THE BLOWUP ALONG THE DIAGONAL OF THE SPECTRAL FUNCTION OF THE
LAPLACIAN

LIVIU I. NICOLAESCU

ABSTRACT. We formulate a precise conjecture about the universal behavior near the diagonal of the
spectral function of the Laplacian of a smooth compact Riemann manifold. We prove this conjecture
when the manifold and the metric are real analytic, and we also present an alternate proof when the
manifold is the round sphere.
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1. INTRODUCTION

Suppose that (M, g) is a compact, connected m-dimensional Riemannian manifold, and (¥,,),>0

is a (complete) orthonormal basis of L?(M, g) consisting of eigenfunctions of A,
qu/n:)\n\yna O=X <A <A< <A <
For every L > 0 we define the spectral function €1, : M x M — R by
E(p.g) = Y Uu(p)¥u(q).
An <L
Equivalently, € is the Schwartz kernel of the orthogonal projection onto
Hp = @ ker(A - A).
A<L
This shows that as . — oo the spectral function £, converges in the sense of distributions to the
Dirac-type distribution supported by the diagonal
Du={(p.g) e MxM; p=gq}.

The goal of this paper is to describe a universal law governing the behavior of £, as L. — oo in an
infinitesimal neighborhood of the diagonal. Here are the specifics.
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We denote by N the normal bundle of the diagonal embedding. For any p € M we denote by N,
the fiber over (p,p) € Dys. Also we let r : N — R denote the radial distance function along the
fibers of N, and we set

N=r7H([0,R)), Ny :=NUNNp, YR>0, pe M.

In other words, N¥© C N is the associated bundle of normal disks of radius R. If h is sufficiently
small, then the exponential map induces a diffeomorphism from N” onto an open neighborhood U"
of the diagonal. Fix once and for all such a . We denote by £? the pullback of €[ to N7

For every positive real number A\ we denote by M) : N — N the rescaling map described on N,
by

1
NPBIUHX’UGNP'

We define B 1o B
ELNETR LR, &) = L*?MZ%EE.

For any p € M we denote by €, ;, the restriction of €, to the fiber Np.
The Universality Conjecture. There exists p > 0 such that for any p € M the functions

_ 1
ELp: Nﬁzh —R

converge as L — oo in the topology of C°°(Np) to the smooth function

1
Fyw:Np =R, E(u)=——7JImn(|ul),
i Np = B Buclu) = o Ty ()
where J,, denotes the Bessel function of the first kind and order v. O

Remark 1.1. (a) The limit function E,(u) has a more suggestive description, namely

1 .
Eoo(u) = —— Wew)|ge|, B™ = R™: €2 GH|
) = ma)® (27r)m/B;ne el Br=Ag SR K <ry (LD

We denote by E', the spectral function of the Laplacian on R™ corresponding to (generalized) eigen-
values < L. We then have (see [6, Eq. (2.1)] or [11, Eq.(1.3)])

1 N
Ep(z,y) = (27r)m /Bm RIS y)‘df’
L

S (|uf) =

This shows that
Ev(u) = Eq(u,0).

(b) We ought to elaborate on the crux of the Universality conjecture. First of all, let us point out
that known local Weyl trace formule ([2], [4, §17.5], [13, Thm. 1.8.5], [15, §7,8]) imply that the
family (€r,) 1>1 is precompact in the C*°-topology and as detailed in see Section 2, any limit point
€ is asymptotically equivalent to E, at u = 0, i.e., for any N > 0,

Eoop(t) = Eoo(u) + O(Ju| ™) as u \, 0.

The Universality Conjecture makes the stronger claim that the family (E L )r>1 has a unique limit
point in C'*°-topology and moreover, that limit point is not just asymptotically equivalent, but equal
to the function F.
(c) Recently, Lapointe, Polterovich and Safarov [7] have described a global type of relationship
between &7, and E, as L — oo.
O
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The main result of this paper states that the Universality Conjecture is true in the case when M and
g are real analytic. We achieve this in Section 2 by relying on some sharp a priori estimates that we
prove in Appendix A, Theorem A.1. A weaker version of these estimates were used by Donnelly and
Fefferman [3, §7] in their investigation of nodal sets of eigenfunctions on real analytic Riemannian
manifolds. We believe that Theorem A.1 will find many other uses. In Section 3 we give an alternate
proof of the conjecture in the special case when (M, g) is the round sphere.

Acknowledgments. I want to thank Steve Zelditch for a most illuminating discussion on spectral
geometry.

2. THE UNIVERSALITY CONJECTURE IN THE REAL ANALYTIC CASE
Theorem 2.1. The Universality Conjecture is true when M and g are real analytic.

Proof. Since both M and g are real analytic we deduce that the spectral function €, is real analytic;
see [8, 9]. The Cauchy-Kowaleskaya theorem, [5], implies that the exponential map is also real
analytic so that 8? is real analytic.

Fix a point p, in M and normal coordinates * = (z!,...,2™) at p, defined on an open neigh-
borhood O of p,. With these choices we can regard the restriction of €7, to O x O as a real analytic
function €,(x, y) defined on a neighborhood of (0,0) in R™ x R™. Via the exponential map

XD (py,po) ¢ Lpgpo)M X M — M x M

we can identify the space {(az, Y ER™" X R™ z4+y=0 } with the fiber Ny, .
The results of [2] show that as . — oo we have

gotB m+|al+18]
WEL(xay)x:yzo =L 2 <

where Cy, g = 0if a — 3 € 2Z™, while if o — 3 € 27" we have

Caﬂ+0(L—%)), @2.1)

la|— 18] 1 m
m ol 18] H(Oéz'-i-ﬁi—l)!!.
(4m) 5272 (14 2 4 L8y -4

In fact we can say a bit more. More precisely, according to [4, Thm. 17.5.3], for any «, (3 there exists
a constant K, 3 > 0 that depends on the geometry of ()M, ¢) but it is independent of p such that

Cap = (-1)

ooth mtlol+18]
WSL(% y)| < KopLl™ 2 , Va,y. (2.2)
A priori, the constants K, 3 can grow really fast as |&| 4+ |3| — oo. Our next result provides a
key upper bound on this growth. To keep the flow of arguments uninterrupted we deferred its rather

sneaky proof to Appendix A.

Lemma 2.2. There exist constant C,’T" > 0 such that for any L > 1 and any multi-indices o, 3 we

have
m+|a|+|8]
2

sup  [0930€L(p.q)| < CTIHII (|| + 1B NIL™ 2, (2.3)
(p,g)EM XM

where (z,y) denote normal coordinates at (p, q). In other words, in (2.2) we can choose constants
K, g satisfying

Kop < KTV (Ja] +18])1, (2.4)
where K and T are independent of o, 3 and L. O
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Introduce new coordinates

) 1 ) ) ) 1 ) )
mi= @ ), = g Ay, =1, m.

The fiber Ny, is described by the equations 7 =0,j=1,...,m. Note that

) =

\7(?7 +7), ) = E(Tj —17).
(n

7) as orthonormal coordinates. We have

rf =30

i

Along N, we can use the functions

and

_ m 1 1
Erpy = E1(2771, —273n), 8L,po<n>=L28L<( ", — n>

We set o
Ca(L): aa LPo( )’7]:0'

From (2.4) we deduce that there exist constants K ,7" > 0 such that for any multi-index o and any
L > 1 we have

Ca(L)] < Kla|iTlel. 2.5)
Using (2.1) we deduce that

af;iéL(fE»y)z:yzo = CE + O(L_% )7

where Cy = 0 if £ is odd, while if £ is even we have
1

s AU . (¢— 1)
Cp=2"2 (_1)k< >af;z kﬁkﬁL(%Z/)x: =0 = (_1)2 ™ :
kzzo k ! ! (4m) 2 T(1+ 3 +5)
More generally,
Co(L):=O(L72) if a ¢ 27, (2.6)
and
Coa(L) = (~1)l ! [[20;— D +0(L4). @7

(4m)2 (1 + % + |af) 5

The estimates (2.5), (2.6) and (2.7) show that there exists p > 0 such the family {&, } o1

analytic functions converges in the topology of C*°({|n| < p}) to a function €, that is real analytic
on the ball {|n| < p}. Moreover,

of real

1
920€ o (0) = (—1)l— 2a; — 1)1, (2.8)
e 0) = () 112 -
We deduce that for || < p we have
B (—1)" [1;(2a; = 1)
Za' K _7;)(477)?1’(1—% +n) |Z I1;(20)! !

— n 1 200 (_1)71 20
(4 % 1+ +n) 2 glalal’ (47) 2 2nnI0(1 + 2 + n) 2 ot
nzo 7'(' n al=n ! T n! 5 n laj=n 1L i
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1) ) (-1 2y
Z Q”TL'F L+ % +n) (Z(U )2> - Z (47T) n'F(l + %5 +n) (5>

n>0

™5 1" r2
N (2771«)'5‘ . (5) Ezonlr(l(ﬁz; +n) (?)

= (r)

3. THE SPECTRAL FUNCTION OF A ROUND SPHERE

To appreciate the complexity involved in the Universality Conjecture we believe that it is instructive
to give an alternate proof of the conjecture in the special case when M is the round sphere S~ C R<.
The spectrum of the Laplacian on S4=1 is (see [10])
A=nn+d-2), n=0,1,2,...
and

dimker(\, — A) = 2n+d_2<n+d—2>

"t d—2\ d-2
We set

Hon 1= ker(Am — A), Up = Hom.

As is well known, the space J{;, coincides with the space of restrictions to S?~! of harmonic polyno-
mials of degree £ in d variables. Fix an is an orthonormal basis (¥, ,,)1<a<u,, of 7, and set

n Hm

gn(pa ) —8)\” p,q qu]km \Ijkm )

m=0 k=1

The addition formula for spherical harmonics [10] implies that

Z\Ifkm )Wk (q) = U‘fi’”le,d@-q), ¥p.q € 54, (3.1)

where p e q is the canonical inner product of p, g € R?, o4_; is the area of S9!,

d
272
i1 = (3.2)
(%)
and P, 4 is the Legendre polynomial of degree n and order d,
1 a—3 d"
Pat)=(-1)"————(1—-t)""2 1— 2t
nalt) = (1) e (1= )7 a1 = 2R,

I(z+1)
2l =2l —1) - (2= (k= 1)) T(z+1—k)
The collection (Py,d)n>0 is an orthogonal family of polynomials with respect to the measure w(t)dt =

(1-— t2) 2 dt on [—1, 1]. More precisely we have, [10, §2],

/ Pnd md ) (t)dt:hnfsn,m7 hn: Td-1 .
Od—2ln
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Observe that we can rephrase (3.1) as

Hm
Prhipeq
> Wi ()i (g) = 2P0, 63
k‘=1 d*? m

We denote by £, the leading coefficient of P, 4. Its precise value is known, [10, Eq. (7.6)], but all we
need in the sequel is the equality [10, Eq. (7.7)]

kn1  n+d-3
kn  2n+d—4
We recall the Christoffel-Darboux formula, [1, §5.2],

i Pm,d(S)Pm,d(t) K, Pn-‘rl,d(t)Pn,d(s) - Pn—l—l,d(s)Pn,d(t)

— (3.4)
m=0 h’m kn+1 (t — S)hn
In (3.4) we let s = 1. Using the equality P, 4(1) = 1, Vm, we deduce
"\ Pt En Poy1.4(t) — Pualt
alt) _ En Pucra(t) = Paa(t) s
— hm Kn+1 hn(t —1)
Suming (3.3) for m = 0, ...,n we deduce from (3.5) that
e (p (I) _ kn PnJrl,d(t) - Pn,d(t) _ Mo kn PnJrl,d(t) - Pn,d(t)
B knt1  oda—2hn(t —1) O i1 knt1 t-1) '
Hence
n  kn Pp cos ) — Py q(cos
(o) = Enl) = w1l 9) ZPraleos ) o pag. (6)

041 kn+1 (cosp —1)

Observe that ¢ is the geodesic distance between p and q. Now set r,, := /A, and define

s © > . Hn kny, Pn+1,d(cos %) - Pn,d(COS %)

Enlp) =1, @7 Ve, (2
(SO) "'n <’I"n O'd—lrrdz_z ]{Zn+1 Tn(COS % — ]_)

Taking into account Remark 1.1, we see that the Universality Conjecture will follow from the equality

- 1

Enlp) = ———=Ja1(p) +O(n~1), uniformly for |p| < T 3.7)
(2mp)> 2 4
Observe first that
1 d—3 [(n+a« Fn+a+1)

P, 4(t) = Ploa) (¢ == = , 3.8
n,d( ) (nza) n ( )7 « 9 ( n ) F(a+1)F(n+1) ( )
where Pé”‘ﬂ ) are the Jacobi polynomials defined in [14, §4.1]. To prove (3.7) we will use the Hilb

type asymptotic estimate for Jacobi polynomials., [14, Eq. (8.2.17)] or [12, (29)]. Here are the details.
Set

Observe that

— O(n). (3.9)
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The Hilb type estimate [14, Eq. (8.2.17)] coupled with (3.8) and (3.9) yields

P 0 r 0 : 27 0 0o 0]
nd(cosf) =T(a+1) <sin0> al Sino‘ﬂja(an )+ sin® 6 (1)
1
6 \2 (20)* 1 got?
=T 1 alant : 1),
(a+1) <sin9) sin® ¢ (anﬁ)aj (an8) + smaOO( )
where avis asin (3.8) and a,, :=n + %. We set
1
Fo(z) == a ()
and we deduce that
0 % (29)(1 go+2
P, .4(cost) =T'(a+1) <sin9> o eFa(anH) + SinTHO(l).

Hence

Ppi1,4(cos @) — P, 4(cos6) Ppi1,4(cos ) — P, 4(cos6)

=-T(a+1
rn(cos@ — 1) ( ) 21y, sinQ(g)
1
0 \2 (20)* /Fy(ant16) — Fu(anb) go+2
=-T 1
(a+1) (sin 9) sin® @ ( 2, Shﬂ(%) ) + rpSin®t2 0
Observe that a,, 160 = a,60 + 6 and we deduce
Fo(ani10) — Foland) = Fl(a,0)0 + O()%.
The classical identity involving Bessel functions, [1, Eq. (4.6.2)],
d —v _ —v
— (=7 0@) = = i (@),
implies that F (z) = —2~%*Jy+1(z). Now observe that
0 rn6?
2V _Tn _ 2
27y sin <2) 5 (1-0(67)).
Since
0(0) =0(r, ') =0(n™ 1)
we deduce
1
P, 0) — P, 0 6 \2 2092 F (a,0
+17d(COS ) ,d(COS ) _ : — oa(a ) + O(n—l)
rn(cosf — 1) sin sin®0  r,0
PRSI 1 r\ —(a+1) 1
= "R+ 00T = (5) e () + 0@,
Hence

- Ibn, k, /r\—(atl)
oo (3)

€() = Dla+1) O Jen) -0,

ga 172 knta
The equality (3.7) now follows from the estimates
M 2
rai 2 (d-2)
the equality (3.2), and the doubling formula

Val(2z) = 2271 (2)0 (2 + %).

i +0(n™Y), = 14—0(77,_1),

O(1).
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FIGURE 1. A depiction of #0(0)8100(@), 0<p<g.

Remark 3.1. In the special case M = S? we can visualize the blowup behavior of the spectral
function. In this case the eigenvalues of the Laplacian are \,, = n(n + 1) and

The function &,,(¢) has a peak at p = 0,

12
En(O):(nHNZl)\n asn — oo.

4 T
The oscillations in the graph depicted in Figure 1 are pushed at co by the rescaling in ¢, and the
resulting behavior becomes rather tame, Figure 2.

0.998 :
0.996 :
0.994 :
0.992 :
0.990 :
0.988 :
0.986 :

0.984

0.982 -

T T T
0.1 0.2 0.3
®

FIGURE 2. A depiction of mewo(w/mo), 0 < ¢ < %. The rescaling ¢ — 155

pushes the oscillations outside the screen.
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APPENDIX A. SHARP ELLIPTIC ESTIMATES

The main goal of this appendix is to provide a proof of the estimates (2.3). We will follow the
same strategy employed in the proof of [4, Thm. 17.5.3]. We will reach a conclusion stronger than
[4, Thm. 17.5.3] because we will rely on sharp a priori elliptic estimates. We obtain these sharp
estimates from the precise a priori estimates for elliptic operators with real analytic coefficients in [8,
Chap. 8]. For the reader’s convenience we first synchronize our notations with those in [8].

For any nonnegative integers s we set M := s!. Observe that [8, Chap. 8, Eq. (1.10)] becomes

Myys < d°MiMg, Vs,t € Zso, d:=2. (A.1)

Denote by A the Laplacian operator defined by a real analytic metric g on the ball By, where

Br={zeR™; |z|<R}.
For any R > 0 we denote by A(Bpg) the space of functions real analytic on the ball Br. We set
1,2
luln= 3 ([ jozuplad ) (a2
|a|=k Br

Theorem A.1. Then there exist constants K, T > 0, pg € (0, 1) that depend only on the real analytic
metric g and satisfying the following properties. If u € A(B2) and Zy, Lo > 1 are such that

A ullo2 < ZoL{Mak, Vk >0, (A3)

then ,
ulljpo < Zo(T\/Lo )’ M;, Vi > 0. (A.4)
0%u(0)] < K ZoLg (2T/Lo )’ Mj, ¥j >0, Vo] = j. (A.5)

We want to emphasize that K and T' are independent of u, Lo, Zp.

Proof. We follow closely the approach in [8, Chap. 8, Sec. 2]. From Theorem 2.1 op. cit. we deduce
the following.

Lemma A.2. There exist p1,C1 > 0, p1 < 1, such that if 0 < p < p+ 9 < p1 and any u € A(Ba)
we have

2m—1
1
P — P g 2m— u P ° :
[ull2,, < Ch <||90 sAulloprs + D sam—zulle +5> (A.6)
=0

g
Arguing as in the proof of [8, Chap. 8, Lemma 2.5] we obtain the following result.
Lemma A.3. Suppose that a € A(B3) satisfies
sup Z |0%a(z)| < L"M,, Vr > 0.

Then for everyr,s € Z>0, 0 < p < p+ 0 < 1 and u € A(B3) we have
Y D 19%eps(ad™u — 0% (au)o,prs

8l=s |a|=r

s 1 s—¢ r—1 1 (A7)
SO 5 D M Y lulls-e-vviprs,
=0 t=0 1=0

where C depends only on s. O



10 LIVIU I. NICOLAESCU

Using Lemma A.2 and A.3 we deduce as in [8, Chap. 8, Lemma 2.6] the following result.

Lemma A.4. Suppose that p1,C1 are as in Lemma A.2. For any € > 0 there exists y(¢) > 0 that
depends only on the metric and ¢ such that for any u € A(Ba), k > 0and p < p+ 6 < p1 we have

[ull2kr2,, < T{HAuH2k7p+5 + ellullorr2,p15

- (A.8)

v(e M% v(e
Moy, Z HUH2S+2,,0+5 + Z M2 HUH23+2,p+6 }7
S

where the constant C’ 1 depends only on the metric g. O

For every A\, R > 0 such that R < p; we set

o"(u,\ R) := sup (R — )2 Jullon2,p.

Map NFHT R/2<p<R
Using Lemma A.4 as in the proof of [8, Chap. 8, Lemma 2.7] we obtain the following result.

Lemma A.5. There exists Ay > 0 such that for any R < %m, A > Ay, k> 0and every u € A(B3)

we have
k—1

M- 1
k 2k: 2 k 1 S 9
A . A.
g (u,)\’ R) M2k ( )\R) + - Z E 10 (u,)\, R) ( )

O

An argument identical to the one used in the proof of [8, Chap. 8, Thm. 2.2] and based on Lemma
A.5 shows that if u € A(Bz) satisfies (A.3), then for A\, R as in Lemma A.5 we have

M.
oF(u, A\, R) < —2EX2 70 (4L + 2)F 1. (A.10)
Moy,
Ifwelet A = A\ and Ry = ipl in the above inequality we deduce

=7 suwp (Ro—p)*P|lullaksa, < Mok Zo(4Lo +2)"!

>\1 Ro/2<p<Ro
In particular, if pg = 3Ry/4 and p := /A1 we deduce

4 2k+2 4
Hu|]2k+27p0 < CoM2k+2 (f{i) (4L0 + 2)k+l — Z()A7\42k+2c2k+27 C — Ri'l;‘ /4Lo + 2.

We can assume that ¢ > 1.
Using the interpolation inequality [8, Chap. 8, Eq. (2.7)] we deduce that
[ullort1,00 < ¢ Hlwllorra,o + emCllellor,pos

where c,, > 0 is a constant that depends only on the dimension m. Hence

[l 241,90 < ZoMogoC* T + ¢ Zo Moy (P

Cm
= Zo Moy CPF ((% +2) + m) < ZoMoia (2 + Cm)C)%H-

We deduce that for any k£ > 0 we have
[ullkpo < ZoMrZ*, Z = (2+ cm)C. (A.11)
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This proves (A.4) with
B Z
vVLy+1 ‘
Using the Sobolev lemma [9, Thm. 3.5.1] we deduce' that there exists a constant K,, > 0 that
depends only on m such that for any v € C°°(B,./5) we have

0)| < Em S~ r — = | 2] 1
v(O0)] < 7 ;%jHWMJ+(p_1ﬂHmmm p=pmi= L

We deduce that for any multi-index « such that |a| = k and any r such that /2 < py we have

S
00 < 22 (32 ol + =l

r

§=0
p—1 .
re p= J! (p - 1).
szﬂ k k
EnZyle2” Fezp o) ey
p
Recall that Z = T'\/Ly + 1. Choose r of the form
1 1

= < .
BVLy+1 B2

where B is sufficiently large so that
ro_ 1 < 1 <
2 2BVIo+1 2Bv2 7

and T )
Z)==<-.
(r2) =5 =3
Pk k4
10°u(0)] < KmB™Zo(Lo + 1) % ZFk! ( j>23+- ( p)zp
j=0
m (k+ G\
< p K B™ ZdLm+U4ZW€§:< fj)zf
J=0 J
—9k+1
= 2 K B™ Zo(Lo +1)% (2T\/Lo + 1)*k!
This proves (A.5) with K = 2p,,, K,,, B™. O

Remark A.6. The above arguments extend with no changes to the case when the metric belongs to
a Gevrey space, or more general to one of the spaces Dy, (By) of [8], where the weights M, are
subject to the constraints (1.6)-(1.11) in [8, Chap.8]. O

'We have to warn the reader that the Sobolev norms [V7v]|2,r defined in [9] do not coincide with the ones defined in
(A.2) but they are equivalent. The constants implied by this equivalence of norms depend only on j and m.
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Theorem A.1 has the following immediate consequence.

Corollary A.7. Suppose N is a compact real analytic manifold of dimension n and g is a real analytic
metric on N with injectivity radius r(IN'). Denote by /A, the Laplace operator of the metric g and by
A(N) the space of real analytic functions on N. Then there exist constants K,T > 0 and 0 < py <
r(N') depending only on g with the following property: for any Zy, Ly > 1 and any u € A(N) such
that, if

AN ullp2v gy < ZoLGk!, Vk >0, (A.12)

then
0°u(p)| < KZoLg (2T+/To)'j!, Via| =3, ¥pe M, (A.13)
where x = (z!,...,2™) are normal coordinates at p. O

Proof of (2.3). We follow the same strategy used in the proof of [4, Thm. 17.5.3]. Fix L > 1 and
denote by Py, the orthogonal projection onto the space

Hp = GB ker(A — A).
A<L

Fix j,¢ > 0 points py, g, in M, and normal coordinates x at p, and y at q,. Let f € L?(M) and set
fL = PLf Then

1A frllz2any < LHIFIL ¥k > 0.
Using Corollary A.7 we deduce that
10 fr(po)l < KLE+22T)7j!| f|l, ¥p € M, |a] = j,

where K, T" are independent of f, k, & and L. Now observe that

93 fr(po) = (f,90)r2(ary> 90(q) = 03 E€L(Py, q) = Z (959 (po) ) Un(q)-

An<L
The above discussion shows that for every f € L%(M) we have
m_J i
| (f,90) 200y | < KL3T22TY I f]],
so that _
lgollz2any < KLE*5(2T) ).
Observe that gy € Hp, and thus for any k£ > 0 we have
1A g0l z2ary < L¥[lgoll r2an
and Corollary A.7 implies that for any |/3| = ¢ we have
82958 1 (o, q0)| = |10P90(qo)| < KLET3(4T)0|gllo < K2LF+3+3T9+ 5101
Yy 0- 40 Y 0

The inequality (2.3) follows by observing that

i < <7 y) G+ 0)! < 27 + )\,



THE BLOWUP OF THE SPECTRAL FUNCTION 13

REFERENCES

[1] G.E. Andrews, R. Askey, R. Roy: Special Functions, Encyclopedia of Math. and its Appl., vol 71, Cambridge
University Press, 2006.
[2] X. Bin: Derivatives of the spectral function and Sobolev norms of eigenfunctions on a closed Riemannian
manifold, Ann. Global. Analysis an Geometry, 26(2004), 231-252.
[3] H. Donnely, C. Fefferman: Nodal sets of eigenfunctions on Riemannian manifolds, Invent. Math. 93(1988),
161-183.
[4] L. Hormander: The Analysis of Partial Ditferential Operators III, Springer Verlag, 1994.
[5] S.G. Krantz, H. R. Parks: A Primer of Real Analytic Functions, 2nd Edition Birkhéuser, 2002.
[6] P.T. Lai: Meilleures estimations asymptotiques des restes de la fonction spectrale et des valeurs propres relatit
au Laplacien, Math. Scand. 48(1981), 5-38.
[7]1 H. Laointe, 1. Polterovich, Yu. Safarov: Average growth of the spectral function on a Riemannian manifold,
Comm. Part. Diff. Eqgs., 34(2009), 581-615.
[8] J.L. Lions, E. Magenes: Non-Homogeneous Boundary Value Problems and Applications. Volume III, Springer
Verlag 1973.
[9] C.B. Morrey: Multiple Integrals in the Calculus of Variations, Springer Verlag, 1966.
[10] C. Miiller: Analysis of Spherical Symmetries in Euclidean Spaces, Appl. Math. Sci. vol. 129, Springer Verlag,
1998.
[11] J. Peetre: Remark on eigenfunction expansions for elliptic operators with constant coefficients, Math. Scand.
15(1964), 83-92
[12] H. Rau: Uber eine asymptotische Darstellung der Jacobischen Polynome durch Besselsche Funktionen, Math.
Z.,40(1936), 683-692.
[13] Yu. Safarov, D. Vassiliev: The Asymptotic Distribution of Eigenvalues of Partial Differential Operators, Trans-
lations of Math. Monographs, vol. 155, Amer. Math. Soc., 1997.
[14] G. Szego: Orthogonal Polynomials, Colloquium Publ., vol 23, Amer. Math. Soc., 2003.
[15] S.Zelditch: Local and global analysis of eigenfunctions, Handbook of geometric analysis. No. 1, 545658, Adv.
Lect. Math. (ALM), 7, Int. Press, Somerville, MA, 2008. arXiv:0903.3420

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME, NOTRE DAME, IN 46556-4618.
E-mail address: nicolaescu.1@nd.edu
URL: http://www.nd.edu/~1nicolae/


http://front.math.ucdavis.edu/0903.3420
http://www.nd.edu/~lnicolae/

	1. Introduction
	2. The Universality Conjecture in the real analytic case
	3. The spectral function of a round sphere
	Appendix A. Sharp elliptic estimates
	References

