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Rigidity of generalized laplacians and some geometric applications

Liviu 1. NICOLAESCU

Summary. Every generalized laplacian L defined on a manifold M determines a sheaf of *“L-harmonic”
sections namely the sheaf of local solutions of Lu = 0. We study the converse problem: to what extent
this sheaf determines the operator. Our main result states that the sheaf of L-harmonic sections
determines the operator up to a conformal factor. Moreover, when the operator is a covariant laplacian
and the dimension of M is greater than 2, the sheaf determines L up to a multiplicative constant. An
interesting consequence is the following: if two Riemann metrics on a smooth manifold of dimension
greater than 2 have the same sheaves of harmonic functions then they are homothetic.

0. Introduction
Let (M, g) be an N-dimensional Riemann manifold and consider the associated

Laplace—Beltrami operator

A, =

1
g
Vel
Here (g¥(x)) is the inverse matrix of (g,(x)) while |g| = det(g;(x)). We now call
a function g-harmonic if it satisfies the equation

0:(/121g"9;), with 8, = 0/0x,. N

Au=0. 2)

The g harmonic functions form a sheaf 5 on M. This paper deals with the
following
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The generalized laplacians satisfy the unique continuation property ([Ar], [J])- This

shows that the above sheaves have a built-in “rigidity”. Namely, if U is a connected
open subset of M and V' is open V < U then the restriction map

ri A (U) - HL(V)
is injective (roughly speaking they are far from being flabby).

DEFINITION 1.2. If & and % are two sheaves over a topological space X we
say that %, contains &, (and write &, c %,) if for any open subset U of X we have

L) < £HWU).
We can now state the main results of this paper.

THEOREM 1.1. Let L,, L, € L(&). The following are equivalent

() L) = [L2]

(i) A, = AL,
We call the above property of generalized laplacians rigidity.

THEOREM 1.2. Assume N = 3. Let Ly, Ly € £ yeom(&). The following are equiva-
lent:

() L= (L2

(i) ., < AL,

We call the above property of geometric laplacians strong rigidity. As a consequence
of Theorem 1.2 we have

COROLLARY 1.1. If two Riemann metrics on a connected smooth manifold of
dimension greater than 2 have the same sheaves of harmonic functions then there
exists a positive constant p such that

g = ph.
Proof. By Theorem 1.2 we have

A, = A?A, for some A > 0.
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Since the principal part of A, is g7 and the principal part of A, is h¥ we get the
desired result. O

REMARK 1.1. The above result is not true in dimension 2. Indeed consider the
euclidian laplacian in R?%, A =982 + 02. Let g = (f*(x, y)3;) be a conformal metric.
Using formula (1) in the introduction, we see that A, = —(1/f)A. Thus #} = H#,_.
However, clearly the two operators are not homothetically equivalent.

2. Some technical results

We have gathered in this section the main estimates needed in the proof of
Theorem 1.1. The preferred functional framework will be that of Sobolev spaces
L*? (functions k-times “differentiable” with derivatives in L?; see [GT], [M]).
Theorem 1.1, 2 have a local nature so we loose no generality if we assume that
M =R" and € = M x R?. We will denote by B, the open ball of radius r of R" (in
the euclidian metric) centered at the origin. All the Sobolev or sup norms we will
use are defined in the euclidian context. A will denote the euclidian laplacian and
4,(r) will denote the first eigenvalue of A on B, with homogeneous Dirichlet
conditions. 4,(r) = 4,(1)/r%. Set

Du=Y dudx’ and D=7} djudx'®dx’

LY?(B,) is the completion of CZ(B,, R?) in the L'? norm. The norm in L§*(B,) is

Juli o = | 19w
B,
We will frequently use the Poincaré inequality in the form (see [M])
!|ul|12(5r) < rz/ll ”Du "22(3'), Yue L(]),Z(B" Rp) (1)

Instead of the usual C2*(B,)-norm (0 < a < 1) we will use the conformal invariant
one

llull, = r>**| D%l caa,) + r*|D?ul cos,y + 7 |Dullcos,) + 4] com,-
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All differential operators we will deal with have smooth coefficients. To any metric
g = (g;) on R" one can associate a second order operator

G: C®(6) » C=(&)

by
G=) gio:.

The standard estimates and existence results for scalar second order elliptic opera-
tors continue to hold for vectorial operators G as above. In particular we will use
the following

PROPOSITION 2.1. For any f € LXB,, &) the problem

{G: o gb, )
has a unique weak solution u = T,(f) € L**Ly*(B,) which satisfies

IDT ) 2asy < Vi) |2 2cs, (3)

T s,y < Cr2| 1] L2a,y (4)

where 0 < u,(r) < Cr=2 (for r small) is the first eigenvalue of (G + Dirichlet condi-
tions) on B,. If moreover f € C*(B,, &) then

Here as throughout the paper C will denote various constants independent of r and f.

T’f

l, < Cr?|f]cam) (5

For proof of this result we refer to [GT]. Using standard perturbation techniques
(as in [GT] or [M]) we can extend the above result to more general classes of elliptic
systems (with scalar principal symbol)

LEMMA 2.1 (Key Estimates). Let L € #(&), L = G + F+ H (see (1.1)). Then
there exists ¢ = (L) > 0 such that Vr < ¢ and Nf € C*(B,) (0 < a < 1) the Dirichlet
problem

{Lu =/ inB,

6
u=0 ondB, (6)
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has a unique solution u = u( f) satisfying

Ju)l2s,y < Cr2||fllL2s,) N

and

l

The proof is left to the reader.

r < Cr¥|fllcos,)- (8)

REMARK 2.1. From Lemma 2.1 one can deduce in a standard manner that, for
0<r<pg(Ll), fe CB,), g € C**(0B,), the nonhomogeneous Dirichlet problem

Lu=f in B,
u=g ondB,

has a unique solution u € C 2%(B) (see [GT)).
As a consequence we have the following

LEMMA 2.2. Let L,, L, € £(&) such that #, < #,,. Then for any 0<r <
min(e(L;), e(L2))

#,,(B,) = #; (B,).
Here #, (B,) = #,,(B,) A C**(B,).
Proof. Let v e s, 2(E,). Choose u € CZ"(E,) solving
{L,u =L, inB,
u=0 ondB,.
Then w = v — u satisfies

Lw=0 inB,
w=v ondB,

so that w € Jle(E,) c 3?;_2(23—,). Since on the boundary w =v € XE(E,) the unique-
ness part in Lemma 2.1 applied to L, implies w =v i.e. v € #,,(B,). Lemma 2.2 is
proved. O
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Our next result establishes the strong rigidity of constant-coefficient laplacians.
The vectorial case is slightly more complicated than the scalar case since in the
scalar case we have a simple way of constructing enough solutions namely the
exponential solutions. In the scalar case the problem is essentially algebraic. The
rigidity is a consequence of Hilbert Nullstellensatz. In the vectorial case we will
produce enough solutions via power series but unfortunately there is no elegant
theorem such as Hilbert Nullstellensatz.

LEMMA 2.3. Let L, L € (&) be two operators with constant coefficients. Then
the following are equivalent

() [L), = L},
(i) H#, = H#;
Proof. (i) = (ii) is trivial. We prove (ii) = (i). Let

L=G+F+H and L=G+F+H.

We first construct a local solution of Lu = 0 depending on a single variable x = x’/
(for a fixed j=1,..., N). We search for u as a power series

u= i A, x* (A, €RP). 9)
k=0

Since Lu = 0, we deduce
k(k—])gjjAk+(k—l)FJAk_|+HAk_2=0 k22
with A,, A, free parameters. Thus

1

Ay = —m((k—])FjAk~1+HAk—z)- (10)
We obtain from (10)
C
A< 5 A+ 4 k22 v

for some C > 0 independent of k. A simple induction on (11) shows that

|4, | < max(|4,], |4,))C*, k=2,
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In particular this shows the series (9) is convergent for |x| < 1/C so u is a genuine

analytic solution of Lu =0. Since #, = #; we deduce Lu =0. From (10) with
k =2 we get

gjj ) gji _ _
> (2F/A, + HA,) = ) (2FA, + HA,) VA, A, e R~

Therefore

1/g/F = 1/g7F, 1/g"H = 1/g7H, Vi=1,...,N. (12)
We distinguish three situations

(a) H=F=0,Vj=1,...,N.

Then (12) implies that the lower order terms of L vanish. L and L become
essentially scalar operators and by looking at the exponential solutions we obtain

().

(b) H=0.

We may assume (after a linear change in coordinates) that g¥ = 6%. Thus we get
from (12) that

F=F, H=H g'=--=g"W=)}2

The above equalities continue to hold in any coordinate system in which g7 =§%. If
we now make the orthogonal changes in variables

y'=x"'cos + x?sin 0

y2= —x'sinf + x?cos 6

yh=x* k=2
we see that g'' = 6!! does not change while g'' becomes

g - g'(0) = (A% cos? 0 + A%sin? 6 + 25 "% sin @ cos ) = (A2 + 2g'? sin 0 cos 6).
Since g''(6) = g''(0) = A2 VO we deduce g'? = 0. Similarly one shows g7/ =0Vi #j

so we get (ii).
(c) H=0and FF#0 for some j=1,...,N.
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Assume for simplicity that the index j above is j = 1. As in case (b) assume that
g¥= 6% Equations (12) imply

Fl___-llFl F2=-22F2. (13)
Consider the change of variables

y'=ax'+ bx?
yi=cx'+ dx?

yh=xk k=22
(ad — bc # 0). Then the coeflicients of L and L change as indicated below

F'— aF, + bF,, F'v aF' + bF?

gl'—a*+ b2  g'lsg"la%+2g"ab + g2b2.

Equations (12) continue to hold for the new coefficients as well. Thus
(8"a? + 28'%ab + g?2b*)(aF, + bF,) = (a* + b>)(aF" + bF?).

Using (13), we get
(8"'a?+ 2g"2ab + g22b*)(aF, + bF,) = (a® + b*)(g"'aF, + §?*bF,).

Identifying the coefficients of a?b and ab? in the above polynomials, we deduce

14
(g—22_g-11)Fl+2gl2F2=0 (abZ)' ( )

{2g—12Fl _+_(g-|l _g—22)F2=0 (azb)
Since the homogeneous system has a nontrivial solution (F' # 0), we deduce
4(g—12)2 + (g—ll __g—22)2 =0.

In particular, we deduce

g-11=g-22, g‘l2=0‘
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Applying this technique to the other pairs (1, ) of indices we deduce

511 5NN

gh=-=g

The above equality holds in any orthonormal basis of R". The trace

Z gjj

is an orthonormal invariant so the common value of g'', ..., g™ is independent of
the orthonormal basis. Now we conclude with the same argument we used in case
(b). O

As a consequence we have

COROLLARY 2.1. Let L,, L, € #(&) be two operators with constant coefficients
such that [L,), #[L,],. Then there exists ¢ =@(L,,L;) such that for any
0<r <@ <min(e(L,), o(L,)) there exist u; € C**(B,) j =1, 2 satisfying

L,uy=L,u,=0 1inB,
U =u, on 0B,

and u, # u,.
Proof. From Lemma 2.3 we deduce that there exists § = g(L,, L,) > 0 such that
#.,(B) ##,,(B) Vr<é.

Pick u, € %Ll@)\%,_z(f,) (or the other way around). Using Remark 2.1 we can
find u, € A, ,(B,) satisfying

L2u2=0 iﬂ B,
u,=u, ondB,

u,, u, have the desired properties. Corollary 2.1 is proved. O
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LEMMA 2.4. Let L,, L, e L(&) be two operators with constant coefficients such
that [L,), # [L2)s. Then there_exists k =k(L,, L,) >0 such that for any 0<r <
o(L,, L,) there exist w, € #,(B,) (j=1,2) such that u! = u? on 0B, and

[lu) —uf”f_zwr)=krN+"+0(rN+°) (15)
el < €7 (16)
Proof. We assume for simplicity that g(L,, L,) > 1 (the general case can_be

reduced to this situation via a rescaling). By Corollary 2.1 we can find v/ € %Lj(B,)
(j=1,2;v" #0? such that v' =2 on 0B,. Set

vi(x) =ri(x/r), Jj=12.

Then

ot =0} iam, = kr"™* (17
and

o2l < cr? (18)
where

e
BV

Now define w/ € Jij(E,) by

ijlr'szu{+F,-u{+Hju’}=Lv’} in B, (19)
wi=0 on ¢B,.
L;v) satisfies
L0t fEamy < €Y 29

and

1L} cxsp < C- 1)
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Using (20), (21) and the key estimates in (19) we deduce

W22, < Cré|Le} |2, = OV *9)

lwrll, < Cra.
In particular, the #/ + w/ satisfy all the conditions of Lemma 2.4.

The last result of this section is a perturbation result. Consider L € #(&),
L=—3% g%+ Fo,+H.
iy i .

Consider the *“‘tangent” operator
L°= —g%(0)0% + Fi(0)9; + C(0).
With these notations we have

LEMMA 2.5. Let (4,),. o be a family of solutions of

L%« =0 inB,
such that
.|l < Cr2.

If v, is the solution of the boundary value problem

Lv,=0 in B,
v,=u, ondB,

then

f v, —u, [ < Crv+e,
B,

Proof. The operator L — L° has coefficients

G(x) =G(x) —G(0),  F(x)=F(x) -~ F(0), H(x)=H(x)— H(0).

155

(22)

(23)
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Obviously
G(x), F(x), A(x) = O(|x|). (29
We have (w, =u, —1,)
L(w,) = G(92u,) + F(6u,) + Au,. (25)

By (22) the C*-norm of the right hand side of (25) is bounded (uniformly in r).
Using the key estimates we deduce

v, |

,<Cr%. (26)

Multiply (25) by w, and integrate by parts in the left hand side, noting that
w, =0 on 0B,. We get (u is the smallest eigenvalue of the matrix (g%0)) that

u j 1D, ? < j (G11D%,| + 17 D, | + ||, DI, |
B, B,
+j (P Dw, | [w, | + j Apw, . @
B, B

r

By (22) and (24) the first term in the right hand side of (27) is bounded by

CJ |w, | |x| dx.
B’

Using (26), Holder and Poincaré inequalities we can bound the second term in the
right hand side of (27) by

Cr sup |F]| J |Dw, |? dx.
B, B,
Using (26) we can bound the third term by

Cr? J jw,||x| dx.
B’
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(27) becomes

uf |Dw,|2sC<'[ Iw,|[x|dx+rf |Dw,|2),
B, B, B,

i.e., for r small

f IDw, < C J o, | [x] d. 28)
B, B,

Setting p = 2N/(2N — 2) the Sobolev embedding theorem implies w, € L? and
Iw. > < C|[Dw, | .2 (29)

with C independent of r. Apply Hélder (g = 2N/(N + 2)) in (28)

1/q
1Dw, |32 < € ( j x| dx) I, I

< Crva+t|w, || Lo (30)
We now use (29) in (30) to get
|[Dw, || < CrMe+!, 30
At this point we apply Poincaré inequality (1) to get
[w, |12< CreN@+4 = CrN=+s,
Lemma 2.5 is proved. d

REMARK 2.2. Using a terminology analogous to that introduced in [Ar] we can
restate Lemma 2.4 by saying that two elliptic operators of second order with
constant coefficients, which have different kernels, have contact of order at most 2
in the 2-mean (i.e. infinitesimally they are measurably far apart). Similarly Lemma
2.5 can be restated by saying that a second order elliptic operator and the *“‘tangent”
operator have contact of order at least 3 in the 2-mean. Thus constant-coefficients
operators are quite rigid. The rigidity of variable-coefficients operators is infinitesi-
mally inherited from the ‘““tangent” operators.
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3. Proof of the main results

In the previous section we defined a sort of distance between two laplacians
using their sheaves of local solutions. Lemma 2.5 will be used to transfer the
problem to the constant-coefficient case. Lemma 2.5 shows that the error we get
after this transfer is inessential for our purposes.

Proof of Theorm 1.1. (i) = (ii) is trivial. We prove the converse. Let L; € #(&)
(7 =1,2) such that J#, < #,,. (Again assume M =R" etc. as in Section 2.) It
suffices to show that their “‘tangent” operators LY at x =0 are homothetically
equivalent. Assume the contrary. Using Lemma 2.4 we can find «] € 5, _(_B_,) j=12
such that u! =42, on 0B, ’

lulll = w222, = kr¥ 4+ 00N+, k>0 (1)
ll

Let v/ be the solution of the boundary value problem

W ||, < cr. (2)

Lv,=0 in B,
vi =4 ondB,.

Since

vl =v? in B,. (3)
By Lemma 2.5,

| — v} |22m, = OGN *9). 4
(4) and (3) contradict (1). Theorem 1.1 is proved. O

Proof of the Theorem 1.2. Suppose L, L € &,,,.(€) have #, < ;. Because
these are geometric laplacians, L is given by (1.3) for some metric g and connection
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V and L is similarly specified by a metric § and connection V. By Theorem 1.1 we
have

L=¢L ()

for some smooth positive function ¢. Comparing the principal symbols, we see that
g = ¢ "'g. Now note that for any f € C*(M) and ¥ € I'(§) we have ((BGV])

(L, /W =Af - —2df(VY).

Combining this with the corresponding formula for the [L, f] = [¢L, f] gives
Af - = 2df(VY) = (A, f - ¥ — 2df(VY)). (6)
The laplacians of g and g are related by

_ O r-mngi - N-2
&S =~ g Jhg_laj)f—¢Agf+( 5 )df(gradg¢)-

Hence (6) simplifies to

N-2

— | Yeradg 9) -y = df(V = V)¥).
Now fix a point p € M, a vector X € T,M (with grad, /), = X. Then as endomor-
phisms of &,

N-=-2

(T)(X ~P)d =V, —Vy.

But V, —V, is a skewsymmetric endomorphism on &, since V and V are com-
patible with the metric on &. Taking the trace shows that X - ¢ =0 provided

N = 3. Since p and X are arbitrary we conclude that ¢ is constant. Theorem 1.2 is
proved. O

4. Final comments

The rigidity phenomenon described in the previous sections raises (at least in
author’s mind) more questions than it answers. First the proof. What made
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everything work was the possibility of measuring the “distance” between two
sheaves of local solutions of laplacians. We essentially utilized local existence and
uniqueness for the Dirichlet problem. Another crucial aspect is the “blow-up
analysis” in Lemma 2.5 (which seems to be known but we could not find any
reference). It essentially measures the infinitesimal “distance” between an operator
and its “germ” at a fixed point. For elliptic operators these germs give rather good
local approximations. (This idea is not new. It goes back to the 1930s when
Schauder proved his celebrated holder estimates; see [GT].) We are inclined to
believe that a similar approach can work for other classes of elliptic operators (with
the Dirichlet condition replaced by a suitable elliptic boundary condition). In
particular we formulate

PROBLEM 4.1. The generalized Dirac operators (c¢f. [BGV)) are rigid.

The Dolbeaut operator J is a Dirac operator on Kahler manifolds. Having a ¢
(satisfying d%=0) is equivalent to having a complex structure and the rigidity
means that the sheaf of holomorphic functions on a complex manifold determines
its complex structure. The similarity with complex geometry suggests other prob-
lems.

PROBLEM 4.2. Study the cohomology of the sheaves .. In particular find
sufficient conditions (a la Cartan—Serre) for the finite dimensionality of these groups.
Is the compactness of M such a condition?

Even in the simplest case when L is a Laplace—Beltrami operator the above
problem is not studied. One can ask

PROBLEM 4.3. If L is a Laplace—Beltrami on a compact manifold are the
cohomology groups of #, diffeomorphism invariants of the manifold or do they
capture some of the global geometry of the manifold? Compare these groups with the
deRham cohomology.

The following example suggests that the cohomology of J#; is actually the deRham
cohomology.

EXAMPLE 4.1. Let M ~ S' with the standard euclidian metric. Denote by 6 the
angular coordinate. The laplacian is simply L = —0?/06%. The harmonic functions
are the functions affine (in ). Denote by R the sheaf of locally constant real
functions. We may think of R as a subsheaf of #, . Since the tangent bundle of S'
is trivial we may think of 1-forms as functions on the circle. In particular if u is a
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harmonic function on an open set U = §! we see that the exterior derivative du is
a locally constant function. One can then check easily that the sequence of sheaves

d
0-R o # —R-0

is exact. Playing with the associated long exact sequence in cohomology one
deduces that

H'(S'; #,) = H'(S';R) =R.
Obviously H%(S'; #,) =R.

On a more analytical level one may ask why restrict to elliptic operators. 1f we
allow complex coefficients, we encounter wild examples of linear differential opera-
tors (Lewy’s example is a possible candidate for nonrigidity; see [H}).

Let & be a family of differential operators of fixed order M acting between
sections of two fixed vector bundles &,, &, on a manifold M. The family & will be
called rigid if any two operators L, and L, in & which have the same sheaves of
local solutions are equivalent i.e. there exists an automorphism ¢ of &, so that
L, =¢L,.

PROBLEM 4.4. (i) Find (nontrivial) necessary conditions for a family to be rigid.
(ii) Find (nontrivial) sufficient conditions for a family to be rigid.

We see that this paper offers one solution to (ii).
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