p.d.o. L € PDO?(E) such that

op(L) () = ~[€l5le, Vpe M, €€ Ty M.

(b) A first order p.d.o. D € PDOY(E, F) is called a Dirac type operator if the operators D* D
and D D* are generalized Laplacians. U

Example 2.1.13. Suppose (M, g) is an oriented Riemann manifold. Consider the Hodge-DeRham
operator
d+d":Q%(M)— Q*(M)
It is a symmetric operator and
o(d+d")(€) = o(d)(€) — o (d)(&)".

The symbol of d is o(d)(£) = e(&) = €A : A*T*M — A*T*M, and its adjoint is i(¢) = —£%.1 the
contraction by the vector £# metric dual to the covector £&. We have a Cartan formula

e(€)i(€) +i(&)e(€) = ¢ -1 (2.13)

and using the identities e(£)? = i(£)? = 0 we deduce

(e(©) +i(©))" = e()i(e) +i()e(&) = ¢ - 1
so that
o(d+d")(§)° = —[¢*- 1.
Hence the Hodge-DeRham operator is a Dirac type operator.
O

Definition 2.1.14. An operator L. € PDO(E, F)) is called elliptic if for all p € M and all £ €
T,y M \ O the operator
op(L)(&) : Ep — Fp

is a linear isomorphism.

Example 2.1.15. (a) If L is elliptic iff L* is also elliptic. If Lo, Ly are elliptic then so is their
composition L Ly (when it makes sense). If L, K € PDO(FE, F') and the order of K is strictly
smaller than the order of L then
o(L)=0(L+ K)
so that L is elliptic iff L + K is elliptic.
(b) Any generalized Laplacian is an elliptic operator.
(c) Any Dirac type operator is elliptic. In particular, the Hodge-DeRham operator is elliptic.
g

The next proposition shows that the generalized Laplacians are zeroth order perturbations of
covariant Laplacians.
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Proposition 2.1.16. ([4, Sec. 2.1], [8, Sec. 4.1.2]) Suppose L is a generalized Laplacian on E.
Then there exists a unique hermitian connection V on E and a unique selfadjoint endomorphism R
of E such that

L=V*V+R (2.1.4)

We will refer to this presentation of a generalized Laplacian as the Weitzenbdck presentation of L.

Proof Choose an arbitrary hermitian connection V on E. Then Ly = V*V is a generalized
Laplacian so that L — L is a first order operator which can be represented as
L—-Ly=AoV+B
where
A:C*(T*"M ® E) — C*(E)
is a bundle morphism and B is an endomorphism of E. We will regard A as an End (E)-valued

1-form on M. Hence
L=V'V+AoV + B. (2.1.5)

The connection V induces a connection on End(E) which we continue to denote with V
V : C®(End (E)) — Q'(End (E)).
We define the divergence of A by
div,(A) .= -V A.
If (e;) is a local synchronous frame at =g and, if A =), A;e’, then, at x, we have

divy(A) =Y Vid;.

Note that since (L — Lg) = >, A;V; + B is formally selfadjoint we deduce
Aj = —A;, divy(A) =B - B". (2.1.6)

We seek a hermitian connection V = V + C, C' € Q'(End (F)) and an endomorphism R of E
such that o

VV4+R=V*'V+A0V+B.
We set C; := e; 1 C' so that we have the local description

V=) e®(Vi+Ci), Cf=-Ci Vi
i

We deduce that, at x

V'V = — Z(Vz +Ci) (Vi + Cy)

)

(Ci)? = Ci0; = —CP)
=Y V2N i 23 v+ Y (6)?

(C)? = 32:{Ci))
=V*V —2C 0oV —divy(C) + (C)> =V*V+ AoV + B - R.

We deduce immediately that

2 216) 1

1 1,

(B + B*) — im)?. (2.1.7)
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The proposition is proved.
O

The connection V produced in the above proposition is called the Weitzenbdck connection de-
termined by L while R is called the Weitzenbock remainder.

2.1.2. Analytic properties of elliptic operators. We would like to describe some features of el-
liptic partial differential equations. We begin by introducing an appropriate functional framework.

Suppose I — M is a hermitian vector bundle over the connected oriented Riemann manifold
(M, g). The volume form dV}, induces a (regular) Borel measure on M which we continue to denote
by dV,. A (possibly discontinuous) section u — E is called measurable if for any Borel set B C F
the preimage u~!(B) is a Borel subset of M. We denote by “=" the almost everywhere (a.e.)
equality of measurable sections.

Let 1 < p < co. A measurable section v : M — F is called p-integrable if

/ lulPdVy < oo.
M

We denote by LP(E) the vector space of =-classes of p-integrable spaces. It is a Banach space with

respect to the norm
1/p
\uupzuuup,F( / ru\pdvgy) -
M

We want to emphasize that this norm depends on the metric on M and in the noncompact case it
is possible that different metrics induce non-equivalent norms. When p = 2 this is a Hilbert space
with respect to the inner product

(1) = ()12 = [ {0}V,

A measurable section u — F is called locally p-integrable if for any compactly supported smooth
function ¢ : M — C the section ¢u is p-integrable. We denote by Lf oo(E) the vector space of
=-equivalence classes of locally p-integrable functions.

Suppose E, F' — M are two hermitian vector bundles over the same connected, oriented Rie-
mann manifold (M, g).

Definition 2.1.17. (a) Let L € PDO(E,F), u € L}, (F) and v € L} (F). We say that u is a
weak solution of
Lu=w

or that Lu = v weakly if for any ¢ € C§°(F) we have

/M<u,L*go>EdV _ /M<v,<p>deg.

(b) Suppose V is a Hermitian connection on E. A locally integrable section u € L'(E) is said to
be weakly differentiable (with respect to V) if there exists v € L} (T*M ® E) such that Vu = v
weakly, i.e.

/(u,V*g@)dVg:/ (v, 0)dV,, Vo € C(T*M @ E).
M M
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Suppose £ — M is a hermitian bundle equipped with a hermitian connection. For every
non-negative integer k and every p € [1, 00) we denote by L¥P?(E) the subspace of LP(E) consist-
ing of sections u which are k-times weakly differentiable with respect to V and their differentials
Vu,-- -, VFu are p-integrable. This space is a Banach space with respect to the norm

k 1/p
hp = (Z / v%mg) :
i=0"M

For p > 1 they are reflexive. When p = 2 they are Hilbert spaces with respect to the obvious
inner product. These Banach spaces are generically called the Sobolev spaces of section. We want
to emphasize that the norms || — ||, depend on the metric g on A, the metric h on E and the
hermitian connection V on E. To indicate this dependence we will sometime write LP(E, g, h, V).
The situation is much better in the compact case. For a proof of the following result we refer to [3,
Chap.2].

[l

Proposition 2.1.18. (a) Suppose M is a compact, oriented manifold without boundary, and E —
M. Fori = 0,1 denote by g; a Riemann metric on M, h; a hermitian metric on E and V' a
connection on E compatible with h;. Then for every k € Zxq and every p € [1,00) we have an
equality

L*P(E, go, ho, V) = L*P(E, g1, h1, V?)
Moreover the two norms are equivalent, i.e. 3C > 0 such that

1
GHUHk,p;go,ho,Vo < Hu”k,p;g1,h1,vl < CHqu,p;gO,ho,Vov Vu € Lk’p(E)'

(b) The space C*®°(E) is dense in any Sobolev space L*?(E). O

In the remainder of this section we will assume that the manifold M is compact, oriented with-
out boundary. We set n := dim M. In particular, the dependence of the Sobolev norms on the
additional data will not be indicated in the notation.

The conformal weight of the Sobolev space L*P(E) is the real number

n
wp(k,p) = — — k.
p
Observe that if we regard a section u as a dimensionless quantity, then the volume form dV is
measured in meters™, V¥u is measured in meters—*, and thus

1/p
( /M |V’“ulpdvg)

Denote by C*(E) the vector space of k-times differentiable functions with continuous differ-
entials. It is a Banach space with respect to the norm

is measured in meters@r(k:p)

k
lulle = sup Y |VIu(z)|
xEMjZO

The conformal weight of C¥ is w,, (k) = —k. We have the following fundamental result whose
proof can be found in [3, Chap.2].
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Theorem 2.1.19 (Sobolev Embedding). Suppose E — M is a hermitian vector bundle equipped
with a Hermitian connection, and (M, g) is a compact, oriented Riemann manifold without bound-

ary.
(a) Let k,m € Z>o, p,q € [1,00). If

k>m and wy(k,p) < wp(m,q) <=k >m and % —k< g - m, (2.1.8)

then L*?(E) C L™9(E) and the natural inclusion is continuous, i.e.
3C>0: |ullmg < Cllullgp, Yue LEP(E).
(b) Let k,m € Z>q, p € [1,00). If

wn(k, p) < —m <= % — k< —m, (2.1.9)

then L*?(E) C C™(E) and the natural inclusion is continuous.

(c) If in (2.1.8) and in (2.1.9) we have strict inequalities then the corresponding inclusions are
compact operators, i.e. they map bounded sets to pre-compact subsets.

We will frequently use the following special case of the Sobolev theorem.

Corollary 2.1.20. Let E — M be as in Theorem |2.1.19.
(a) If |ul| .2y < 00 and m > k+ 7 then there exists a k-times differentiable section i of E such
that u = 1.

(b) If m > k then any sequence of sections of E bounded in the L™%-norm contains a subsequence
convergent in the L¥2-norm.

We can now state the central results of the theory of elliptic p.d.e.’s. For a proof we refer to [16,
Chap.9].

Theorem 2.1.21 (The Fundamental Theorem of Elliptic P.D.O.s). Suppose E, F — M are hermit-
ian vector bundles over the closed, oriented Riemann manifold M and L € PDO™(E, F) is an
elliptic operator.

(a) (A priori estimate) Let k € Z>o, 1,p < oo. There exists a constant C' > 0 such that for all
u € LFmP(E) we have

el < € (ILullkp + o )-

(b) (Regularity) Let k € Z>q, 1,p < oc. Suppose u € LP(E), v € L*P(F) and Lu = v weakly.
Then u € LFT™P(E).

Corollary 2.1.22 (Weyl Lemma). Let E and L as above and 1 < p < oo. Ifu € LP(E), v €
C*(F) and Lu = v weakly then w € C*°(E). In particular if u € LP(E) and Lu = 0 weakly then
u € C®(E).

Proof
veC™®(F)=ve | LM(F) = ue | LM"mP(E).
k>0 k>0
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The Sobolev embedding theorem implies that
() L**™P(E) = C=(E).
k>0
O

2.1.3. Fredholm index and Hodge theory. Suppose I, F' € M are hermitian vector bundles over
a closed, oriented Riemann manifold (M, g) and L € PDO™(E, F) is an elliptic operator of order
m. Let

ker L = {u € C*(E); Lu= 0}.

Weyl Lemma shows that a measurable section of E belongs to ker L if and only if it is p-integrable
for some p > 1 and Lu = 0 weakly.

Proposition 2.1.23. ker L is a finite dimensional vector space.

Proof We first prove that ker L is a closed subspace of L?(E), i.e.
u; — u € L*(E), u; €ker B, ¥Yn = u € ker E.
Indeed
(e L)iair) = [ (i, L)V, = 0, Vip € G (P).

Letting ¢ — co we deduce

/ (u, L*)dVy =0 Vo € C3°(F).
M

so that u € ker E.

We will now show that any ball in ker £ which is closed with respect to the L?-norm must
be compact in the topology of this norm. The desired conclusion will then follow from a classical
result of F. Riesz, [6, Ch. VI] according to which a Banach space is finite dimensional if and only if
it is locally compact.

Suppose {u;} is a L?-bounded sequence in ker L. From the a priori inequality we deduce
[illm,2 < Clluollo2

we deduce that (u;) is also bounded in the L™2-norm as well. Since the inclusion L™? — L? is
compact we deduce that the sequence (u;) has a subsequence convergent in the L2-norm.

0

Observe that L defines a bounded linear operator
L:L™*(E) — L*(F)
and we denote by R(L) its range.

Theorem 2.1.24 (Fredholm alternative). The range of L is a closed subspace of L*(F). More
precisely
R(L) = (ker L*)*, R(L*) = (ker L)*.

Proof The proof is based on the following important fact.
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Lemma 2.1.25 (Poincaré Inequality). There exists C > 0 such that for all v € L™?(E) N (ker L)+
we have
[ullm,2 < CllLufjo,z-

Proof We argue by contradiction. Suppose that for every k£ > 0 there exists
up € L™*(E)N (ker )" ¢ lugllog =1, [[ugllmz > Kl Lullo,2
From the elliptic estimate we deduce that there exists C' > 0 such that

lukllm2 < C(l|Lugllo2 + [[ukllo2) = C([| Lugllo,2 + 1). (2.1.10)

Hence
k|l Lugllo2 < C(||Lugllo2 + 1).

so that
| Lugllo2 — 0, as k — oo.

Using this information in (2.1.10) we deduce that ||ug |2 = O(1). Since the inclusion L™? — L2
is compact we deduce that a subsequence of u; which we continue to denote by u; converges
strongly inL? to some uno. Since ||ugllo.2 = 1 and uy € (ker L)+ we deduce

tsollo2 =1, uos € (ker L)*. 2.1.11)

Set v, := Luy. We know that Luy = vy, weakly so that

/ (ur, L")V, = / (vn, ) DV, Y € C°(F).
M M

. . L2 L2
We let k — oo in the above equality and use the fact that u;, — u, vy — 0 to conclude that

/ (Uoo, L*p)dVy =0, Vo € Cg°(F).
M

Hence Lus, = 0 weakly so that us, € ker L. This contradicts (2.1.11) and concludes the proof of
the Poincaré inequality.

O

Now we can finish the proof of the Fredholm alternative. Suppose we have a sequence uj €
L™2(E) such that v;, = Luy, converges in L? to some vs,. We have to show that there exists
Uso € L™2(E) such that Lus, = vs. We decompose

up = [ug] +uib, [ug] € ker L, ui € (ker L)*.
Clearly v, = Lui and from the Poincaré inequality we deduce that
i [lm,2 < Cllvgllo,2-
Since the sequence (vy,) converges in L? it must be bounded in this space so we conclude that
g llm,2 = O(1).

Using again the fact that the inclusion L™? < L? is compact we deduce that a subsequence of u,ﬁ
converges in L? to some .. Since Lué = v, weakly we deduce

/M<u¢,L*so>dvg - /M<vk,so>Dvg,, Vi € C°(F).
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If we let £ — oo we deduce
Lus = vo weakly.
This proves that the range of L is closed. We still have to prove the equality
R(L) = (ker L*)*

Observe that if v € R(L), there exists u € L™?(E) such that Lu = v weakly. In particular, if
w € ker L*, then w € C*°(F) and

Lu:v:>0:/
M

Hence R(L) C (ker L*)*. Suppose conversely that v € (ker L*)*. Suppose v ¢ R(L). Since
R/(L) is closed, the Hahn-Banach theorem implies the existence of w € L?(F) such that

(w,v) #0, w e R(L)*.

(u, L*w)dVy = /M<v,w>dVg = v e (kerL*) L.

Hence
(w, (L*)*u) =0, Yu € L"™*(E).
In particular
(w, (L*)*u) =0, Yu € C*(E)
so that L*w = 0 weakly, i.e. w € ker L*. We have reached a contradiction since (v, w’) = 0 for all
w’ € ker L*. This concludes the proof of the Fredholm alternative.

g

Definition 2.1.26. The Fredholm index of an elliptic operator L between K-vector bundles over a
closed oriented manifold is the integer

indg L := dimkerg L — dimg ker L* = dimg ker L — dimy coker L.

Proposition 2.1.27 (Finite dimensional Hodge theorem). Suppose

Dp—1
—

0— VO Doyt Dy V0

is a co-chain complex of finite dimensional C-vector spaces and linear maps. Suppose each of the
spaces V; is equipped with a hermitian metric. Then for every it = 0,1, --- ,n the induced map

7 HY(V®) := ker D; Nker D} | — H'(V*®,Dy) = ker D;/ R(D;_1)
is an isomorphism. If we set D = ®D; : ®;V' — @;V* and A := (D + D*)? then
H*(V*) := @;H (V*) = ker(D + D*) = ker A.
In particular, the complex is acyclic if and only if D + D* is a linear isomorphism.

Proof Let us first prove that 7; is an isomorphism. We first prove it is injective.

Letv € ker ;. Hence D;v = D} ;v =0andv =0 € H(V*),i.e. there exists u € V=1 such
that wu = D;_1v. Hence

0= D;le = D;ilDiu =0=0= (D;ﬁlDiu,u) = <Di_1u, Di_llL) = \Di_1u|2 = ”U|2.

This shows that 7; is injective.
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To prove the surjectivity we have to show that every u € ker D; is cohomologous to an element
in ker D} ;. Let v € ker D;. The cohomology class it determines can be identified with the affine
subspace

C, = {v +D;_qu; u€ Vi_l}.

We denote by [v] the point on C,, closest to the origin (see Figure!l). This point exists since Vi~ is
finite dimensional.

Figure 1. Finding the harmonic representative of a cocycle.

We claim that D} ;[v] = 0. For every u € V*~! we consider the function
fu:R —1[0,00), fu(t)=dist([v] +tD;_1u,0)* = |[v] + tD;_1ul?.
Since [v] 4+ tD;_1u € C, we deduce
dist ([v],0) < dist ([v] + tD;_1u,0), YVt = £.(0) < fu(t), Vt.
Hence f;,(0) =0, i.e.

0= % iz (0] + D10, [v] + ¢Ds_1u = 2 Rel[u], Dy_yu1).
Hence
0 = Re([v], D;_ju) = Re(D; {[v],u), Yuc Vil

If in the above equality we take v = D} ;[v] we conclude D} ;[v] = 0 which shows that ; is a
surjection.

The equality

H*(V*) = ker(D + D*)

is simply a reformulation of the fact that 7; is an isomorphism.

If we let D = D + D*, then A = D? and thus ker D C ker A. Conversely, if u € ker A then

0 = (Au,u) = (D?u,u) = |Dul?
so that ker D C ker A.
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Definition 2.1.28. Suppose E°, E', ... | E"V are hermitian vector bundles over the Riemann mani-
fold M, g) and D; : PDO(E;, E;_1) are first order p.d.o. such that
D;D;,_1 =0, Vi.

Then the cochain complex

0— C°(EY) 2% c=(EY) = ... — 0=°(EN) = 0 (2.1.12)
is called elliptic if for any p € M and any § € Ty M \ 0 the complex of finite dimensional spaces

N e S 2.1.13)
is acyclic.
We set

E =@y E*, D=@,DyC®(E) — C>®(E), D= D+ D*, A=D2%
O

Applying the finite dimensional Hodge theory to the complex (2.1.13) we deduce that the com-
plex (C*°(E*), D,) is elliptic if and only if the operator D is elliptic.

Theorem 2.1.29 (Hodge). Suppose
0— C®(E%) 2% (B — ... —» 0®(EN) -0
is an elliptic complex. Then the natural map
m; : HY(E®, D,) := ker D; Nker D} | — H'(E®,Dy) = ker D;/ R D;_4
is an isomorphism.
(b) The spaces H'(E®, D,) are finite dimensional and the Euler characteristic of the complex
(E*®, D) equals the Fredholm index of the elliptic operator
D = D + D* : C°(E®") — C°(E),

(c) ker D = ker A.

Proof (a) We set V' = C°°(E"). These spaces are equipped with the L2-inner product but they
are not complete with respect to this norm. We imitate the strategy used in the proof of Proposition
2.1.27. The only part of the proof that requires a modification is the proof of the surjectivity of
;. In the finite dimensional case it was based on the existence of the element [v], the point in the
affine space C, closest to the origin. A priori this may not exist" since in our case V* is infinite
dimensional and incomplete with respect to the L2-norm. In the infinite dimensional case we will
bypass this difficulty using the Fredholm alternative. Set || — || := || — ||0,2.

Observe first that H(E®, D,) is finite dimensional since it is a subspace of ker D which is
finite dimensional since D is elliptic. Let v € C°°(E*) such that Dv = 0. We have to prove that
3[v] = v + Du, u € C®°(E*!) such that D*[v] = 0. Denote by [v] the L?-orthogonal projection
of v on H’. This projection exists since H is finite dimensional hence closed. We claim that [v] is
cohomologous to v.

L This is in essence the criticism Weierstrass had concerning Riemann’s liberal use of the Dirichlet principle, i.e. the existence of a
shortest element. A few decades later Hilbert and Weyl rehabilitated Riemann’s insight and placed it on solid foundational ground.
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By definition v — [v] L ker D so that by the Fredholm alternative there exists u € L'2(E® such
that
v—[v] = Du=(D+ D*)u.
Since v, [v] are smooth we deduce from Weyl’s Lemma that u is smooth. Since D(v — [v]) = 0 we
deduce DD*u = 0 so that
0 = (DD*u,u) 2 = || D*ul?.
Hence D*u = 0, i.e. v — [v] = Du which shows that v and [v] are cohomologous.
]

Example 2.1.30. Suppose (M, g) is a compact oriented Riemann manifold without boundary. Let
n := dim M. Then the DeRham complex

0— QM) -Lot(m) %L L ar (M) -0

is an elliptic complex (see Exercise 2.3.5). We denote its cohomology by H7, ,(M). We set
H*(M, g) = {w € QF(M); dw=d'w = O}.

The forms in H* (M, g) are called harmonic forms with respect to the metric g.Hodge theorem
implies that

HF (M, g) = Hfyp(M) = H*(M,R).
This shows that once we fix a Riemann metric on M we have a canonical way of selecting a repre-
sentative in each DeRham cohomology class, namely the unique harmonic form in that cohomology
class. The above arguments shows that it is the form in the cohomology class with the shortest L2-
norm. One can show (see Exercise 2.3.5)) that the Hodge *-operator

xg 0 QF(M) — Q" k(M)
induces an isomorphism
vy HE(M, g) — H' (M, g).
In this case we have
(M) = indg (d +d* Qe (M) — QOdd(M)> .
On the left-hand side we have a topological invariant while on the right-hand side we have an
analytic invariant. This phenomenon is a manifestation of the Atiyah-Singer index theorem. O
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2.2. Dirac operators

2.2.1. Clifford algebras and their representations. Suppose (M, g) is an oriented Riemann man-
ifold, ET, E= — M are complex hermitian vector bundles and

D:C>®(ET) — C™(E™)
is a Dirac type operator. Recall that this means that the symmetric operators
D*D:C>®(ET) — C®(EY), DD*:C*(E~)— C®(E")

are both generalized Laplacians. It is convenient to super-symmetrize this formulation. Set £ =
ET @ E~ and define,

D— {g ” } . C™(E) — C™(E).

Then
D*D 0
* 2 _
D*=D, D°= [ 0 DD ]
We denote by c the symbol of D. Observe that for every x € M, and every € T,y M we the linear
map c(§) : E¢ — E, satisfies

c(§)? =—c(§), c(§)’=—|¢1p, c(&)E; C EF. 2.1

Thus, for fixed x € M we can view the symbol as a linear map ¢ : T)M — End(FE,) satisfying
(2.2.1) for any ¢ € T, M. Observe that

2

—E+nf = cle+m)? = {e) +en) ) =e(©)? +cn)?® + c(€)e(n) + e(n)e(€)
= —[¢* — [n* + e(€)e(n) + e(n)e(€).

Hence
17 + > = e(©)eln) — e(n)e(§) = € +nl* = [§]* + [n]* + 29(&,m)
so that
c(€)e(n) +c(n)e(§) = —29(&,n), V& n €T, M. (222)

Definition 2.2.1. Suppose (V, g) is a finite dimensional real Euclidean space. We define the Clifford
algebra of (V, g) to be the associative R-algebra with 1 generated by V' and subject to the relations

u-v+v-u=—-2g9(u,v), Yu,veV.

Equivalently, it is the quotient of the tensor algebra €p,,~, V®™ modulo the bilateral ideal generated
by the set -

{u-v+v-u+2g(u,v); u,v € V}.

We will denote this algebra by C1(V, g). When no confusion is possible, we will drop the metric
g from our notations. When (V g) is the Euclidean metric space R™ equipped with the canonical
MEtric ey We write

Cl, := CHR", geyer)-
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We see that the symbol of the Dirac type operator D defines a representation of the Clifford
algebra C1(7; M, g) on the complex Hermitian vector space E,. We are thus forced to investigate
the representations of a Clifford algebra. We need to introduce a bit of terminology.

For any elements a, b in an associative algebra A we define their anti-commutator by
{a,b} := ab + ba.
A super-space (or s-space) is a vector space E equipped with a Z /2-grading, i.e. direct sum decom-
position £ = E+ @ E~. The elements in E* are called even/odd. . If E = ET @ E~ is a s-space
and T' € End(F) then we say that T' is even (resp. odd) if
TE* c E* (resp. TE* C E¥).

The even endomorphisms have the diagonal form

A 0

0 B
and the odd endomorphisms have the anti-diagonal form

5]

We see that every endomorphism 1" decomposes in homogeneous components
T = Teven + Todd
The supertrace (or s-trace) of an even endomorphism 7' of E is defined by
str(T) = tr(T |g+) — tr(T |g-).
in general we set
strT := str Topen.
The grading of E is the operator

y=vp=1lg+ & —1p- [ 15* —1?1;— ] :
Then

str T = tr(yT).
A linear operator T' : Ey — [E; between two s-spaces is even iff 7' (ESE) C EljE and odd iff
T(Ef) C EY.

A super-algebra over the field K is an associative K-algebra A equipped with a Z/2-grading,

i.e. direct sum decomposition

A=At @A™
such that

AT AT CAT, AT AT CAT, AT AT CAT.

The elements of A* are called even/odd. The elements in A+ U A~ are called homogeneous For
a € AT we set

sign(a) = £1.
We see that if E is a K-vector space then Endk (E) is a s-algebra. We will use the notation E/rzi(E)
to indicate the existence of a s-structure. . The supercommutator on a s-algebra is the bilinear map

[—,—]s  AXxA—A
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defined by
[a,b]s = ab — sign(a) sign(b)ba, Va,b e AT UA".
More explicitely
[a®, b ]s = [aF, ], [0, 0T]s = {a®,bT}, Vot bF € AE,

If A, B are two s-algebras then their s-tensor product A®B is defined by

(AGB) =AT@BT @A @B,

(A®B) =AT®B ®A” @B,
and the product is defined by

(a1 ®b1) - (a1 ® by) = sign(ag) sign(by)(araz) @ (b1b2),

for every homogeneous elements a1, as € A, by, by € B.

If A = ETr;i(E) then str([S,T]s) = 0, so that the supertrace is uniquely determined by the
induced linear map
str : End(E)/[End(E), End(E)]; — K.
A Z/2-graded K-module over the s-algebra A = A* & A~ is a K super-space E = ET & E~
together with a morphism of s-algebras
A — End(ET @ E7).

Proposition 2.2.2. Suppose (V,g) is a n-dimensional real Euclidean vector space. Then C1(V, g)
is a s-algebra and
dimg CI(V, g) = 2".

Proof Consider the isometry

e: V-V, ¢v)=—v.
It induces a morphism of algebras

€: @V®k — @V@’k, (1@ Qug) =€(v1) @ Re(vg) = (_1)k1}1®...®vk.
£>0 k>0
Clearly
cu@v+rvRu)=uRVv+veu

and since € is an isometry we deduce that € induces a morphism of algebras

e: Cl(V,g) — C1(V,9)
satisfying €2 = 1. Define

CI*(V, g) := ker(+1 — e).

The decomposition C1(V, g) = C1*(V, g) ®Cl~(V, g) defines a structure of s-algebra on C1(V g).

Now choose an orthonormal basis {e1, - -- ,e,} of V. Then in C1(V, g) we have the equalities,

e? = —1, eje; = —eje;, Vi#j
For every ordered multi-index I = (i1 < --- < i) we set

er:=e; €, |I|=k.
We deduce that the collection {e;} spans C1(V, g) so that

dimg Cl(V, g) < 2".
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To prove the reverse inequality, we define for every v € V the endomorphism ¢(v) of A®*V by the
equality

c(v)w = (e(v) — iy)w,
where i,: denotes the contraction with the metric dual v* € V* of v. The Cartan formula implies

c(v)? = —[vf?

so that we have a morphism of algebras

CL(V,g) — End(A*V).
In particular we get a linear map

o:ClV,g) = AV, CL(V,g) — c(x)1.
Observe that
o(ei, ---ei) =cley) --cleg)l =ei N+ Nej,.
Since the collection {e;, A --- A ¢;, } forms a basis of A*V we deduce that o is onto so that
dimg Cl(V, g) > dimg A°V = 2",

In particular o is a vector space isomorphism.
0

Definition 2.2.3. The vector space isomorphism o : Cl(V,g) — A®V is called the symbol map.
O

Observe that the symbol map is an isomorphism of super-spaces. An orientation on V' deter-
mines a canonical element €2 on det V, the unique positively oriented element of length 1. In terms
of an oriented orthonormal basis (e, - - - , e, ) we have

Q=e AN Ney.
Using the symbol map we get an element
I:= O'_I(Q) =e1-- ey
which satisfies the identities
el = (—1)" " 'Te;, T2 = (—1)"n+0/2, (2.2.3)

We would like to investigate the structure of the Z/2-graded complex Clc(V')-modules, or Clifford
modules. A Clifford module is a pair (F, p), where E is a s-space and p is an even morphism of
7/ 2-graded algebras
p:Cl(V) — End(E).

The operation

ClHV)Xx E— E, (z,e)— p(x)e
is called the Clifford multiplication by = and we will denote it by c(z)e. A Clifford morphism
between the Clifford modules Fy, E; is a linear map T : £y — F4 which super-commutes with
the Clifford action. We denote by ﬁlm(v) (Ey, E1) the space of Clifford morphisms and by
]fn\d(;l(v) (E) the s-algebra of Clifford endomorphisms of the Clifford module E.
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Since we will be interested only in complex representations of C1(V, g) we will study only the
structure of the complexified Clifford algebra

Clc(V,g9) := CL(V, g) ®r C.
Set V. := V ®p C. The metric g on V extends by complex linearity to a C- bilinear map
ge: VexVe—C
Proposition 2.2.4. Assume that n = dimg V' = 2m. There exists an isomorphism of s-algebras
Clc(V) = End(Sy),
where Sy is complex s-space S, = S;7 @ S;, such that

dim¢ = S}, = dim¢ S, = 2"

Proof Fix a complex structure on V, i.e. a skew-symmetric linear map J : V' — V such that

J? = —1. We can find an orthonormal basis e1, f1, - - , €m, fm of V such that
Jei = fi, Jfi=—e;.
J extends to the complexification V, since J2 = —1 we deduce that the eigenvalues of .J on V. are

+i. Denote by V1V the i-eigenspace of J and by V%! the —i-eigenspace so that
V.= V10 gyl
Note that V is equipped with an involution
W=0vRQ2—W=0RZ

and V10 = V0.1 Set
1 . _ 1 .
gj = 7\/5(63' — lfj) € VLO, g5 = 7(6]' +1fj) S [/0’1.

The collection (¢;) is a C-basis of V10, Note that

N

9e(€i,€5) = 9c(E5,€:) = 645 gel€ir€j) = 9e(&4,E5) =0,
1 1 1

€; = ﬁ(gj +&5), fi= ﬁ(fj + &) = —=(gj +Ej)-

N

Define
SV = A'Vl’o.
We want to define a representation of Clc (V') on Sy, that is, we need to produce a C-linear map
c: V. — Endc(Sy)
such that
c(v)? = —ge(v,v), Yv €V,

Since V, = V1V @ V01 it suffices to describe how the elements in V¥ and the elements of V0!
acton S,,. For every w € V1Y we set

c(w) = V2e(w),
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where e(w) denotes the exterior multiplication by w on A*V1Y. For every w € V¥ we have
w = V%! and define the contraction

i(w) : A VB0 5 ALy L0

by
i(w)(wy A= wg) = ge(W, wi)wa A= Awg — ge(W0, w2)wy Awz A+ A wg
+ o (=) (@, wp)wr A - A wg_y.
Now set
c(w) = —V2i(w).
We have the identity
c(wo + w1)? = —2( ge(wo, W1) + ge(W1,w) ), Vwo,wy € V'O,
Using the identity
ge(w,w) =0 Yw e V10
we deduce
ge(wo + w1, wo + W1) = ge(wo, w1) + ge(w1,wo)
so that

c(wo + 1)% = —2gc(wo + w1, wo + W1), Ywg,wy € VIO
Hence we have produced a morphism of algebras
c: Cle(V) — Endc(A*V10),
The space A*V1V is Z/2-graded
AV L0 — peveny 10 g poddys1,0

and clearly ¢ maps even/odd elements of Cl¢(V) to even/odd elements of Endc(A*V1Y). Note
that

c(gi iy - €iy)1 = 2’“/2% N€ig N+ Neg,
so that
C(€i16i2 s Eik) 7& 0e Endc(A.Vl’O).
Hence the map ¢ : Cle(V) — Endc(A®V10) is onto. Now observe that
dime Endgc(A*VH0) = (dimg A*V10)2 = (24me VI2)2 — 92m — on — gime Clg(V),

which shows that ¢ is an isomorphism.
O

The space Sy constructed above can be naturally regarded as a Z/2-graded complex CL(V')-
module.

Definition 2.2.5. Assume dim V' is even. The C1(V') complex module Sy, constructed in Proposi-
tion 2.2.4/is called the space of complex spinors. The corresponding representation

c¢: Cle(V) — End(Sy)

is called the complex spinorial representation. O
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We have shown that, if we forget the grading, the Clifford algebra Cls,,, ®C is isomorphic to
an algebra of matrices, End(Ss,,) and the representations of such an algebra are well understood.
Let us describe a simple procedure of constructing Z/2-graded complex representations of Cls,,,.

Suppose W = W* @ W~ is a complex s-space. Denote by Sy @ W the vector space Sa,,, @ W
equipped with the Z/2-grading

SyeW)t =S eWtaS;@W™, (SyeW) =S;eW aS;eWT.
We define the complex spinorial representation twisted by W to be
ew : Cle(V) — Ende(Sy@W), ew(@)(t @ w) = (c(x)p) @ w, Y €Sy, we W,
Observe that each w € W defines a morphism of Cl¢(V')-modules
Tw(w) : Sy — Sy@W, ¢ —¢p@w
and thus we get a linear map
Ty : W — I_TOI\HCIC(V) (Sy,Sy@W).
Similarly every linear map ® : W — W defines a morphism of Cl¢(V')-modules
Se : Sy@W — Sy W, ¢ @w — ¢ @ ®(w).
We obtain in this fashion a linear map
S : Ende(W) — Endeie(v)(Sy@W, Sy@w).

The representation theory of algebras (see [13, Chap. XVII] or [22, Chap. 14]) implies the following
result.

Proposition 2.2.6. Suppose E is a Z/2-graded Clc(V')-module, dimr V' = 2m. Then E is isomor-
phic as a 7./ 2-graded Clc(V')-modules with the complex spinorial module twisted by the s-space

W = Homcy. (Sv, E).
Moreover, we have an isomorphism of s-algebras
Clg(V)&Ende(W) — Ende(E).

Via this isomorphism, we can identify EIILC(W) with the subalgebra of EIILC (E) consisting of
endomorphism T : E — E supercommuting with the Clifford action

[T, c(u)]s =0, Yue Clg(V).

In other words
EndCI(V)(E) = Endc(W).

The s-space Homc.(Sy, E) is called the twisting space of the Clifford module £ and will be
denoted by E//S. We deduce from the above result that given a Clifford module £ we can identify
a Clifford endomorphism L : £ — FE with a linear map L /S on the twisting space E/S, i.e.

Endcyy)(E) = Ende(E/S), L L/S.
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Definition 2.2.7. The relative supertrace of an endomorphism L € ]frﬁ(;l(v) (E) of a Z/2-graded
complex Cly,,-module E is the scalar strp; /5 L defined as the supertrace of the linear operator L /S,

strg/s L = str L/S.
U

Suppose E is Cl¢(V')-module so that we can represent it as a twist of Sy with s-space W. We
would like to relate the relative supertrace

strf/S . ETIELC(W) — C.

to the absolute supertrace

str? ETIIic(E) — C.
Suppose F' : E — F is a linear map. By choosing a basis of W we can represent it as a matrix
with coefficients in Clc (V). Equivalently, we can regard F' as an element of CldV)@ETrIi(W) =
E/Zfl\d(Sv)®]§1\d(W) and we can write

F = ZUg QR Fy, up e ETIB(S\/), Fy e m(W)
l
We would like to compute str(F' : £ — F). By linearity we have

str(F) = Z str(ue ® Fy).
14
Choose orthonormal bases w;t in W* and orthonormal bases wji in S‘jﬁ. Define a metric on Clc (V)
by declaring the basis (e;) orthonormal. Then

((ue ® F)(@ @ wi), o5 @ wy) = (u, 5) (Frwy, wif)

It follows from this equality that
str(uy ® Fy) = str(uz : Sy — SV) str(Fy W — W).

Thus we need to compute the supertrace of the action of an element in the Clifford algebra on the
complex spinorial space. This supertrace is uniquely determined by the induced linear map

Cle(V)/[Cle(V), Cle (V)]s = End(Sy)/[End(Sy), End(Sy)]s — C.

It turns out that the space Clc (V') /[Clc(V), Cle (V)]s is quite small. Choose an orthonormal basis
(e;) of V. Fix 1 < ¢ < dim V. Observe that for every multi-index [ = (1 < iy < -+ <ix_1 < n)
ij # ¢ we have

1
[6@,6@6[] = 6%6[ — (—1)k646[€g = 26?6[ = —261 = €er = [eg, —56[]3

By linearity we conclude that any monomial ez, |I| < dim V' is a s-commutator. Hence the only
monomial ey that could have nontrivial s-trace is I' = ey - - - e2,,. To compute its s-trace as a linear
map on Sy we choose a complex structure J on V' and an orthonormal basis ey, f1, -, em, fm
such that

fi=Jei, ei=—Jf;.

Consider as before

1 R _ 1 .
& = ﬁ(ej —if)) eV, &= ﬁ(ej +if;) € VP
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Then,
1 g, = i € — €
ei:ﬁ(gz‘i‘gi)a fz— \@( i 1)7
c(ej) = e(eg) —i(&5), elfy) =ile(g)) +1i(&))),
and
D =[] eleje(f;) =i [[(eles) —i(E))(ele)) +i(5)) = i™ [ [ (eley)i(E)) — i(g))el;) )
j=1 j=1 s=1

For a multi-index e; = €j, A--- Agj, € A*V10 we have

o esj it jed . _ eg if j¢J
cepitene={ G H ST e = {5 1 1L

Putting these two facts together we deduce

(clenitey) -~ itepee))es={ = 157
Hence
Tey=im(—1)" ey,
—_———
=(es|Tles)
and thus
st = S (=)l D) = SO (=DM lim (1 = (i 301 = (—2ip,
J J J

Let us summarize what we have proved so far.

Assume V is oriented. The orientation and the metric g determine a canonical section of det V,
the volume form 2. For every w € A*V ®C we denote by [w];, € AV ®C its degree k component.
We then define (w) € C by the equality

We have thus established the following result.
Proposition 2.2.8. Assume dimV = 2m. Ifu € Clc(V'), W is a s-space and F € En\d(W) then
str(u ® F : Sy@W — Sy@W) = (—2i)"(o(u)) str F.
In the above equality, both sides depend on a choice of an orientation on 'V . U
The above results have the following immediate consequence.

Corollary 2.2.9. Suppose (V,g) is oriented and dimg V' = 2m. Then for any Clifford module E
and any endomorphism of Clifford modules L : E — E we have

E/S i" B
str”/® L = om str(T'L),

where in the right-hand-side of the above equality we regard I' L as a morphism of C-vector spaces.
g
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Remark 2.2.10. Let us say a few words about the odd dimensional case. If V' is an odd dimensional
vector space and U := R @ V then we have a natural isomorphism of algebras

CI(V) — CI®"(U), CI®*(V) & CI°U(V) 3 g & x1 — x0 + o1,

where e denotes the canonical basic vector of the summand R of U. We can then prove that we
have an isomorphism of algebras

Clc(V) = End(Sf;) @ Endc(Sy).
For more details we refer to [14]. ]
2.2.2. Spin and Spin®. Suppose (V,g) is an oriented finite dimensional Euclidean space. Recall
that we have a vector space isomorphism
o:ClV)— AV
called the symbol map. Its inverse is called the quantization map and it is denote by q. Set
spin(V) == q(A*V) C C(V).

Ifer,--- , ey is an orthonormal basis of V' then {e;e;; 1 < i < j < n} is an orthonormal basis of
spin(V'). Observe that

[eiej, 6k] = eiejek — ereie — ei(—25jk — ekej) — €r€;er

= —26jkei — (_25ik — ekei)ej — €reieL — —2(5jkei + 25ik€j~
Hence
[w,v] €V, Yw e spin(V), veV.
Using the identity
leiej, ejer) = [eiek, exler + ejleie;, eq]
we deduce

leiej, exee] € spin(V), Vi <j, k<UL,
which shows that spin (V) is a Lie algebra with respect to the commutator in C1(V').
The Jacobi identity shows that we have morphism of Lie algebras
7: spin(V) — End(V), 7(n)v = [n,v]. (2.2.4)
Observe that
9(7(eiej)er, ee) = —g(ex, T(eie;)ee)
so that 7(n) is skew symmetric Vn € spin(V),i.e. 7(n) € so(V'). Note that
T(eiej) = 2X5j,
where X;;
Xije; =ej, Xije; = —e;, Xyjep =0, Vk#1,7.
This implies that 7 is injective. On the other hand
dimg spin(V) = dimg A*V = dimg so(V)
so that 7 is an isomorphism.
To every A € so(V') we associate wa € A2V
wq = Zg(Aei, ej)e; N ej.

i<j



Notes on the Atiyah-Singer index Theorem 71

Observe that
A= Zg(Ael-, ;) Xij
i<j
and thus 1 1
THA) =D g(Aei ep)T (X)) = 5 > g(Aei ej)eie; = 5 A(wa). (2.2.5)
i<j 1<j
Definition 2.2.11.

Spin(V) = {u e CI"(V); u=v1---vo, v; €V, |vilg = 1}.

In particular,
Spin(n) := Spin(R").

Forany e,v € V, |e|; = 1 we have

eve ! = —eve = —e(—2g(e,v) + ev) = v — 2g(e,v)e € V.

Hence the map p, : V — V, v — eve~! is described by the orthogonal reflection in the hyperplane
through the origin orthogonal to e. In particular, it is an orthogonal transformation of V' with
determinant —1. We deduce that we have a natural morphism of groups

p:Spin(V) — SOV), u py, pu(v)=u-v-u "t

Lemma 2.2.12. The morphism p is surjective and

ker p = {£1} C Spin(V).

Proof The surjectivity follows from the classical fact that any orthogonal transformation is a
product of reflections. If 7 € ker p then
nw=uwn, YveV

from which we conclude that u lies in the center of C1(V'). Choose an orthonormal basis ey, - - - , e,
of V so we can write

n= 27]161, ur € R,
I
and the sum is carried over all even dimensional ordered multi-indices I. Since 77 commutes with

er, the multi-indices [ such that ; # 0 cannot contain k. Since this happens for all k the above sum
should contain only the empty multiindex for which ey = 1. Hence 1 must be a scalar, n € R.

To show that || = 1 we consider the representation
c: Cl(V) — End(A*V).
The metric on V' induces a metric on A*V" and thus for every u € C1(V') the linear map
c(u) : A°V — A*V
has a well defined norm ||¢(u)||. Moreover
le(uruz)]] < fle(un)l - le(us)]-

Observe that if v € V is a vector of length one then ||c(v)|| = 1. We deduce that ||c(u)|| < 1 for all
u € Spin(V). In particular n,n~ € Spin(V) N R and we deduce

Il =lleml <1, [n7' = e )| <1
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Hence |n| = 1. This completes the proof.

We have produced a 2 : 1 continuous group morphism
p:Spin(V) — SO(V).
This shows that p is a covering map.

Proposition 2.2.13. Spin(V') is connected if dim' V' > 1 and simply connected if dim'V' > 2.

Proof Suppose dim V' > 2. Let us first show that for any u,v € V, |u| = |v| = 1, there exists
a smooth path y : [0,1] — CI*V**(V), v(0) = 1, (1) = wv, y(¢t) € Spin(V), forall t € [0, 1].
Choose w € W such that
lwl =1, w L v, u,v € span (u,w).
Then we can write
v = (cosf)(—u) + (sinf)w = uv = cos f + (sin O)uw.
Observe that
(uw)? = —1 = exp(fuv) = cos O + (sin O)uw.
Now observe that
exp(tbuw) € Spin(V)
since
exp(tfuw) = cost + (sint)uw = (usint/2 —wcost/2)(usint/2 + wcost/2) € Spin(V).
The above argument shows that every element x € Spin(V') can be written as a product
x = exp(tiugwy) - - - exp(tpugwy), |uil =|wi| =1, u; L w;, t; €R,

and thus x lies in the same path component of Spin(V') as 1.

Suppose dim V' > 3. Consider first the case dim V' = 3. Fix an orthonormal basis e1, e2, €3
and set

Ji=eze3, fa=eser, f3=eien.
Then f? = —1, fif; = —fjfi. i # j. We deduce that
CI5"“" = H = the division ring of quaternions.
We want to prove that Spin(3) can be identified with the group of quaternions of norm 1. Suppose
that
g=a+z, x=bfi+cfot+dfs#0, a>+b*+c+d*=1.

Then we can write

1
q=cosf +sinfy, y= Wx
x
and thus
q = exp(by), Oy € spin(V).
Hence every quaternion of norm 1 can be written as the exponential of an element in spin (V). We
can now see that every z € spin(V') can be written as a product

z=w, u,v eV, u,veV\0, ulwv.



Notes on the Atiyah-Singer index Theorem 73

More precisely if z = af1 + bfs + cf3 then we choose u, v such that 4 | v and
u X v =ae + bey +cez €V,

where X denotes the cross product. Hence every unit quaternion can be written as an exponential
exp(uv) where u,v are two nonzero orthogonal vectors in V. As we have seen before any such
element belongs to Spin(3). Hence Spin(3) contains the group of unit quaternions. Conversely,
every element in Spin(3) can be written as a product of exponentials exp(uv) as above, i.e. as a
product of unit quaternions. Hence Spin(3) is contained in the group of unit quaternions.

This proves our claim and shows that Spin(3) is simply connected. From the 2 : 1 nontrivial
cover Spin(3) — SO(3) we deduce that SO(3) =2 RP? and 71 (SO(3)) = Z/2.

Using the homotopy long exact sequence of the fibration SO(n) — SO(n+1) - S™, n >3
we obtain the exact sequence

0 =m(S™) — m(SO(n)) — m(SO(n+ 1)) — m(S™) = 0.
Hence
m1(SO(n)) = m(SO(3)) = Z/2, Vn > 3.
This implies that the covering Spin(n) — SO(n) is the universal covering of Spin(n), and in
particular Spin(n) is simply connected.
g
Define
Spin¢(V) := Spin(V) x S*/(Z/2),
where Z/2 is identified with the subgroup {(1,1), (=1, —1)} C Spin(V) x S'. Observe that we
have natural map
Spin(V') — Spin®(V)
and a short exact sequence
1 —2/2 — Spin°(V) 25 SO(V) x 8! — 1,
where .
Spin(V) x §1/(2/2) 3 [g,2] *= (p(9), z°)-
Suppose V' is even dimensional, and J is a complex structure on V/, i.e. a skew-symmetric operator

such that J2 = —1y. We denote by U(V,.J) the group of isometries of V' which commute with .J.
We have a tautological morphisms

i: UV, J) = SOV), p°:Spin°(V)— SO(V) x St - SO(V).
Proposition 2.2.14. There exists a morphism
O =y ;:UWV,J)— Spin(V)
such that the diagram below is commutative.
Spin®(V)

/>r
-
o lpe

UV,J) —— SO(V)
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Sketch of proof We have a natural group morphism
det : U(n) — S, g detg
which induces an isomorphism
det, : m (U(1)) — 71 (S) =2 Z.
Consider the group morphism
¢:U(V,J) = SO(V) x §*, g+ (i(g),det(g)).
Observe that

T (SOV) x S1) 2w (SO(V)) x m1(S1) = { Zé 2@@22 i dim > 2
Denote by ¢, the induced morphisms

bu T (UV, ) =7 — 7 = m (SO(V) x Sh).
We have the following fact whose proof is left as an exercise.

Lemma 2.2.15. The image of ¢. coincides with the image of
pS i (Spin(V)) — m (SO(V) x Sh).
O

The above lemma implies that ¢ admits a unique lift ® : U(V,J) — Spin®(V) such that
®(1) = [L, 1]. This is the morphism with the required properties.
O

2.2.3. Geometric Dirac operators. Suppose (M, g) is a compact oriented, n-dimensional Rie-
mann manifold. We denote by C1(M) the bundle over M whose fiber over x € M is the Clifford
algebra CI(T; M, g).

To construct it, we first produce the principal SO(n)-bundle Pj; of oriented, orthonormal
frames of 7" M. Then observe that there is a canonical morphism

p:SO(n) — Aut(Cl,) = the group of automorphism of the Clifford algebra Cl,,.

Then
Cl(M) = Py %, Cl, .
We will refer to C1(M ) as the Clifford bundle of (M, g). Note that we have a Clifford multiplication
-: Cl(M) & Cl(M) — Cl(M),

and a canonical inclusion

T"M — Cl(M).
The symbol map

Cl(V) — A*V*
induces an isomorphism of vector bundles

o:ClM)— A*T*M.
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Definition 2.2.16. (a) A s-bundle over M is a vector bundle £ — M together with a direct sum
decomposition
E=Et®E".
The grading of the s-bundle E is the endomorphismy = 15+ & —1g-.
(b) A Clifford bundle (or C1(M )-module) is a hermitian s-bundle together with a morphism

c¢: C1(M) — End(E)

which on each fiber is a morphism of s-algebras and such that for every z € M, a € T;M C
CI1(M), the endomorphism

cla): B, — E,
is (odd) and skew-symmetric. We will refer to ¢(—) as the Clifford multiplication.

(c) A Dirac bundle over M is a pair (E, VE), where £ = E+ @ E~ is a Clifford bundle and V¥ is
a hermitian connection on E which preserves the Z /2 grading and it is compatible with the Clifford
multiplication, i.e.

VX € Vect(M), a € QYM), ue C®(E): VE(c(a)u)=c(Via)u+ c(a)Viu,
where V9 denotes the Levi-Civita connection on 7% M.
Suppose (E, V) is a Dirac bundle. Then Fy € Q%(End E). Recall that we have an isomor-
phism e
End(E) = CI(M)® Endcy(ar)(E).
Hence we can view the curvature of V7 as a section of
Fy € Q*(CI(M)® Endayan) (E)).
On the other hand, the curvature R of the Levi-Civita connection is a section
R € Q*(s0(TM)),

where so(T'M) denotes the space of skew-symmetric endomorphisms of 7M. On the other hand
we have a map

5 so(TM) —— so(T*M) T CL(M),

where ¥ : TM — T*M denotes the metric duality isomorphism. Via this isomorphism we can
identify the curvature R with a section

c(R) € Q*(CI(M)) C Q*((CY(M)&® Endcyar)(E)).
If we choose a local orthonormal frame (e;) of TM and we denote by (e°) the dual coframe then

R= ZR(ei,ej)ei Ael, Rleiej) € T(so(TM)),

1<J
and
c(R) ezaej Zg 61)6] Jek, er)e( ZQ 6176] Jek, ee)c(e k)c(ef). (2.2.6)
k<ﬁ
We set

FES .= F — ¢(R) € Q*((CY(M)& Endcya) (E)).
We will refer to F'¥/S as the rwisting curvature of the Dirac bundle (E, V).
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Proposition 2.2.17.
FES € O*(Endeyary (E)).
Proof We have to show that
VX,Y € Vect(M), aeQ'(M): FES(X,Y)e(a) = c(a)FPS(X,Y)
ie.
[FP/5(X,Y), e(a)] = 0
so that FE/S(X,Y) is a morphism of C1(M)-modules. We have
Fo(X,Y) = [VX, VY] = Vixy)-

[VZ, c(a)] = e(V%a), VZ € Vect(M).

Hence
[v{g(,Y}v c(a)] = C(V?Xy]a)]
(V5. Vi) e(@)] = [[V5, e(a)], V] + V&, [V¥, e(a)]]
= [e(V5a), V] + [VE, e(V§a)] = e([V%, Vi ]a).
We deduce

[Fy(X,Y),c(a)] = c¢(RHX,Y)a).
On the other hand we have the following equality in C1(M ).
RY(X.,Y)a=7([r'R}X,Y),q])
— (e(RY(X,Y)a) = [e¢(R), ()] € End(E)

Hence we have
[FV(X7 Y), c(a)] = [C(R)7 C(a)] — [FE/Sﬂ C(a)] =0.
O

Let us now explain the process of twisting of a Dirac bundle which allows us to produce new
Dirac bundles out of old ones.

Suppose (E, VF) is a Dirac bundle and W = W@ W ™ is a hermitian s-bundle equipped with a
hermitian connection V" compatible with the Z /2-grading. The Z/2-graded tensor product EQW
is bundle of Clifford module in a tautological way. Moreover V¥ and V" induce a connection on
E®W defined by

VW VP @1y +1po VY.
A simple computation shows that VESW g compatible with the Clifford multiplication. Hence
(EQW, VEEW) is a Dirac bundle. We say that it was obtained from the Dirac bundle (E, V¥) by
twisting with (W, V') we will denote it by (E, VE)& (W, VW),

Observe that End(F @ W) = End(E) ® End(W) and with respect to this isomorphism we
have

FPEW = PP @1y + 1p @ FV.
In particular
FEEW/S — pBfS L pW. 2.2.7)



Notes on the Atiyah-Singer index Theorem 77

Definition 2.2.18. Suppose (£, V¥) is a Dirac bundle. The geometric Dirac operator associated
to (E, V) is the first order p.d.o. Dp : C*°(E) — C°°(F) defined by the compostion

c(B) Y5 o*(1°M © B) °F 0> (),

where ¢(—) denotes the Clifford multiplication of a section on F with a 1-form. O

From the definition it follows that
oc(Dg)=c(—).

Observe that the connection V¥ preserves the grading, while the multiplication by a 1-form is odd,
and thus maps ven/odd sections of E to odd/even sections. Hence

DpC®(EY) c C®(ET)
In other words D  is an odd operator with respect to the Z/2-grading
C®(E)=C>®(ET)® C>®(E").
In particular, it has the block decomposition

@E:[ ! QE].

Dp+ 0
Traditionally ® g+ is denoted by @ 1.
Proposition 2.2.19. D g is symmetric, i.e.

Dy =Dp.

Proof This is a local statement so we will work in local coordinates. Choose a local orthonormal
frame e; of T M and denote by ¢’ its dual coframe. Then

Dp=>)» c(e)VE.

Hence

Dy =Y (c(e)VEY =Y (VE)y e(e') =D (-VE — divy(e;))(—c(e'))

= Z div,(e;)c(e’) + Z Vie(e') =Dp+ Z div,(e;)c(e’) + Z c(Vie').

T

T = 7%, — D is a zero order operator so it suffices to understand its action on a fiber of E over an
arbitrary point g of M. If we assume the local frame e; is synchronous at x, i.e.

Vgiej =0 atxg

then
Ve =0, divye;=0=T =0.
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Since the symbol of ® g is given by the Clifford multiplication we deduce that @% is a general-
ized Laplacian. We deduce that ® g is indeed a Dirac type operator since DD p = DD} = ®2E
is a generalized Laplacian. It can be described in the block form

0w,
Pp 0
Proposition 2.2.20 (Weitzenbock Formula). Suppose (E,V) is a Dirac bundle over the oriented
Riemann manifold M, and F¥ /S e Endcyarn (E) is the twisting curvature. Then

o= |

Dh = (VH)'VF+ s(f) +e(FPE),

where s(g) is the scalar curvature of the metric g, ¢(FP/S) is the endomorphism of E defined
locally by

c(FFR) =3 FP(es, ¢5)e(e)e(),
i<j
(e;) is a local orthonormal frame of TM and (e') is the dual coframe.

Proof The result is local. Assume the local orthonormal frame is synchronous at a point x € M.
We set V; := V.., we denote by e;_| the contraction by e; so we have

(VE)vF = Ze@VE Ze]@)VE (Z( VE — divy(e)e; )ZeJ®VE

(e; 1€l = 51]»)

= —Z VE Zdlvg ei)Vi = Z(VZE)Q at xo.

i
On the other hand we have

DF = ele)Vie(e)Vi =3 e(e)ele)VEVF + 3 e(VEe)V].

irj i-J g
= - Z VE?+Y ele)e(e)VEVE + Z (VE)VE
i#j
Z (VO 4+ e(e)e(e)VE, V7] —l—Zc(VZEej)VE
i<j 1,]

(at zp we have divge; = 0, [e;, e;] = 0)

= (VE)VF 4> ele)e(e)) Flei ) = (VE)VE + e(FFR) + 3 e(R)(es, ¢j)e(e)e(e’) .

1<j i<j

=T
On the other hand we have (see (2.2.6))

T =3 e(R)(enep)e(e)ele) = 1 3 (3 glRler, e)ew, er) ele)e(e) ) elehele)

1<J 1<j kJ
(Rijke = —Rjie = Rypij)

- _% > Ruje(e)e(ee(ee(ed) = —2 Y Rijree(ee(e))e(e)e(e")

1,3,k,¢ i, kAL

_RZJkl
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Observe that c(e?)c(e?) anticommutes with ¢(e¥)c(e?) if the two sets {i, j} and {j, k} have exactly
one element in common. Such pairs of anticommuting monomials do not contribute anything to the
above sum due to the symmetry R;jxs = Rpe;j of the Riemann tensor. We can thus split the above
sum into two parts

7= S Ru(el@e@)P - Y Ryuelee(e)e(eele)
i#£j 1,7,k distinct
(Rijre + Rigjr + Rigej = 0, c(e?)e(eF)e(eh) = c(ef)e(e?)e(er) = c(eF)c(eh)e(e?))

1 s(g)
=3 ZRW ==
[2¥}

g

Example 2.2.21. Let E = AT*M. E is a C1(M)-module with Clifford multiplication by @ €
QY (M) described by
c(0)w =aAw—i(df)w, Ywe Q' (M),

where i(af) denotes the contraction by the vector field g-dual to o. Clearly c(a) is a skew-
symmetric endomorphism of A*7T*M. The Levi-Civita connection induces a connection VY on
A*T* M which is compatible with the above Clifford multiplication. This shows that (AT M, VY)
is a Dirac bundle. The Dirac operator determined by this Dirac bundle is none other than the Hodge-
Dolbeault operator. For a proof we refer to [16, Prop. 10.2.1].

g
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2.3. Exercises for Chapter 2

Exercise 2.3.1. Prove Hadamard Lemma. t
Exercise 2.3.2. Suppose M = R". Prove that any L € PDO™)(C,,) has the form
L= Z ag(2)0%, ag € C®(M).
la|<m
Exercise 2.3.3. Prove Proposition 2.1.8. O

Exercise 2.3.4. Prove Cartan’s formula (2.1.3).

O
Exercise 2.3.5. Suppose (M, g) is a compact oriented Riemann manifold without boundary. Let
n = dim M.
(a) Prove that the DeRham complex

d

O—>QD(M)—> d, ...

QM) S S QM) -0
is an elliptic complex.

(b) Let H* (M, g) := {w c QM (M); dw=d*w = O}. Hodge theorem implies that

H*(M, g) & Hpp(M).
Prove that the Hodge *-operator x, : %(M) — Qn~%()M) induces an isomorphism
*g : Hk(Mv g) - Hn_k(Mag)
(c)(Hodge decomposition) Prove that we have a L?-orthogonal decomposition
QF (M) = H* (M, g) + dQ* (M) + d* Q"1 (M),
(d) The Levi-Civita connection on I'M induces a connection V on A*T*M. Prove that the Lapla-
cian
A= (d+d)?*: Q" (M) — Q*(M)
and the covariant Laplacian
VAV (M) — Q°(M)
differ by a zero order term, i.e. an endomorphism of A*7T™ M. ]
Exercise 2.3.6. Let H be a complex Hilbert space. A bounded operator L : H — H is called

Fredholm if both L and L* have closed ranges and dim ker L. 4+ dim ker L* < oc. In this case the
Fredholm index of L is

ind L = dimker L — dim ker L*.

(a) Prove that L is Fredholm if and only if L. admits a parametrix i.e. a bounded linear operator S
such that SL — 1 and LS — 1 are compact.

(b)* [0,1] > t — Ly is a continuous family of Fredholm operators then ind L, is independent of ¢.
(c) Show thatif L : H — H is Fredholm and K : H — H is compact then L + K is Fredholm and

ind(L + K) = ind L.
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(d) Suppose Lg, Ly : H — H are Fredholm. Construct a continuous family of Fredholm operators
A H® H — H ® H suchthat Ag = Lo ® Ly, Ay = —1 & L1Ly. Conclude that

ind LoL1 = ind Lg - ind L;.

Hint: For this exercise you need to know Fredholm-Riesz Theorem, [6, Chap. VI|. [f K : H — H
is a compact operator then 1 + K is Fredholm and ind(1 + K) = 0.

Exercise 2.3.7. Prove Corollary 2.2.9. O
Exercise 2.3.8. Prove Lemma|2.2.15. O






Chapter 3

The Atiyah-Singer Index
Theorem and the
Atiyah-Bott fixed point
formula

3.1. The index theorem and some basic applications

3.1.1. The statement of the index theorem. Suppose (MM, g), is a compact, oriented, Riemann
manifold without boundary. We denote by V¢ the Levi-Civita connection on 7'M, and by R =
R, € Q?(End? (T M)) its curvature, i.e. the Riemann tensor. We form the A-genus form

A LR
A(M,g) = det'/?| —22—9___ | € Q*(M).
smh( ﬁRg)

This is a closed form whose cohomology class is independent of g and we denote by A(M ).

Suppose (E,V¥) is a Dirac bundle and ® : C>®°(E*) — C>(E™) is the associated Dirac
operator . We denote by FE/S ¢ Endcyarn (E) the twisting curvature of E. Recall that we have a
natural relative s-trace (see Definition 2.2.7)

strgys : Endeiar) (E) — Cyy-

This induces a map
str?/5 Q*(Endcian (E)) — Q°(M) ® C.
we set

ch?/3(E) = strP/8 exp(QLFE/S).
T

We will see a bit later that this is a closed form whose cohomology class depends only on the
topology of E.
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If we twist £ by a s-bundle (W, V") then according to (2.2.7) we have
FEOW/S _ pE/S Q1w+ 150 FV.
where the curvature F"V' of W has the direct sum decomposition
FW =FV g PV,
We deduce
ch”EV/S(EQW) = chP/S(E/S)(ch(VY") — ch(VV7)). (3.1.1)
We can now formulate the main result of these lectures, the celebrated Atiyah-Singer index theorem.

Theorem 3.1.1 (Atiyah-Singer).

ind®@, = dimker@y — dimker @7 = / A(M, g)ch®/3(E/S).
M

We will spend the remainder of this chapter elucidating the significance of the integrand in the
Atiyah-Singer index theorem. Observe that the integrand on the right-hand side is a form of even
degree so that the index of a geometric Dirac operator on an odd dimensional manifold must be
zero. Therefor, in the sequel we will concentrate exclusively on even dimensional manifolds.

The theorem is true in a much more general context of elliptic operators but the formulation
requires a rather long detour in topological K -theory. For the curious reader we refer to the mag-
nificent papers [1, 2].

3.1.2. The Hodge-DeRham operators. Suppose (M, g) is a compact, oriented Riemann even di-
mensional manifold without boundary. Set 2m := dim M. We set E := A*T*M ®C and we denote
by V¥ the connection on E induced by the Levi-Civita connection. As explained in Example2.2.21
FE is a Clifford bundle and (£, V¥9) is a Dirac bundle with associated Dirac operator

Dp=d+d :Q*(M)— Q*(M).
The bundle E has an obvious Z/2-grading
Et — \even/oddrx
and D is odd with respect to this grading, i.e.
DpC>®(E*) c C®(ET).
Hodge theorem shows that the index of
Dp: CP°(ET) — C®(E7)

is precisely the Euler characteristic of M. The Atiyah-Singer index formula shows that

X0 = [ A(M.g) chF5(E/S).

Let us analyze the integrand in the right-hand-side of the above equality. We first need to understand
the twisting curvature F'Z/S

FEIS = FE — ¢(R) € Q*(Endgyary(E)).
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Fix x € M choose a local orthonormal frame e; of 7'M near x. Set V,, := T M. We denote by e
the dual coframe. We assume additionally that (e;) is synchronous at z. Set

Rijie = g(ei, Ry(en,er)ej ) = —g( Ry(ex, er)es, ej) <= Ry(e, eq)ej = ZRmkéez

For every i < j the curvature F'F of V¥ induces a skew-symmetric endomorphism
FE(ei,ej) € End(E,).

We want to describe this endomorphism in terms of the components R;;x¢. For every ordered multi-

index I = (i1 < -+ < iq) We set

el i= et A A gl

The collection { el; T } defines a local orthonormal frame of E near x and thus we only need to
understand

EY (ep, e)e’ (x).
Setting V; = V., we have
FP(ex,er)e’ = ([VE, V1=V, )€
Since (e;) is synchronous at = we deduce that at x

V[e = 0
k>

eg]

We deduce that at x we have
FE(ep,ep)el = (FE(ep,e)e) A---Aelo 4 oem Ao A (FE (e, ep)et).

Let us observe that
FE(ek,eg)ea = ZRiakgeZ. (3.1.2)

We denote by &; € End(E;) the exterior multiplication by e’ and by ¢; € End(F;) the contraction
by e;. We can then rewrite (3.1.2) as

FE(ek, eg)ea = (Z Rijké@%) e®
i’j
Moreover
givjel = (giLje) Ne2 Ao At et Aol A (gget)

and we deduce

FE(ep,, ep)el = (Z Rijkgefibj)el. (3.1.3)

4.

Forevery j =1,2,--- ,2m we set

ﬁj =€+, ¢ = €i —l; = c(ei).
Observe that

18i, 85} = —{ci, ¢} = 25y,
{ei B} = (ei — ) (g5 + ) + (g + ¢5) (6 — 1) = 0.

This shows that 3; € End(E) s-commute with the Clifford action so that

Bi € mmc(vz)(Ez)-
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Now observe that

e+ Bi)(ej — 5j)

2e; = ¢; + B, —2Lj =cj — ﬁj Eilj = 1

Using this in (3.1.3) we deduce
FP(ep,eq)e’ = — ZRW ¢+ B;)(c; — By)el. (3.1.4)

7]
The sum in the right-hand-side can be further simplified. We have

> Rijrelei+ 8i)(c; — B5) = Y Rijre(cicj — Bil3j + Bic; — ¢if3; ).

2 i,J
Using the symmetry R;jre = —Rj,;kg and the s-commutativity {c;, 5;} = 0 we deduce
FP(ex, ep)e’ = ZRZW cicj — Bifj)e’
7‘7
(Zg ekveé el7ej)ccj) 7(29 ekaef 6176])/62/8j> . (.15)
C(R)(exee)
This implies

FP (e, eq) = ZRWMJ - —= Zg (erseo)e’, ) Bif;. (3.1.6)

’]
We now turn to the investigation of the s-trace

SJDI'E/S : EYBCIC(VI)(EH — C.

For every skew-symmetric endomorphism R of V, we define Og € Eﬁ%(vm) (E,) by

Br=—o- ;g(Reﬁ )5

Lemma 3.1.2. )
Pfaff (—s-R
strf/S exp B = ? (12” )
ACLR)

Proof (3 is independent of the orthonormal basis (e) of V. Chose an oriented orthonormal
frame { el, f; 1 <i < m} with respect to which A is quasi-diagonal

Re' = Nif', Rff=-\f".
Then

Br = ——= 5"\ BB

4 —
= :Bl

Observe that [B;, B;] = 0 for all ¢ # j so that

exp(Br) =
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Now observe that
B? = B(e)B(F)BENB(f) = —B(e)?B(f1)? = ~1
so that
exp(zB;) = cos z + (sin z) B;,

and

e i —i);
exp(fr) = H(cos— + Bj sin i )

Using the identities
cos(iz) = cosh z, sinhz = isin(—iz)

we deduce
m

s
h(4L) — iBysinh(S2) ).
exp(Br) H(cos —iB;sin (47r)
Let

m
= H c(e’
j=1 :=C}
Using Corollary 2.2.9 we deduce

im
strf/S exp B = o strf (T exp(BR)).

Now observe that
m

_ Ny i n A
Iexp(fr) = Jl_Il C; (cosh(ﬂ) —iB; s1nh(ﬂ) )
Set . \ )
YA NN _snainh( 2L — J — A®
T; = QC] <cosh(47r) iB; smh(47r)), Vj :=spanc (¢, /), Ej:= A"V

Note that we can view T} as an operators on ;. Using the isomorphism of s-algebras

E = ®jEj

We can identify i-T exp 34 with the tensor product 71 & - - - ®T},, and we deduce
Y3 p

g i” E;
str 2—mfexpﬂR = Hstr iTj.
J
Observe that A A
i 1
T; = %cosh( )Cj + fsmh( )C B;.

Observe that 1,¢7, f7, e/ A f7 is an orthonormal basis of K and we have
Bil=¢e ANf7 =C;1, Bjed Nf7 = —1=Cjel A f7
Bje] =—fl = —Cjej, ij] = ¢ = —ijj
We deduce
C;Bj = —:H.E]‘?”E" + :H.E;_)dd.
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Hence
s

str?i O B; = —4, strg, Cj =0, strg, Tj = =2 smh(ﬁ) = QSinh(——;)

>\.
(xj == —3%)

X
'smh(%) o
=T;j—; = =
2 A(z;)

From (3.1.6) and Lemma 3.1.2| we deduce

. 1
strE/S(iFE/S) _ Pf;aﬁ'(—ﬁRg) _ (?(M,g)

where e (M, g) denotes the Euler form determined by the Levi-Civita connection on 7'M . Using

this in the index theorem we obtain the following result.

Theorem 3.1.3 (Gauss-Bonnet-Chern). For every compact oriented, even dimensional Riemann
manifold (M, g) we have

V(M) = /Me<M, 9.

The bundle E is equipped with another Z/2-grading induced by the Hodge *-operator
w1 AT*M — N> *T*M
Recall that for any oo € QP (M) we have (see (1.3.1))
(xa) = (=1)PC™ P = (—1)Pa.
Define
p(m,p) =p(p—1)+m
Yp = i#MP)y APT*M @ C — AP PT*M @ C, ~ := @y, € End(E).
Observe that
p(m, p) + p(m, 2m —p) = p(p — 1) + (2m — p)(2m — p — 1) + 2m
=dm* +2m+p(p—1)—2m(2p+1) +p(p+ 1) = 2p* mod 4.

Since i2F° = (—1)P we deduce 2 = 1 and the 4-1-eigenspaces of ~y define a Z/2-grading on E.
Moreover a simple computation left as an exercise shows that!

v =1i"c(dVy) =i"c(T), 3.1.7)
where for a local, oriented, orthonormal frame e, - - - , €*™ of T* M we have
[ =el- ¥ c CI(M).

We deduce

c(a)y +vyec(a) =0, Ya € QY (M).
This shows that we can interpret F equipped with this new Z/2-grading as a new bundle Clifford
bundle. We will denote itby & = €T @ E. Since the bundle and the Clifford action has not changed

I This explains the weird choice of p1(m, p).
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it is clear that € is a Dirac bundle with associated geometric Dirac operator d + d*. This induces an
elliptic operator

=(d+d*): C®(ET) — C®(&7).

We would like to compute its index. Observe that

ker D = {a eEQ(M)®C; ya=a, dazd*azO},

ker D* = {a EVPM)®C; ya=—a, dazd*azO}.

To compute ind¢ D = dimg ker D — dim¢ ker D* we will use the Poincaré-Hodge duality. Denote
by HP(M, g) the space of complex valued g-harmonic (m + p)-forms,

HP(M, g) = ker(d + d*) N Q™P(M) @ C = H™P(M,C).

Then ~ defines an isomorphism v : H™P(M,g) — HP(M,g). We get a decomposition into 7-
invariant subspaces

ker(d + d*) = @ , Ko=H"(M,g) = H™(M,C),

K, = HP(M,g) ®HP(M,g) = H"P(M,C) @Hm+p(M,C).
We deduce

dimc ker D = Z dimkerc(1g, —7), dimcker D = Z dimc ker(1k, + 7).

p=0 p>0
For p > 0 we have another involution € on kK,
€p = Lg—» & —Lge.
Note that 7|, anticommutes with €,. This implies that €, induces an isomorphism
€p  ker(1g, — ) — ker(lg, +7)
so that
dimg ker D — dim¢ ker D* = dim¢ ker(1g, — v) — dimc ker(1x, + 7).

Observe that K is the complexification of the real vector space of real valued g-harmonic m-forms
and as such it its equipped with a R-linear involution, the conjugation. We will denote this operator
by C. We will compute

dimp ker(1 g, —7v) — dimg ker(1g, + ) = 2indc D

At this point we have to consider two cases.

1. m is odd. Observe that for every complex valued m-form o we have
vCoa = ik a = (—=1)™"* % a = —Cryav.
This shows that C' defines an isomorphism of real vector spaces
C:ker(lg, —7) — ker(1g, +7)

which shows that in this case
inde D = 0.
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2. mis even. Then vy |k,= i™"x = « and it particular v commutes with the conjugation. Denote
by H (M, g) the space of real g-harmonic m-forms on M so that

Ky=H"(M,g)®C.
We deduce
dimc ker(1 g, &) = dimg(Lgm(ar,g) T 7)-
The vector space H™ (M, g) is equipped with a symmetric bilinear form

H™(M, g) x H™(M, g) > (u,v) — I(u,v) = /Mu/\v.

Moreover

I(u,vyv) = (u,v) 2 = I(u,v) = (u,yv) 2.
The eigenvalues of I (with respect to an orthonormal basis of H™) are thus the same as the eigen-
values of v, i.e. £1. Thus the difference between the dimension of the 1-eigenspace of v and the
dimension of the —1-eigenspace of -y is the signature of the symmetric bilinear form /. The Poincaré
duality shows that I is precisely the intersection form of the manifold M and the signature of I is a
topological invariant, namely the signature sign(M) of M. We conclude

ind¢ D = sign(M)
To express the index as an integral quantity we need to find an explicit description of the stré/ S(iF &/ 5).

Observe that F€/S = FE/S_ The only difference between this situation and the Gauss-Bonnet
situation encountered earlier is in the choice of gradings.

Lemma 3.1.4. Using the same notations as in Lemma 3.1.2\ we have

L(-LR
strg/sexpﬁR = 2m7A( 41’ ) ,
A(=g:Ry)
where we recall that L denotes the genus determined by L(x) = ——.
Proof Using Corollary 2.2.9|we deduce
&/S in & i &
str®/ exp fr = om str®exp Br = 2—mtr ~Iexp BRr.

Using the equality (3.1.7) we deduce that i"I'y = 1 ¢ so that

1
&/8 exp Or = om tr” exp Or.
To compute this trace we choose as in the proof of Lemma 3.1.2| an oriented, orthonormal basis

{EY, f1,--- e™, f™} of V, such that
ReI = N\ifl, RfI = —Af,

str

We deduce again that

m

Ny mowa N
exp g = H(COSh(Zl?]T) —iB; Smh(ﬁ))
J:
Set again

V;j :=spanc(e?, f7), Ej:= A*V}.
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We deduce

A
tréexp O = Htr (COSh —]) iB; smh(4—]))
T

Since trf7 B; = 0 we deduce

/s

t = h—jd Ej=2m h—— =2m
str® exp Br = Hcos 77 im cosh( R)

Putting together the facts obtained so far we obtain the following important result.

Theorem 3.1.5 (Hirzebruch signature theorem). Suppose (M, g) is a compact, oriented Riemann
manifold without boundary such that dim M = 4k. Then

1 1
ign(M :2%/L— :/L— .
Slgn( ) M ( 47TRQ) v ( 27TR9)
In particular when dim M = 4 we obtain

sign(M) = 3 [ p(M) = -

JErat
3 M

where R, € Q*(EndTM) denotes the Riemann curvature tensor, and py(M) denotes the first
Pontryagin class of the tangent bundle of M.

2472

Example 3.1.6. We would like to discuss an amusing consequence of the signature theorem. The
Poincaré duality shows that the Betti numbers of a compact, connected, oriented n-dimensional
manifold M satisfy the symmetry conditions

bk(M) = bn_k(M).
If we form the Poincaré polynomial of M
Py(t)y=14+by (M)t +---+ bn—l(M)tn_l Y

then we see that the coefficients of this polynomial are symmetrically distributed. It is more conve-
nient to consider the polynomial

Qi) =t + by (M)t o /2,
The Poincaré duality then shows that
m(1/t) = Qu(t).
For example
Qo =t 2412, Qe =t 2+ 141> Qgem =t " +1™.
Observe that
Qcpz — Qga = 1.

We can ask if for every m > 0 we can find an oriented manifold X of dimension 2m such that

Qx — Qgem = 1. (3.1.8)



92 Liviu I. Nicolaescu

Let us point out that if m = 2k + 1 so that n = 4k + 2, then the intersection form on the middle
cohomology group H?**+1(X,R) is skew-symmetric, and non-degenerate according to the Poincaré
duality. In particular the middle Betti number by 1(X ) must be even so that

1 # bops1(X) + bop(X)(E+ 1) + -+ b1 (X) (77 +172) = Qx — Qgursa.

Thus the “equation” (3.1.8) does not have a solution when m is odd. We can refine our question
and ask if it has a solution for every even m. For the smallest possible choice of m the answer is
positive and X = CPP? is such a solution. We want to show that for m = 6 we cannot find a solution
either, but for different other reasons.
Suppose X is a 12-dimensional manifold “’solving” the equation (3.1.8). This means
—6 * 0 if k#0,6,12
_1+—6 6 _ 5 U,y
Qx=t"+1+t <:>bk(X>—{l if k=0,6,12
In particular H*( X, R) for k # 0,6, 12. From the signature theorem we deduce

%@ﬂ:ﬂ;mm

where L2 denotes the degree 12 part of the L-genus. We have (see [11])
2-31
Lio(X) = g5 == (pa(X) = 13pa(X)pa (X) + 2p}(X) ).
The Pontryagin classes p; (X) € H*(X,R) and p2(X) € H8(X,R) vanish so that

. 2-31
sign(X) = g5 2= | mX)

On the other hand”

/XPS(X) €Z

and we deduce that the signature of X must be divisible by 62. On the other hand, the signature
of X is the signature of the intersection form on the one-dimensional space H%(X,R) so that this
signature can only be 1. We reached a contradiction!

For more examples of this nature we refer to J. P. Serre, “Travaux de Hirzebruch sur la topologie
des variétés”, Séminaire Bourbaki 1953/54, n° 88. O

3.1.3. The Hodge-Dolbeault operators. Suppose M is a connected manifold. An almost complex
structure on M is a an endomorphism J : T'M — T'M such that

J?=—1.
An almost complex manifold is a manifold equipped with an almost complex structure. The exis-
tence of an almost complex structure imposes restrictions on the manifold.

Proposition 3.1.7. Suppose (M, J) is an almost complex manifold. Then n = dimR is even
n = 2m and the tangent bundle T M admits a GL(m, C)-structure. More precisely if we denote by
p the canonical inclusion

GLm<(C) — GLgm(R)
then there exists a principal GL,,(C)-bundle P — M such that

TM = P x,R*™.

2For a proof of this fact we refer to [15].
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From Example |1.1.13(h) and the above proposition we deduce that an almost complex man-
ifold is orientable. There is a canonical way of choosing an orientation of 7M. To describe it
we need to indicate a basis of det T, M at some point z € M. We do this by choosing a basis
€1, f1,"+ , em, fm of T M adapted to J, i.e.

Jer = fr, Jfx=—ex, VE=1,--- ,m. (3.1.9)

Then the canonical orientation is determined by e; A fi A---Aem A fry € det T M. One can check
easily thatif €1, f1,- - - €, fm is another basis adapted to J then we can find a positive scalar ¢ such
that

EAFIN - NemAfm=cler Nfin-ANemA fn),

so that this orientation is independent of the choice of adapted basis. We will refer to this as the
complex orientation.

Example 3.1.8. Any complex manifold (i.e. a manifold which is described by charts with holo-
morphic transition maps) carries a natural almost complex structure. An almost complex structure
produced in this fashion is called integrable U

If (M, J) is an almost complex manifold, we define a structure on C°°(M, C)-module on
Vect(M) by setting

(u+iv) - X =uX +vJX, Yu,v € C®(M,R), X € Vect(M).

By duality we get an operator J¥ : T*M — T*M satisfying (JY)?> = —1. The complexified
cotangent bundle 7" M ¢ := T* M ® C admits a decomposition

T*M¢ =T*M" o T*M%, T*MY0 =ker(i— JY), T*M® = ker(—i— JY).
In particular, for every k we have a decomposition

AFT*ME = @ APT* MO @ AT MO
p+q=k = AP AT* M

We set
QPYM) := C°(APIT*M).
The elements of Q277( M) are called (p, q)-forms on M. The bundle
detcTMO = AY™TM = A™OT*M, 2m = dimg M

is called the canonical line bundle of the almost complex manifold M and it is denoted by K ;. It
is a complex line bundle and its sections are (m, 0)-forms on M.

For any a € QP9(M) C QF(M) ® C, k = p + ¢, we have

doe P o7 (M).
p'+q'=k+1

In particular da will have a component in QP+1.4( M) which we denote by dar and a component in
QP4+ (M) which we denote by 0.

For a proof of the following result we refer to [12, IX,§2].
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Proposition 3.1.9 (Nirenberg-Newlander). Suppose (M, J) is an almost complex manifold. Then
the following conditions are equivalent.

(a) The almost complex structure is integrable.
(b) For every p, q and every a € QP? we have
da = da + Oa.

An almost Hermitian structure on M is a pair (g, J), where ¢ is a Riemann metric and .J is
an almost complex structure such that J* = —J, i.e. J is an orthogonal endomorphisms. To any
almost Hermitian (g, J) structure we can associate a 2-form

we (M), wX,Y)=g(JX,Y), VX,Y € Vect(M).
The metric g defines a Hermitian metric i : Vect(M) x Vect(M) — C*°(M,C) on T'M by setting
MX,Y):=g9(X,Y) —iw(X,Y) € C°(M,C), VX,Y € Vect(M).
One can check that
h(aX,bY) =ab-h(X,Y) Va,b € C°(M,C), X,Y € Vect(M). (3.1.10)
We can run the above arguments in reverse and deduce the following fact.

Proposition 3.1.10. Suppose (M, g) is an almost complex manifold. Suppose w € Q*(M) is a
2-form adapted to J i.e.

w(X,JX) >0, wX,JY)=w(,JX), VX,Y € Vect(M)\ 0.

Then g(X,Y) := w(X,JY) defines an almost Hermitian structure on (M, J) with associated 2-
form w.

Example 3.1.11. The standard almost Hermitian structure. Consider the Euclidean vector space
R?™ = R™ @ R™ equipped with the almost complex structure

R

Igm 0
Denote by eq, - - - , e, the canonical basis of the first summand R in R™ & R™ and set fr, = Jeg.
The basis e1, fi,--- , ek, fx is orthonormal and we denote by e®, f1,--- , e*, f* the dual basis of

(R2™)*, We regard e/, f7 as functions of R?™. The Euclidean metric has the description

g=) ("ac+ fFofr
k
The associated 2-form satisfies

w(ei, f) = i, wleiej) =w(fi, fj) =0

so that
w=e Afl4- P A fR
We set ) )
k k | seky =k kE_ srk
v = —(e"+1f"), & =—(e" —1J").
ﬁ( ) \/5( f5)
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Then the associated hermitian metric h has the form
h=2) "= (Fac+ffaff)-id e rfh
k k k
We deduce
g=Reh, w=—-Imh= iZEk AER.
k
O

Definition 3.1.12. (a) An almost Hermitian structure (g, J) on M is called almost Kcihler if the
associated 2-form is closed .

(b) An almost Kéhler structure (g, .J) is called Kdhler if the almost complex structure is integrable.
O

We have the following sequence of implications
Kéahler = almost Kéhler = almost Hermitian = almost complex.

For a proof of the following result we refer to [12, IX§4].

Proposition 3.1.13. Suppose (M, g, J) is an almost Kéiihler manifold. Denote by V9 the Levi-Civita
connection on TM. Then (M, g, J) is Kéihler if and only if VIJ = 0, i.e.

V% (JY) = J(V%Y), VX,Y € Vect(M).

Example 3.1.14. (a) (The standard (Euclidean) Kéihler metric) The vector space C" equipped

with the natural complex structure and hermitian metric h is a Kdhler manifold. If we denote by
2F = 2 4 iy” the natural complex coordinates, and we set

)
kT gk TET oyk

then we have
1
V2

1
AL —,

V2

et =dat, fF=dyF, £

so that .
. k _k _ 1 k -k
h=>Y df@dz* w—§Zdz A dzF.
k k
We set
1 . 1 .
Ox = 5(8901@ — lﬁyk), , Ok = 5(6$k + 18yk).
Then

0= dFnou, 0= 2" N0
k k
(b) Suppose ¥ is a compact oriented Riemann surface equipped with a Riemann metric on M. Then
the Hodge *-operator induces an operator
w: TS — TF%, *2 = —1.

By duality this induces an almost complex structure on 3. We obtain in this fashion an almost
Hermitian structure (g, *) on 3. The associated 2-form is the volume form dV, which must be
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closed since its differential is zero due to dimensional constraints. We deduce that this structure is
almost Kéhler. Dimensional constraints imply

d=0+0

so that by Proposition 3.1.9/this structure is also Kihler.

(c)(The Fubini-Study metric) Consider the projective space CP". Recall that this is defined as a
quotient of C**1\ {0} with respect to the natural action of C*. Set Z = (2°,--- ,2"), and

n i _ n
2 = ) 1P, wi= 5 00108 |2 = 04T 0),
k=0

For every holomorphic function f defined on an open set U C C™*1\ 0 we have
log |f*|Z]* = log | f|* +log | Z|* = log(f f) + log | Z|*.
and a simple computation shows that
d00log(ff) = 0.
In particular, this shows that for z* # 0 if we set
G = (20) 2K, oo Rl gk Gkl ko

we have .

wo = 5-09log(1+ |G ).
The vector (; defines local coordinates on the region

U, = {[zo,--~ , 2" € CP™; 2%+ O}.
The above equality shows that on the overlap U; N Uy, we have
i@élog(l +1G)%) = i@élog(l +1G1%)

so that the collection of forms %85 log(1 + |Ci|?) defines a global (1,1)-form on CP™. This is
called the Fubini-Study form. We will denote it by Qg

Observe that Qg is closed and it is invariant with respect to the action of U(n + 1) on CP". If
we write generically ¢ = (¢!, ---,¢™) and

i = 12
Qps = 5-001og(1+ 3 _I'*)
J
we deduce that

i N , _ . _
Qrs=————| 1L+|CH d& ndl - dc ) A <M&> (3.1.11)
i (0 T - () n (e
Observe that at the point Py € CP™ with coordinates f = (1,0,---,0 we have

i —_ _
QPO = Qpg |Tp0(CIP’": E(dcl A\ d(:l + QZde A dck)
k>1

In particular, arguing as in (a) we deduce that for every X,Y € Tp,CP™ \ 0
Qps(X,iX) >0, Qprs(X,1Y) = Qpg(Y,iX).
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Using Proposition 3.1.10 we deduce that 2rg defines an almost Kihler structure on CP™. Since
the underlying almost complex structure is integrable we deduce that this structure is Kéhler. It is
known as the Fubini-Study structure .

(d) Any complex submanifold M of a Kédhler manifold X has a natural Kéhler structure induced
from the structure on X. In particular, any complex submanifold of CP™ has a natural Kéhler
structure induced by the Fubini-Study theorem. Chow’s Theorem (see [10, Chap.I,§3]) implies that
every complex submanifold of CP" is algebraic, i.e. is can be described as the vanishing locus
of a finite collection of homogeneous polynomials. Thus the projective algebraic manifolds admit
Kihler structures.

g

Suppose M is a complex manifold with induced almost complex structure J : T'M — T'M.
The complexified tangent bundle TM® = TM © C admits a decomposition

TM® =TMY o TM%, TM" =ker(i—J), TM® = ker(—i—J).
Moreover is equipped with an involution
TM® — TM®, v+— v

which is R-linear and maps TM 10 to TM%!. We have the following result whose proof is left as
an exercise.

Proposition 3.1.15. The complex manifold M admits a Kihler structure if and only if it admits a
positive, closed, (1, 1)-form, i.e. a closed form w € QY (M) such that

w(v,v) ==, YoeT,M°\0, ze€ M.
In this case the Riemann metric on T M is defined by
9(X,Y) =w(X,iY), VX,Y € Vect(M).
O

Definition 3.1.16. A holomorphic structure on a rank r complex vector bundle 7 : £ — M over a
complex manifold M is a trivializing cover (U, ) together with local trivializations

U, : Ely,— Cy,
such that the transition maps
VgoW, Cv.; = Cu,ps
are biholomorphic. A holomorphic vector bundle is a pair
(vector bundle F/, holomorphic structure on E).

Two holomorphic bundles over the same complex manifold are isomorphic if there exists a biholo-
morphic bundle isomorphism between them. g

Example 3.1.17. (a) If M is a complex manifold then the trivial line bundle C,;, admits a trivial
holomorphic structure. A holomorphic line bundle isomorphic to the trivial line bundle is called
holomorphically trivial. We want warn the reader that there exist complex line bundles can be
trivialized topologically but cannot be trivialized holomorphically .

(b) If M is a complex manifold then the bundles AP>9T™* M are equipped with natural holomorphic
structures.
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(c) A holomorphic line bundle over a complex manifold is uniquely determined by an open cover
(Uy) and a holomorphic gluing cocycle

98a : Uag — C*.
We deduce that the tautological line bundle over CPP” is equipped with a natural holomorphic struc-
ture.

(d) All the tensorial operations on bundles transform holomorphic vector bundles to holomorphic
vector bundles. Similarly, the pullback of a holomorphic vector bundle via a holomorphic map is a
holomorphic vector bundle.

We denote by Pic (M) the collection of isomorphism classes of holomorphic line bundles over
the complex manifold M. The tensor product induces a group structure on Pic (M) with identity
element C,,; and inverse L~! := L*. This group is known as the Picard group of M.

O
Definition 3.1.18. Suppose M is a complex manifold and £ — M is a complex vector bundle. We
set

OPIUE) .= CC(APIT*M ®¢c E).

O
Proposition 3.1.19. Suppose E — M is a rank r holomorphic vector bundle over a complex
manifold M. Then E is equipped with a canonical CR (Cauchy-Riemann) operator, i.e. a C-linear
operator B

op : Q"UE) — QY(E)

such that for every smooth function f : M — C and every smooth section u of E we have

Proof Suppose that the bundle £ has the gluing description
E = (Use, oo, GL,(C))

where the maps gee : Use GL;(C) C C"’ are holomorphic. Then a smooth section u of E is defined
by a collection of smooth maps u,, : U, — CT satisfying the gluing conditions

ug(r) = gga(x) - ua(z), Va,B, x € Uyp.
Define

Vo = OUg.
Observe that on the overlap U, 3 we have
v = ug = 9(ggatia) = (9gsa)ua + ggadua.
Since g3, is holomorphic we deduce 5gga = 0 and thus
V8 = g3a0Ua = ggala-
Hence the collection (v, ) defines a global section v of T*M%! @ E and we set
Opu == v.

This definition implies immediately that u — Opu is a CR operator.
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Definition 3.1.20. Suppose £/ — M is a holomorphic vector bundle over the complex manifold M.
A smooth section u of E defined over the open subset V' C M is called holomorphic if Ogu = 0.
We denote by O(V, E) the space of holomorphic sections of E'|y . O

Iterating the construction in Proposition 3.1.19/we obtain for every p € Z>( a sequence

0— 0PO(E) 25 opl(E) ... — ora(E) 28 qrati(B) S (3.1.12)

From the definition of J it follows that 92, = 0 so that (3.1.12) is a_cochain complex. It is known
as the pt-th Dolbeault complex of E. We will denote it by QP*(F), Og) the cohomology groups of
this complex are denoted by
5. . QP g+1
py — ker0e1009(E) - r(E))
o Range (9g : W4—1(E) — QP4(E))

Observe that O is a first order p.d.o, and for every 2 € M and every £ € T* M we have
op(€) =0 (0E) (&) = 9N APITIM @ E, — AP TEM @ F,
where £%! denotes the 77 M%! component of ¢ with respect to the canonical decomposition
TrMe = TMY @ T MO,
Lemma 3.1.21. The p-th Dolbeault complex is an elliptic complex, i.e. for every x € M and every
¢ € TxM \ 0 the symbol complex

0 AT M@ EZD AT M@ E — .. - AT Mo EZS AT o B — .

is acyclic.

The proof is left as an exercise. Using the above lemma and the general Hodge Theorem 2.1.29
we deduce the following result.

Theorem 3.1.22 (Hodge). Suppose M is a compact complex manifold and E — M is a holomor-
phic line bundle. Then the cohomology groups of the p-th Dolbeault complex are finite dimensional.
Moreover, for any hermitian metric h on T'M and any hermitian metric hg on E we have

HY(E) = {a € OPUE); dpa = dha = 0},
where 5E denotes the formal adjoint of O, with respect to h and hg.

We set
hP9(E) := dim¢ Hg’q(E)
We will refer to these numbers as the holomorphic Betti numbers of E. These numbers are invari-

ants of the holomorphic structure on E. If we vary the holomorphic structure while keeping the
topological structure on F fixed these numbers could change. When £ = C,, we set

WPA(M) = hP9(Cyy)

and we will refer to these as the holomorphic Betti numbers of M. We define the holomorphic
Poincaré polynomials

HE(t) =D hP9t9, Hp(s,t) = Hp(t)s” =Y hPUE)s"tl.

q p.q
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When E = C,,; we write H ), instead of H¢ "

To relate the Dolbeault complex with geometric Dirac operators we need to discuss another
important concept.

Definition 3.1.23. Suppose £ — M is a complex vector bundle over the complex manifold M.
Then for every connection V on E we define Jy as the composition

dy : C=(E) -5 C®(T*M* @ E)—C™(T*M*' @ E).
We will refer to v as the CR operator defined by the connection V. O

Proposition 3.1.24 (Chern). Suppose E — M is a holomorphic vector bundle over the complex
manifold M. Then for every hermitian metric h on E there exists a unique hermitian connection
V" on E satisfying

don = Op.

The connection V" is known as the Chern connection determined by h.

Proof For every vector field X € C°°(TM¢) we denote by X its conjugate, by X? and X!
its (1,0) and respectively (0, 1)-components. Suppose X € C*(T'M¢), u,v € C*°(E). Then for
every hermitian connection V on F we have

Lxh(u,v) = h(Vxu,v)+ h(u, Vxv)

since h(—, —) is conjugate linear in the second variable. In particular

Lxi0h(u,v) = h(Vxi0u,v) + h(u, Vxo1v).
We deduce that B -

Oh(u,v) = h((V — 0y )u,v) + h(u, Oyv).

Hence _ _

h(Vu,v) = 0h(u,v) + h(Ovu,v) — h(u, Oyv).
This shows that V is completely determined by the associated CR operator, and thus establishes the
uniqueness claim. To prove the existence we use the last equality as a guide and define

h(u, vh) = Oh(u,v) + h(0gu,v) — h(u, Opv). (3.1.13)
One can show that this defines indeed a hermitian connection on E.
O

Example 3.1.25. (a) Suppose M is a complex manifold and 5 is a Hermitian metric on T'M. The
metric h induces hermitian metrics on all the holomorphic bundles AP-¢T* M. If the Levi-Civita is
compatible with the complex structure on T'M, i.e. if M is Kihler then the Levi-Civita connection
induces hermitian connections on all these holomorphic bundles. Moreover, these induced connec-
tions are exactly the Chern connections determined by the corresponding metrics and holomorphic
structures.

(b) Suppose E — M is a holomorphic vector bundle and (e,) is a local holomorphic frame of E.
We set
hay = h(eq,ep).
If (27) is local holomorphic coordinate system, using (3.1.13) we deduce
Oh,

h(v};jeaa eb) = 023
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If we write
h
Viiea = Zl“;aec
C

then we deduce

. Ohap
Z Liaher = Oz

SO In matrix notation we can write

oh

The connection 1-form with respect to this frame is then

on

ot (3.1.14)

I'=) T;d2/ =h'0h.
J

The curvature is then given by
F=dTU +T AT =d(h™'0n) + h~'oh A h10h.
Using the identity
d(h=oh) = d(h~ton) + d(h™10h) = —hL1Oh A h™10h + 0T = —T AT + 0T’

we deduce
F =00 =—-h"'onhAh~'0n + h100h € Q! (End(E)). (3.1.15)
O

Suppose M is a compact Kihler manifold with underlying Riemann metric g . We denote by V9
the hermitian connections induced by the Levi-Civita connection on A**T* M. Suppose £ — M is
a holomorphic vector bundle equipped with a hermitian metric. We denote by V¥ the corresponding
Chern connection.

As explained in §2.2.1, the hermitian vector bundle A%*T*M is a bundle of Clifford modules
in a natural way, where the Clifford multiplication is given by

c(a) = \fZ(Ozo’l A —a01), Yae Q' (M)®C.
where
1,0 _ v 1,0 1
a1 =g, B), Ve (M)eC,

and gY denotes the extension by complex bilinearity of the Riemann metric g* on 7% to a sym-
metric bilinear form on 7*M ® C. Let us point out, that for every z € M the C1(7; M )-module
A%*T* M is isomorphic to the dual of the complex spinor module Stsnr. In particular, this shows
that the Clifford multiplication by a real 1-form is skew-hermitian. Tautologically, this Clifford

multiplication is compatible with the Levi-Civita connection. We conclude that (A%®, ¢, V9) is a
Dirac bundle.

Proposition 3.1.26. The geometric Dirac operator ® determined by the Dirac bundle (A**, ¢, V9)
is equal to

V2(0 + %) : Q¥ (M) — Q%*(M).
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Proof Fix a point pg € M. Since M is Kéhler we can choose normal coordinates ¥, y* near pg
such that

¥ (po) = 4" (Po) = 0, JOyr = Oy, V.

Set
ek = Opky [ = Oy, b =dz®, fF=dyf, & =aF+iyk
1 1
k k =k sk
e = —dzz", &' =—=dz".
V2 V2
1 . _
ep = ﬁ(ek —ify) = V20.k, & = V20
Then

D=V2) (FAVE —Fave).
k

8:zk:dzk/\82k :Zk:a’“m‘)gk.

We denote by o(1) any bundle morphisms 7" such that T(pg) = 0. Since (z*,y") are normal
coordinates at pg we deduce the following identities

divy(ex) = divy(fi) = o(1), VI =0., +0(1), VL =0z +o(1)
so that
(VL) =02 +o(1) = =0, +0(1) = =V +0o(1) = 8 = -V +o(1).
Using the equalities
Ve, fi = ijei =0 atpg, Vi,7,
we deduce
(65 N 0z,)" = (95,)"((*A)" = (=2, +0(1) ) (er) = —ex 1 VY, +o(1).
This implies that
D = V2(9+ %) +o(1).
The proposition now follows from the fact that the point py was chosen arbitrarily.

O

We can twist this Dirac bundle with any other complex Hermitian vector bundle W equipped
with hermitian connection A and we deduce that the corresponding geometric Dirac operator is

Dy = V2(Ia + F) : QU (W) — QO (W).

In particular if we tensor with AP0T* M @ E, where AP°T* M is equipped with the Levi-Civita con-
nection and F is equipped with the Chern connection we deduce that the geometric Dirac operator
associated to the Dirac bundle AP*T*M ® E is

Dy = V2(0p + ).
In particular, we deduce that

indDp, = » (—1)7hP(E) = x,(E).
q>0
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When F is the trivial line bundle we set

Xp(B) = xp(M) Y (=1)"hP4(M).

q>0

Theorem 3.1.27 (Riemann-Roch-Hirzebruch). Suppose (M, g) is a Kéihler manifold, dimg M =
2m, and E — M is a holomorphic vector bundle equipped with a hermitian metric. Then

o(E) = [ td (1) ch(E),
M
where td (M) denotes the Todd genus of TM'° and ch (E) denotes the Chern character of E.

Proof We consider first the case when E is the (holomorphically) trivial line bundle. We have to
show that

Yo(M) = S (~1)1h0 (1) = / td (M).

q>0 M

Consider the Dirac bundle (&,V) = (A%*T*M,V9). We denote by R the Riemann curvature
tensor and by F'€ the curvature of V. Fix a point py € M, normal coordinates (z*,3*) at py and
define as before

ek = Oy,  fr = Oyk, e =dab, fF=dyF, F=2F+iyF, 1<k<m.
We set €;+m := f;. The twisting curvature of V is
FE5 = FE(X,Y) — ¢(R) € Q*(End(&)),
where according to (2.2.6) we have

1
c(R)(X,Y) = 1 Z g(R(X,Y)er, er)c(eg)c(er), VX,Y € Vect(M). (3.1.16)
1<k,£<2m
We need to better understand the nature of these quantities. We begin with the curvature F'€. Set as
before

dz". (3.1.17)

Sl

€k = \}i(ek —ifi), &= \2(61@ +ify), € = Edz’“, & =

For every ordered multi-index I = (i1, - - - ,ix) we set
gl=eh Ao p
For every X,Y € Vect(M) and u : M — C we set
FEuX,Y) = F&¢X,uY) =uF&(X,Y) € End(&).
Then
FE=) Féep )" N+ FE(Ewa)e" Nt + ) Fe(ep, )" n .
k<t k<t k¢
The identity (3.1.15) implies that F€ € QU1 (End €) so that the first two terms above vanish. Hence
F& = Z FE(ep, &0)e" N &b
k6
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The curvature F'¢ is induced from the Riemann curvature tensor and if for simplicity we set F'¢(—) =
F&(ey, &) then

PO = RO = Y a )R =(ch R CORICRIE

In general we have

el = ( ge(R(-)es &) - (éj)-i(ss))é].

For simplicity set
Ry = g(R(—)er, &), C* = c(eM)e(eh), CH = e(e¥)e(d?), ete
Since c(&%) = v/2e(&%), c(ef) = —/2i(b)
1 —
3 Z Ry;C* = Z Ryp + 5 Z RygC*™.
k¢ k;éé

To describe the term c(R) let us observe that the expression in the right-hand-side of (3.1.16)
is independent of the dual pair of bases {(e;), (¢%)} of TM ® C and T*M ® C. We would like to
express everything in terms of the bases

{(Eja ék’)v (Eja ék)}
A few cancellations take place. To express them we define every X € Vect(X)
1 1
Xw:§mf4ﬁx,xmziu+¢nx
so that
X = Xl,O + XO,l JXl’O — in,O JX071 — _iXO,l
gc(XLO, Yl,O) _ gc(X0717 YO,I) _ 0’ gC(Xl,O’ YO,l) + gC(XO,l’ Yl,O) _ 29()(7 Y)
Since the Levi-Civita connection is compatible with .J we have
R(=)J = JR(-), (R(-)X)"" = R(=)X", (R(=)X)*! = R(-)X"".
Writing for simplicity R instead of R(X,Y") and using the equalities
Ry; = —Ry., k0, C* =_C% vk +1¢
we deduce

_ _ 1 _
c(R)(X,Y) == > (RgpCH + RyC™) = 3 > Ry CM.
1<k f<m ey,

1
k

The quantity >, R, is precisely the curvature of det 7% M 01 > det TMMO = KA_/Il. Using the
decomposition

Hence

TM @ C2TMY ¢ TM%

and the compatibility of the Levi-Civita connection with the complex structure we deduce a decom-
position of the Riemann tensor
R=R" o R,



Notes on the Atiyah-Singer index Theorem 105

and we have
FES = %tr R"Y.

Recall
A _ # _ €z _ _x/2;
A(x)_e;c/Q_e—x/T td (z) e A (z).
We deduce
1 R
th (zg) = exp(§Z:ck> HA(JJ)
k k k
so that

td (M) = td (%RLO) - exp(% tr %RLO)A (M) = A (M) - ch (£/S).

The general case when we twist the Hodge-Dolbeault operator with a holomorphic complex bundle
follows from (3.1.1)). This concludes the proof of the Riemann-Roch-Hirzebruch theorem.

|
Let us look at a few special cases. Suppose X is a Riemann surface of genus g(X) equipped with
a Riemann metric h. As explained in Example[3.1.14(b) this induces a Kihler structure on >.. Given
a holomorphic line bundle . — ¥ equipped with a Hermitian metric we obtain a Hodge-Dolbeault
operator
or : QY(2) — Q¥ (%).
Then
ind 9y, = / td (X) - ch (L).
b
We have
1
td (X) :1—1—501(2)—1—--- , ch(L)=14c(L)+---

so that the degree 2 part of td (X) - ch (L) is 2¢1(2) + ¢1(L). Hence

indéL—;/Ecl(E)—i-/Ecl(L).

Observe that ¢1(X) = e(X) so the Gauss-Bonnet theorem implies

;/201(2) =1-g(%).

The integer fz: c1(L) is called the degree of L and it is denoted by deg L. . We obtain the classical
Riemann-Roch formula

ROO(L) — hY(L) =1 — g(¥) + deg L.

Suppose (M, h) is a Kéhler surface (complex dimension 2) and L — M is a holomorphic line
bundle. Then

Xnot(L) = h%%(L) — hOY(L) + h%2(L) = / td (M) - ch (L).
M

Writing for simplicity c; = ¢ (M) we have

1 1
td(M) =1+ 5+ (F+ o)+, ch(L)=L+er(L) +ger(L) 4
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so that the degree 4 part of td (M) - ch (L) is

1, 5 1 1 9
ﬁ(cl + 02) + 56161([/) + 561([/) .

Let us now describe a convention frequently used in algebraic geometry, namely that in computa-
tions involving characteristic classes we will replace ¢1 (F) with E for any complex line bundle E.
Now observe that

c1(M) = c1(det TM1,0), det TM'0 = (det T*M1,0)* = K3,

Thus, ¢1(M) = —ci1(Kjs) and instead of ¢; (M) we will write —Kjs. Also, we will write the
integration [, as a Kronecker pairing (—, [M]). We deduce
1 1 1
Xni(L) = 25 (K3 e, [M]) — L (K- L, [M]) + 5 {12, [M])

Now observe that ca(M) = e(M) so the Gauss-Bonnet theorem implies

<CQ(M>7 [M]> = Xtop(M)-
We deduce

1 1 1
Xnot(L) = 5 Xtop(M) + E(K]?M, [M]) + S(L(L = Ku), [M]). (3.1.18)

This can be further simplified using Hirzebruch signature theorem. Observe that

p1(M) = —co(TM & C)
On the other hand

14+ ¢ (TM ®C) + co(TM @ C) = ¢(TM @ C) = ¢(TM")e(TM")

= c(TM"°) - c((TM™)*) = (1 + c1 (M) + ca(M)) (1 — c1 (M) + ea(M)) = 1 — K3/ + 2co(M)
Hence

(M) = K3, — 2co(M)
so that
The Hirzebruch signature theorem implies

<p1(M)a [MD =3 Sign(M)a

while by Gauss-Bonnet we have

<CQ(M)a [M]> = Xtop(M)'
Hence

(K3y, [IM]) = 2x10p(M) + 3sign(M).

Using this information in (3.1.18)) we deduce

Xhol(L) = i(xtop(M) + blgn(M)) + %(L(L - KM)a [M]> (3.1.19)

If in the above equality we choose L to be the trivial line bundle we obtain the Noether theorem

ROO(M) — KO (M) + hO2(M) = %(Xtop(M) + sign(M) ). (3.1.20)
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3.1.4. The spin Dirac operators. We would like to present what is arguably the most important
example of geometric Dirac operator. This operator generates in a certain sense all the other ex-
amples of geometric Dirac operators. This will require a topological detour in the world of spin
structures. We will use the basic facts about the spin group proved in §2.2.2|

Suppose (M, g) is a compact connected, oriented Riemann manifold of (real) dimension n. The
tangent bundle 7'M can be described by a SO(n) gluing cocycle

(Ua, 9as : Uag — SO(n) )
We regard this cocycle as defining the principal bundle of oriented orthonormal frames of T'M.
Consider the double cover
p: Spin(n) — SO(n), kerp={£1}.
The manifold M is called spinnable if the principal bundle of oriented orthonormal frames of T'M
can be given a Spin(n)-structure, i.e. there exists a gluing cocycle
(Ucw gaﬂ : Uaﬁ - szn(n))

such that the diagram below is commutative
Spin(n)

gaﬁ

A lift as above is called a spin structure. Spin structures may not exist due to the possible presence
of global topological obstructions. To understand their nature we try a naive approach.

Assume that the open cover U = (U, ) is good, i.e. all the overlaps U,g..., are contractible.
Such covers can be constructed easily by choosing U, to be geodesically convex. Since U,g is
contractible, each of the maps g, admits lifts to Spin(n). Pick one such lift g,z for every U,z # 0.
Assume gg, = g;ﬁl. We have to check whether such a random choice does indeed produce a
Spin(n)-cycle, i.e.

€apy = JapdpyGra = 1.
All we can say at this moment is
€apy € ker p = {£1}.
Let us observe that €3, itself satisfies a cocycle condition
€678 " €Bda * €Bay " Eyad-
= gﬁ'yg'y& géﬁ : 956 g&a gaﬁ : gﬁa ga'yg'yﬂ : g’yagoz&g&'y
=1 =1
= g,@'y gfy& : géa : gav g'y,@’ : g’yocgazsgé'y
—_———
=€yda
(use the fact that €5, € ker p is in the center of Spin(n))
= €y6a - gﬁ’yg'yﬁ : g’yagaégé'y = g'yocgaég&y *€yda
~——
=1
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:g'ya “Jas - g&'y : g’yé “Gsa ga'y =1
=1

If we identify {£1} with the group (Z/2,+) we see that a choice of lifts §o3 : Usg — Spin(n)
produces a collection €,3, € Z/2, one element for each triplet (e, 5,7) such that Uyg, # 0
satisfying the cocycle condition

€66 + €ans t €aps + €apy = 0, YUagys # 0. (3.1.21)
Let us rephrase this in a more intuitive way using basic facts of Cech cohomology. For more
information on this important concept we refer to [5, 11, 20].

First, let associate to the cover U a simplicial complex N(U) called the nerve of the cover. For
every g > 0 the g-simplices of N(U) correspond to the collections

q
{Uag,- -+ ,Ua,} C U such that ﬂ Us, # 0.
k=0
We denote by N, (U) the collection of g-simplices of the nerve. We denote by C,(U) the free Z-
module generated by the collection {o € N, (U)}. We set

C1(U,Z/2) := Hom(Cy(U),Z/2).
The collection €, can be viewed a function
e:No(U) = Z/2, 0 =[a,B,7] — €(0) := €apy
We extend it by linearity to a morphism
e € Hom(Cy(U),Z/2) = C*(U,Z/2).

We have a boundary operator
q

0: CQ(u) - q—l(u>7 8[040,041, T 7aq] = Z(—l)k[ao, Oy ,qu],
k=0
where a hat indicates a missing entry. This operator satisfies

& =0.
Using this operator we define a coboundary operator
§:CUU,Z/2) — CIT (U, Z/2),
(0n)(o) :==n(0o), Vne CYU,Z/2), o€ Cqs1(U,Z/2).

This operator satisfies

5> =0.
The cocycle condition (3.1.21) can be rewritten as
de = 0.

We denote by H9(U, Z/2) the cohomology groups of the cochain complex (C*(U,Z/2). They are
known as the Cech cohomology groups of the cover U. Given two lifts

gaﬁhgaﬁ : Uaﬂ - SpZ?”L(’)”L)
of gop : Usg — SO(n) we set
KaB = Jag f];g € ker(Spin(n) — SO(n)) =2 Z/2.
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We regard k.4 as an element xk € C L(U,Z/2). If we denote by ¢ the cocycle corresponding to Jee
and by € the cocycle corresponding to gee We deduce
€apy — €aBy = KBy — Kay T Kap, V[, B,79] € Na(U).
We can rewrite the last equality as
€ —¢=0kK.
Thus the cocycles ¢ and ¢ are Cech cohomologous and thus determine a cohomology class
wy(U) € H*(U,Z/2).

This is called the second Stiefel-Whitney class of the cover U.

A theorem of Leray ([5, Thm.15.8]) shows that for every good cover U of M there exists a
natural isomorphism

Iy : HYW,Z/2) — HY(M,Z/2),

where the group in the right-hand-side denotes the singular cohomology with Z/2-coefficients.
Additionally, one can show that the image of wy(U) in H2(M, Z/2) via Iy is independent of the
good cover. We thus obtain a cohomology class wo (M) € H?(M,7/2) called the second Stiefel-
Whitney class of M.

If the manifold M is spinnable, and Gee : Use — Spin(n) is a gluing cocycle covering gee then
the associated cocycle €,z is trivial and therefore wo(M) = 0. Conversely, if wy(M) = 0 then
one can show (see [14, I1§2]) M is spinnable. Two spin structures described by lifts g,z and fzag
are called isomorphic if there exists a collection of continuous maps

€q : Uy — ker(Spin(n) — SO(n))

such that for every x € U,z we have a commutative diagram

€

Spin(n) 2, Spin(n)
§a[3{ |/ilag = eagaﬁ = ﬁageﬁ.
Spin(n) —— Spin(n)

We denote by Spin(M) the set of isomorphisms classes of spin structures on M. A spin manifold
is a manifold M together with a choice of A € Spin(M).

Observe that given a spin-structure A defined by the lift g, and a cohomology class ¢ €
H'(M,7/2) described by the Cech cocycle €46 We can produce a new spin structure ¢ - A defined
by the lift

Q.. = €o0 §...

The isomorphism class of gee depends only on the isomorphism class of Gee and the cohomology
class of €q46. In other words, we have produced a map

HY(M,7/2) x Spin(M) — Spin(M), (c,\) — c- X
which satisfies the obvious relation

(c14+c2) - A=c1-(c2-A).
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In other words we have produced a left action of H'(M,Z/2) on Spin(n) and one can check (see
[14, 11§2]) that this action is free and transitive. We say that Spin(M) is a H'(M, Z/2)-torsor. In
particular there exists a non-canonical bijection

HY(M,Z/2) — Spin(M).

Let us summarize the results established so far.

Proposition 3.1.28. Suppose M is a compact, oriented, connected smooth manifold. Then M
is spinnable iff wo(M) = 0. If this is the case then there exists a free and transitive action of
HY(M,Z/2) on Spin(M).

Example 3.1.29. So far we have produced arguments that spin structures might not exist. Let us
describe a few instances when spin structures do exists. Suppose M is a smooth, compact, oriented,
connected manifold. The universal coefficients theorem implies
HY(M,Z/2) = HOHI(Hq(M, Z),Z/2) & EXt(HQ*l(Ba Z),7/2)
~ HY(M,Z)®Z/2® Tor(H™ Y (M, Z),Z/2).
We deduce that if ba(M) = by(M) = 0 and Ho(M,Z) and H;(M,Z) have no 2-torsion than

H?(M,Z/2) = 0 and thus M is spinnable. In particular it admits a unique spin structure. For
example, the lens spaces L(p, q) with p odd satisfy these conditions.

If the tangent bundle of M is trivializable, then any trivialization of M defines a spin structure
on M. It is known that the tangent bundle of a compact, connected oriented 3-manifold is trivial-
izable and thus such manifolds are spinnable. Similarly, a compact Lie group admits a canonical
spin-structure induced by the natural trivialization.

There are subtler conditions which imply we (M) = 0. We list without proof a few of them.

Suppose M is a compact, simply connected 4-manifold without boundary. Then M is spinnable
iff the intersection form of M is even, i.e.
c-c=0 mod 2, VYece Hy(M,Z)/Torsion.

Equivalently, if we represent the intersection form of M as a unimodular symmetric matrix Iz,
then the intersection form is even iff all the diagonal elements of Ij; are even. For example the
intersection form of M = S? x S? with respect to the canonical basis

c1 = [S% x {x}], co=[{x} xS

01

1 0]
Thus the intersection form is even. The manifold S? x S2 is spinnable and in fact it admits a unique
spin structure.

is given by the matrix

The complex projective plane CPP? is simply connected, bo(M) = 1 and the intersection form
is given by the 1 x 1 matrix [1]. This shows that CP? is not spinnable.

Recall that we have a canonical morphism
io: H*(M,Z) — H*(M,Z/2)
which sits in a long exact sequence

s HY(M,Z/2) 5 HY(M,Z) 25 HY(M,Z) 2 HY(M,Z/2) — - ,
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where [ is the Bockstein morphism. One can prove (see [14, Example D.6]) that if M is an almost
complex manifold then

c1(M) = wa(M) mod 2 < iz(c1) = wa. (3.1.22)

In particular if Hy(M,Z) has no 2-torsion then H'(M,Z/2) = 0, 3 = 0 and thus i3(c;) = 0 iff
there exists * € H?(M, Z) such that
2x = CI(M).

Using this fact one can prove (see [11, §22]) that any smooth complex hypersurface in CP"*!
defined by a degree d homogeneous complex polynomial is spinnable off d+n is even. In particular
a quartic in CP? (degree 4 hypersurfaces) are spinnable. These quartics are also known as K3
hypersurfaces. The degree 5 hypersurfaces in CP* (also known as Calabi-Yau hypersurfaces) are
also spinnable. 0

Suppose (M, g) is a smooth, compact,connected, oriented Riemann manifold without bound-
ary, and X is a spin structure on M. Assume dimgr M = 2m. Denote by 7 : P — M the
principal SO(2m)-bundle of oriented orthonormal frames of T'M. The spin structure A produces
a Spin(2m)-principal bundle 7 : Py — M and the natural morphism p : Spin(2m) — SO(2m)
induces a smooth map p : P, — P such that the diagram below is commutative

]SAL)P

N;

and for every x € M the restriction p : 7 1(z) — 7 1(z)is 2: 1.
Fix an isomorphism
¢ : Clg,, ®C — End(Sgy,
and denote by ¢ : Spin(2m) C Cly,, — Aut(Ss,,) the induced complex spinor representation and
set
S)\ = P)\ X ng.
We say that Sy is the complex spinor bundle associated to the spin structure A\. Note that it is
equipped with a natural Z/2-grading

Sx=S} ®Sj.
Proposition 3.1.30. Any Spin(2m)-invariant hermitian metric on Say, induces on Sy a natural

structure of Dirac bundle whose twisting curvature is trivial.

Proof The Spin(2m)-invariant hermitian metric on So,, will equip Sy with a hermitian metric.
We need to produce a hermitian connection on Sy and a Clifford multiplication on Sy which is
compatible with both the metric and the connection.

Fix a good cover U = (U, ) of M and a gluing cocycle
Jee : Use — SO(2m)
describing (7'M, g). The spin structure \ picks a lift
Geo : Use — Spin(2m)
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of ges. The Levi-Civita connection on 7'M is described by a collection of 1-forms
A, € QY (U,) ® so(2m)
satisfying the transition rules
A = gsaAadpe — d9pa - U50 = Ad(gpa)Aa — dgpa - G5,

The representation p : Spin(2m) — SO(2m) induces an isomorphism of Lie algebras

ps : spin(2m) — so(2m)
described explicitly in (2.2.4). Set

Ao 1= p7M(Aa) € Q' (Us) @ spin(2m).
Then the collection (A,) satisfies the transition rules
Ag = Ad(§pa)Aa — disa - e (3.1.23)
The derivative of ¢ at 1 € Spin(2m) induces a morphism of Lie algebras
©x : spin(2m) — u(Say,) = skew-hermitian endomorphisms of Sy,

and we set

Be := @i (As).

The transition rules (3.1.23) imply that the collection B, defines a connection V9 on Sy compatible
with the hermitian metric and the Z/2-grading.

To produce a Clifford multiplication we first describe T'M as a subbundle
c:TM — End(S))
such that for every
c(X)? = —|X|2 - 1s,, ¢(X)* =—c(X), VX € Vect(M). (3.1.24)
Observe that the spinor representation ¢ induces a representation on End(Ss;,)
@, : Spin(2m) — Aut(End(Sam)), ©,(9)T = ©(9)Tw(g)~, Vg € Spin(2m), T € End(Sap,).
Observe that
po(£1) =1
so this representation factors through a representation of SO(2m), i.e. there exists
[¢y] : SO(2m) — Aut(End(Sam) )

such that the diagram below is commutative

Spin(2m) —— Aut(End(Sam))

/?
p 7
7 ]

We have and inclusion
¢ : R¥ < Cly,, = End(Sapn).
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and we know that any vector space isomorphism Cly,,, — Cls,,, induced by an orthogonal changes
of basis in R?™ leaves the subspace R2™ < Cly,, invariant. Identifying Cly,, ®C with End(Ss,,)
via o and denoting by Auty (U) the group of vector space isomorphisms

T:U—U suchthat T(V)CV

we deduce the above diagram can be refined to a commutative diagram

Spin(2m) —2— Autgem (End(S2m))

Now observe that

End(S,\) = p)\ Xy End(SQm)
and since R?™ is a ¢, -invariant subspace of End(Sa,,) we deduce from the above diagram that we
can view

TM = Py x;0, R*™

as a subbundle of End(Ss,,). We denote by ¢ : TM < End(Ss,,) the inclusion. Since all the
above constructions are invariant under the various symmetry groups we deduce that c satisfies
tautologically the conditions (3.1.24). In particular, the Clifford multiplication

c:TM — End(S))
must also be V9-covariant constant. Now define a Clifford multiplication

c:T"M — End(S)\)

using the metric duality 7% M M . Finally, let us prove that the twisting curvature of V9 is
trivial.

Fix an oriented local orthonormal frame (e;) of M and denote by (e?) the dual coframe. Let
R be the curvature of the Levi-Civita connection on T'M. For every X,Y € Vect(M) we identify
R(X,Y) € so(TM) with the section of A2T'M

wR—Zg (X,Y)ei, ej)e; Aej.
1<j
Then, using (2.2.5) we deduce
1R X,Y) Zg (X,Y)ei, ej)eiej = Zg (X,Y)ei, ej)eie;.
l<j

The curvature R of V9 is described by

R(X,Y) = ¢u(p'R(X,Y)) Zg R(X,Y )ei, e5)c(e)c(e;)

=1 > 9(R(X,Y)es, ¢j)c(e')e(e)) = c(R).
1,J
This shows that
FS/S = .
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We denote by
Py C®(S)) — C(5y)
the geometric Dirac operator determined by the above Dirac bundle. We will refer to it as the spin
Dirac operator associated to a Riemannian spin manifold (M, g, ). Using the above proposition
we deduce from the index theorem the following result.

Theorem 3.1.31 (Atiyah-Singer).
inde®@, = / A(M).
M
Suppose M is a spinnable 4-manifold. Then for every spin structure \ € Spin(M) we have
1
ind =—— M).
inde®y = 57 [ pi(an)
Using the Hirzebruch signature theorem we deduce

1
inde®@, = ~3 sign(M).

Corollary 3.1.32. The signature of any smooth 4-dimensional manifold is divisible by 8.

Suppose M is a simply connected smooth 4-manifold with even intersection form Ip;. Then
M is spinnable, and in fact it admits a unique spin structure. We denote by 3 the associated spin
Dirac operator. We deduce

sign(M = —8ind¢ 3.

One can prove this divisibility result much faster relying on purely elementary result (see e.g.[20])
but the above equality will allow us to prove a stronger result concerning the symmetric, even
unimodular bilinear forms which are intersection forms of some smooth spin 4-manifold. We will
need the following fact.

Proposition 3.1.33.
indc @, € 2Z.

Proof The proof relies on a concrete description on Spin(4) and S4. Consider again the division
ring of quaternions
H =R+ Ri + Rj + Rk.

It is equipped with an involution

Hog=a+bi+cj+dk—g=a—bi—cj—dk
such that

q-G=|q* =a®>+0* + 2+ d>

Recall that we have identified Spin(3) with the group of unit quaternions. We want to prove that

Spin(4) = Spin(3) x Spin(3) = SU(2) x SU(2).

Let
G={0=(q1,0) € HxH; |q1| =]|q2| =1} = Spin(3) x Spin(3).
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We have a natural representation
p: G — Autg(H), p(q1,q2)h = q1h@e, Y(q1,¢2) € G, h € H.

Observe that

lq1haz| = |h|
so that p(q1, ¢2) is an isometry of H. Since G is connected we deduce that we have a morphisms

7:G— SO(H) = SO(4).

One can check that ker p = {£1} and we deduce that p is a nontrivial double cover of SO(4) and
thus

G = Spin(4).
In fact one can check (see [14, 1§4]) that

Cl, = Endg(H?),

where H? is regarded as a right H? module. Then Spin(4) can be identified with the diagonal
subgroup (see Exercise 3.3.8)

Spin(4) = {Diag(q1,¢2) € Endu(H); |q1| = g2 = 1}.
The induced complex spinor representation is then the tautological one (see Exercise3.3.8))

¢ : Spin(4) — Endg(H?) — Autg(H?).

hi | | aiha
©(q1,q2) [ hy } = [ il } :
Sf=H®o0, S; =00 H.

For every € H we denote by L, : Endg(H?) (resp. R, € Endg(H?)) the left (resp. right)
multiplication by . Observe that Ri2 = —1 so that R; induces a complex structure on H and

More precisely

Moreover

o(q1,q2) o Ri = Ri o p(q1,42), V(q1,42) € G
In other words the linear maps ¢(q1, g2) are complex linear with respect to the complex structure
induced by R;. Similarly we have

¢(q1,q2) o Ry = Rjo o(q1,q2), Y(q1,q2) € G.

This shows that ij has a canonical structure of right H-module, the complex structure is induced
from the inclusion C — H and that the R-linear endomorphisms ¢(q1, g2) are morphisms of right
H-modules. Equivalently, this means that Sf has a Spin(4)-invariant structure of right H-module.

If (M, g, ) is a spin 4-manifold, then Sf\t have natural structures of right H-modules. These
are covariant constant with respect to VY and moreover, from the description

Cly = Endy(H?)
we deduce
[c(a), R] = [e(a), Ri] = [e(a), Ri] = 0, Va € Q'(M).
This implies that ker 3, and ker @} are right H-modules and in particular
inde® =2indy® € 2Z.



116 Liviu I. Nicolaescu

Corollary 3.1.34 (Rohlin). If M is a compact, oriented, simply connected smooth 4-manifold with-
out boundary and even intersection form then

sign(M) € 16Z.

Remark 3.1.35. Three decades after Rohlin proved this result, M. Freedman has shown that there
exists a compact, oriented, simply connected fopological 4-manifold M without boundary whose
intersection form is even and

sign(M) = 8.
Rohlin’s result shows that such a manifold cannot admit any smooth structure!!! U

3.1.5. The spin® Dirac operators. Suppose (M, g) is a compact connected, oriented Riemann
manifold of (real) dimension n. The tangent bundle T'M can be described by a SO(n) gluing
cocycle

(Ua, 9ag : Uag — SO(n) )
We regard this cocycle as defining the principal bundle of oriented orthonormal frames of T'M.

Identify Z /2 with the multiplicative group {+1}. Recall that Spin©(n) is the Lie group
Spin(n) = (Spin(n) X Sl)/Z/2
where Z/2 acts diagonally on Spin(n) x S*
t-(g,s) = (tg,ts), Vg € Spin(n), s S', t € 7Z/2.
Consider the group morphism
p¢ : Spinf(n) — SO(n).
A spin® structure on M is a gluing cocycle
goo 1 Uee — SpZTlC(’I’L)
such that
pc(gaﬁ) = gaﬁa vaaﬁa
i.e. the diagram below is commutative
Spin‘(n)
/71
gaﬁ //
/
Ve

7/
/
,

Uap —55 S0(n)
Spin structures may not exist due to possible presence of global topological obstructions. To under-

stand their nature we follow the same approach used in the description of spin structures. Assume
that U is a good open cover, i.e. all the overlaps are contractible Over each U, we choose arbitrarily

Jap = [Jap; 2ap = exp(mibag)] € Spin®(n),

Gap : Uap : Uap — Spin(n), bop € C*(Uap,R), p(Gap) = Jas-
Assume
gaﬁ = gﬁii’ Jaa = 1, 9046 = _eﬁa-
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Denote by K the kernel of p : Spin(n) — SO(n) and by K the kernel of p¢ : Spin¢(n) — SO(n)
K=(7/2xSY)z/2= 5"
Observe that K€ lies in the center of Spin®(n). We hope that

gva = g’yﬁgﬁa — 1= gowgvﬂgﬁa-

If choose the lifts g, carelessly all we could say is

Pc(gavgwﬁgﬁa) =1
We set
€y = JoryGvpdfar Cyfa = Zarys%pa € S
Since pe(JayGvJsa) = 1 we deduce

€vBa € K C Sl.
For gee to be a gluing cocycle we need
CyBa = €yBa € L2 = exp(miZ) C St

In particular we deduce

2 2

2 2 _
Cipa =1 = 250 = 25,254

ie. (22,)is a S'-gluing cocycle for some complex line bundle L — M. We set

0,80 = 2<0’yg + 00 + 6&7)

2

The equality 6

= 1 implies
@75(1 e 7.
Note also that the image of $0.,5, in 3Z/Z = Z/2 coincides with € g,.

As in the previous subsection we denote by N, (U) the collection of g-simplices of the nerve
of the open cover U. We denote by C,(U) the free Z- module generated by the collection {o €
Ny (U)}. For every Abelian group G' we set

C1(U, @) := Hom(Cy(U), G).
Then
€150 € C*(U,Z/2), O, p4 € C*(U, 7).
We deduce as before that the above Cech cochains are in fact Cech cocycles. The cohomology class
of the cocycle (€,34) is the second Stieffel-Whitney class wo (M) € H?*(M,Z/2) of the manifold
M, while the cohomology class of the cocycle (6.,3,) is the first Chern class ¢1(L) € H%*(M,Z)
of the complex line bundle L — M defined by the gluing cocycle 22, (see [10, Chap.1] for a proof
of this general fact). Thus, the existence of a spin® structure implies the existence of an integral
cohomology class ¢ € H?(M, Z) such that
¢ mod 2 =wy(M) € H*(M,Z/2).

Arguing in reverse one can prove the following result (see Exercise 3.3.9).

Proposition 3.1.36. The manifold (M, g) admits spin® structures if and only if wa (M) is the mod
2 reduction of an integral cohomology class. O
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Two spin® structures described by lifts g,5 and ﬁaﬁ are called isomorphic if there exists a
collection of continuous maps

ko : Uy — K¢ = ker(Spin(n) — SO(n))
such that for every x € U, we have a commutative diagram
k
Spin®(n) 7, Spinf(n)
gaﬁ‘ ‘/ﬁag <— kagaﬁ = ﬁaﬁk/g.
Spin®(n) — Spinf(n)

We denote by Spin®(M) the set of isomorphisms classes of spin® structures on M. A spin®
manifold is a manifold M together with a choice of o € Spin(M).

Denote by Pici(M) the topological Picard group, i.e. the space of isomorphisms classes of
complex line bundles over M. To a spin® structure o over M given by the gluing cocycle g, =
[Gags 2ap = exp(mif,p)] we associate a complex line bundle det o given by the gluing cocycle
(22 3)- One can show that this induces a map

det : Spin® — Pic, (M), o+ deto.
The image of this map consists of line bundles L — M such that
c1(L) mod 2 = wy(M).
Note that Pic; (M) is a group with respect to ®. Moreover, the first Chern class induces an isomor-
phism
c1 ¢ (Picy(M),®) — H*(M,Z).
Proposition 3.1.37. There exists a natural free and transitive action of Pic,(M) on Spin®(M)
Pici (M) x Spin®(M) — Spin°(M), (L,o)— L-o

satisfying
det(L - 0) = L? @ det 0.

Sketch of proof. Consider a spin® structure o given by the gluing cocycle Jos = [(ag; 2ap =
exp(7if,p3)] and a line bundle L given by the gluing cocycle (3. We define L - o to be the spin®
structure given by the gluing cocycle [§o3, 2a5Ca/]-

We let the reader check that this action is well defined and free, i.e.
908 = [Gap; 2ap] = [[Gaps 2aplal] <= (Cap) = (1)-
The line bundle associated to L - ¢ is given by the gluing cocycle (Ci 523 ﬁ) so that
det(L ® 0) = L? @ det 0.
To prove that the action is transitive consider two spin® structures g, o1 given by gluing cocycles
00 = Jap = [Gop 2a8ls 01 = hap = [hap, Vag).
we can arrange so that
9v89pafay = hyghpacy
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Then 07 = L - o9 where L is the line bundle given by the gluing cocycle

Cap = Vap/Zap:
Il
The results in the above proposition is often formulated by saying that Spin®(M) is a Pic,(M)-
torsor or H?(M, Z)-torsor.

Example 3.1.38. (a) A spinnable manifold M admits spin® structures. In fact, to any spin structure
€ € Spin(M) there corresponds a canonical spin® structure o (€) such that det o(e) is trivial. We
thus have a natural map

Spin(M) — Spin(M), €+ o(e)
We denote by 3 the Bockstein morphism
B:HYM,Z/2) — H*(M,Z).

We know that Spin(M) is a H'(M,Z/2)-torsor. For every A € H'(M,Z/2) we have

o(Ae) = B(N) - o(e), Ve e Spin(M).
Observe that if Spin®(M) # 0 then Spin(M) # 0 if and only if for any (or for some) spin®
structure o on M there exists L € Pic,(M) such that L? = det 0. We will denote by v/det o the
collection of such line bundles. Hence

Spin(M) # ) <= V(3o € Spin®(M) : Vdet o # 0.

Given a spin® structure o on M we can identify the image of Spin(M) in Spin®(M) with the
collection of spin® structures

{L_l o € Spin®(M); L? = det 0}.
Since the compact oriented manifolds of dimension < 3 are spinnable we deduce that any such
manifold admits spin® structure.

(b) A result of Hirzebruch-Hopf shows that any compact, oriented smooth 4-manifolds admits spin®
structures.

(c) Using the identity (3.1.22) in the previous subsection we deduce that any almost complex man-
ifold admits spin® structures. In fact we can be much more precise. Suppose (M, J) is an almost
complex manifold and g is a Riemann metric compatible with J. Then dimg M = 2m and the
tangent bundle is described by a gluing cocycle

9o Uap — U(m) < SO(2m).
Using Proposition 2.2.14/in §2.2.2/ we deduce that there exists a smooth group morphism
., : U(m) — Spin°(2m)
such that the diagram below is commutative.
Spin©(2m)

.
o, 7 .
e p
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Then

gaﬁ = (I)m (gaﬁ)
defines a spin® structure on M called the spin® structure associated to an almost complex structure.
We will denote it by o¢. Observe that we have a commutative diagram

Spin©(2m)

U(m) —— 8!

where we recall that the vertical arrow is given by [§, z] +— 22. This shows that the line bundle
associated to oc is given by the gluing cocycle det g,g. It is therefore isomorphic to

detc(TM,J) = K,
Hence
det oc = K,
We deduce that an almost complex manifold is spinnable iff /Kj; # () and we can bijectively
identify the spin structures with the square roots of the canonical line bundle. ([l

Suppose (M, g) is a compact oriented Riemann manifold of even dimension dimg M = 2m.
Assume the tangent bundle is defined by a gluing cocycle
Joe : Use — SO(2m)
Fix a spin®-structure o € Spin®(M) described by a gluing cocycle
goo — [goo, Z.o] : Uo. — Splnc(2m)
We denote by P, the principal Spin©(2m) bundle determined by this cocycle so that
TM = P, x e R*™.
Spin©(2m) can be naturally viewed as a subgroup in Cly,,, ®C C Endc(Ss,,) and as such we have
representations
0% Spin©(2m) — Aut(c(S;m), ©° =2 S B <.
Define
Sg = Pa' X<Pc SQm-
As in the previous section we see that S, has a natural structure of C1(7™* M )-module. Moreover, if
we fix a Spin®(2m)-invariant metric on Sy, then the induced Clifford multiplication

c:T*M — Endc(Sy)
is odd and skew-symmetric with respect to the induced metric on S,,.
Suppose that the Levi-Civita connection on 7'M is described by a collection
Ay € Q' (Ua) ® 50(2m), Ag = ggaAagza — dgpa - G5a-

We denote by p. : spin(2m) — so(2m) the differential of p : Spin(2m) — SO(2m) described
explicitly in (2.2.4) and set

~

Aa = 7 (Aa) € Q' (Ua) ® spin(2m).
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Then the collection (A,) satisfies the transition rules
Ap = GpaAadze — ddpo - Gpa- (3.1.25)
Observe that although gee is only defined up to a 1 € ker p, this ambiguity is lost in the above

equality. Consider a connection B on the line bundle defined by the cocycle (z2,). It can be
described by a collection

d 1 1 d
o —Bg= =B, — “pa.

B, € QYU 1): Bg=B,—2
e (a)@ﬂ() 15} « zﬁa 9 9 Zﬁa

We deduce that the collection
~ 1
Ay = (Aq, iBa) € QN (Uy,) ® spin®(2m)
satisfies the gluing conditions
AB = gﬁa;lozgﬁ_o{ - dgﬁa ' gﬁ_(i
and thus defines a connection on P,. In particular it induces a connection on S, which we denote
by V2B, As in the previous subsection one can verify that (S,, V??) is a Dirac bundle. We denote
by
Dop C(S5) — C(S;)
the associated geometric Dirac operator.

Theorem 3.1.39 (Atiyah-Singer).

indc®op = [ A exp( ;- Fis) = (AQM) exp( s er(det o), [M]),

where we denoted by (—, —) : H*(M,R) x H,(M,R) — R the Kronecker pairing.

3.2. The heat kernel of generalized Laplacians
3.2.1. Spectral theory of generalized Laplacians.

3.2.2. The heat kernel and the McKean-Singer formula.
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3.3. Exercises for Chapter 3

Exercise 3.3.1. Prove (3.1.1).

Exercise 3.3.2. Prove (3.1.7).

Exercise 3.3.3. Prove Proposition 3.1.7.
Exercise 3.3.4. Prove the identity (3.1.10).
Exercise 3.3.5. Prove the identity (3.1.11).

I I A

Exercise 3.3.6. Prove Proposition[3.1.15.

Exercise 3.3.7. Prove Lemma3.1.21.

O

Exercise 3.3.8. (a) Show that we have an isomorphism of Z/2-graded algebras
Cly = Endy(H?).

(b) Equip H? with the complex structure defined by R; so as a complex vector space we have
H? = C*. Prove that
Cl; ®C = Endc(H?).
(c) Show that Spin(4) C Cly can be identified via the isomorphism Cly = Endy(H?) with the
diagonal subgroup
{Diag(q1,¢2); la1| = lg2| = 1}.

Exercise 3.3.9. Prove Proposition|3.1.36 ]



Chapter 4

The proof of the Index
Theorem

4.1. Would I really have enough time do do it?
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CR operator, 98, 100

differential form, 7
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Dirac bundle, 76
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Dirac operator, 50, 62, 83
geometric, 78
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K3 surfaces, 111

Laplacian, 36
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tautological, 3
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spin€, 118
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spin, 109
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Picard group, 98
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holomorphic, 100
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polarization formula, 22
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Ricci curvature, 38
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metric, 8, 34
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s-bundle, 76
grading, 76
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grading, 63
s-trace, 63
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scalar curvature, 38, 79
section, see also vector bundle
holomorphic, 99
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spinorial representation, 68
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Noether, 107
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Rohlin, 116
Sobolev embedding, 54

torsor, 110, 119
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twisting curvature, 77, 103, 112

vector bundle, 1

G-structure, 12
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canonical projection, 2
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connection, 13
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trivial, 13

fiber, 1

hermitian metric, 8

holomorphic, 97
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orientable, 6
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oriented, 6

parallel, 17

pullback, 6

rank, 2

section, 7
p-integrable, 52
covariant constant, 17
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pullback of, 9
weakly differentiable, 53

standard fiber, 2

total space, 2
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trivializable, 4

trivialization, 4

trivialized, 4

vector field, 7

weak solution, 53

Weitzenbock
remainder, 52
connection, 52
formula, 79
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Weyl

group, 29
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