HODGE NUMBERS OF COMPLETE INTERSECTIONS

LIVIU I. NICOLAESCU

1. HOLOMORPHIC EULER CHARACTERISTICS

Suppose X is a compact Kéahler manifold of dimension n and F is a holomorphic vector
bundle. For every p < dimc X we have a sheaf QP(E) whose sections are holomorphic (p, 0)-
forms with coefficients in . We set

HPY X, FE):= H(X,QP(E)), h"(X,FE):=dimc H" (X, FE),
and we define the holomorphic Euler characteristics
XP(X,E) = (-1)"h"(X, E).
q>0
It is convenient to introduce the generating function of these numbers
Xy(X,E) = _y"x"(X, E).
p=0

Observe that
QP (E) = QY (APT*X10)
so that
WX, E) =h"(X,APT* X0 @ E)
and
XP(X,E) = x"(X, AP T* X0 @ B).
If £ is the trivial holomorphic line bundle C then we write x,(X) instead of x,(X,C).

Observe that
Xy(X) [y=—1= D _(=1)PTIhPI(X) = x(X),
P,q

Hence for n = 1 we have

while for n = 2 we have

Example 1.1. X =PV then

1 if 0<p=¢q<N
p,q(pNY —
hoA(P )_{0 if p#q '

DN ) N N » yN+1_1
XP(PN) = (1P xy(PY) =D yp = ——
p=0

Hence
y—1
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2. THE RIEMANN-ROCH-HIRZEBRUCH FORMULA

The main tool for computing the holomorphic Euler characteristics x?(X, F) is based on
the following fundamental result.

Theorem 2.1 (Riemann-Roch-Hirzebruch).
X(X, E) = (td(X) ch(E), [X]),
where
td(X) = ) tdp(X), tde(X) € HM(X,Q),
k>0
denotes the Todd genus of the complex tangent bundle of X,
ch(E) =) chy(E), chy(E) € H*(X,Q),
k>0
denotes the Chern character of E and (e, ®) denotes the Kronecker pairing between cohomology
and homology.
We have the following immediate corollary.
Corollary 2.2.
YP(X,E) = xX"(X, APT* X0 ® E) = (td(X) ch(APT*X10) ch(E), [X]).

For a vector bundle V — X we define

chy (V) = 47 ch(APV).
p=>0

For simplicity we set T*X = T*X 9. The result in the previous corollary can be rewritten
as

(X, E) = (8d(X) - ch,(T*X) ch(E), [X]).

To use this equality we need to recall a few basic properties of the Todd genus and the Chern
character of a complex vector bundle.

Proposition 2.3. (a) Suppose L — X is a complex line bundle and set x = ci1(L) €
H?*(X,Z). Then
x

_ Y B C
td(L) 1_e= °© sinh(z/2)’

ch(L) =e*, chy(L) =1+ ye".

(b) If
0—FEy— FEF— FE —0.

is a short exact sequence of complex vector bundles then
td(E) = td(Ey) td(E1), ch(E) = ch(Ey) + ch(E,),
chy(Ey & E1) = chy(Ey) - chy(Ey).

Moreover

ch(Ey ® E1) = ch(Ep) ch(Eq).
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Example 2.4. Suppose X = PY. We want to compute td(X) and ch,(7*X*?). Denote
by H — PV the hyperplane line bundle. Its sections can be identified with linear maps
CN+1 5 C. We denote its first Chern class by h. As is known we have the equality

) = [ =1

PN
and an isomorphisms of rings

H*(PN,7) = z][h) /(RN T1).

The dual H* of H is the tautological line bundle which is a subbundle of the trivial bundle
CN*TL — PN, We denote by @ the quotient CV*!/H*. The tangent bundle of PV can be
identified with Hom(H*, Q) & H ® ). By tensoring the short exact sequence

O—>H*—>QN+1—>Q—>O
with H we obtain the short exact sequence
0—>C— HN' - TX =0

and we deduce

td(HY ) = d(C) td(TX) = td(TX) = td(H)V! = (- _he_h>N“_ (2.1)
Similarly, from the sequence
0 T"XY0 & (H)N+ L C —o0
we deduce
(1+y) chy(T*X) = chy(H)V*! = (1 + ye "N =
ch,(T*X) = (At ye™) T (2.2)

1+y

3. HODGE NUMBERS OF HYPERSURFACES IN PV,

Consider the line bundle mH = H®™ on X = PV, Its sections can be identified with degree
m homogeneous polynomials in the variables (zg,---,zy). For a generic section s the zero
set is a smooth hypersurface of degree m. We denote it by Z. We want to compute h?9(Z).
We follow closely the approach in [1]. For this we need to use the following fundamental
result.

Theorem 3.1 (Lefschetz). For k < N —1= 1 dimg Z the induced morphism
H*PN C) — H*(Z,C)
is an isomorphism. Moreover the morphism
HN-Y(PN,7) — HN"Y(Z,0)

s one-to-one. O
We deduce that for k < (N — 1)

bk(Z):bk(IP’N):{ 1 if ke2Z

0 if ke2Z+1
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Using the equalities
k
be(Z) =) W*P(Z)
p=0
we deduce
hWP4(Z) = WP9(PY), Yp+q < (N —1).
Hence if we set v = (N — 1) = dim¢ Z we deduce
(Z) = 1= (1R (Z), ¥ (Z) = =1+ (1) A1, ete.

Thus to compute the Hodge numbers it suffices to compute x,(Z2).
The first Chern class of mH is mh so that

ch(mH) = ™,
If we denote by Nz — Z the normal bundle of the embedding Z — X then we have the
adjunction formula
(mH) | 2= Nz
and a short exact sequence
0-TZ—TX |z— (mH) |z— 0.
Using Proposition 2.3(b), and the identities (2.1) and (2.2) we deduce that

h >N+1 1 —emh

6d(2) - td((mH) | ) = td(X) |;— td(2) = ( 7 1z

1—eh mh
and ( h)N+1
_ 14+ ye™
h,(T*Z) = ch, (T*X) |z - ch,(—mH) ™ | ;= .
¢ y( ) C y( )|Z C y( m ) |Z (1+y)(1+ye—mh) |Z
Hence

xy(Z) = (td(Z) chy (T"2), [Z])
<( h >N+1 |Z '1—€7mh |Z (1+y€7h)N+1 ‘Z [Z]>
l—e (L+y) (A 4 yemh) =70/
Since the cohomological class Poincaré dual to [Z] in X is mh we deduce

mh

_ o—mh e—h)N+1
xu(Z) = <<1 —he—h)N+1' : mh (1&5)?1 +g);e—mh) o [X]>
e—h\ N+1 —e—mh
- <hN+1(11+—%> o (1 +;)(1 + ye—mh)’ [X]>

We deduce that x,(Z) can be identified with the coefficient of z~! in the Laurent expansion
of the function

1+ ye #\N+1 1—e ™
— | —————— . .
( 1—e2 ) (14 y)(1 4 ye—m2)
This coefficient can be determined using the residue formula so that

1 14 ye #\N+1 1—e™ ™
W@ [ (L, .
27i 1—e? (1+y)(1 + ye—m2)

|z|=¢
If we make the change in variables
(=l-e?<=e*=1-( e™=(1-0",

1
eizdz = —dC — dz = —ﬁdc
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we deduce that x,(Z) is given by
L[ (moye, -
C. ¢ I+y)A-0OQ+y1-0m)

where C. is a small closed path with winding number around 0 equal to 1. This residue is
equal to the coefficient of ¢V in the ¢-Taylor expansion of the function

(- 9)" - —gm
fN(yvc) - (1_€)(1—|-y) 1+y(1—C)m

For our purposes it is perhaps more productive to understand the y-expansion on fy(y, ()

N Q) =Y fplOP,

p=>0
and then compute the coefficient of ¢V in fy,(¢). Set u = (1 —¢). We have

Lo (1= O" = L u” =(1—-um —1)%¢ — 1)
A0 +90-0  Grplitay 0 (D0 (- 1yumiy )

i>0 §>0

Xy(Z) = 2771'i d<7

k>0 =0 k>0
N+1
(1 + uy)N+! Z <N+ 1>uJyJ
— \
J
From the equalities
N+1
1 m N+1\
S ialO = £6) = 5 (k= ey (3 (V)
p>0 k>0 =0 N
we deduce
1y k(N +1 mk+1)y, p—k
Feal€) = 4 32D (0 )a .
Note that

C-um) 1-(1-O™ 1
fno(€) = U - (1-2¢) 1-¢

_u2m
i@ = 1w~ BT vy (1™ (- (- P

The holomorphic Euler characteristic xP(Z) is the coefficient of ¢V in fy (). For any power
series a(x) =), o anx™ we set

—(1-mh

Th(a(x)) := ap.
We want to discuss a few special cases.
e N = 2. In this case Z is a plane curve and we have x*(Z) =1 — h%(Z) = 1x(Z). Then
(m—1)(m—2)
2

To(fo0) =xX°(2) =To(1 =) —T(1 -t =1-

We deduce
ho’l(Z) _ hl’O(Z) _ (m — 1)2(7” — 2) _ %bl(Z)
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so that Z is a Riemann surface of genus % Note that if m = N + 1 = 3 we have
hN—l,O _ hl,o -1
so that Z is an elliptic curve. Z is a 1-dimensional Calabi-Yau manifold.
e N = 3 so that Z is an algebraic surface. We have
XN(Z) =1+ h2%(2), x'(Z2) =-h""(2), x*(Z2) =x"(2) = h*"(Z) + 1.
We have
_ _ m—1
X'(2) = Ts(fs0) = Ts(1 =)' = Ty(1 =" =1+ ( 3 )
(m—1)(m —2)(m —3)
6
XH(2) =T3(fs0) = 4T(1 - O™ = T(1 - Q7+ T3(1 - O™

=) - (")

=14+

_ +4m(m ~D(m-2) (2m-1)2m-2)2m—3)  4m® —12m + 14m
B 6 6 - 6 '
o (m — 1)(m — 2)(m — 3)
p20(7) = p02(z) = ST DA T 2)Um
(Z) (Z) 5 :
Am? — 12m + 14m
hH(Z) =
( ) 6 )
-1 om — 1
ba(Z) = 2002 + h1Y(Z) = 1+2<m3 > —4(’;’> + ( m3 ) =m3 — 4m? + 6m — 2.

Note that if m = (N + 1) = 4 we have
PN =20 =1, nb' =20.

In this case we say that X is a K3 surface. It is a 2-dimensional Calabi-Yau manifold.

4. HODGE NUMBERS OF COMPLETE INTERSECTION CURVES IN P3

Consider two generic hypersurfaces Z,,, Z, C P3 of degree m and respectively n. Their
intersection is a curve C' = (), ,,. We want to compute its genus. Denote by N¢ the normal
bundle of the embedding C, ,, — P3. No — C'is a rank 2 vector bundle over C' and we have
the adjunction isomorphism

Ne = (mH®&nH) |c .
Hence we obtain a short exact sequence
0—TC — (TP?) |¢c— (mH ®nH) |¢c— 0

so that
1+ a(TC)=ch(TC) = ch(T}P’g) |c —ch(mH) |¢ —ch(nH) |c .
From the exact sequence
0—>C— H™ TP >0
we deduce
ch(TP3) = 4eh — 1
so that
14 ¢ (TC) = (4e" —1 — ™ —enh) |¢
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so that
e(C)=c(TC)=4—-m—n)h|c .
We deduce that
X(C) = {e(C),[C]) = (4 =m —n)h |c, [C]).
Since [C] is the homology class Poincaré dual to mnh? we deduce
X(Crnn) = (4 —m — n)mnh® [P3]) = —(m +n — 4)mn
so that

mn(m +n —4)
5 .

Remark 4.1. If X = X7, ., C P"tk is a generic intersection of k hypersurfaces of degrees
mi, - ,mg (so dimg X = n) then

g(Cm,n) = hLO(Cm,n) =1+

k

S K )2 I
m17 , M — 7 — 0
= (1 +2y)(1 — z) J=1 (1+ zy ymi 4 y(1 — z)ma
For a proof, we refer to [1, Appendix I]. O
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