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1. DOUBLE COMPLEXES

Suppose that R is a commutative ring with 1. A double complex of R-modules is a bigraded

R-module
£ — @ EP
P,4=>0
equipped with two morphisms

56 - E%® Eo,o—‘,—l’ dh - F%* E'+1,0

satisfying the conditions

a2 = di = dydy, + dpd, = 0. (1.1)
The above equalities show that if we define D := d,, + dj,, then D? = 0. We set

EP?1=0 ifp<0Oorqg<D0.
The total complex associated to a double-complex (E**, d,,d},) is the complex (T*(E), D) where

T'(E):= @ E".
ptq=n

Note that
D(EPY) C Erthi g pratt ¢ TPratl(R),

We denote by H*(T'(E), ) the cohomology of the total complex.
The transpose of a double compelx (E**, dj, d,) is the double complex (E**, dj, d,,) where
Ep,q = Eq,p’ Cih = dv, CZU = dh.

Date: Started Oct. 25, 2011. Completed on . Last revised November 21, 2011.
Notes for Topics class, Fall 2011.
1



2 LIVIU I. NICOLAESCU

Thus, the rows (respectively columns) of E** are the columns (respectively rows) of £'*®. Note that
the total complex of the transpose coincides with the total complex of the original double complex.

A morphism of double complexes ¢ : E** — F'** is defined in the obvious fashion. Such a
morphism induces a morphism between the associated total complexes

0 :T*(E) — T*(F).

A complex of R-modules (C*, d) can be viewed as a degenerate double complex (C**, d,, d, ), where
cPa 0, qg>0
Cc?, q¢>0,

dp, = 0, and dj, : CP? — CP+10 coincides with the coboundary operator d of C'®. In particular we
can speak of a morphism from a simple complex to a double complex.

dv dv d’U

0,1 1,1 21 ...
E dr E a4 E a4
dv dv dU

0,0 1,0 20 — 5 ...
E dn E 0 E 0
® ® ®

0 1 2

c d c d ¢ d

0 0 0

A resolution of the complex (C*, d) by a double complex (E**, d,, d},) is a morphism ¢ : (C*,d) —
(E**,d,,dy) such that the columns in the above diagram are exact. More precisely, this means that
for any n > 0 we have a long exact sequence

0 Cm -2y pp0 L, gl G, pn2 do, (1.2)

Finally we define a quasi-isomorphism of cochain complexes to be a morphism of cochain complexes
such that induces isomorphisms in cohomology.

Theorem 1.1 (Approximation Theorem. Version 1). (a) Suppose that ¢ : (C*,d) — (E**,d,,d})
is a resolution of the complex (C*,d) by a double complex (E**, d,,dy). Then the induced map
¢t H(C) — H*(T(E))

is an isomorphism.

Proof. We represent the elements & = (2p, ¢ )p+q=n € T"(F) as zig-zags; Figure 1. Such a zig-zag is
a D-cocycle if

dpep g +dvTpr14 =0, Vp+q=n.
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FIGURE 1. A zig-zag.

Anelement z = (2} ¢)pt+q=n € T"(E) is a D-coboundary if there exists
y = (Wij)itj=n—1 € T"'(E)
such that
Tpg = dolYpg-1 + dnlYp-1,4, P+ q=n.
Step 1. The morphism ¢, : H*(C) — H*(T(E) ) is surjective. Suppose that (z4)p+q=n € T"(E)

is a D-cocycle. We want to prove that it is D-cohomologous with a D-cocycle y = (Y ¢)p+q=n Such
that

yp,q = 07 vq > O? (133)
Yno = p(u), veC", du=0. (1.3b)
For u € C™ we identify p(u) with the zig-zag depicted in Figure 2. Let us first observe that the

0

0‘—>‘
p(u)
FIGURE 2. A zig-zag representing ¢(u).

condition Dy = 0 coupled with (1.3a) imply (1.3b). Indeed, these two conditions imply

dvyn,O = 07 dhyn,O =0.
From the exact sequence (1.2) and d,y,,0 = 0, we deduce that there exists v € C" such that y,, o =
©(u). On the other hand,
0 — dpyn,o = dnp(u) = p(du).
since ¢ is injective we deduce du = 0. Thus it suffices to show that x is cohomologous with a cocycle
y satisfying (1.3a). Note that this is equivalent to asking that
Ypq =0, Vp <n.

We will show inductively that for any k < n there exists a D-cocycle (p.q)p+q=n cohomologous to
x such that

Ypq =0, Vp <k. (Cr)
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The condition (C},) suggest the following object.
FFTE) = {y e T"(E); ypq=0, ¥p<k}.
Observe that F¥(T™(E) is a submodule of 7"(E) and DFFT™ ¢ FFT™+1. Thus (FFT*, D) is a

subcomplex of (1T*, D). Moreover
FrHLTs « FET* ) Vi

We say that the collection of subcomplexes (FkT‘, D) > defines a decreasing filtration of the com-
plex (T*, D).

Note that the condition (C)) is tautologically satisfied. We will show that (Cj,) = (Cj+1). Suppose
that © = (2p ¢)p+q=n is a D-cocycle satisfying (Cy). Then

dvxk,n—k =0

which implies that there exists y, € E*"*~1 such that 2y ,_x = dyys. Define the zig-zag y =
(Yij)itjmn—1 € T""1(E) by setting
0, i#k
Yij =

Y, ©=k.

Then the zig-zag « — Dy is cohomologous to x and satisfies (Cg41).
Step 2. The morphism ¢, : H*(C) — H*(T(E)) is injective. Letu € C™ such that du = 0
and o(u) is a D-coboundary. Thus there exists y € T" 1 E such that Dy = ¢(u), where p(u) is
identified with a zig-zag as in Figure 2. We will show inductively that for any £ < n — 1 there exists
y' € T"2(E) such that z = y — D/ satisfies the condition (Cy) i.e.

2pqg =0, Vp <k.

Clearly y satisfies Cp. We will show that if y satisfies (Cx), k < n — 1, and Dy = ¢(u), then there
exists 4/ € T 2(E) such that y — Dy satisfies (Cy41). Indeed if Dy = ¢(u) and y satisfies Cj, with
k <n —1, then dyykn—1-x = 0 and the exactness of (1.2) implies that there exists y, € EFn—27F
such that
dv¥yk = Ykn—1—k-
Now define
0, ik
/I / o -2 /o )
Yy = (yi,j)zﬂ:nﬁ €T *(E), Yijg = {yk’ P

Thus we can find z = (2,4)p+q=n—1 € T" 1 (E) such that
Dz =¢(u), 2,q=0, Vp<n-—1.
We deduce that
dpzn-1,0 =0, dnzn—1,0= ¢(u).

From the first equality we deduce that there exists v € C™~! such that Zn—1,0 = (v). Using this in
the second equality above we deduce

p(u) = dpp(v) = @(dv).

Since ¢ is injective we conclude that u = dv, so that u represents 0 in cohomology. O
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Example 1.2 (Another look at the Mayer-Vietoris sequence). Suppose that M is a smooth manifold
of dimension m and {Up, U, } is an open cover of M. We can form the double complex E** where

BP0 = QP (U UUY) = QP (Up) ® QP(U7), EP' = QP(UyNUy), Vp >0,

EP? =0, Vg>1,
the differential dy, is the exterior derivative d : QP(X) — QPT1(X), X = Uy U Uy, Uy N Uy, while

dy : QP(U(]) (&) Qp(Ul) — Qp(Uo M Ul), d(ao,al) = (—1)p5(a0,a1),

(a0, 1) = (a1lveno, — @olvoney )-

QU NTU) —— QY Uy NU) —— QX (UyNTU,Y)

QO(U()IJUl) T) QI(U() LJUl) T) QQ(UQ UUl)

Observe that the total complex associated to this double complex can be identified with the cone of
the morphism

0: Q.(U() UJ Ul) — Q.(UO N Ul).

Thus, we have a long exact sequence

— H Uy N0 — HY(T(E)) — HY(Up) & H(U) — HAUy N0 — . (L)
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On the other hand, the Mayer-Vietoris principle implies that the diagram below is anti-commutative
and the columns are exact

0 s 0 - 0 -
0 0 0

PN U) —— Q' UgNU1) —— QU N ) y
) -6 1

P(Uou ) —— Q Uy u ) —— QU U ) y

Q%(M) y Q'(M) y 0*(M) y

0 0 0
0 0 0

Using the Approximation Theorem 1.1 we deduce that H*( T(E) ) is isomorphic to H*(M). Under
this isomorphism the long exact sequence (1.4) becomes the long exact Mayer-Vietoris sequence in
cohomology. g

2. THE GENERALIZED MAYER-VIETORIS PRINCIPLE

Suppose that U = (U )4 is an open cover of the smooth manifold M of dimension M. For any
subset A C A we set

Us:= | Ua
We define the nerve of the cover U to be the collection N (U) of finite nonempty subsets A C A such
that U4 # (). The subsets A € IN(U) are called the faces of the nerve. We set
N,UW) :={AeNU); #4=q+1} Cc N(W). .1

The elements of N ,(U) are called the g-faces of N (U ). Observe that a nonempty subset of a face is
another face of the nerve. Moreover, if A C B are faces of N (U) then

Ua D Ug.
For every nonnegative integer ¢ we set
A, :={0,1,...,q}.
A g-simplex of the nerve is a map
o:A;— A, A;Dj—o0;EA,

whose range o(A,) is a face of the nerve. We denote by 8,(U) the set of g-simplices of the nerve.
Note that for any o € §,(U) we have dim o (4A,) < g.
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We will often describe a g-simplex ¢ as a an ordered string of elements in A
o= (00,...,0q).

We set

q
Us = Usgoy = Usag) = [ | Us;-
=0

If o : Ay — Ais ag-simplex of N(U), and j € A, then we denote by 0jo the (¢ — 1)-simplex
defined by the composition

Apg LA, — A

where ¢; 1 Ay_1 — A is the unique strictly increasing function whose range is A, \ {j}. More

explicitly, if o = (00, 01,...,04), then 0;0 is described by the sequence
(0’0, vy 05-1,0541y- - ,Jq).
We have thus constructed a map 9; : 84(U) — 8,1 (U)
Define

cru, )= [ W,
o€8q(U)
Anelementw € C(U, QP) is therefore a collection (W ) ses, (1) Of p-forms wy = wey...o, € P (Us).
For convenience, we write

(w,0) '=ws, Ywe CUYU,QP), o€ §;(U).

Define
§: I, Q) — CI(U, QP),
by setting for w € C471(U, QP) and o € §,(U)

More explicitly, if o = (0o, ..., 04) then

Example 2.1. Let us explicitly describe
§: 0%, QP) — CHU,QP) and 6 : CH(U, Q) — C%(U, QP).
An element w € CO(U,P) is a collection of p-forms w, € Q(U,). The differential dw is the
collection of p-forms
(0w)ap € QP (Uap)
given by the equalities
(Ow)ap = wslv,s — walv,s-
Observe that dw = 0 if and only if there exists a globally defined & € QP (M) such that
we =0y, Yo e A.

An element of w € CY(U,QP) is a collection of p-forms wyyo, € QP(Uyyo,). Then dw is a
collection of forms 1,y5,0, € P (Upyoy0,) defined by

Nogoro2 = Woioo |U000102 — Wopoz |U600102 + Wogoy |U600102 :
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Less precisely, we can write

770'00’10’2 = wcrlcrz - onO’z + Wooal on U0'00'10'2'

Proposition 2.2.
5 =0.
Proof. For clarity we will show only that the composition
cou, ar) -2 c2u, r) -5 C2(U, OF)
is trivial. Let w € C°(U, QP). Thus w is a collection of forms w, € QP(U,), a € A. Then for any
o = (09,01) € 81(U) we have
(0W) ooy = Woy — Woy, 0N Uy, -

Next, using the computations in Example 2.1 we deduce that for any o = (0, 01,02) € S2(U) we
have

(62W)opo100 = (00) 10 — (00)opos + (0W)os, 0N Uy
= (Woy — Woy) — (Woy — Woy) + (Woy — Wey) 0N Upy
=0.
O

We have thus constructed a cochain complex ( C*(U, QP), § ) called the Cech complex of the cover
U with coefficients in (the presheaf)l QP

Remark 2.3. The Cech complexes can be replaced by a smaller homotopy equivalent complexes.
Define C7) (U, Q) to be the subspace of C7(U), Q2P) consisting of collection (wy),es, (1) such that,
for any permutation ¢ : A; — A, and any o € §,(U) we have

Woop = E(QO)WU,

where €(¢) denotes the sign of the permutation ¢. Note that this implies that if o : A; — A is
a g-simplex which is not injective, then w, = 0. One can show (see [11]) that 0 : O3, (u Qr) C
C*H(U, QP) so that (C2,(U,QF),8) is a subcomplex of (C*(U, QP),4).

alt alt
On the other hand, if we fix a total order < on A we can define §,(U) C §,(U) to consist of
simplices o : A; — A such that o; < O'j, Vi < j. We the define

wan) = [ o,
UESQ(U)
We define § in a similar way and we obtain a new complex ( c* (uy,o ) The natural projection

I v.)- ] 2w,

o€8q(W) o€8,(U)
induces a morphism of complexes

7 (C*(U,QP),8) — (C*(W),d).

IWe will explain later the meaning of the term presheaf.
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Moreover, the restriction of 7 to the subcomplex (C3), (U, £2P),d) induces an isomorphism of com-
plexes

71 (Ch(W99),0) — (C*(W),6).
One can show (see [3, VI.6] or [11, p. 214]) that the inclusion
(G2 (W Q7),6) — (C*(U, Q7),4)
is a homotopy equivalence of complexes. This implies that the morphism
T (CW),8) = (C°(W),5),

is a homotopy equivalence of complexes. In the sequel, we will often prefer to work with the equiva-
lent complexes (C*(U),d) or (C2, (U, QP),6). O

[N}

Form now the double complex £** = £
ERT = CUU, QP),
where dj, : C1(U, QP) — C(U, QPT1) is given by the exterior derivative
CIU, D) 3 (wo)oes, ) — (dwo)ses, ) € CHU, Q)

and d, : C9(U,QP) — CITHU, OP) is given by §. = 6. := (—1)PJ. Since d§ = dd we deduce
that the conditions (1.1) are satisfied. We will refer to the double complex (E&', d,£9) as the Cech-
DeRham complex.

Observe that we have a morphisms of complexes (see (1.4))

r:(Q*(M),d) — (E*®,dp, o)

given by
QP(M) 3 w— (w|p, )aca € CO(U, QP).

Theorem 2.4 (Generalized Mayer-Vietoris Principle). The morphism of complexes

i (QN(M),d) — (E**,dy, d.)
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is a resolution of the DeRham complex. More explictly, this means that the columns in the diagram
(2.2) are exact.

4 —0 é
CH(U, Q%) —— (U, Q) —— YU, Q%) ———
§ —0 d
(U, Q%) —— (U, Q) —— (U, Q) ———— - (2.2)
0 1 2
CM) ——— (M) ——— (M) y
0 0 0

Proof. We have to show that for any p < dim M the sequence below is exact.
0— QP(M) = CO(U, Q) - (U, oP) > -

We regard the above sequence as a cochain complex and we will show that the identity morphism is
homotopic to the trivial morphism. Thus we set

CH U, QF) := QP(M), CYU,QP) =0, ¢< —1,
we will produce linear maps
K : CY(U,QP) — CTHU, QP)
such that for any ¢ > —1 and any w € C(U, Q) we have
w=Kow+IKw

where for uniformity we set r = 4.
To construct K we fix a partition of unity (pq)ac4 subordinated to the cover U. For ¢ > 1 and
w = (Ws)ses, ) € C1(U, ) we define Kw € C7~1(U, QP) to be the collection (Krw)res, (0 €
Ca (U, QP), where
KToTl"'Tq71 = Z PaWary, - 1q_1-

[0}

When w = (wWa)aeca € CO(U, QP), then we define Kw € QP(M) by the formula
Kw= Zpawa.
(e

Note that for ¢ > 0, any w € CI(U, ), o € §4(U) we have
q

(OKw)e =Y (~1)'Kp,ow
=0
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On the other hand
q

Ky(ow) = Zpa(éw)ago.,.gq = Zpawo — Z(—l)i Zpawaao...&i..ﬂq =wy — (0Kw),.

i=0
When w € C~(U, QP) the identity
w=0Kw+ Kdw

is immediate. O

The Approximation Theorem 1.1 implies the following result.

Corollary 2.5. Let U be an open cover of the smooth manifold M. Then the DeRham cohomology of
M is isomorphic to the cohomology of the Cech-DeRham complex. O

We can improve a bit this result. For p > 0 define
K :CUU, Q) — CTHU, QP), K :=(-1)PK,
where K is the homotopy operator constructed in the proof of Theorem 2.4. Then
Kde + 0K = 1. (2.3)
Lemma 2.6. For i > 1 we have

[6c, (dK)'] := 0.(dK)" — (dK)'6. = —(dK)"d. (2.4)

Proof. In any associative algebra A the commutator a — [z, a] := za — ax behaves like a derivation

[z, ab] = [, alb + alz, .
We deduce that
[0c, (dK)1] = [0c, (dK)](dK) ™ + (dK) b, (dK)].
We have
(60, dX] = 6.d% — d5xcs, PO _ 5.+ %5 X _a.
Hence

[6c, (dK)"] = — d(dK)"™ —(dXK)"1d.
=0

Suppose that w € TPC* (U, 2°) then we can write

P
w= Zwi wi € CH (U, QP
i=0

and
p+1

Dw="7 nj, nj = dpwj+dewj1 € CI(U, Q1)
=0
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and, following [1, Prop. 9.5] we write

p ‘ pt+1 '
flw) = (—dK)'w; — > K(—dK) " 'n;. (2.5)
i=0 j=1

This can be simplified a bit. We have
p p+1 pt+1

Flw) =) (—dK)'w; = > K(—dK)Y ' dw; — > K(—dK) ' dew; 1
i=0 j=1 j=1
D p+1 p+1
= (—dX)w; =Y K[be, (—dK) w; — > K(—dK) dew; 1.
i=0 j=1 j=1
D p+1 p+1 p+1
= (—dX)'w; = Y Koe(—dK)w; + > K(—dK) bew; — Y K(—=dXK)T ™ ew; 1
i=0 j=1 j=1 j=1
D p+1 p+1 p
=3 (—dX)'w; = Y Koe(—dK)w;+ Y " K(—dK) dew; — > K(—dK) 6w
=0 j=1 j=1 i=0
I 11

p
=wo+ D (1 — Kde) (—dK) w; —Kdewp
=1

1

p
= 0cKuwo + Y _ 0K (—dX) w;.
=1
Hence

p
flw) = 6K (Z(—dﬂ()iwi> . (2.6)
=0

Observe that f(w) € CO(U, QP). In fact n := f(w) lies in the image of r : QP(M) — CO(U, QP).
Indeed 0m = .1 = 0, which means that the collection {7, € QP(U,)} satisfies 1, = ng on Uqyg.
Proposition 2.7 (Collating Formula). The morphism f : C(U,Q) — T*C(U,Q) commutes with

D = dy, + 0. so it is a morphism of complexes. Moreover, it is chain homotopic to the identity, where
the homotopy operator

L:TPC*(U, Q%) — TP~ (U, Q°)
is given by
Lw; =Y K(—dX)" 7w, Yw; € CHU, Q7).

J<u

€Ci (U, Qp—i1)
Proof. (a) Let us first show that fD = df. Let

p p+1
w=) wi, w€CWQT), Dw=D) nj n; e (UQLH)
i=0 =

Using (2.5) we deduce
p+1

f(Dw) =Y (=dX)’n;.

1=0
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On the other hand,
p+1 ' p+1 ‘
Df(w) =df(w) =dwo — Y _dXK(—dX)’ ™" =no+ Y _(—dX)n; = f(Dw).
j=1 j=1

Let w; € C*(U, QP~%). Then
Flwi) 2 6.5¢(—dK) w;
Next, we observe that
DLw; =Y dXK(—dK)" 7 w; + ) 6I(—dXK) 7w

7<t 1<t
== (—=dX)Twi + > 6K(—dK) T w;,
i<t i<t
LDw; = Ldw; + Léew; = Y _ K(—=dX)" 7 dw; + Y - K(—dX)" Foew;
j<i k<i

Using (2.4) we deduce

(—dK) k5, = 6.(—dK)F — (—dK)=F1d
On the other hand (2.3) implies

Kb (—dK) 7k = (—dXK)'=F — 5.K(—dK)—F

so that
K(=dK)*5. = (—dK)F — 5.K(—dK)F — K(—dXK)—FLd.
Hence
LDw; =Y K(=dK)' 7 dw; + Y " (—dK)Fw; = Y 6K (—dK)F
1<t k<i k<i
> K(—dK) T dw,
k<i
=3 (=dX) " lw = > K (—dK)
k<i k<i
We deduce
DLw; + LDw; = — Y (—dX)" Jw; + Y 6K (—dK) 1w,
i<t k<i
+ D (—dK) F = > 6K (—dK)!
k<i k<i

= W; — 565(?(—(13{)’% = W; — f(wl)

Corollary 2.8. Suppose that
w= Z wi, Q=CYU, 0P

is a Cech-DeRham cocycle. Then its is cohomologous with the DeRham cocycle
P

(@) = Y (~dKyw

=0
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For any ¢ > 0, we set
CUUR) = ] R
o€84(U)
In other words, and element » € C'9(U, R) is a collection of real numbers
r=

(T00...04) (00,1.04) €84 (1)
As before we have a linear map

q+1

§: CUUR) = CTHUR), (00)p0gir = O (—1)Top. 5,0
=0
This operator is a coboundary operator, i.e., 6> = 0. We obtain a Cochain complex (C*(U,R), )
called the Cech complex of the cover U with coefficients in R. We denote by H*(U,R) its cohomol-

ogy, and we will refer to it as the Cech cohomology of the cover U with coefficients in R.
Note that C4(U, R) is naturally a subspace of C4(U, 2°). Indeed, an element (ro,....»,) € C4(U,R)

can be viewed as a collection of constant functions 74, : Usy...c, — R. Thus, the Cech complex
C*(U,R) is a subcomplex of C*(U, Q°). In particular, the inclusion

(C*(W,R),5,) = (C*(1,Q),5,)

leads to a morphism to the transpose E&' of the Cech-DeRham double complex E"Zf.-

A, — ot Q%) —— U, Q%) ——— -+ (2.7)

0 0

The Poincaré lemma implies that when U is a good cover then the columns in the above diagram
are exact. Indeed, for any o € §,(U) the overlap U, is diffeomorphic to R™ so that the sequence
below is exact

0—R— QU,) L o'(U,) L 02U, - -

The Approximation Theorem 1.1 coupled with Corollary 2.5 imply the following result.

Corollary 2.9. If U is a good cover of M, then the cohomology of the Cech complex complex is
isomorphic to the DeRham cohomology of M, i.e., HY(U,R) = H}, (M), Yq > 0.
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Corollary 2.10. Suppose that U is a finite, good cover of M. Set

e (U) = #N,4(W),
where N 4(U) is defined by (2.1). Then

Proof. Observe that
¢o(U) = dim C, (U, R)
so that
D (1) (W) =Y (17 dim HI(U,R) = Y (~1)?dim Hf(M).
920 q>0 >0
a

Suppose that U is a good cover. Then a Cech n-cocycle is a collection of numbers r = (To)oes, ()
satisfying the cocycle condition

n+1

Z(_l)irao...&i...an+1 = 07 V(O'(), .. 7Un+1) S 8n+1 (u)
=0

According to the above corollary, this cocycle determines a DeRham cohomology class [1] € H},p(M).
Using the Collating Formula we can describe explicitely a degree n closed form representing this
class. More precisely

w = (—dX)"r. (238)

Example 2.11. A Cech cochain is a collection 7 of real numbers Ta3, One number for any pair («, 3)
such that Uyg # 0. Itis a Cech cocycle if for any triplet (v, 3,7) such that Uyg, # () we have

T8y — Tay +Tag = 0. (2.9)

If in the above equality we choose o« = 3 = vy we deduce that 7, = 0, Voo € A. If next we choose
o = 7 we deduce rg, = —7r,g. Thus (2.9) is equivalent to

TaB = —TBay Tya = T3 + TBas V(Oz,ﬁ,’}/) S SQ(U) (2.10)

If we choose a partition of unity (ps)aca subordinated to U then we have then n := Kr = Kr €
CO(U, Q°) is defined by
Na = Z PaTaB-
B

Then (—dX)r is represented by the collection of forms w, = —dn, € Q'(U,). The cocycle
condition (2.10) implies that

Wo = Wg On Uaﬁ
so that there exists a closed 1-form w € Q(M) such that w|y, = w,, Va € A. The DeRham

cohomology class determined by w corresponds to the Cech cohomology class determined by r via
the above isomorphism

H*(U,R) — Hp(M). 0
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Remark 2.12. (a) The Cech complex C*(U,R) has homotopy equivalent descriptions Cai (U, R)
and C'* (U, R) constructed following the same prescriptions as the ones in Remark 2.3. Recall that the
definition of C* (U, R) uses a fixed (but arbitrary) linear order on A. In the remainder of this remark
we will assume we have fixed such a linear order < on A.

(b) To an open cover U = (U, )qeq We can associate a triangulated space |IN(U)| called the
geometric realization of the nerve which is constructed as follows. The space has one vertex v, for
each a € A. Two vertices v, vg are joined by an edge if and only if {«, 3} € N(U), i.e., Uys # 0.
Three vertices vq, vg, v span a triangle if and only if {a, 5,7} € N(U) etc.

FIGURE 3. An open cover and the geometric realization of its nerve.

Formally and more precisely, this triangulated space is defined as follows. Denote by R# the vector
space of functions f : A — R such that f(«) = 0 for all but finitely many o € A. Note that for any
finite subset S C A the space R is contained in R**. We define a topology on R by declaring a
subset X C R* open if and only if for any finite subset S C A the intersection X NRR® is open in the
finite dimensional Euclidean space R®. For a € A we denote by v, € R the function defined by

0, o
va(6) = {1 gi Q.

For a finite subset S C A of cardinality ¢ + 1 > 0 we denote by Ag C R” the convex hull of the set
{vs; s € S}. The set Ag is an affine g-dimensional simplex. Thus, A, g is the line segment joining
the points v, vg, Aq g, is the triangle spanned by the points v, v, v, etc. The triangulated space
associated to U is then
INW|= |J AscR™
SeN(W)
Any partition of unity (p,) subordinated to U defines a map
R:M—-|NUW|, M3z~ Z pa(x)vo
acA

The map is well defined because for any x € M the number p,(z) is zero for all but finitely many
a’s. If we set

Se:={a€A; pa(z) #0},
then we deduce that S, € N(U) and R(z) € Ag, C |N(U)|. The map R is continuous and
moreover, we have the following result. For a particularly nice proof we refer to [12, §5].

Theorem 2.13 (Borsuk-Weil). If U is a good cover, then the map R : M — |N(U)| is a homotopy
equivalence.

The complex 6'(U,R) is the simplicial cochain complex associated to the triangulated space
|IN(UW)|. This is isomorphic to the singular cohomology of |IN(U)| and the Borsuk-Weil theorem
implies that it is also isomorphic to the singular cohomology of M with real coefficients. If we
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now invoke Corollary 2.9, then we deduce that the DeRham cohomology of M is isomorphic to the
singular cohomology of M with real coefficients. O

3. PRESHEAVES AND SHEAVES

Suppose that X is a topological space and R is a commutative ring with 1. We denote by M odr
the category of R-modules. We denote by Open(X) the collection of open subsets of X. For any
family of open sets U C Open(X) we set

Ou = U U.

veu

We organize Open(X) as a category whose morphisms are the inclusions U — V.

Definition 3.1. A presheaf of R-modules on X is contravariant functor 8 : Open(X) — Modp.
We denote by PShpr(X) the collection of presheaves of R-modules on X O

In other words a presheaf § is a correspondence that associates to each U € Open(X) an R-
module 8§(U), and to each inclusion U < V" a “restriction” morphism

TV = T(S]V :8(V) — 8(U)
such that
rov = gy, ruw =ruvorvw

forall U,V,W € Open(X),U C V C W. When no confusion is possible, for U,V € Open(X),
UcCV,and s € §(V) we will set
slu =ruv(s)
and we will refer to s|i; as the restriction of s to U.
The module §(U ) is called the module of sections of § over U. Often one uses the alternate notation

T(U,8) := $(U).

Example 3.2. (a) For any R-module G we denote by G y the constant presheaf of R-module on X
determined by G. For U € Open(X) the group of sections of G over U is the group locally constant
maps f : U — G. Thus, if U is connected, then we have an isomorphism

I'U,G) =G.
(b) Denote by Cg( the presheaf of vector spaces defined by
I'(U,C%) = { continuous functions U — R }.
(c) Denote by C?(,b the presheaf of vector spaces defined by
I'v, ngb) := { bounded continuous functions U — R }.
(d) If M is a smooth manifold, then we denote by Q) the presheaf of vector spaces defined by
(U, Q%) = QP (U).

(e) Suppose that M, N are smooth manifolds and f : N — M is a smooth map. Then we have a
presheaf H on M defined by

D(U,HY) == Hpp (fH(U)).
() if S € PShr(X)and U € Open(X), then S|y denotes the presheaf on U given by
Sly(V)=8(V), YV € Open(U).
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We say that 8| is the restriction of 8 to U. O

Definition 3.3. Let Sy, 81 € PShpr(X). A morphisms of presheaves ¢ : 8y — 8; is a collection of
morphisms of R-modules
eu :80(U) — 81(U), U € Open(X),

such that for any U, V' € Open(X), U C V we have a commutative diagram

So(V) —— 81(V)

80 $1 O

Tuv Tuv

$1(U) —— 81(U)

Definition 3.4. (a) A presheaf § € PShp(X) is called a sheaf if it satisfies the following two
conditions.
(S1) For any family U C Open(X) the morphism
$(0w) — [] 8(U), 8(0w) 3 s~ (slv)veu e [] (V)
Uvelu veu
is injective.
(S2) For any family U C Open(X) and any collection sy € §(U), U € U such that
(sv)lunv = (sv)[UNV, VU,V €U
there exists a section s € 8§(Oy) such that
8’(] = sy, VU € U.
We denote by Shr(X) C PShg X) the full® subcategory of R-modules on X. O

Example 3.5. The presheaves in Example 3.2(a),(b), (d) are sheaves. The presheaves (c), (e) are not
always sheaves. Also, the restriction of a sheaf to an open subset is a sheaf on that open subset. O

Suppose that 8§ € PShr(X) and x € X. Denote by Open,(X) the collection of all open subset
of X that contain z. The collection of modules

{S(Uz); U, € Open (X) }

together with the family of restriction morphisms ry, U,V € Open,(X), U C V is an inductive
family. We set
Sz = lim S(U).
UeOpen,(X)

We refer to the R-module S, the stalk of § at . More explicitely, S, is the set of equivalence classes
of an equivalence relation ~, on the disjoint union of the modules $(U), U € Open(X): for
Up, U1 € Open(X) we declare the sections sg € 8(Up) and s; € §(Uy) to be equivalent if there
exists Uy C Up N Uy, Uz € Open,(X) such that

80|U2 — 81|U2'

2The attribute full signify that morphisms between sheaves So, 81 are the same as morphisms between So, 81 viewed as
presheaves.
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The equivalence class of a section s € §(U), U € Open,(X) is denoted by [s], and it is called the
germ of s at x.

The completion of a presheaf S € PShpg(X) is the presheaf S € PSh r(X), where for any
U € Open(X) a section of S over U is defined to be a collection of germs (V2)zeu satisfying the
following conditions.

e v, €8, VreU.
e Forany x € U, there exists V € Open_(U) and s € §(V') such that

Yy = [8]y, YyeV.
Observe that
8(U) c §(U), YU € Open(X).

We have the following elementary result whose proof is left to the reader.

Proposition 3.6. (a) Tlie completion of a presheaf is a sheaf.
(b) If S is a sheaf, then § = 8. a

Due to the above result the completion $ is also known as the sheaf associated to the presheaf 8 of
the sheafification of 8.

Definition 3.7. (a) A sheaf § of Abelian groups on a topological space X is called constant if there
exists a group G such that 8 is isomorphic to the sheaf G . The sheaf Gy is called the constant sheaf
on X with stalk G.

(b) A sheaf & on a topological space is called locally constant if for any point x € X there exists an
open neighborhood U, of  such that the restriction of § to U, is a constant sheaf. O

Example 3.8. Suppose that 7 : £ — M is a smooth fiber bundle with fiber F' over the smooth,
connected m-dimensional manifold. For n > 0 consider the presheaf H7,

DU, Hy) = H"(=~'(U))

For any z € M there exists an open neighborhood O of x diffeomeorphic to R" such that the
restriction of E over O is a trivializable fiber bundle. In other words, there exists a diffeomorphism
® : F9 — O x F' such that the diagram below is commutative.

Eo ki

O x B,

N S

o0

In particular for any U € Open(0O) we have
n
T(U,HY) = H"(0 x E,) = @) H/(U) ® H" 7 (Ey).
j=0
We deduce that the stalk at z of H7 is the vector space H |

Hp, =@ lm  HIU)) e H(E,) = H'(E,).
j=0 U€eOpen,(0)

We denote by H 7 the completion of this presheaf.
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Suppose that O is an open subset of M such that E is trivilizable over O so that we can assume
that E'y is the trivial fiber bundle O x F' — O. We want to prove that the restriction of ]TIQ toOisa
constant sheaf. Let U € Open(0O). A section of H 7 over an open set U is a collection of cohomology
classes w, € H"(E,) = H"({z} x F) such that for any z € U there exists V,, € Open(U) and
wy, € H"(Ey,) such that

sz|Ey =wy € Hn(F), Vy e V.
We want to prove that the map
Usxw— wy, € H'(F)
is locally constant. Fix g € U and let Vj = V,,, as above. We will show that the map
VWoyr—wy € H'(F)

is locally constant.
A cohomology class wy, € H"(Ey) has a unique decomposition

n
wy, =Y BB ol e H (W), "' e H ().
i=0
Observe that o0 is represented by a locally constant function V; — R. For y € Vj we have
0
Wy = wV0|Ey = wV0|y><F = O‘V(y)ﬁ{}
We deduce that the restriction of the sheaf I;TTTFL to the trivializing open set O is isomorphic to the

constant sheaf with stalk H"(F').

Example 3.9. Suppose that X is path connected and locally path connected. Denote by 7 : XX
the universal cover of X. For any U € Open(X) we set
U:=n"Y(U) € Open(X).

Fix o € X. Then there exists a free right action of 71 (X, z¢) on X and a natural homeomorphism
X/7T1(X,x0) — X.
Fix an R-module M and a group morphism

U 7T1(X,:E0) — AutR(M), 7T1(X,1‘0) DY Uy € AutR(M).

For any U € Open(X) we denote by C,(U, M) the space of locally constant maps f : U—M
satisfying the equivariance condition

F@E ) = (f(&), VE2eU, vem(X, ).

The collection C,(U, M), U € Open(X) defines a locally constant sheaf M y , € Shr(X). The
morphism g is called the monodromy of this sheaf. O

The following important result states that any locally constant sheaf can be constructed using the
method in Example 3.9. For a proof we refer to [7, IV.9] or [10].

Theorem 3.10. Suppose that X is a path connected and locally path connected space and § €
Shr(X) is a locally constant sheaf . Fix xo € X and set M = 8, € Mod(R). Then there exists
a group morphism

e (X, xg) — Autgr(M)

such that the locally constant sheaf M x ,, is isomorphic to 8. O
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Corollary 3.11. Suppose that M is a connected and simply connected smooth manifold. Then any
locally constant sheaf on M is constant. O

Definition 3.12. Suppose that 7 : 3 — M is a smooth fiber bundle over the connected m-dimensional
manifold with fiber the sphere S™. An orientation of this fiber bundle is a collection of cohomology
classes {w, € H"(X,); = € M} satisfying the following properties.

(O1) There exists an open cover U of M and cohomology classes wy € H"(Xy), U € U such
that for any U € U and any z € U we have
wuls, = Wa.
(02) w; #0,Vr € M.
The sphere bundle is called orientable if it admits an orientation. O

The discussion in Example 3.8 shows that an orientation of an n-sphere bundle 7 : 3 — M is a
nowhere vanishing section of the sheaf 1.

Proposition 3.13. Suppose that m1 : ¥ — M is a smooth n-sphere bundle. Then the following
statements are equivalent.

(a) The sphere bundle is orientable.
(b) The sheaf H is constant with stalk R.

Proof. Clearly (b) = (a) so it suffices to prove the reverse implication. Suppose that w = (w;)zens is

a nowhere vanishing section of H*. Then there exist an open cover U of M and cohomology classes
wy € H™(Xy) such that for any U € U and any x € U we have

wr = wyls,-

We can also assume that any U € U is connected and the restriction 7 : 3y — U is trivial.
For any V' € Open(X) we have a natural morphism

dv : T(V,Ry) — D(V, Hy)
that associates to a locally constant function f : V' — R the section f - w|y € T'(V, ﬁg) Concretely
, f - w|y is given by the collection

f@)wy, € H'(X;), ze V.
To see that f - w|y is indeed a section of H over V we look at the open cover Uy = {U NV }yew.

For any U in U and any connected component W of U N V' the restriction of f to W is a constant
function fy. Then for any y € W we have

fywy = (fwwo)ls,

This proves that the collection ¢y defines a morphism of sheaves ¢ : R;; — flﬁ such that ¢y is
injective for any V' € Open(M). To prove that ¢y is surjective consider a section ) = (7z)zcv €

T(V, H"). Then for any x € V there exists f(z) € R such that

Ne = f(2)ws.
Arguing as in Example 3.8 we deduce that the map V' 5 = — f(x) € R is locally constant. This
proves that ¢ is an isomorphism. g

The above proposition coupled with Corollary 3.11 have the following consequence.
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Corollary 3.14. Any smooth sphere bundle over a simply connected manifold is orientable. a

Example 3.15. Suppose that 7 : £ — M is a real vector bundle of rank (n + 1) over the smooth
connected m-dimensional manifold. By fixing a metric on E' we obtain a sphere bundle 3(E) — M
whose fiber over © € M consists of the unit vectors in E,. We say that 3(F) is the unit sphere
bundle associated to the metric vector bundle E.

Let us observe that the vector bundle F is orientable if and only if the associated sphere bundle
3(E) — M is orientable. [1, Prop.11.2]. O

4. THE CECH COHOMOLOGY OF PRESHEAVES

Let X be a topological space, R a commutative ring with 1 and F a presheaf of R-module on X.
Suppose that U = (Uy)ae4 is an open cover of X . For any nonnegative integer g we set

WU, F) = [ s,
c€8q(U)
Thus, the elements of C9(U, F) are collection of sections

f=(fo)oes,0)> fo € F(Us).
Define
50U, 8F) — CTHH(U, TF),
where for any f = (fo)ses, ) € C/(U,F), and any 7 € 8;11(U) we have
q+1

(5i)r = Z( ) f‘ro---T]---TqH’UT

=0

Arguing as before we deduce that §2 = 0. The resulting complex is called the Cech complex of the
cover U with coefficients in the presheaf F.

An open cover V = (V;);eg is called a refinement of the open cover U = (Uy,)c.4 if there exists a
refinement map ¢ : I — A such that

Vi C U¢(i), Viel.

Observe that if A € IN(V), then ¢(S) € IN(U) so that for any o € 8,(V) the composition ¢ o &
belongs to §,(U) refinement map induces a map ¢ : N (V) — N (U) and a morphism of complexes

o : (C(U,F),0) — (C*(V,9),0),
defined as follows. Given (f € C9(U, ) and o € §,(V) we have
(QZ)*i)U = quocr-
We thus obtain a morphism
" H* (W, F) — H*(V, F).

Lemma 4.1. Suppose that U = (U, )qca and V = (V;)icr are two open covers of X and ¢, : I —
A are two refinement maps. Then the induced morphisms

o Y% (C'(U, 9’),(5) — (C'(V, 3"),5),
are chain homotopic, i.e., there exists K : C*(U,F) — C*~Y(V, F) such that
P — 9" = 0K + K. 4.1

In particular,
¢, H* (W, F) — H*(V,T)
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are identical

Proof. For f € CY(U, ) define

q—
(Kf 10+ lg—1 Z f¢(7«0 =@ (ir ) (ir) - 1h(ig— 1)|V1‘0”‘iq—1.
r=0

An elementary computation left to the reader shows that K defined as above satisfies (4.1) . O

We denote by Cov(X) the collection of all open covers of X. This is equipped with a partial
order < where we declare U < V if V is a refinement of U. This is a directed set, i.e., for any
Up, Uy € Cov(X) there exists Uz € Cov(X) such that U, U; < Ug. (It suffices to take Uy =

(Uo N Uh)vpento,vn ey )
Lemma 4.1 shows that for any U,V € Cov(X) such that U < 'V there exists a morphism

Oy HY (U, F) — H*(V,T)

satisfying
Py = Py o Py, VU<V <W.
We can thus define the direct (inductive) limit

H*(X,F) :=lim H*(U, 5).
u

We will refer to H*(X, F) as the Cech cohomology of X with coefficients in the presheaf F.

Example 4.2. Suppose that J is a sheaf. Then an element f € HY(X,J) is represented by a collec-
tion

o= vvew, Ue Cov(X), fuel(U,TF),
satisfying the cocycle condition

folvav = fvlvav, YU,V € U

The sheaf axioms show that this collection defines a unique section [f] € I'( X, F) that is independent
of the representative [ u °f f. This shows that when J is a sheaf we have a natural isomorphism

HY(X,9) = T(X,9).

For any presheaf ¥ € PShr(X) and any U € Open(X) we have natural morphisms
F(U) - F()
compatible with the restriction morphisms. We thus obtain a natural morphism
H*(X,F) - H*(X,F)
We have the following useful fact, [6, Thm. 2.9.1]
Theorem 4.3. If X is a paracompact Hausdor{f space then the natural morphism
H*(X, ) — H*(X,5)
is an isomorphism. In particular H°(X,F) = T'(X, i?) 0

Observe that if 8y, 81 € PSh(X) the we can define their dirrect sum 8y & 8 to be the presheaf
Open(X)>U —T'(U,8y @ 81) :=80(U) ®81(U) € Mod(R).
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Theorem 4.4. Suppose that V' is a finite dimensional real vector space and M is a smooth connected
manifold of dimension m. Then for any good cover U of M we have

H*(W,V) = H*(M,V) = Hpp(M) @V, Vk > 0. 4.2)

Proof. Suppose first that dim V' is one-dimensional so that V = R. Then for any open cover U €
Cov(M) the complex C*(U, R) coincides with the Cech complex C* (U, R) defined in Section 2.
The natural morphism
g C*(WLR) — C*(U, Q)

is a quasi-isomorphism, i.e., it induces an isomorphism in cohomology. Suppose that V is another
good cover of M such that U < V. Fix a refinement map p : V — U. We then get morphisms of
complexes

fo: C°(LR) — C*(V,R) F,:C*(U,05) — C*(V,03),
that fit in commutative diagrams

C*(U,R) & C*(V,R)
ou ov
c*(u, Qy,) - c*(V, Q%)
Q* (M)

where rq and ry are the morphisms that appear in the Generalized Mayer-Vietoris principle, Theorem
2.4.

The morphsims 71( and ry are quasi-isomorphisms so that F, is a quasi-isomorphisms. Since
¢y and ¢y are quasi-isomorphisms we deduce that f, is a quasi-isomorphism. Thus, the canonical
morphism

q)vu : H’(U,K) — H.(’V,K)
is an isomorphism for any two good covers U < V. Since for any open cover W we can find a good
cover U > W we deduce that for any good cover U the natural morphism

H*(U,R) — H*(M,R)

is an isomorphism. Corollary 2.9 implies that H*(U,R) = H},,(M). This proves (4.2) in the case
when dim V' = 1.
More generally
H*(M,R") = H*(M,R) & - - & H*(M,R)

~ [1*(M,R) ®p R" = Hp (M) @5 R".
O

For a more in-depth presentation of Cech cohomology and its relationship with the cohomology of
sheaves we refer to [2, Chap. 4] or [5].
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5. SPECTRAL SEQUENCES

Consider a gain a double complex of R-modules
(D & dn.d, )
p,q=20
with associated total complex (7°*(E), D), where
T"(E)= @ EP, D=dy+d,.
p+q=n
We would like to describe a way of computing the cohomology of (7 (E), D). We need to introduce

some terminology.

Definition 5.1. (a) A filtration of an R-module M is a collection of submodules
o FPM S FPHLAL S L
such that
M= Frum.
PEZL
The filtration is called bounded if there exist integers ¢ < b such that
F'M =M, F°M =o.
(b) A filtered module is a module equipped with a filtration. The graded module associated to a
filtered module (M, F'*) is
Gr*(M) := (P FPM/FPH M.
PEZL
(c) A morphism of filtered modules (M, F*), (N, F'*) is a morphism of modules ¢ : M — N such

that
¢(FPM ) C FPN, Vp e Z.

(d) A filtration of a graded module
K= @K

ne”Z
is a collection of filtration F'* K™ on each of the factors K. The filtration is called regular if for any
n € 7Z the filtration of K™ is bounded, i.e., there exist integers ¢(n) < b(n) such that

Ft(n)Kn — Kn, Fb(n)Kn = 0.

We set
GrP"(K*, F):= FPK"/FPTIK™,

(e) A filtration of a cochain complex (K, d) is a filtration F'P K'® of the graded module K® such that

dFPK® C FPK™ VYpneZ
A filtration on a cochain complex (K*, d) induces a filtration on the cohomology H*(K*,d). More
precisely F'PH"(K) is defined to be the image of H"(FPK*®) in H"(K*). 0
Example 5.2. The total complex (7"*(E), D) is equipped with two regular filtrations. The first filtra-
tion I} is defined by defined by

FPT" =Y B (5.1)

1>p
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The filtration is regular since
F]—lTn — Tn, F}H_IT” _ 0,
so that we can take t(n) = —1, b(n) = n + 1. The second filtration F7};is defined by
FRT" = @ B
jzp
O

Theorem 5.3. Consider a cochain complex (K*®,d) equipped with a regular filtration F'*K*®. Then
there exists a spectral sequence converging to the cohomology of (K*®,d), i.e., there exists a sequence
of bigraded complexes (Ey'*, d,),>¢ satisfying the following properties.

(SS1) The coboundary operator d, has bidegree (1 — r,r), i.e.,

dT(Ef}’q) - Ei)—(’r’—l),q—l-'r" Vp, q,T.
(SS2) For any r > (O there exists an isomorphism of bigraded modules
o EXt — H(EX®,d,)
(SS3) Forany p,q € Z there exists 1 = r(p, q) > 0 such that, for any r,s > r(p, q) we have
EP4 = BP9 >~ FPHPT(K, d)/FPTHPT(K, d) = GrP HPT(K, d).
We denote by EX! the group EX?, r > r(p, q).

Remark 5.4. We can visualize (EF?, d,.) as a grid of modules and morphisms of modules; see Figure

4. The spectral sequence is an atlas of such grids, where the grid E’* is the opening page of the atlas,
E7’® is on the next page of the atlas etc.

B E;

FIGURE 4. The sheets Ey, F1, E5 of a spectral sequence
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Proof. To construct the spectral sequence we follow the approach in [4, II1.7.5]. For » > 0 we set

ZP4 .= elements in x € FPKP*4 such that dz € FPH"KPTat+l

— FPKPTaN g1 (Fp+7"Kp+q+1 )’ (52)
B4 = FPHlgpta o d(Fp—(T—l)KJDJrq—l)7 (5.3)
Zp7q vaq
Equ = :q r g = 11 r —(7"—1) 2" (5.4)
Zy " N By Zf—l -t dZ»/]?—l '
Note that
zZ08 C ZP4, Nr >0, Vp,q.
Since d? = 0 we deduce
d(ZP1) C wa,q—(?"—l)
On the other hand,
d(BP N ZP9) C (dFPHKPTO) 0 Zfﬁrnq—(r—l)
= dFpPtn)=0=1) g(ptn)ta=(r=1))=1 n gptra—(r=1) « pptra=(r=1) o zptrg—(r—1)
so that d induces an operator
d, : EP9 — pptra=(r=1)
satisfying d?> = 0. Thus (Ey'®, d,) is a bi-graded complex satisfying the condition SS;.
To prove SSa, i.e., the existence of a natural isomorphism
o EXY — H(EX®, d,)
We begin by constructing isomorphisms
zPa 4 grtla-l
- 7"1“ ’“:(11_ S Z(ER) (5.5a)
2z
defr,qurfl + Zp+1,q71
4 r—1 — B(EP). (5.5b)

p+1,9—1 p—(r—1),q+r—2
Zyy" T+ dZ

To construct the morphism (5.5a) we observe that the denominator of the left-hand side of (5.5a)
coincides with the denominator in the definition of FX'? while numerator of the left-hand side of
(5.5a) satisfies

D,q p+1,g—1 D,q
Zr+1 + Z’r—l - Z’I‘

so that the left-hand side of (5.5a) is a subgroup of EF'?. To prove that it is actually contained in
Z(EP?) it suffices to show that

D, p+1,q—1 p+r+1,g—r p+1,g—1
d( Zh + 24,5 )<z +dZP")

the denominator of EPT4~ 7+

which follows from the definitions. Thus the morphism (5.5a) is well defined and injective. Similarly
one shows that the morphism (5.5b) is well defined and injective. The surjectivity of (5.5b) is imme-
diate. The surjectivity of (5.5a) is only slightly more complicated, but not particularly revealing so
we refer for details to [4, p. 204].

We deduce that we have an isomorphism

D59 p+1,q—1
Zr—i—l + Zr—l

— -1 1,9—1
dZ7P 7‘#14"" + ij_17q

— H(EP9),

r
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To conclude, it suffices to show that the right-hand side above is isomorphic to Effl. Indeed, we
have
D5q p+1l,9-1 Dyq
Zr+1 + Zr—l ~ Zr+1
p—r,q+r—1 p+1,g—=1 = Zpyq p—r,q+r—1 p+1,q—1
dZy + 2.5 Zy4 0 (dzy + 275077
Next we observe that

p—r,q+r—1 D,q D,q p+1l.9—1 _ p+l,g-1
dz? czZPy, ZPnZP e = 7 :

Hence
ZP4 0 (dzp=ratr=t g Pty = gzperatr=l oy getlasl
This proves SSo.
Finally, let us prove SS3. Fix p, ¢, set n := p 4+ ¢. Note that
_ FrzM(K)
= FpZn(K) N (FerlKn + BH(K) ) )

Gr? H"(K)

where

FPZ" = FPK" Aker( K* % K™), FPB™(K) = FPK"NTm (K" 4 K™).
If r > b(n) — p, then FP*" K™ = (, and we deduce that

7P = FP77(K).
Ifr—1>p—t(n—1),then
pr—(r=1) grpta=1 _ pertq=1

This shows that if » > max{b(n) — p,p —t(n — 1) + 1}, then

zpan (FPHURPY 4 q(pr- D RPRe ) = ez (K) 0 ((FPTIKT + BY(K)).

O

Remark 5.5. (a) The Ej-sheet of the spectral sequence has a simple description. More precisely
(5.2), (5.3) and (5.4) imply that
FPEPtHa
P _ — @y Pt
Ey® = ol ot = GrP KP79,

(b) When (T, D) is the total complex of a double complex (C**,d},, d,) and F is the first filtration
F7 defined in (5.1) then the construction of the spectral sequence can be given a somewhat more
intuitive description.

We introduce a formal variable ¢ and represent the elements of 7™ as ’polynomials”

n
_ 47 ) i,n—j
T = E zit!), x;€C .
Jj=0

We set Dy := d, + tdy. The condition x € FPT™ can now be rewritten using the analyts’ big-O
notation as z = O(tP).
To compute Gr?” H™(T) we need to compute

FPZ™(T, D) mod FP*1Z™(T) + FPB™(T).
Note that x € FPZ™(T) if and only if
zeT", z=0"), Duw=O0t").
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We construct a class x € Gr? H™(T') via successive approximations. We find these approximations
by solving the systems of linear equations

Dy = O™, yeT", y=0(tF), r=0,1,2,... (S,)

modulo FPH1Z"(T) 4+ FPB™(T). We do this successively, seeking solutions of S, within the
smaller space of solutions of S,.. Note that Z-"? can be identified with the space of solutions of S..
We declare a y of S, to be trivial if either

y =0, (5.6)
or
JzeTVl: 2= O(tp_(r_l) ), y =D,z (5.7

Note that the space of trivial solutions of S, is contained in FP*1Z"(T) + FPB"(T) and coincides
withitif » > p + 1. We have

solutions of S,

EPn—p — )
" trivial solutions of S,

The complex (EJ°, dy) has a simple description. It is the complex (C**,d,). We deduce that
EVT = HY(CP* d,) = HI(CP*),

i.e., B7'® is determined by the cohomology of the complexes determined by the columns of the double
complex.

The differential dy : Hg(CP*) — Hy(CP*1*) is the morphism induced by the horizontal differ-
ential dy,. Therefore, the Fo term consists of the cohomology of the complexes determined by the
rows of Ff,

EPT = Hp(Hg(C°"), dh) =: HYHI(C*®). O

Suppose that (C*®, dc, F&) and (K°, dg, Ff) are two filtered cochain complexes with regular fil-
trations, and ¢ : (C*,dc, F&) — (K°,dg, F}). Then ¢ induces morphisms of bigraded complexes

br : (E2(C),dy) — (E**(K),d,), r=0,1,2,...
Gr(¢) : Gr® H*(C) — Gr* H*(K).

Theorem 5.6 (Approximation theorem. Version 2). Suppose that ¢ : (C*,dc, F5) — (K®,dk, Fy)
is a morphism of complexes equipped with regular filtrations. Suppose that for some rq > 0 the
induced morphism
Pro : (Erg(C),dry) = (Ero (K), dry)

is an isomorphism of bigraded complexes. Then the following hold.

(@) For any r > 1o the morphism ¢, : (Ex*(C),d,) — (Er*(K),d,) is an isomorphism of

complexes.
(b) The induced morphism
¢ H*(C) — H*(K)

is an isomorphism.
Proof. Part (a) is obvious. To prove (b) we will show that for any n the induced morphism
¢: H"(C) — H"(K)

is an isomorphism. Since the filtrations on C"* and K™ are both finite there exist integers ¢ < b such
that
F'C"=C", F'K"=K", F'C" - 0= F'K".
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Thus

b b
Gr* H"(C) = P Gr* H"(C),Gr* H"(K) = (P Gr* H"(K).

There exists > 0 such that for any integer p, t < p < b we have
EP"P(C) = GrP H(C), EP"P(K) = GrP H"(K).
Thus the morphism ¢ induces isomorphisms
GrP(¢) : Gr? H"(C) — Gr? H"(K), Vp=t,...,b.

Now observe that we have a collection of commutative diagrams

0 FPH HY(C) —— FPH"(C) —— Gr’ H"(C) 0
Frii(g) Fr(¢) Gr7(9)
0 FPH HEY(C) —— FPH"(C) —— Gr’ H"(C) 0

From the above discussion we deduce that Gr”(¢) is an isomorphism. The five-lemma shows that
FP+L(¢) isomorphism = FP(¢) isomorphism.
When p = b the morphism FP*!(¢) isomorphism is trivially an isomorphism since
FMHIEY(0) = FPYYHY(K) = 0.

We deduce successively that F¢(¢) is an isomorphism.

The first version of the Approximation theorem is a special case of Theorem 5.6

Corollary 5.7. Suppose that (C*,d) is a cochain complex and ¢ : (C®,d) — (K**,d,d,) is a
resolution of the complex C*® by the double complex K**. Then ¢ induces isomorphisms

H*(C,d) — H*(T(K), D).

Proof. We regard C*® as a double complex in a trivial way and we equip both C'* and K** with the
first filtrations F7. The morphism ¢ is a morphism of filtered complexes. The fact that ¢ is resolution
is equivalent with the fact that the induced morphism

¢1: EP1(C) — EYY(K)
is an isomorphism. Now invoke Theorem 5.6. O
Suppose that (K®, d) is a cochain complex of algebras such that d is an odd derivation, i.e.,
Va, € K", x5 € K°: d(z, - x5) = (doy) - x5 + (—1)" 2 - das.
A filtration F'® on K* is said to be compatible with the algebra structure if
FPK®).(F1K®) C FPTIK®, Vp,q <€ Z.

An inspection of the proof of Theorem 5.3 yields the following result.
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Corollary 5.8. Suppose that (K*®,d, F*®) is a complex of R-algebras equipped with regular filtration

compatible with the algebra structure and such that d is an odd derivation. Then for any r > 0 the
bi-graded complex (Ey’®,d,.) has an induced algebra structure satisfying the following condition:

VYm,n,p,q Vo € E"", Yy € EP? we have
x-y € BT d(vy) = (dpx) -y + (1) - (dry). (5.8)
a

Example 5.9 (A product on the Cech-DeRham double complex). Suppose that M is a smooth man-
ifold of dimension m. Consider the Cech-DeRham double complex (C**(U, Qs, d},, dy,) associated
to an open cover U € Cov(M),

CPAU, Q) = CUU,Q8,), dp =d, dy = (—1)P6 : CHU, D) — CTF (U, 0F)
We define a product
CPIU, Q) x CP (U, Qap) 3 (w, ') - wxw' € CPPATT (U Q)
where for any o € 8§, (U) we have

/ o /
(wrw') = Woyg...0q|Us N\ W, U, -

O'Q...O'q+q/ ...O'quq/

A simple computation shows that

S(w#w') =dw*w + (—1)%w * 6w’
and

dw+w') = dw* W' + (—1)Pw * dw'’
Now modify the product * to a product

U: CPI(U, Qpr) x CPH9 (U, Qpp) — CPHPFT (U Q)

wUW = (_1)'/(1D,q,p’q’)g = CP+P/,Q+(1'(U7 Qur)
where the sign (—1)”(7”%1’/‘1/) is such that the operator D = dj, + d,, is an odd derivation with respect
to U. This means that

(_1)p+p’+V(p,p’7q7q’) — (_1)1’94‘1’(1)7?'7(14‘11‘],) — (_1)p+p’+l/(p,p’,q,q’+1)
(_1)V(p,p’7q,q’) - (_1)V(p+1,p’,q7q’) - (_1)q+l/(p,p’+17q,q’)_

The first string of equalities shows that v(p, p’, ¢, ¢’) mod 2 must be independent of ¢’ mod 2. The
second string of equalities that v(p, p’, ¢, ¢') mod 2 must be independent of p mod 2. We see that the
choice
vip.p' a,d4") = qpf
will do the trick.
The inclusions
(C*(U,R),d) — C*(U,QY,) <« (2°(M), D)
are morphisms of complexes of algebras. We deduce that if U is a good cover, then we have an
ismorphisms of algebras
H*(U,R) = H*(M).
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6. THE LERAY-SERRE SPECTRAL SEQUENCE
Suppose 7 : E — M is a smooth fiber bundle over the smooth connected m-dimensional manifold
M with fiber F'. We will make the following simplifying assumption.
The fiber has finite dimensional DeRham cohomology and the sheaves ﬁg are constant, ¥q > 0,
where H} is the sheaf associated to the Hi: € PShg (M) is the presheaf

Open(M) > U — HI(U).

Fix a good open cover U € Cov(M) and denote by U € Cov(E) the open cover (7 (U))yew-

Consider the transpose of the double complex Cech-DeRham double complex associated to U,
CPI(U, Qp) = CP(U, 0%),
with differentials R R B N
dy =d, dy =(-1)%: CP(U,Q%,) — CP (U, Q%)
The E;-term of the spectral sequence determined by the first filtration of this double complex is

E:Zqu = H Hq(EUo)'

ce8,(U)

Now observe that the correspondence U > U — 7~ 1(U) € U gives an isomorphisms of nerves

N((U) — N(U). We deduce
IT #Ev)= I #H'(Ew,)=cCr(u 0.

oe8y(U) o€8,(U)
From Theorem 4.4 we deduce
ERY — HP(U, HY) = HP(M, H?) = HP(M) @ HY(F).
Note that £5°* has a product has an structure of R-algebra satisfying (5.8).

Example 6.1 (The Gysin sequence). Suppose that 7 : £ — M is an orientable sphere bundle, with
fiber S™, n > 0. R
Proposition 3.13 implies that the sheaves H are constant. The Eo-term of the Leray-Serre spectral

sequence is
P —
Equ :Hp(M)®Hq(S") o~ H (M), q=0,n '
0, q # 0,n.

This implies that
(E27 d2) == (En-‘rl? dn-i-l)
The E),41-term has the form in Figure 5.
Observe that for any » > n + 2 we have

E, = H(En—i-la dn-i—l)

We have
EP™ = ker(dy, q : EP" — EPTTLD) (6.1a)
Ep70
P,0 ~ n+1
EPO =~ T (6.1b)
and

EPT =0, g#0,n.
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0 N TN

0 1 n+l  nt2

FIGURE 5. The sheets E,_1-term of the Leray-Serre spectral sequence of an S™-bundle.

Denote by 2z € H™(S™) the cohomology class uniquely determined by the requirement

/ z=1.

We regard it as an element of E%". Using the product structure on E,, 1 we deduce that the multipli-
cation by x defines an isomorphism

—Ux: E%" — EP™,
so that very element in E%" is a linear combination of elements of the form w U x, w € HP(M).
Note that d,, 1 acts trivially on E&O and since d,, 11 is an odd derivation we deduce
dwUz) =4wUdyi1z, Yw e HP(M),
If we set
e :=dp1z € H" (M)
we deduce that the morphism
dn+1 . Hp(M) ~ Eg(,)n N Ep+n+1,0 _ HernJrl(M)
has the form
w— FwUe.

We deduce that
Gr®* HY(E) = EF, g ERD.
Thus we have a short exact sequence
0— EM - H¥E) —» EF-m 0

which in view of (6.1a) and (6.1b) translate into the long exact sequence
- Blgnln T8 gEO L gH(E) - B T8 gERO
or equivalently
> H UM 28 BN M) D HYNE) — HE (M) 25 B (M) - -

This is called the Gysin sequence associated to the oriented sphere bundle £ — M. The class
e € H" (M) is called the Euler class of the sphere bundle.
As a special case consider the Hopf bundle 7 : $2"*! — CP" with fiber S*. Recall its definition.
Consider the unit sphere

52n+1 — {26 (Cn+1; ’2‘ -1 }
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We have a natural map 7 : $?"+1 — CP” that associates to 7 € S?"*+! the one-dimensional complex
subspace Lz spanned by Z. Note that if 2, € S?"*! then

Ly=Lg=3\€C, [N =1: 22 =C.

Since CP™ is simply connected we deduce that the locally constant sheaves H ¥ are actually constant.
We can apply the above discussion. We denote by e € H?(CP") the Euler class of the Hopf fibration.
The Gysin sequence yields the isomorphisms

R = H°(CP") =5 H?(CP") =5 ... =5 H>*(CP")
HY(CP") =& H3(CP™) =5 ... 25 g2=1(CPY).
HY(CP) N HY(S§* 1) = 0.
This shows that the cohomology algebra H*®(CP") is truncated polynomial algebra R[e]/(e"t!),
dege = 2. a
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