DIRAC OPERATORS ON COBORDISMS: DEGENERATIONS AND SURGERY

DANIEL F. CIBOTARU AND LIVIU I. NICOLAESCU

ABSTRACT. We investigate the Dolbeault operator on a pair of pants, i.e., an elementary cobordism
between a circle and the disjoint union of two circles. This operator induces a canonical selfadjoint
Dirac operator D; on each regular level set C; of a fixed Morse function defining this cobordism. We
show that as we approach the critical level set Cy from above and from below these operators converge
in the gap topology to (different) selfadjoint operators D+ that we describe explicitly. We also relate
the Atiyah-Patodi-Singer index of the Dolbeault operator on the cobordism to the spectral flows of the
operators D; on the complement of Cj and the Kashiwara-Wall index of a triplet of finite dimensional
lagrangian spaces canonically determined by Cp.
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Introduction

Suppose (M, g) is compact oriented odd dimensional Riemann manifold. We let Mdenote the cylin-
der [0,1] x M and § denote the cylindrical metric dt? + g.
Let D be a first order elliptic operator operator on M that has the form

D =o(dt)(Vi— D(t)), Q)

where o denotes the principal symbol of D, and for every ¢ € [0, 1] the operator D(t) on {t} x M is
elliptic and symmetric. For simplicity we assume that both A(0) and A(1) are invertible.
A classical result of Atiyah, Patodi and Singer [2, §7] (see also [12, §17.1]) relates the index

iaps(A) of the Atiyah-Patodi-Singer problem associated to D to the spectral flow SF( D(t) ) of the
family of Fredholm selfadjoint operators D(t¢). More precisely, they show that

iaps(D)+ SF(D(t), 0<t<1)=0. (A)

We can regard the cylinder M as a trivial cobordism between {0} x M and {1} x M, and the
coordinate ¢ as a Morse function on M with no critical points.
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In this paper we initiate an investigation of the case when M is no longer a trivial cobordism. We
outline below the main themes of this investigation.

First, we will concentrate only on elementary cobordisms, the ones that trace a single surgery.
We regard such a cobordism as a pair (]\/4\ , f), where M is an even dimensional, compact oriented
manifold with boundary, and f is a Morse function on M with a single critical point pg such that

FM) =[-1,1], f(OM)={-1,1}, f(po)=0.

We set My := f~!(41) so that we have a diffeomorphism of oriented manifolds OM = M, U—M_.
By removing the critical level set My = f~1(0) we obtain two cylinders

M_={f<0}[-1,00x M_, My ={f>02(0,1] x M,.

Suppose ¢ is a Riemann metric on Mand D : C® (E4+) — C*(E-) is a Dirac type operator on M ,
where E, @ E_ is a Z/2-graded bundle of Clifford modules.

Using the bundle isomorphism o (dt) we can regard D as an operator C®(Ey) — C*(E;). As
explained in [8] (see also Section 2 of this paper), for every t # 0, there is a canonically induced
symmetric Dirac operator D(t) on the slice M; = f~'(t). We regard D(t) as a linear operator
D(t) : C®(E4|n,) — C°(E+|n,), so that if g were a cylindrical metric then formula (t) would
hold.

The Riemann metric g defines finite measures dV; on all the slices My, including the singular slice
M. In particular we obtain a one parameter family of Hilbert spaces

H, := L*(M;,dV;; E,).
We can now regard D(t) as a closed, densely defined linear operator on H ;.
Problem 1. Organize the family (H);c_1 1) as a trivial Hilbert bundle over the interval [—1, 1]

H=Hx[-1,1] — [-1,1].

Under reasonable assumptions on f and § we can use the gradient flow of f to address this issue.
Once this problem is solved we can regard the operators D(t), ¢ # 0 as closed densely defined
operators on the same Hilbert space H. We can then formulate our next problem.

Problem 2. Investigate whether the limits

SF_:=1lm SF(D(t),-1<t<—¢), SF;:=lmSF(D(t), e<t<1).
e\.0 e\0

exist and are finite.

If Problem 2 has a positive answer we are interested in a version of (A) relating these limits to the
Atiyah-Patodi-Singer index of D in the noncylindrical formulation of [8, 9].

Problem 3. Express the quantity
6:= iAps(ﬁ)—i-SF_ + SF, (B)
in terms of invariants of the singular level set Mj.

The existence of the limits in Problem 2 is a consequence of a much more refined analytic behavior
of the family of operators D(t) that we now proceed to explain. We set

H=HoH, H.=H®0, H_.=0¢ H,
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and denote by Lag the Grassmannian of hermitian lagrangian subspaces H. These are complex
subspaces . C H satisfying L+ = JL, where J : H ® H — H @ H is the operator with block

decomposition
0 -1
J= [1 5 ]

Following [5] we denote by Lag™ the open subset of Lag consisting of lagrangians L such that the
pair of subspaces (L, H _) is a Fredholm pair, i.e.,

L+ H_ isclosedand dimL N H_ < o0

As explained in [5], the space Lag™ equipped with the gap topology of [10, §IV.2] is a classifying
spaces for the complex K -theoretic functor K.
To a closed densely defined operator 7' : Dom(7") C H — H we associate its switched graph

Ip:= {(Th, h) € H; he Dom(T) }

Then T is selfadjoint if and only if fT € Lag. It is also Fredholm if and only if fT € Lag™. We can
now formulate a refinement of Problem 2.

Problem 2*. Investigate whether the limits fi = limy\ o r D(=+t) exist in the gap topology and, if so,
do they belong to Lag™.

The gap convergence of the switched graphs of operators is equivalent to the convergence in norm
as t — 0F of the resolvents R, = (i + D(t))~!. To show that ' € Lag™ it suffices to show that
the limits R+ = lim, o+ R; are compact operators. If in addition’ . n H_ = 0 then the limits in
Problem 2 exist and are finite.

An even analog of Problem 2* was investigated in [16]. The role of the smooth slices M; was
played there by a 1-parameter family of Riemann surfaces degenerating to a Riemann surface with
single singularity of the simplest type, a node. The authors show that the gap limit of the graphs of
Dolbeault operators on M; exists and then described it explicitly.

In this paper we solve Problems 1, 2* and 3 in the symplest possible case, when Misan elementary
2-dimensional cobordism, i.e., a pair of pants (see Figure 1) and D is the Dolbeault operator on the
Riemann surface M. _

We solved Problem 1 by an ad-hoc intuitive method. The limits 'y in Problem 2* turned out to be
switched graphs of certain Fredholm-selfadjoint operators D, fi =T Dy-

We describe these operators as realizations of two different boundary value problems associated to
the same symmetric Dirac operator Dy defined on the disjoint union of four intervals. These intervals
are obtained by removing the singular point of the critical level set M and then cutting in two each
of the resulting two components. The boundary conditions defining D4 are described by some (4-
dimensional) lagrangians AL determined by the geometry of the singular slice My. The operators
D_ have well defined eta invariants 7. If ker D = 0 then we can express the defect § in (B) as

1
0= (n-—n). (©)

The above difference of eta invariants admits a purely symplectic interpretation very similar to the
signature additivity defect of Wall [19]. More precisely, we show that
0= —w(Ag, Ay, M), (D)

IThe condition I+ NH_ = 0is not really needed, but it makes our presentation more transparent. In any case, it is
generically satisfied.
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where A is the Cauchy data space of the operator Dy and w(Lg, L1, L2) denotes the Kashiwara-Wall
index of a triplet of lagrangians canonically determined by My; see [4, 11, 19] or Section 4.

Here is briefly how we structured the paper. In Section 1 we investigate in great detail the type of
degenerations that occur in the family D(t) as t — 0F. It boils down to understanding the behavior
of families of operators of the unit circle S* of the type

.d
L. = —io + a:(6),

where {ac}-~¢ is a family of smooth functions on the unit circle that converges in a rather weak
sense way as ¢ — 0 to a Dirac measure supported at a point §y. For example if we think of a. as
densities defining measures converging weakly to the Dirac measure, then the corresponding family
of operators has a well defined gap limit; see Corollary 1.5.

In Theorem 1.8 we give an explicit description of this limiting operator as an operator realizing a
natural boundary value problem on the disjoint union of the two intervals, [0, 6] and [fy, 27]. This
section also contains a detailed discussion of the eta invariants of operators of the type —’id% + a(6),
where a is a allowed to be the “density” of any finite Radon measure.

In Section 2 we survey mostly known facts concerning the Atiyah-Patodi-Singer problem when the
metric near the boundary is not cylindrical. Because the various orientation conventions vary wildly
in the existing literature, we decided to go careful through the computational details. We discuss two
topics. First, we explain what is the restriction of a Dirac operator to a cooriented hypersurface and
relate this construction to another conceivable notion of restriction. In the second part of this section
we discuss the noncylindrical version of the Atiyah-Patodi-Singer index theorem. Here we follow
closely the presentation in [8, 9].

In Section 3 we formulate and prove the main result of this paper, Theorem 3.2. The solution
to Problem 2* is obtained by reducing the study of the degenerations to the model degenerations
investigated in Section 1 The equality (C) follows immediately from the noncyclindrical version of
the Atiyah-Patodi-Singer index theorem discussed in Section 2 and the eta invariant computations in
Section 1. In the last section we present a few facts about the Kashiwara-Wall index and then use
them to prove (D).

Finally a few words about conventions and notation. We consistently orient the boundaries using
the outer-normal-first convention. We let 4 stand for v/—1 and we let L*? denote Sobolev spaces of
functions that have weak derivatives up to order k that belong to LP.

1. A model degeneration

Let L > 0 be a positive number. Denote by H the Hilbert space L?([0, L],C). To any smooth
function a : R — R which is L-periodic we associate the selfadjoint operator
D, :Dom(D,) Cc H— H,
where
d
Dom(D,) = {u e L'2([0,L],C); u(0) =u(L)}, Dau = —id—z: + au. (1.1)

In this section we would like to understand the dependence of D, on the potential a, and in particular,
we would like to allow for more singular potentials such as a Dirac distribution concentrated at an
interior point of the interval. We will reach this goal via a limiting procedure that we implement in
several steps.

We observe first that D, can be expressed in terms of the resolvent R, := (7 + Da)*1 as D, =
R, ! — i. The advantage of this point of view is that we can express R, in terms of the more regular



DIRAC OPERATORS ON COBORDISMS: DEGENERATIONS AND SURGERY 5

function
t
Alt) = / a(s)ds. ()
0

which continues to make sense even when there is no integrable function a such that () holds. For
example, we can allow A(¢) to be any function with bounded variation so that, formally, a ought to
be the density of any Radon measure on [0, L].

This will allow us to conclude that when we have a family of smooth potentials a,, that converge
in a suitable sense to something singular such as a Dirac function, then the operators D, have a
limit in the gap topology to a Fredholm selfadjoint operator with compact rezolvent. We show that
in many cases this limit operator can be expressed as the Fredholm operator defined by a boundary
value problem.

We begin by expressing 7, as an integral operator. We set

A(t) == /0 a(s)ds, ®a(t) :=1A(t) —t.

For f € H the function u = R, f is the solution of the boundary value problem

(i—i%)u%—au: f, u(0) =u(L).

We rewrite the above equation as

du
G DV —
t—i—(w, Ju=1f

from which we deduce
(e®Ou(t) ) = s f (1),
This implies that
e®a®Wy(t) —u(0) = i/ot e®40) f(s)ds, vt e [0, L].

If in the above equality we let t = L and use condition u(0) = u(L) we deduce

: L
T S
u(0) = e<I>A<L>1/0 eA(9) £(s)ds.

Finally we deduce

je—2a(t)

L t
u(t) = Rof = M)_l/o e‘PA(S>f(s)ds+z'/0 e~ (®a®)=2a(s) £(5)ds, (1.2)

The key point of the above formula is that R, can be expressed in terms of the antiderivative A(t)
which typically has milder singularities than a. To analyze the dependence of R, on A we introduce
a class of admissible functions.

Definition 1.1. (a) We say that A : [0, L] — R is admissible if A has bounded variation, it is right
continuous, and A(0) = 0. We denote by A or Ay, the class of admissible functions.
(b) We say that a sequence { A, },>0 C A converges very weakly to A € A if there exists a negligible
subset A C (0, L) such that

lim A, (t) = A(t), Vte€[0,L]\ A. 0

n—oo
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Remark 1.2. (a) Note that if A,, converges very weakly to A then A,,(L) converges to A(L).
(b) Let us explain the motivation behind the “very weak” terminology. An admissible function A
defines a finite Lebesgue-Stieltjes measure p4 on [0, L], and the resulting map A — g4 is a linear
isomorphism between A and the space of finite Borel measures on [0, L], [7, Thm. 3.29]. Thus, we
can identify A with the space of finite Borel measures on [0, L]. As such it is equipped with a weak
topology.

According to [0, §4.22], a sequence of Borel measures 11 4,, is weakly convergent to 14 if and only
if pa, (0) — ua(0), for any (relatively) open subset O of [0, L]. This clearly implies the very weak
convergence introduced in Definition 1.1. O

Inspired by (1.2) we define for every A € A the function ® 4(t) = ¢A(t) — ¢ and the integral
kernels

Sa:[0,L] x [0,L] — C, Sa(t,s) = ———r

W)le_(q)A(t)_q)A(s)), Vt,s € [O,LL
€ J—

. . . - 0 t<s
A0 L0, 2] = €, Kaltis) =4 (a,0-0409)) t>s.

Observe that there exists a constant C' > 0 such that
18 all Lo (jo,x[0,2)) + 1K all Lo (0,1 x[0,L)) < C, VA € A. (1.3)

Thus, these kernels define bounded compact operators S4, K4 : H — H; see [18, §X.2]. Moreover,
if we denote by || e ||, the operator norm on the space B(H) of bounded linear operators H — H
then we have the estimates that

[Sallop < [18allz2(o,1x[0,2)): 1K allop < 1K allL2(j0,2)x[0,2))- (1.4)

We can now rewrite (1.2) as
R, =Rp =54+ Kjy4. (1.5)

Proposition 1.3. If A,, converges very weakly to A then S 4, and K 4, converge in the operator norm
topology to S 4 and respectively K 4.

Proof. The very weak convergence implies that
S, (t,5) =X SA(t,s), Ka,(t,s) =2 Ka(t,s) ae. on0,L] x [0,L].
Using (1.3), the above pointwise convergence and the dominated convergence theorem we deduce
nlgrolo< 184, — 8allL2(o,L)x[0,2)) + 1Ka, — Kallr2(jo,L1x[0,1)) ) = 0.
Using (1.4) we deduce that
lim (184, = Sallop + 1S4, = Sallop ) = 0.
n—oo
O
We want to describe the spectral decompositions of the operators R4, A € A. To do this we rely
on the fact that for certain A’s the operator R 4 is the resolvent of an elliptic selfadjoint operator on
S1. We use this to produce an intelligent guess for the spectrum of R4 in general.

Let a be a smooth, real valued, L-period function on R and form again the operator D, defined in
(1.1). We set as usual
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The operator D,, has discrete real spectrum. If u(t) is an eigenfunction corresponding to an eigenvalue
A then

d d
—idfqz+au:)\u:>d—?+i(a—)\)u:0
so that u(t) = u(0)e *A M+ The periodicity assumption implies AL — A(L) € 2n7Z so the
spectrum of D, is

2 A(L
spec(D,) = )\An::—ﬂ(wA%—n); n€Z y, where wy := L (1.6)
’ L 27
The eigenvalue A 4, is simple and the eigenspace corresponding to A4 ,, is spanned by
Yan(t) = e%git e*i(A(t)fA(LLﬂ).
The numbers A 4 ,, and the functions 14 ,, are well defined for any A € A.
Lemma 1.4. Let A € A. Then the collection {14 ,(t); n € Z} defines a Hilbert basis of H.
Proof. Observe first that the collection
27nit
en(t) =Ya—on(t) =e¢ L , ne’
is the canonical Hilbert basis of H that leads to the classical Fourier decomposition. The map
Us:H — H, H> f(t) — e 8O- p(y)
is unitary. It maps e,, to 104 , which proves our claim. O
A direct computation shows that
1
Rayap = ———%an, VAEA, AcA

T+ A\ An
This proves that for any A € A the collection {14, }ncz is a Hilbert basis that diagonalizes the
operator R 4. Observe that R 4 is injective and compact. We define
Ta:=R;' —1.

The operator Ty, is unbounded, closed and densely defined with domain Dom(74) = Range (R4).
We will present later a more explicit description of Dom(74) for a large class of A’s.
Note that when

t
A= / a(s)ds, a smooth and L-periodic,
0

the operator T4 coincides with the operator D, defined in (1.1). Proposition 1.3 can be rephrased as
follows.

Corollary 1.5. If the sequence (Ay)n>1 C A converges very weakly to A € A then the sequence of
unbounded operators (T4, )n>1 converges in the gap topology to the unbounded operator T . O

The spectrum of T4 consists only of the simple eigenvalues A4 ,,, n € Z. The function 14, is an
eigenfunction of 74 corresponding to the eigenvalue A4 ,,. The eta invariant of 74 is now easy to
compute. For s € C we have

1
na(s) = Z Y <dim ker(A — T4) — dimker(A 4+ T4) )
A>0
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Z signAan  L° Z sign( n—+ wA)

nerh oy Ml 2T Ly el
bet A(L) | AL
pa = wa— lwa] = AE) {)J € 0,1). (1.7
T 2w

If p4 = 0 then 14(s) = 0 because in this case the spectrum of T4 is symmetric about the origin. If
pa # 0 then we have

L? 1 1 L?
na(s) = (Z(’H‘FPA)S_Z(NH—PA)S> = 27TS(C(5’PA)—§(571—PA)),

2ms
n>0 n>0

where for every a € (0, 1] we denoted by ((s, a) the Riemann-Hurwitz zeta function

1
((s,0) = D) ——-
n%% (n+a)s
The above series is convergent for any s € C, Res > 1 and admits an analytic continuation to the
puctured plane C \ {s = 1}. Its value at the origin s = 0 is given by Hermite’s formula [17, 13.21]

1

¢(0,a) = 5o (1.8)

We deduce that 774 (s) has an analytic continuation at s = 0 and we have

. 0 if pa=0,
mO={ 1 Y, it prc i 19
If we introduce the function )
= §(dimkerTA +14(0) )7
then we can rewrite the above equality in a more compact way
1 1
fr= -2 =L pu (1.10)

2 2
Suppose we have Ay, A; € A. Weset As = Ag+5s(A;1—Ap) € A. Themap [0,1] 5 s+— A; € A
is continuous in the weak tooplogy on A and thus the family of operators T4, is continuous with
respect to the gap topology. The eigenvalues of the family 74, can be organized in smooth families
2

2
Asn = f(ws—i—n) = %(wAO + s(w1 —wo) —i—n), ws 1= wA4,,; Vs € [0,1].

Assume for simplicity that wg,w; € Z, i.e., the operators T4, and T4, are invertible. Denote by
SF (A, Ag) the spectral flow of the affine family” T4,. Then

SF(A1,A) =#{n€Z; woy+n<0, wi+n>0}—#{necZ, wy+n>0, wi+n<0}
= #(2N (wo,w1) ) = #(Z20 (wiwo) ).

‘We conclude

A; (L
SF(Al,Ao): ({wlj - Lwoj), w; = 2(71') (111)
Using (1.10) we deduce
SF(Ay,Ag) = |wa,| — |way) = wa, —wa, + (€4, — €a, ). (1.12)

2The quantity SF(A1, Ao) is independent of the weakly continuous path A, connecting Ao to A1 since the space A
equipped with the weak topology is contractible. It is thus an invariant of the pair (A1, Ao).
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Remark 1.6 (Rescaling trick). Note that the rescaling

Ly
=
induces an isometry I, ¢, : Hr, = L*(0, Lo; C) — Hp, = L*(0, Ly;C),

Hp, > f(t) =g, 10 f(1) =2 f (%) €Hp,.

[0, L1] 97Ht:%e [0, Lo], ¢

The unbounded operator % on H, is the conjugate to the operator c% onHy,.

If o(t) is a real bounded measurable function on [0, L], then the bounded operator on H 1, defined
by pointwise multiplication by «/(t) is conjugate to the bounded operator on H 1, defined by the
multiplication by a(7) = «(7/c). Hence the unbounded operator D, on H,, is conjugate to the
unbounded operator cD,-1, on Hp,,,

¢De-1q = I11,00DadL, 1, (1.13)

Its resolvent is obtained by solving the periodic boundary value problem

tu+c <—'Lj7_ + c_la(7)> u(r) = f(7), u(0) =wu(Ly),

or equivalently

d%_u +c Halr) —i)u=ctif, u(0)=u(Ly).

If we set
A(r) = /0 a(o)do and @ 4.(t) = c*1<I>A(7') = cil(iA(T) —T),

then we see that R, is conjugate to the integral operator 2 4 .

L1 t
Racf(r) = /0 e‘I’AvC(U)f(s)ds—i—cli/O e~ (@a.c(M)=24(0) £(5)do.

Arguing exactly as in the proof of Proposition 1.3 we deduce that if A, coverges very weakly to
A € Ay, and the sequence of positive numbers ¢,, converges to the positive number ¢ then R4
converges in the operator norm to [24 ..

For any ¢ > 0 and A € A we define the operator

c_l/ie_q)A,c(T)

eQA,c(Ll) — 1

n;Cn

Tae= Ry, —4, ¢>0.
Note that T’y . = ¢T.-1 4. Then for every ¢ > 0 the spectrum of T' . is

spec(TAﬁ) = cspec(TC_lA). ad

We want to give a more intuitive description of the operators R4, and T4 for a large class of A’s.
We begin by introducing a nice subclass A, of A. Let H () denote the Heaviside function

1, t>0
H(t): M -
0, t<O0.

Definition 1.7. We say that A € A is nice if there exists a € L>(0, L), a finite subset P C (0, L),
and a function ¢ : P — R such that if we define
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then
Aty = A.()+ 3 ep)H(t —p), Ve e 0,L].
peEA
We denote by A, the subcollection of nice functions. O

Let us first point out that A, is a vector subspace of A. Next, observe that A € A* if and only
if there exists a finite subset P4 C (0, L) such that the restriction of A to [0, L] \ P is Lipschitz
continuous. In this case A admits left and right limits at any point ¢ € [0, L] and we define

c: Py —R, ¢(p) = 7%i{]{;A(iﬁ) - }i/n]le(t).

Then
A(t) = A(t) =) _c(p)H(t —p)
peP
is Lipschitz continuous, it is differentiable a.e. on [0, L] and we define a to be the derivative of A,.
Let us next observe that if A € A, then the operator 7’4 can be informally described as

d
TA:—5ﬁ+a@y+§:c@wp
pEP4

In other words, T4 would like to be a Dirac type operator whose coefficients are measures. In the
above informal discussion we left out a description of the domain of 74. Below we would like to give
a precise description of T'4 as a closed unbounded selfadjoint operator defined by an elliptic boundary
value problem.

For any partition of [0, L], P = {0 < ¢; < --- < t,—1 < L}, we set

to:=0, t,: =1L, Ij:=[tp_1,tk), k=1,...,n.
We define the Hilbert space

HfP = @LQ(IIW C)?
k=1

and the Hilbert space isomorphism
Jp:H— Hyp, H> f— (fln,.... fl1,) € Hyp.
Let A € A, and P be a partition
P={0<ty<---<th_1 <L}

that contains the set of discontinuities of A, P D P 4. We set
dA,

a=—, sap=aly, k=1,...,n.

dt
Forj =1,...,n — 1 we denote by ¢; = ¢;(A) the jump of A at ¢;,

cj = A(t]) — At;).
Finally we define the closed unbounded linear operator
Lpp:Dom(Lyp) C Hp — Hop,
where Dom(L 4 ) consists of n-uples (uy)1<x<n € Hp such that
up € LY (1), k=1,...,n, (1.14a)
wjyi(t;) = e “iui(ty), j=1,...,n—1, (1.14b)
un (L) = u1(0). (1.14¢)
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and

.du Jdu
Lag(uy,... up) = <—zd71 aru, =i anun>. (1.15)

A standard argument shows that L 4 ¢ is closed, densely defined and selfadjoint. In particular, the
operator (L 4 o + %) is invertible, with bounded inverse.

Theorem 1.8. For any A € A, and any partition
P={0<ti < - <tp_1 <L}
that contains the set of discontinuities of A we have the equality

Ly =3pTad5"

Proof. For simplicity we write L 4 instead of L 4 p. We will prove the equivalent statement
(34 La) ™ = 9p(Ta +4) 195" = IpRAT5".
In other words we have to prove that for any u, f € H if u = Ry f, then v € Dom(L,4) and
(La + %)Ipu = Jpf. More precisely, we have to show that the collection Jqu = (uy)1<k<p satisfies
(1.14a—1.14c) and (1.15). Using (1.2) we deduce
je—2a(t)

L t
u(t) = e<I>A(L>1/O eq)A(s)f(s)dsHe—@A(t)/o e®4() f(s)ds. (1.16)

This implies the condition (1.14a). The condition (1.15) follows by direct computation using (1.16).
Next, we observe that

. 7(I>A(tJ-r) L t;
o ®a(s) o= 2alt)) [ 2als)
u(t]) Al 1 /0 e f(s)ds + e J /0 e f(s)ds,
. —Da(t;) L t;
. te i s ey [ s
u(t;) = e‘I’A(L)—l/O P24 f(s5)ds + de ®alt; )/0 el f(s)ds,

from which we conclude that
u(t;“) = eii(q"“(tﬂf)féf‘(t;))u(t;), Vi=1,...n—1.
This proves (1.14b). The equality (1.14c) follows directly from (1.5). O

Remark 1.9. We would like to place the above operator L 4 in a broader perspective that we will use
extensively in Section 4. Consider a compact, oriented 1-dimensional manifold with boundary /. In
other words [ is a disjoint union of finitely many compact intervals

I =05_ I
If Iy := [ag, bk], ax < by, then we set
0+ 1y = {br}, 0_Ij :={ar}, O4+I :={b1,...,b,}, O_I :={ai,...,an}.
In particular, we have a direct sum decomposition of (finite dimensional) Hilbert spaces
E:=L*0I,C)=L*0, 1) L*(0_I)=E, o E_.

On the space C*°(I,C) of smooth complex valued functions on I we have a canonical, symmetric
Dirac D operator described on each I, by —i%. Let o denote the principal symbol of this operator.
If v, denotes the outer conormal to the boundary. We then get an operator

J=o(v,): L*(0I,C) — L*(dI,C).
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It is a unitary operator satisfying J2 = —1, ker(i + J) = E, and ker(i — .J) = E_. It thus defines
a Hermitian symplectic structure in the sense of [1, 5, 14]. A (hermitian) lagrangian subspace of E
is then a complex subspace L such that L~ = JL. We denote by Lag(FE, J) the Grassmannin of
hermitian lagrangian spaces. We denote by Iso(E ., E_) the space of linear isometries £, — E_.
As explained in [1] there exists a natural bijection3

Iso(E+,E_) — Lag(E), Iso(E;,E_)>T+—T7p

where I'r is the graph of T viewed as a subspace of E. Our spaces E 4 are equipped with natural
bases and through these bases we can identify Iso( E ., E_) with the unitary group U (n). We denote
by A the Lagrangian subspace corresponding to the identity operator.

Any subspace V' C FE defines a Fredholm operator

Dy : Dom(Dy) ¢ L*(I,C) — L*(I,C),
where
Dom(Dy) = {u e LY*(I,C); ulogr eV }, Dyu = Du.
The index of this operator is

iy = dim(VNA) —dim(ANJVY) =dim(V N A) —dim(JAN V)

=dim(VNA) —dim(AtNV1) =dimV — codim A = dim V — n.
A simple argument shows that Dy, is selfadjoint if and only if V' € Lag(E). As we explained above,
in this case V' can be identified with the graph of an isometry 7' : £, — E_. We say that T is the
transmission operator associated to the selfadjoint boundary value problem.
For example, if in Theorem 1.8 we let A(t) = 27;11 c;H(t — t;), then we see that the operator
L 4 can be identified with the operator Dr., where the transmission operator 7' € Iso(Ey, E_) is
given by the unitary n X n matrix

0 0 0 0o 1
et 0 0
0 et () 0 0
T =
|0 0 0 e~tn-1 Q|

2. The Atiyah-Patodi-Singer theorem

We review here the Atiyah-Patodi-Singer index theorem for Dirac operators on manifold with bound-
ary, when the metric is not assumed to be cylindrical near the boundary. Our presentation follows
closely, [8, 9], but we present a few more details since the various orientation conventions and the
terminology in [8, 9] are different from those in [3, 13] that we use throughout this paper.

Suppose (]\/4\ , §) is a compact, oriented Riemann, and M C Mbea hypersurface in M co-oriented
by a unit normal vector field v along M. Let n := dim M so that dim M = n + 1. We denote by g
the induced metric on M. We first want to define a canonical restriction to A/ of a Dirac operator on
M.

3There are various conventions in the definition of this bijection. We follow the conventions in [5].
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Let exp? : TM — M denote the exponential map determined by the metric H. For sufficiently

small € > 0 the map
(—e,e) x M > (t,p) — expg(tu(p)) eM

is a diffeomorphism onto a small open tubular neighborhood O, of M. The metric g determines a
cylindrical metric dt? + g on (—&,¢) x M. Via the above diffeomorphism we get a metric Go on O..
We say that gg is the cylindrical approximation of § near M.

We denote by V the Levi-Civita connection of the metric g and by V0 the Levi-Civita connection
of the metric gg. We set

2:=V-VeQ'(0, End(TM)).

To get a more explicit description of = we fix a local oriented, g-orthonormal frame (eq, ..., e;,)
on M. Together with the unit normal vector field v we obtain a local oriented orthonormal frame
(v,eq,...,ep)of ™ |ar. We extend it by parallel transport along the geodesics orthogonal to M to
a local, oriented orthonormal frame (2, 1, .. ., &) of TM.

Denote by @ the connection form associated to v by this frame, and by 0 the connection form
associated to VO by this frame. We can represent both & and 6 as skew-symmetric (n+1)x (n+1)
matrices

~1

W= (&\) )O<z J<n’ /é = (0] )OSi,an’

~

where the entries are 1-forms. Then 2 = w — 6.

We set € := 1, and we denote by (ék)ogkgn the dual orthonormal frame of T* M .Then we have
. . Ak ~d e S . R =0 - ~i .
w; = w}q , 0, =0,e", Vie; =wj e, Viej=0;¢e, V0<jk<n,

where we have used Einstein’s summatlon convention.

Observe that V& = 0 so that 90 = 0 = 0. Also,
@y =6, V1 <i gk <n.
If we write

(Eﬁ )ogi,jgn’ E; - :zkék

and we let o(1) denote any quantity that vanishes along M. then we have
= ——E{, V0 <i,j <mn, (2.1)

J
=o(l), V1<i,j<n, 0<k<n. (2.2)

—
=)
e

We set
~ N . .
Gij =0. wkij = w}cj, 9]“‘]‘ = wz,j.

':,.-—:‘i—AAA‘A,
=kij +— '—'k;j—g(vkejaez)a wzg—w §

2?
We denote by Q the second fundamental form” of the embedding M — M ,
Qe ej) = g(Vez.u, ej)'

Along the boundary we have the equalities

[1]

kjo = Zjko = —Ego; = Qej,ex) V1 <i,5 <n, (2.3a)
Eijo =0, V0 <14, < n. (2.3b)

To understand the nature of the restriction to a hypersurface of a Dirac operator we begin with

a special case. Namely, we assume that M is equipped with a spin structure. We denote by S the

40ur definition of the second fundamental form differes by a sign from the usual definition. With our definition the
round sphere cooriented by the outer normal has positive mean curvature.
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associated complex spinor bundle so that SisZ /2-graded is dim Mis even, and ungraded otherwise.
We have a Clifford multiplication

¢:T"M — End(S).

The metrics § and gy define connections V7" and V70 on §|_. Using the local frame (&;)o<i,j<n
we can write
~ 1 . A 1. . .
spin __ N AlAINALA spin,0 ALAINAL A
Vi =0 — Zwkijc(e’)c(ej), Vi =0k — Zekijc(e’)c(ej),
where we again use Einstein’s summation convention.

Using the connections VP and V¥ we obtain two Dirac operators D and respectively Dg on
Slo

n n
D _ Z é(éz)§fpm’ ﬁO _ Z é(éi)§fpm70.
i=0 i=0
Identifying O, with (—e, &) x M we obtain a projection
m: 0, — M.

We set S := S\ M. The parallel transport given by Vspin yields a bundle isomorphism S|OE > 7*S.
Using these identifications we can rewrite the operators D and Dy as
D = &(&) (V™ — D(t)) : C=(n*S) — C=(x*S),
Do = &(&°) (8o — Do(t)) : C®(7*S) — C(7*S).

The operators D(t) and Dy(t) are first order differential operators C*>° (§|{t}X m) — C% (§|{t}x M)
and thus can be viewed as ¢-dependent operators on S.

The operator Dy(t) is in fact independent of ¢ and thus we can identify it with a Dirac operator
on C(S) — C°°(M). Itis called the canonical restriction of D to M, and we will denote it by
R M(f)).This operator is intrinsic to M. More precisely when dim M is even then S is the direct sum

of two copies of the spinor bundle on M and the operator Dy is the direct sum of two copies of the
spin-Dirac operator determined by the Riemann metric on M.

When dim M is odd then S is the spinor bundle on M and Dy is the spin-Dirac operator de-
termined by the metric on the boundary and the induced spin structure. We would like to express
Rz (D) in terms of D(t)|4—o.

Letv, =&’ ¢ C"’O(T*M\|8]\7), set J := ¢(v,) and define ¢ : T*M — End(S) by setting

—

c(a) = (v, (p))e(a) = Je(a), Ype M, a€T*M C (T*M)|y.

Observe first that R R
Rar(D) = Dy(t) = 0o + J Dy.
Next we observe that

L 1 NN
yspin _ yspind -7 Z Ewé(él)é(é])
i?j
so that 1
ﬁgpln B ﬁgpln’o _ ﬁ(s)pm — 9y = —ZEOz]Jé(éZ)é(é]) = 0(1)7

L 1 , :
D—Do=--> Epjeehe)ee) = L.
i7j7k
We denote by L(t) the restriction of £ to the slice {¢} x M so that L(¢) is an endomorphism of
S’{t}xM~
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Hence
D =J8y—JD(t), D(t)=JD+ 8y =JDy+ 8y + JL = Dy(t) + JL,
so that
D(0) = Rar(D) + JL()i=o-
Thus, we need to compute the endomorphism JL(¢)|;—o. We have
1 NI Y
JL = ~1 Z JEje(e”)e(e)e(é’).
0,3,k
There are many cancellations in the above sum. Using (2.2) we deduce that the terms corresponding

to k = 0 vanish. Using (2.1) we deduce that the terms corresponding to ¢, j > 0 or ¢ = j also vanish
along the boundary. Thus

1 1

_ =, Te(eMel(ee(el _ ! o Tl kYAl Al
JL = 1 Z ErijJe(e”)e(e')e(e?) +o(l) = 5 Z ErijJe(e")e(e’)e(e’) + o(1)
1#£5,k#0 1>3,k>0
1 Ak A AGY A
=2 Y Ssee)e(eee) + o)
i>0,k>0

Using the equalities J = &(&"), Jé(ef) = —e(eF)J for £ > 0 we deduce
1 = Ao kNArAdY = _ 1
JL = 5 Z Erioc(e”)e(e)) = —§Z~ii0 +o(1) = D) trQ.
i,k>0 7>0

The scalar tr () is the mean curvature of M — M and we denote it by hs. Hence

~ 1
D(®)lt=0 = R (D) = 5har. (2.4)

A similar equality was proved in [12, Lemma 4.5.1], although in [12] they use a different definition
for the induced Chfford multlphcatlon on the boundary that leads to some sign differences.

If now £ — M is a hermitian vector bundle over M and VE isa Herm1t1an connectlon on E then
we obtain in standard fashion a twisted Dirac operator D : C (S ® E) — O™ (S ® E) Using the

parallel transport given by VE we obtain an isomorphism
E’\os = 7n*FE, where E := E]M
Along O, the operator D £ has the form
Dg = J(0; — Dg(t)).
If on O, we replace the metric g with its cylindrical approximation gy we obtain a new Dirac operator
ﬁE,o :C® (1" (S®E)) - C®(1"(S® E))
which along the boundary has the form J(0y — Dg,), where Dg g : C*(S® E) — C*(S® E). We
set Ryr(Dg) := Dg o and as before we obtain the identity

~ 1
DE(t)|t:0 = fRM<DE) — §hM. (2.5)

This is a purely local result so that a similar formula holds for the geometric Dirac operators deter-
mined by a spin® structure.

We want to apply the above discussion to a very special case. Consider a compact oriented surface
> with possibly disconnected boundary 03.. We think of 0% as a hypersurface in 3. cooriented by the
outer normal.
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Fix a Riemann metric § on X, smooth up to the boundary. Denote by s the arclength coordinate
on a component dpX. of the boundary. As before we can identify an open neighborhood O of this
component of the boundary with a cylinder (—&, 0] x S*. In this neighborhood the metric § has the
form

§ = dt* + w’ds®
where w : (—¢,0] x S' — (0,00) is a smooth positive function in the variables ¢, s such that
w(0,8) =1, Vs.

The metric and the orientation on Y defines an integrable almost complex structure J : T3 — T3,
More precisely, J is given by the counterclockwise rotation by 7 /2. We denote by K, the canonical
complex line bundle determined by J. We get a Dolbeault operator

(0+0%):C*(Cy & Ky') — C=(Cy & K ).
We regard this as the Dirac operator defined by the metric g, a spin® structure. The twisting line bun-

dle is K g 1/ 2, where the connection on K is the connection induced by the Levi-Civita connection
of the metric §. We analyze the form of 9 : C°°(Cy;) — C*(Ky,')on the cylindrical neighborhood
0. We set

e’ =dt, e' =wds.
Then {e, e'} is an oriented, orthonormal frame of 7*3| 9. We denote by {e, e; } its dual frame of
TY. Welet ¢ : T*Y — End(Cy, @ Ky) be the Clifford multiplication normalized by the condition
that the operator dV := c(e”)c(e!) on Cy, & K5;' has the block decomposition [3, §3.2],

c(e¥)c(e!) = [ N } . 2.6)

The Levi-Civita induces a natural connection on on Ky, ! and if we use the trivial connection on Cs,
we get a connection V on Cy, @ Ky 1. The associated Dirac operator is Dy, = v/2(0 + 0*). The even
part of this operator is
+ _ 3 . -1
Dt =20 :C™®(Cy) — C®(Kg1).
We want to compute its canonical restriction to the boundary.

The Levi-Civita connection V determined by ¢ is described on O by a 1-form w uniquely deter-
mined by Cartan’s structural equations

= 0 —w e 0 w el
s Il O el B R P el

We deduce w = ael, a € C°°(0) and from the equality

/
w
—LeP Nel = widt Nds = de' = ae’ Ne;
w

we conclude a = 9 log w so that

1

w = O (logw)e" = wyds.

The mean curvature h of the boundary component 9pX. is the restriction to ¢ = 0 of the function wy.
The Riemann curvature is described by the matrix

0 —dw | _ 0 —widtNds | | 0 —%l & A el
dw 0 | | w/dtNds 0 I '

If we denote by O the trivial connection on Cy. then we deduce
DY = c(€°)0e, + c(e)0e, = c(eo) (0 — c(e®)c(e!)de, )
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so that
DY (1) = c(€°) D + 8, = c(e%)c(e)e, =) —ide,.
Above, the operator Di; (t) is, canonically, a differential operator
D (t) : C%(Cyx) — C(Coy),

where Cy, denotes the trivial complex line bundle over 0X. The boundary restriction is then accord-
ing to (2.5)

_ 1 1
Rox(0) = D (t) + 3h= —10e, + 3N (2.7

Let us observe that along the boundary we have e, = 0s.
Consider the Atiyah-Patodi-Singer operator

5Apg : Dom(éAps) C L2(E) — LQ(Z), 5Apsu = 5U,Vu € Dom(éApg),

where
Dom(daps) = {u € L'*(%,C); ulos € Aj },

and A is the closed subspace of L?(9X) generated by the eigenvectors of the operator B := Rys;(9)
corresponding to strictly negative eigenvalues.
The index theorem of [8, 9] implies J4pg is Fredholm and

(dim B +75(0) ).

| =

_ 1
iaps(%, g) := index (Oaps) = 2/ c1(X,9) =&, &=
>

Above, ¢1(Z,g) € Q*(X) is the 2-form 5= K,dV;, where K, denotes the sectional curvature of g
and dV;; denotes the metric volume form on X. From the Gauss-Bonnet theorem for manifolds with

boundary [15, §6.6] we deduce
1
c1(2, g +/ hds = x(2),
LaEo+g [ nas=xm)

where h : 0¥ — R is the mean curvature function defined as above. We deduce

1 1
iaps(2.0) = 3x(9) = - [ hds— ¢ @8)

If 0% has several components 0% = 013 U - - - U 0,2, then we have n scalars

1
H,‘ = / hdS,
A Jo,»

and a direct sum decomposition B = @', B;, where each of the operators B; is described by (2.7).
We set

Then using (2.7) and (1.10) we deduce
1, . 1
¢, = i(dlmkerBi +778i(0)) = 5(1 — 2pi).
We can rewrite (2.8) as

n n n

iaps(E,9) = %X(E) -) Hi- % > (1-2p) = %(X(Z) —n) = [Hi. (2.9)
1=1 i=1 =1
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3. Dolbeault operators on two-dimensional cobordisms

When thinking of cobordisms we adopt the Morse theoretic point of view. For us an elementary
(nontrivial) 2-dimensional cobordism will be a pair (X, f) where ¥ is a compact, connected, oriented
surface with boundary, f : 3 — R is a Morse function with a unique critical point pg located in the
interior of 3 such that

f(z) = [71’ 1]7 f(&Z) = {*1’ 1}a f(p[)) =0.
In more intuitive terms, an elementary cobordism looks like one of the two pair of pants in Figure 1,
where the Morse function is understood to be the altitude.

= T

FIGURE 1. Elementary 2-dimensional cobordisms.

We set
4% = f1(#1).
In the sequel, for simplicity, we will assume that 0 X is connected, i.e., the pair (X, f) looks like the
left-hand-side of Figure 1.
We fix a Riemann metric g on ¥. For simplicity’ we assume that in an open neighborhood O near
po there exist local coordinates such that, in these coordinates we have

g=dz* +dy*, f(z,y) = —az®+ By*, (3.1)

where «, 3 are positive constants. We let V f denote the gradient of f with respect to this metric and
we set
Cy = f7Ht), t#0.
For ¢ # 0 we regard C} cooriented by the gradient V f. Observe that C; has two connected compo-
nents when ¢t < 0. We let h; : C; — R be the mean curvature of this cooriented surface. For ¢ £ 0
we set
Ly = / ds =length (Cy), wy:= = hyds.
Cy 47T Cy

Observe that even the singular level set Cj is equipped with a natural measure defined by the arclength
measure on C \ {0}. The length of Cj is finite since in a neighborhood of the singular point py the
level set isometric to a pair of intersecting line segments in an Euclidean space.

Denote by W¥ the stable/unstable manifolds of py with respect to the flow ® generated by —V f.
The unstable manifold intersects the region {—1 < f < 0} in two smooth paths (see Figure 2)

[—1,0) St ag, by € Cy, Vt € [—1,0),

while the stable manifold intersects the region {0 < f < 1} in two smooth paths (the top red arcs in
Figure 2)
(0, 1] St ag, by € Gy, Vt € (O, 1]

SThe results to follow do not require the simplifying assumption (3.1) but the computations would be less transparent.
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Observe that lim; g a; = lim;_.g by = pg. For this reason we set ag = by = py.

FIGURE 2. Cutting an elementary 2-dimensional cobordism.

As we have mentioned before, for ¢ < 0 the level set C; consists of two curves. We denote by C}
the component containing the point a; and by C? the component containing b;. For ¢ < 0 we set

1 1
Ly :—/ ds, L! :—/ ds, wj:=— hids, Wb = — hids
C’EL Cb 47 Cg‘ 47 Ctb

t

so that
Li=L¢+ L% w=w+u? Vt<O.
Fix a point a_; € C% \ {a_1} and a pointb_; € C®, \ {b_1}. Fort € [~1,1] we denote by a
(respectively by) the intersection of C; with the negative gradient flow line through a_; (respectively
b). We obtain in this fashion two smooth maps (see Figure 2)
a,b:[-1,1 — .

For t > (0 we denote by I the component of Cy \ {as, b} that contains the point a; and by I? the
component of C; \ {ay, b;} that contains the point b;.
The regular part C = Cp \ {po} consists of two components C¢ and C4. We set
1 1

1 1
W= hod b = [ hod = hods = w® + WP. 3.2
47rw0 47 /Cg 065 %o 4 b 065, &0 A7 cy 005 =g + Wo 32)

Note that the limits lim; .o L¢, lim;_,o L? exist and are finite. We denote them by L& and respectively
L5. We have
& 4 Ly = Lo := length (C)o.

Let D; denote the restriction of O to the cooriented curve Cy, t # 0. As explained in the previous
section we have

D, = _idisd—i_ %flt’ J ) t>0,
(=5 + 3h)log @ (=g + 3he)lee <O
If we set

pr =wp — |wi], pf =wp— |wf], P?:Wt— LW?L
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then the computations in Section 1 imply

1{1—2pt, t>0

W= =3 0o -2l), t<0 G

2

= Throughout this and the next section we assume that both D1 and are invertible.

We organize the family of complex Hilbert spaces L?(Cy, ds; C), t € [—1, 1] as a trivial bundle of
Hilbert spaces as follows. B
First observe that Cy \ {ao, bo, po} is a disjoint union of four open arcs I, ..., I; labeled as in
Figure 2. Denote by ¢; the length of I; so that
Lo=10y 4 +0y, Li=101+1Ly, Lj=10lr+1ls.

For ¢ > 0 we can isometrically identify the oriented open arc C; \ a; with the open interval (0, L;).
We obtain in this fashion a canonical isomorphism

7 = L*(Cy,ds; C) — L*(0, L;; C).

The rescaling

t L
(0,Lo) — (0,L¢), (0,Lo) 3t —, A\ = =2
)\t Lt
induces a Hilbert space isomorphism
R : L(0, Ly; C) — L*(0, Lo; C) =: H.
Note that we have a partition P of [0, Lg]
0=ty <ti <ty <tz<ty= Ly, tj—tj_l :€j7 Vi=1,...,4. (3.4)

This defines a Hilbert space isomorphism
4 4
Uy : L*(0, Lo; C) — @D L*(tj-1, 155 C) = @ L*(I;, ds; C) =: Ho.
j=1 j=1
For ¢t < 0 we have
L*(C},ds; C) = L*(C¢,ds; C) @ L*(C?, ds; C).
By removing the points a; and b; we obtain Hilbert space isomorphisms
L*(Cf,ds;C) — L*(0,L¢;C), L*(Cy,ds;C) — L*(0,LY;C)

that add up to a Hilbert space isomorphism

J7 : L*(Cy,ds; C) — L*(0, L% C) @ L*(0, Lb; C).
By rescaling we obtain a Hilbert space isomorphism

Ry L*(0,L§;C) @ L*(0, LY; C) — L*(0, L§; C) & L*(0, Lf; €) = L*(0, Lo; C).

Next observe that we have isomorphisms

U : L*(0, L§; C) — L*(Iy,ds; C) @ L*(Iy,dsC),

U : L2(0, LY; C) = L2(I3,ds; C) & L(I3, ds; C),
that add up to an isomorphisms

4
U- : L*(0, Lo; C) — @D L*(I;, ds; C).
j=1
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For t = 0 we let Jg be the natural isomorphism
4
do : L*(Co,ds; C) — @ L*(I;,ds; C) = H.
j=1

Now define

UL RSTS, t>0,

Je = QU_R; T, t<0,

do, t=0.
We use the collection of isomorphisms J; organizes the collection L?(C;,ds; C) as a trivial Hilbert
H bundle over [—1, 1].

Remark 3.1. Let us observe that any continous function f : ¥ — C induces elements f|o, €
L?(Cy,ds; C), Vt € [~1,1] which in turn define a continuous section of the trivial Hilbert bundle
H. O

Theorem 3.2. (a) The operators D; := J;DJ;, L converge in the gap topology as t — 0F to Fred-
holm, selfadjoint operators Doi.
(b) The eta invariants of D§ exist, and we set

/.. +
& = 3 (dlmkerDO —i—ﬁgac(o)) :

If ker Dg = 0 then we have®
iaps(0) + limy SF(Dye<t<1)+ lim SF(Dy, —-1<t<—e)=—(& —&). (35)
E—

e—0t

Proof. We set
5, i U DU, >0
u-lpu_, t<o.
To establish the convergence statements we show that the limits lim,_,g+ 8; exist in the gap topology

of the space of unbounded selfadjoint operators on L?(0, Lo; C). We discuss separately the cases
+t > 0, corresponding to restrictions to level sets above/below the critical level set { f = 0}.

A.t > 0. We observe that
d 1
Dom(8;) = {u € L0, Lo; C); u(Lo) = u(0) } 8u(u) = —ih o=+ shi(s/2),

where we recall that the constant )\; is the rescaling factor Ly/L;. We set

At(S) = )]\-t/osht(ﬂ/)\t)d(f

Using the fact that \; — 1 and Proposition 1.3 we see that it suffices to show that A; is very weakly
convergent in Ay, ; see Definition 1.1. Thus it suffices to prove two things.

The limit lim,_, g+ A:(Lo) exists. (Aq)

The limits lim,_,y+ A¢(s) exists for almost any s € (0, Lg). (A2)

The condition ker Dat = 0 is satisfied for an open and dense set of metrics g satisfying (3.1). When this condition is
violated the identity (3.5) needs to be slightly modified to take into account these kernels.
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Proof of (A ). Observe that

At(Lo) = htds = / htdS —|—/ htds,
Cy C—0 ONCt

where O is the neighborhood where (3.1) holds. The intersection of C; with O is depicted in Figure
3.

y
\ /
G
G 0_
B <0
<0 Y 6+ X
C
>0

FIGURE 3. The behavior of C; near the critical point.

The integral fct\o hids converges as t — 07 to f(}o\o hods. Next observe that the intersection

CNO consists of two oriented arcs (see Figure 3) and the integral |, e h; computes the total angular
variation of the oriented unit tangent vector field along these oriented arcs. Using the notations in
Figure 3 we see that this total variation approaches —26 as ¢ — 0+. Hence

lim At(Lo) = / h[)dS — 2(9+,
Co\0

t—0+
so that
1
+_ g : -
wnh = lim w; = — lim hids = wg — —. 3.6
0 t—0+ ¢ 47 t—0+ Cy t 0 2w ( )

Proof of (A5). Let C := C;\ {a;} and define s = s(q) : Cf — (0, c0) to be the coordinate function
on C} such that the resulting map

Cy =R, g—0o(q) =s(q)/ M

is an orientation preserving isometry onto (0, L;). In other words o is the oriented arclength function
measured starting at a;, and s defines a diffeomorphism C; — (0, Lo). Let ¢; : (0, Lg) — Cj be the
inverse of this diffeomorphism.

Consider the partition (3.4). Observe that there exists positive constants c and ¢ such that whenever

Vt € (0,e), Vse€[ti —c,t1+c]Ufts —c,ts+¢]: q(s) €0
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the numbers ¢; are defined by (3.4). Intuitively the intervals [t — ¢, t1 + ¢] U [t3 — ¢, t3 + ¢] collect
the parts of C} that are close to the critical point pg. The length of each of the two components of C;
that are close to pg is bounded from below by 2¢/ ;.

To prove part (b) it suffices to understand the behavior of A;(s) for s € [t1—c, t1+c]U[ts—c, t3+c].
We do this for one of the components since the behavior for the other component is entirely similar.
We look at the component of Cy N O that lies in the lower half-plane in Figure 3).

Here is a geometric approach. As explained before the difference A;(s) — A;(¢; — ¢) computes the
angular variation of the unit tangent over the interval [t; — ¢, s]. A close look at Figure 3 shows that
the absolute value of this is bounded above by 6. This proves the boundedness part of the bounded
convergence. The almost everywhere convergence is also obvious in view of the above geometric
interpretation. The limit function is a bounded function Ay : [0, Lo] — R that has jumps —6 at t;
and t3

Ao(tF) — Aolty) = Alty) — Altz) = =04,
while the continuous function
Ao(t) + 0+ H(t —t1) + 0+ H(t — t3)

is differentiable everywhere on [0, Lo] \ {¢1,¢3} and the derivative is the mean curvature function hg

of Co \ {po}-
We can now invoke Theorem 1.8 to conclude that the operators D; converge as t — 0T to the
operator

D¢ : Dom(DJ) € L*(0, Lo; C) — L*(0, Lo; C),
where Dom(D{) consists of functions u € L%(0, Lo; C) such that
u’(tj—htj) S L1’2(t]’,1,t]’), Vi=1,...,4,
u(th) = e Pulty), i=1.3,

ulty) =u(t3), ulty) =mu(ty),
while for u € Dom(Dg ) we have

.d 1 .
(‘Da—u) ’(tjfl,tj) - <_1’$ + ihO(S) )u‘(tjfl,tjﬁ vj - 17 s )4‘

Using the point of view elaborated in Remark 1.9 we let I denote the disjoint union of the intervals
Ij,j=1,...,4. We regard @g as a closed densely defined operator on the Hilbert space L?(I,C)
with domain consisting of quadruples u = (ug, ..., us) € L%?(I) satisfying the boundary condition

O_u=T,0u,
where 0+ denotes the restriction to the outgoing/incoming boundary component of 7, while
T, :C'= 20, 1) — L*(0.1) = C,
is the transmission operator given by the unitary 4 X 4 matrix
0 0 0 1

. U1 u1
e9+/2 0 0 0 . cd o1
T+ = 0 1 0 0 s and ‘DO . = —’Iz% + §h0
0 0 ei9+/2 0 Uy Uyg

Using (1.10) we deduce that
1

€+:§D§:2

0 0
(1—2py), p+:wJ—LwJJ:wo—;—{wo—;J. (3.7)
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B.t < 0. We observe that §; = 8¢ @ 8, where for = a, b we have
8¢ : Dom(8?) C L?(0,L8;C) — L*(0, LS; C),

d 1
Dom(8}) = {u € L"*(0,L; C); w(Ly) =u(0) }, Spu = _i/\ZE + §ht(s/)\; )

and )} is the rescaling factor % It is convenient to regard 87 as defined on the component Cj of Cjj.
t

Observe that C§ \ {a@p} = I; Ul and C§\ {bo} = I U I5. Arguing as in the case ¢ > 0 we conclude
that

. — . b — _ . _
}%wf:wé‘—i-ﬂ, }%wt :w8+ﬂ, W ::}%wt:wo—i-%, (3.8)

and that the operators D¢ and D? converge in the gap topology as t — 0~ to operators
D& Dom(DY) C LA(1) ® L*(Iy) — L*(I) ® L*(14),
DY : Dom(DY) € L2(Iy) ® L (I3) — L2(Io) ® L*(I3),
where Dom (D) consists of functions (uy,us) € LY2(I1) & LY2(14) such that
U4(87[4) = €_i97/2ul(8+11), U4(a+f4) = ul(éLll),
Dom(D}Y) consists of functions (ug, uz) € L2(I3) @ LY?(I3) such that
1@(6,[2) == €_i07/47TU3(6+13), UQ(8+IQ) = U1 (8713),
where 6_ is depicted in Figure 3, and
.dU1 1 ,dU4 1

D — (7= _ = _

O(U1,U4) ( (] ds + 2h0u1, (A ds + 2h0U4),
a o .du2 1 ,dU3 1

DO(UQ, Ug) = ( 'LE + §h0U2, ’I/TS + 5]10’&3 )

The direct sum D, = D& @ D} is the closed densely defined linear operator on L?(I) with domain
of quadruples u = (u1,...,us) € L?(I,C) satisfying the boundary condition

o_u= Tfa+'u,

where
T :C*=[%0,1) — L*(0,1) = C*,
is the transmission operator given by the unitary 4 x 4 matrix
0 0 0 1

0 0 e /29 o d 1 o
e - _ . _( ,d 1
T = 0 1 0 e and Dy | 1 | = < G + 2h0>
e~ 10-/2 0 0 0 Uq Uy
Then
fo=e e,
where for ® = a, b we have
1 0_ 0_
° _ 2(1-2p° * _ ,°® - _ e — . 3.9
& = qu-2t), pt —ar - g 39

Combining (3.6) and (3.8) with the equality 6, + 6_ = 7 we deduce

war—wo_:%i\n(l)wt—%i/n(l)wt:—i. (3.10)
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To prove (3.5) we use the index formula (2.8). We have
) = 1
ZAPS(a) = ~5~ wi+w_1—¢&p, +€p_,-

(3.10) _
= wa'—wo —W1+w_1—§D1+§D_1

=(wg +€7) = (Wi +€p) = (wy +&7) + (w-1+&p_y) — (€7 =€)
UL lim SF(Dye<t<1)— lim SF(Dy, ~1 <t < —¢) — (&4 —€).

e—0t e—0t
O

Remark 3.3 (Twisted Dolbeault operators). (a) Here the outline of an analytic argument proving
(A>). Using (3.1) we deduce that this component has a parametrization compatible with the orienta-
tion given by

w=—(G+ma?)"?, |2l <d, (3.11)
where (; = % m = % and d; is such that the length of this arc is 2¢/\;. Observe that there exists
dy > 0 such that lim;_,q+ dt = d,. We have

dys = —mz ({ + mx2)71/2 dzx.

Set J
Yt -1/2
= = (G ma?)
d*yy ~1/2 —3/2 mGy
n._ _ 2 2,2 2 R L —
e m (G +ma®) "+ ma? (G + ma?) (G + ma?)3 2
The arclength is
2,.2
2 _ Y2 2 _ m-r 2
=w(t,z)?
The mean curvature h; is found using the Frenet formula. More precisely h;(x) = i—g Then
2
Yy medx
hido = hywdr = —=—=dr = — .
e = 1+ (y;)? (G + ma2)V2(¢ + ma? + m222)
We observe now that we can write hido = ¢} ( pocdu ), where ¢, is the rescaling map
z—u=t"%z and poo(u) = — mé1

(¢4 4+ mu?)Y2(¢ + mu? + m2u?)’
This then allows us to conclude via a standard argument that the densities h;do converge very weakly
ast — 07T to a §-measure concentrated at the origin.

(b) The results in Theorem 3.2 extend without difficulty to Dolbeault operators twisted by line
bundles. More precisely, given a Hermitian line bundle L and a hermitian connection A on L, we can
form a Dolbeault operator 04 : C*®(L) — C*°(L ® Ky'). Fortunately, all the line bundles on a the
two-dimensional cobordism X are trivializable. We fix a trivialization so that the connection A can
be identified with a purely imaginary 1-form

A=ida, ac QD).

Then
94 =0+ia"".
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The restriction of DX = /204 to the cooriented curve C is

1 d 1 d
_ oA - _ s = — a 0
Da(t) = —iVLI+ th st + zht—i-at, ag : a(ds) € Q°(Cy).

As in the proof of Theorem 3.2, we only need to understand the behavior of a; in the neighborhood
O N C;. Suppose for simplicity ¢ > 0 and we concentrate only on the component of C; N O that lies
in the lower half-plane of Figure 3. In the neighborhood O we can write

a = pdz + qdy, p,q € C>(0).

Using the parametrization (3.11) we deduce that
alc,no = (p — mqz (G + mx2)_l/2 )d:c = azds = aywdzx

Hence, as t — 0%, the measure a;ds converges to the measure (p — m/?(2H(z) — 1) )dx

(c) One may ask what happens in the case of a cobordism corresponding to a local min/max of a
Morse function. In this case X is a disk, the regular level sets C are circles and the singular level
set is a point. Consider for example the case of a local minimum. Assume that the metric near the
minimum py is Euclidean, and in some Euclidean coordinates near py we have f = 22 +y2. Then C,
is the Euclidean circle of radius ¢'/2, and the function h; is the constant function h; = t~'/2. Then
wy = 3, & = & and the Atiyah-Patodi-Singer index of 0 on the Euclidean disk of radius #'/2 is 0.
The operator D; can be identified with the operator

_ii + 1
ds = 2t1/2

with periodic boundary conditions on the interval [0, ot/ 2]. Using the rescaling trick in Remark 1.6
we see that this operator is conjugate to the operator L; = —t!/ Qi% + % on the interval [0, 27] with
periodic boundary conditions. The switched graphs of these operators

th = {(Ltu,u); u € LY%(0,27; C©); u(0) = u(27r)} CH®H, H=L*0,2n; C),

converge in the gap topology to the subspace H = H &0 C H & H. This limit is not the switched
graph of any operator. However, this limiting space forms a Fredholm pair with H_ = 0 & H and
invoking the results in [5] we conclude that the limit

lim SF(Ly; e <t<t
51\‘1,% (tae_ _0)

exists an it is finite. O

4. The Kashiwara-Wall index

In this final section we would like to identify the correction term in the right hand side of (3.5) with a
symplectic invariant that often appears in surgery formula. To this aim, we need to elaborate on the
symplectic point of view first outlined in Remark 1.9.

Fix a finite dimensional complex hermitian space F, let n := dim F, and set

E=E®E, E, =E®0, E_.:=06E,

andlet J : E — E be the unitary operator given by the block decomposition

=98]
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We let Lag denote the space of hermitian lagrangians on E, i.e., complex subspaces L C E such
that L~ = JL. As explained in [5, 14] any such a lagragian can be identified with the graph’ of a
complex isometry 7' : E, — E_, or equivalently, with the group U (E) of unitary operators on F.
In other words, the graph map

I':U(E)— Lag(E), UE)—~Tr CE

is a diffeomorphism. The involution L < JL on Lag corresponds via this diffeomorphism to the
involution 7' < —T on U (E).
We define a branch of the logarithm log : C* — C by requiring Im log € [—m, 7). Equivalently,

dg

logz = —

)
v 6

where 7, : [0, 1] — C is any smooth path from 1 to z such that
Vit € [07 1)7 PYZ(t) ¢ (_OO?O]'
In particular, log(—1) = 7. Following [1 1, §6] we define

1
T:UE)xUE)—R, 7(Ty,Th) = %tr IOg(TflTﬂ)

1
= — (log/\)mA, my 1= dimker()\—Tl_lTo).
21
AeC*
Observe that
. det T
2nir(To,T1) _ 0 4.1
€ det T1 ( ’ )
Note that
T(T(), Tl) + 7'(’1117 To) = dimker(To + Tl). 4.2)

Via the graph diffeomorphism we obtain a map
puw=71ol:Lag x Lag — R.
The equality (4.2) can be rewritten as
7(Lo, L1) + 7(L1, Lo) = dim(Lo N JLy) = dim(J Lo N Ly). (4.3)

We want to relate the invariant 7 to the eta invariant of a natural selfadjoint operator. We associate to
each pair Ly, L € Lag the selfadjoint operator

Do,y + V(Lo, L1) C LQ(I, E) — Lz(I, E),

where

~ du

V(Lo,L1) = {u € L"*(I,E); u(0) € Lo, u(l) € Ly}, Dryru= T
This is a selfadjoint operator with compact resolvent. We want to describe its spectrum, and in
particular, prove that it has a well defined eta invariant. Let Ty, 77 : Ey — E_ denote the isometries
associated to Lq and respectively 77. Then T~ 7% is a unitary operator on E. so its spectrum consists

of complex numbers of norm 1.

n [11] a lagrangian is identified with the graph of an isometry E_ — FE which explains why our formula will look
a bit different than the ones on [ 1]. Our choice is based on the conventions in [5] which seem to minimize the number of
signs in the Schubert calculus on Lag.
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Proposition 4.1. For any Ly, L1 € Lag we have

1 _ _
spec D, 1, = Zexp 1(spec(T1 1T0)>. 4.4)

In particular, the spectrum of Dy, 1, consists of finitely many arithmetic progressions with ratio  so
that the eta invariant of Dy, ., is well defined.

Proof. Observe first that any u € L?(I, E) decomposes as a pair
uw= (uy,u_), us € L*(I, Ey).

If w € V(Ly, L) is an eigenvector of Dy, 1, corresponding to an eigenvalue A then w satisfies the
boundary value problems

.dU+ .du
— T/W = )\U+7 ZE = )\’LL_, (45a)
u_(0) = Tous (0), u_(1) = Truy(1). (4.5b)

The equalities (4.5a) imply that
uy (1) = ePuy (0), u_(1) = e Pu_(0).
Using (4.5b) we deduce
eAMuy (0) =u_(1) = e Mu_(0) = e A hu (0).
Hence
e*™ € spec(T ' Ty) = N € %exp*1 (spec(Tl_lTo)>.

Running the above argument in reverse we deduce that any A € % exp_1<spec(Tf 1To)> is an

eigenvalue of Dy r,,. O

We let £(Lg, L1) denote the reduced eta invariant of Dy, 1.,
£(Lo, L1) = % (dim ker Dr,.z, + 10y, 1, (0) )
Ife®r ... e 6,,....0, c (0, 27|, are the eigenvalues of Tl_ng, then the spectrum of Dy, 1, is
"o
spec(D(Lo, L1)) = kL_Jl{Q + WZ}.

and we deduce as in Section 1 using (1.8) that

NMDry.n, = Z <1—%k>,

01,€(0,27)
and ) p )
k .
ELoli) =5 Y. (1—?)+§d1mkerDL07L1.
0,€(0,27)
On the other hand
Lotrlog-Ty ) = — Y Ge-m=— 3 (1—9—’“)+1d' ker(Th — T1)
ord 0BT F0) = o FTT)E Y 5 ) T amEetio m A
BkG(O,QTF] 9k€(0,27r)

Since ker D, 1,, = ker(Ty —T1) = Lo N Ly we conclude

7(To, =11) = 7(=To,T1) = 7(J Lo, L1) = —&(Lo, L1) + dim(Lg N Ly).
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Using (4.2) we deduce
&(Lo, Ly) = 7(Th,—Ty) = 7(Ly, JLo) = 7(J L1, Lo). (4.6)
Following [11] (see also [4]) we associate to each triplet of lagrangians Lg, L1, Lo the quantity
w(Lg, Ly, Ly) := 7(L1, Lo) + 7(Le, L1) + 7(Lo, L2),
and we will refer to its as the (hermitian) Kashiwara-Wall index (or simply the index) of the triplet.

Observe that w is indeed an integer since (4.1) implies that
o2miw(Lo,L1,L2) _ |

We set
d(Lo, Ly, LQ) = dlm(JL(] N Ll) + d1m(JL1 N L1> + dlm(JL2 N Lo)

Using (4.3) we deduce that for any permutation ¢ of {0, 1, 2} with signature e(p) € {41} we have

0, ¢even

4.7
1, ¢ odd. @7

w(Lo, L1, L2) — e()w (L0, Loy, L)) = d(Lo, L1, L2) X {
We want to apply the above facts to a special choice of E. Let I denote the disjoint union of the
intervals Iy, ..., I introduced in Section 3. They were obtained by removing the points ag, po and
by from the critical level set Cy; Figure 2. We interpret I as an oriented 1-dimensional with boundary
and we let N

E :=L[*0I), E+ = L*(04I).

The spaces E . have canonical bases and thus we can identify both of them with the standard Her-
mitian space E = C*. Define J : E — E as before. We have a canonical differential operator

_Z% + %h0|11
U1 .
Dy : C*(I,C) — C*(I,C), Dy : = ,
“ _idm 41, |
dt 2700114
We set )
W = — hods
471' I
so that

wo=wi F AWy, Wi =w Fws, W)= w +ws
We have a natural restriction map

r:C®(I,C) — L*(0I,C) = E
and we define the Cauchy data space of Dy to be the subspace
Ao := r(ker Do) C E.

We can verify easily that Ag is a Lagrangian subspace of E that is described by the isometry T’y :
E, — E_ given by the diagonal matrix

Ty = Diag( e Pmiwa )

w [n the remainder of this section we assume® that the operators Doi that appear in Theorem 3.2 are
invertible.

8This assumption is satisfied for a generic choice of metric on X.
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Proposition 4.2. Let Doi be the operators that appear in Theorem 3.2. Then

{pt = —&(Try Ao) =&(Ao. Ty ) =7(Tr,, JAo) (4.8)

Proof. We need to find the spectra of Tngi. We set z, = e 2™k Lk =1,... 4and p = e ¥+/2,

so that ¢®~/2 = —4p. Then
0 0 0 = 0 0 0 21
s | 22p 00 0 — 0 0 —iz:p O
TiTe=| 9 . o o | ToT-= 0 2z 0 0
0 0 z4p O —tz4p O 0 0

The eigenvalues of T'5T; are the fourth order roots of

C — p2Z1 ceeZy = ei(9+_27rw0)_

Hence
1(04 — 2mwy)

exp” ! (spec(T§T4) ) = 1

T

—7
+ 2
and using (4.4) we deduce

spec(DpTJr’AO) = g{ (% —w0> +Z}.

The eigenvalues of T;T _ are the square roots of

21246i9_/2 — o H0-/242m08) 4n4 z1z4ei9—/2 . efi(G_/2+27rw8)‘
Hence
sec(D )— -7 0;+w“ +7Z U —7 9;+wb + w7
P FT+ Ao ) = 47_(_ 0 47_‘_ 0 .
The desired conclusion follows using (3.7), (3.9) and (1.8). O

Theorem 4.3. Under the same assumptions and notations as in Theorem 3.2 we have

iaps(0) + 11%1+ SF(Dye<t<1)+ lim SF(Dy, -1 <t < —¢) = —w(JAo,I'r,, 7).
E—>

e—0t

Proof. We have

iaps(9)+ lim SF(Dye <t<1)+ lim SF(Dy, —1<t<—2) =2 ~(& —¢)
E—

e—0

4.8
(:) —T(FT+,A0) — T(JA(),PT_) = —w(JAo,FT+,PT_) +T(FT+,FT_).

To compute 7(I'r, ,I'r_) = 7(T'y,T_) we need to compute the spectrum of T" T',. We set p =
e®+/2 5o that e=¥-/2 = —4p. We have

0 0 0 ip 0001 00 3 0

s |0 0 1 0 p 000| |[0100
T—T+_0z‘ﬁoo 01 00| |42 000
1 000 00 p O 0001
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From the second and forth column we see that 1 is an eigenvalue of T T'; with multiplicity 2. The
other two eigenvalues are 42, namely the eigenvalues of the 2 x 2 minor

0 ¢
i 0|’
This shows that 7(T,T_) = 0. 0

Let I denote the unit interval [0, 1]. We set 8,1 = {1}, _I = {0}. We identify E with the finite
dimensional Hilbert space L?(d1, E) and the Hilbert spaces E-. with
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