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We now supply the details. Recall the notations Dgs = 6Z4,00 + T and
V4 - the connection on Sy, obtained by tensoring the limiting Levi-Civita
connection V* on S with the connection A. The equations (4.6) can be
rewritten as

Dass + (Ca(ida)¢ +ifs)d = psvs
(4.23) —i*s das + 75(p,¥s) — idfs = peias
d*sas = om (1s,6)

For the proofs of steps 1-3 we only need to assume (4.22). The condition
(4.21) will be used only at the final step.

Step 1. Set d) = 435 = @ ® 0 in the main variational identity (expressed
in terms of the metric gs). Using dvs = 6~1dv, we get

(4.24) /N ’D A,,;q'srdvg + /N (o]? - 62
= Re /N {V& <Ca(ida)¢, ¢> + (ps — As/2) <DA,5<J3, ¢6> + %I%P} dvy.

Neglecting the second term in the left-hand-side of the above equality we
deduce

NDA,M&&“Z < lus — Xs/2] - “%“2 : IlDA,5<735||2

Aspsl
Dbl s,

+ s| - lwslly - l|#llo - llcella +
Thus, if we set t5 = ”D A,5¢'>5|‘2 we obtain a quadratic inequality

tg = o(ts + 1)

which implies t5 = o(1) as § — oo. Using the adiabatic decoupling lemma
we deduce that (on a subsequence) s @ O converges in LY? to a spinor
Poo = Gioo ® 0 satisfying D g = 0. Using again (4.24) in which we neglect
the first term in the left-hand-side we conclude that

/ ]2 - |[2du, = o(1) as 6 — co.
N
By passing to the limit we deduce

/ |¢"oo|2 : |¢|2d'vg =0
N
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which implies G = 0.

Step 2. Take the gs-inner product with dfs of the second equation in
(4.23). After an integration by parts we get

/N|f6|§dvg = /Ng& (df6,jm’f‘5(¢,1/}6)) dv,.

Using the (pointwise) Cauchy-Schwartz inequality for the metric g5 we de-
duce

(4.25)
[ 820l + 1dss = @csemPan, [ lasliang =0 (s, [ 1aselavy).

This implies ||dfs]l, = O(1) so that || fs]l, o = O(1).
To establish the second estimate we first use Bochner’s identity ([Ber])

Asas = (V°)*Vas + Ricsas

where A denotes the Hodge Laplacian (of gs), V% denotes the Levi-Civita
connection of the metric gs and Rics denotes the Ricci curvature of the
metric gs. Since sup,¢x |Rics(z)ls = O(1) the above inequality implies

(4.26)
[ 1Waafiam =0 ( / ldaladvg> = O(Jlws]?) = 0(1).
N N
Locally we have
[Voas|3 = 62|Viasls + V2, asl3 + | V2,53

On the other hand, since ¢ is Killing we have

2
Ve (e +ai'dv=/|v5a“
/N| ((6"7 6)5 9 N ((577)

which coupled with the above equality yields

2 2
viat| d
5+| %5 |5 %Y

2
(4.27) / |v5a5| dvg > / |V6w5| dv,.
N 6 N
The structural equations of the metric g5 imply immediately that

(4.28) “ (v-v) wall2 = O(J|wsll)
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The equations (4.26)-(4.28) now imply that |jwsll; , = O(1).

Step 3. This is essentially a “rigidity” result for the Hessian. More
precisely, we will show that the natural S1 action on N induces an action
on 35 such that $, 44 is S'-equivariant. Thus the spectral spaces are S L
modules and we will show that for § > 1 the weights of these modules are
all trivial. The equalities at Step 2 are just infinitesimal reformulations of
this fact but the proof we offer below does not explicitly mention the above
representation theoretic remarks.
Define

0:C®°(SL®@T*N®R) —» C®°(SL®T*N & R)
by
O, a, f) = i(VE&, Lea, 8, f).
Note first that

(4.29) [ﬁqg,A,a, 9] ={

where [+, -] denotes the commutator of two operators. The proof of (4.29) is
a consequence of the following facts left to the reader as exercises.

. [@?,DA,,g] =0 (since {Z4 00, Ta} =0)

e [(V4,c5(a)] = cs(Lca) (since the invariant b(z) defined in (1.7) and
(1.8) vanishes for the Boothby-Wang structures).

e [L¢,*s] = 0 (since ¢ is Killing).
. 6’?4) =0 (since Z4,00¢ =0.
L [L(,d] = 0.

Since divg(¢) = 0 the operator ©? is formally selfadjoint (with respect to
the metric gs) and from (4.29) we deduce that ©? is a non-negative, sym-
metric endomorphism of the spectral space Es(s). Moreover, its eigenvalues
can only be of the form k2, k € Z since only these can be eigenvalues of —8?
acting on C®(N), the third summand in the domain of ©. Assume now
that V& > 1 the operator ©2 acting on Fs(7s) has a nontrivial eigenvalue
kg > 1. Assume now that Z5 is a kg-eigenvalue of ©2.
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We now use the main variational identity with ¢ = s, noting that
in the term V¢ the (-component vanishes (since Z4,00¢ = 0). If we set

ts = HD Aﬁ%”z then we obtain as in the proof of Step 1
(4:30) 2 < C (|[us]| + olts) )

.12 . N2
which implies £2 = O(1). On the other hand, t2 = 62k “%“2 + “TA%”z
which shows that

(4.31) ||¢5H = o(1).

Using this last information in the inequality (4.30) we conclude that t2 =
o(1 + ts) which implies

(4.32) “DA,a%Hz =o(1).
We can now choose a subsequence § — oo such that

(4"5»"‘}6’ f&) - (Q/')OOaWOO, fOO) Strongly in L2'

In particular, the equality (4.22) implies

(4:33) Ji9=o]| + lloolly + Hfoolly = 1.

The inequality (4.31) implies Yoo = 0.
On the other hand, the inequalities (4.25) and (4.31) yield

[ 1asaliany = o)
N

and in particular

52k2 || fsI12 = /N 10cf51? - Inf3dvg = o(1)
so that

(4.34) 1 £5llz = o(1)-

Hence foo = 0 as well.




G A P T SR AR T B

Adiabatic limits of the Seiberg-Witten equations 389

We now pass to the limit in the first equation of (4.23) using the inequal-
ity (4.32). We get
c(iwso )9 = 0.
Since ¢~1(0) is a finite set of fibers of N we deduce weo = 0 almost every-

-where. This contradicts (3.6) and concludes the proof of Step 3.

Step 4. Using the information from Step 3 we deduce that D A'(bg =D A,5¢5
for all 6 > 1. The first equation of (4.23) coupled with (4.22) implies

o] =00

Invoking the elliptic estimates for the operator D 4 we deduce that ”d)&“ 1o

O(1). Pick now a subsequence 8 — oo such that

(1/}6,006, fs) — (1/;oo,w°o,foo) in the norm of L.

From the equality
D aths + (c(iws) + ifs)p = nsvs

we deduce (via elliptic estimates again) that 1/}5 is a Cauchy sequence in L2
and thus converges strongly in this Banach space. We can now pass to the
limit in the above equality using the fact that Zp 0o¥s = 0 and we deduce

TA‘/}oo + (c(iweo) + ifoo)® =0.
Using the decompositions Yoo =0 Bso (Step 1) and ¢ =06 8 we deduce

(woo(o +if0)B=0.

Since 8~1(0) is a finite collections of fibers we deduce from the above equality
that
foo = Weo(¢) =0 a.e.on N.
In particular |jasll, + 6 llagll, = 0(1) and L¢we = 0. Hence (P00, Woos foo)
is a pullback of a similar object on the base ©. Using all the informations
we have gathered up to this point it is a simple exercise (left to the reader)
to show that ZEe = (¢oo,iwoo,0) € 3 is a O-eigenvector of the extended
g-Hessian i.e. .
ﬁdJ,AEoo = 0.

Using the fact that o is a pullback we deduce Eoo € Es(0). This contra-
dicts the assumption (4.21). Theorem 4.7 is proved. O

Theorem 4.7 can also be rephrased as a spectral estimate.
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Corollary 4.8. There ezist constants Yoo > 0 and 800 > 1 such that for any
irreducible adiabatic solution and any § > 6o the only eigenvalue of Hy 45
in the interval [—Yoo: Yoo] 15 0 and moreover the corresponding eigenvectors
span the space Eoo(0) which is the tangent space at (¢, A) of the adiabatic
moduli space.

The spectral gap estimate can be used (in combination with the tech-
niques of [T}) to “reverse” the adiabatic flow i.e. to reconstruct the solutions
of the original equations starting from the adiabatic ones. This may not be
a very useful thing to do since the adiabatic equations are better suited for
topological computations due mainly to the fact that they can be solved ex-
plicitly. Since they are (zeroth order) perturbations of the original equations
one will obtain the same results.
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