COMPLEXITY OF RANDOM SMOOTH FUNCTIONS ON COMPACT MANIFOLDS. I

LIVIU I. NICOLAESCU

ABSTRACT. We relate the distribution of eigenvalues of a random symmetric matrix in the Gaussian
Orthogonal Ensemble to the distribution of critical values of a random linear combination of eigen-
functions of the Laplacian on a compact Riemann manifold. We then prove a central limit theorem
describing what happens when the dimension of the manifold is very large.
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NOTATIONS

(i) For any set .S we denote by |.S| € Z>o U {oo} its cardinality. For any subset A of a set S we
denote by I 4 its characteristic function

1, se€A

I4:5—{0,1}, Ia(s)= 0, seS\A"

(i1) For any point x in a smooth manifold X we denote by d, the Dirac measure on X concen-
trated at .

(iii) For any random variable £ we denote by E(&) and respectively var(§) its expectation and
respectively its variance.

(iv) For any Euclidean space V' we denote by (V') the space of symmetric linear operators
V' — V. When V is the Euclidean space R we set §,,, := S(R™).
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(v) For v > 0 we denote by d-, the centered Gaussian measure on R with variance v,

1 22
dryy(x) = e 2v|dx|.
V2mv
Since lim,\ o 7» = 0o, We set 7y := do.
(vi) If u and v are two finite measures on a common space X, then the notation ;1 o< v means

that
1 1

n()" T v

1. OVERVIEW

1.1. The setup. Suppose that (M, g) is a smooth, compact, connected Riemann manifold of dimen-
sion m > 1. We denote by |dVj| the volume density on M induced by g. We assume that the metric
is normalized so that
volg (M) = 1. (*)

For any u,v € C°°(M) we denote by (u,v), their L? inner product defined by the metric g. The
L?-norm of a smooth function u is denoted by ||u||.

Let A, : C*°(M) — C°°(M) denote the scalar Laplacian defined by the metric g. For L > 0 we
set

U'=U"(M,g):= @ ker(A-4,), d(L):=dimUy,.
A€[0,L2]

We equip U” with the Gaussian probability measure.

_d@)  _ Jlu)?

dyl(u) == 2r) "2 e 2 |dul.

Fix an orthonormal Hilbert basis (¥, )>0 of L?(M) consisting of eigenfunctions of A,
AVp = MWg, ko < k1= Mgy < Mgy
Then
Ul = span{ Uy A < L2 }
A random (with respect to dv’) function u € U’ can be viewed as a linear combination
u= Y w¥,
A, <L2

where u,, are i.i.d. Gaussian random variables with mean 0 and variance o = 1.

For any u € C(M) we denote by Cr(u) C M the set of critical points of u and by D(u) the
set of critical values' of w. If L is sufficiently large we can apply [15, Cor. 1.26] to conclude that a
random function w € U” is almost surely (a.s.) Morse, so that the random set Cr(u) is a.s. finite.

To a Morse function w we associate a Borel measure ., on M and a Borel measure o,, on R
defined by the equalities

=Y Op, ow=w(p) =Y _|f7H(t) N Cr(u)|d;.
pECr(u) teR
Observe that
Supp pty, = Cr(u), suppo, = D(u).
When u € U is not a Morse function we set

P = |dVy|, 4 = dp = the Dirac measure on R concentrated at the origin.

IThe ste D(u) is sometime referred to as the discriminant set of u.
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Observe that for any Morse function w € U’ and any Borel subset B C R the number &, (B) is
equal to the number of critical values of w in B counted with multiplicity. We will refer to o, as the
variational complexity of u.

We set
S 1= 7(4@_3 = 7(4@_%1 , B = 7(4”)_%” . (1.1)
1+ 7) 21“(2—1—7) 4F(3+5)
Let us observe that
Sm = hm(m+2)(m+4), dy = (m+4)hy,. (1.2)

The statistical significance of these numbers is described is Subsection 2.2. We only want to mention
here that the Hormander-Weyl spectral estimates state that

dimUL = s, L™ + O(L™ ') as L — oc. (1.3)
For L > 0, the correspondence
UL s u— iy

is arandom measure on M called the empirical measure determined by the critical points of a random
function. Its expectation is the measure 1 on M defined by

[t = [ (] sin) vt

for any continuous function f : M — R. Note that the number
NV = [t = [ |Cr)lint w)
M Ut

is the expected number of critical points of a random function in U,
In [16] we showed that there exists a universal constant C,,, that depends only on the dimension m
such that

NE ~ CdimUY ~ Cppsm L™ as L — o0, (1.4)

and the normalized measures

1
L. L
dp” == —dp

converges weakly to the metric volume measure |dV;| as L — oo. This means that for L very large we

expect the critical set of a random u € U to be close to uniformly distributed on M. Additionally
we showed that

1
log C,, ~ leogm as m — oQ.

Similarly, the random measure U* 3 u +— o, has an expectation

ol = Eyi(oy)

which is a probability measure on R defined by

Lot = [ ([ iovakn ) art a)

for any continuous and bounded function f : R — R. Results of Adler-Taylor [1] (see Subection 2.1)
show that o exists.
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1.2. Statements of the main results. In this paper we investigate the statistical properties of the
measure o as L — oo and then as m — oco. First let us point a small annoyance which we will turn
to our advantage.

Observe that if u : M — R is a fixed Morse function and ¢ is a constant, then

Cr(c+u) = Cr(u), fictu = ftu,

but
D(u+c)=c+ D(u), Ouytc=0c%* Oy,
where * denotes the convolution of two finite measures on R. More generally, if X is a scalar random
variable with probability distribution vy, then the expected variational complexity of the random
function X + w is the measure
E(oxiu) =Vx *x0y.

In particular, if the distribution vx is a Gaussian, then the measure o, is uniquely determined by the
measure E (0 x14,) since the convolution with a Gaussian is an injective operation.

Note that the lowest eigenfunction Uy is the constant function 1. We consider random functions of
the form

Uy, = XV + Z up Wi = Xo + u,
Ap<L2

where the Fourier coefficients wuy, are i.i.d. standard Gaussians, and X, is a scalar, centered Gaussian
random variable with variance w independent of the uy’s. In applications w will depend on m and L.
Equivalently, this means that we replace the Gaussian measure dy” on U” with a Gaussian measure
d~L of the form

. 1 _lugl®  futy?
dvg = (L) e 20Fe) 2 |dul,

@2r) 2 Vit w

where
ug = (UO, \I/())g, UJ' =u - UQ\IJQ.
Since X, is independent of u we deduce that the expected variational complexity of X, 4+ u is the
measure o'Z on R given by
ol = E(ox, iu) ="0w*ol. (1.5)

NL:/Rdaf,(t):/RdaL(t). |

The first goal of this paper is to investigate the behavior of the probability measures Waf, as L — oo
for certain very special w’s. For reasons that will become clear during the proof we choose w of the
form

Note that

w=w(m,L,r)=wy, L™ (1.6)
where r > 0 and the quantity @, , are uniquely determined by the equality
2
Sm + Wy = T2 =1 S 1.7
’ h/m
From (1.2) we deduce that
m+ 4 _ r(m+4
Sg:rm—l—Qsm’ Wm,r = <7(n—|—2))1> Sm- (1.8)
The inequality s > s, shows that the parameter » must satisfy the m-dependent constraint
r> m 2.
“m+4

(Cm)
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To formulate our main results we need to briefly recall some terminology from random matrix theory.
For v € (0,00) and N a positive integer we denote by GOEY; the space 8 of real, symmetric
N x N matrices A equipped with a Gaussian measure such that the entries a;; are independent,
zero-mean, normal random variables with variances
var(a;) = 2v, var(a;) =v, Y1 <i<j <N.

We denote by pn,(A) the normalized correlation function of GOE . It is uniquely determined by
the equality

[ 10w adx = 5 Bcor, (17 7(4)).

for any continuous bounded function f : R — R. The function py ,(A) also has a probabilistic
interpretation. For any Borel set B C R the probability that a random A € GOEY; has at least one
eigenvalue in B is equal to

[

For any ¢t > 0 we denote by R; : R — R the rescaling map R > = — tx € R. If p is a Borel
measure on R we denote by (R;),u its pushforward via the rescaling map R;. The celebrated Wigner
semicircle theorem, [2, 13], states that as N — oo the rescaled probability measures

CEBNPINOVEY
converge weakly to the semicircle measure given by the density

1 Vav — X2, |\ < Vv
= x
27w 0, Al > V4o

We can now state the main technical result of this paper.

Poo,w(A) :

Theorem 1.1. Fix a positive real number satisfying r > 1. Let w = w(m, L,r) be defined by the
equalities (1.6) and (1.7). Then as L — oo the rescaled measures

1
L)
N Vs L™/ ox
converge weakly to a probability measure o, , on R satisfying the equality

rA2

et (AN, (1.9)

where the symbol x denotes the convolution of two (finite) measures on R.

Om,r X Y(E-1 * (6_

Th above result has several interesting consequences.

Corollary 1.2. As L — oo the rescaled measures

1
L (R 1 ) O'L
N VdimUL 7/ *
converge weakly to a probability measure o, on R uniquely determined by the convolution equation
Vo * o = (R ) o
2
where o, 1 X e_%pm+171()\)d)\.

The above result shows that the large L behavior of the average complexity o’ is independent of
the background manifold M.
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Corollary 1.3. As m — oo, the measures o, converge weakly to the Gaussian measure 3.

Let us briefly describe the principles hiding behind the above results. Theorem 1.1 follows from a
Kac-Rice type formula of Adler-Taylor [1] aided by refined spectral estimates due to L. Hérmander,
[11], and X. Bin, [5]. Corollary 1.2 is a rather immediate consequence of Theorem 1.1 while Corollary
1.3 follows from Corollary 1.2 via a refined version of Wigner’s semicircle theorem.

The basic facts coverning the Kac-Rice formula are presented in Subsection 2.1 while the proofs of
the above results are presented in Subections 2.2, 2.3, 2.4. We have included two probabilistic appen-
dices. In Appendix A we have collected a few basic facts about Gaussian measures used throughout
the paper. In the more exotic Appendix B we discuss a family of symmetric random matrices and
some of their properties needed in the main body of the paper.

We want to comment on the similarities and differences between this paper and A. Auffinger’s
dissertation [3] which was a catalyst for the present research.

Auffinger considers random fields on the round sphere SV with covariance kernel given by the
function

Ryp: SN x SN =R, Ry,(g,q)=|ged|?,

where e denotes the canonical inner product in RN+ 5 SN and p is a fixed real number p €
{2} U[3, 00). Among many other things, Auffinger studies the behavior of the variational complexity
of such a random function as N — oc.

The eigenvalues of the Laplacian on the round sphere S*V of radius 1 are

Me(N) = k(k+ N —1), k>0

with multiplicity
2k+N—1(k+N -1 KN
My(N) = ——— ~2—F— ask .
K(N) k+N—1< N-1 > (N 1) BT
If Ly, := \/Ak(N), then we can identify UL* with the vector space consisting of the restrictions to

SN < RN+1 of the polynomials in (N + 1) variables and of degree < k. We have

N
dim UM ~ 2— as k — oo
N! '

Using the classical addition theorem for harmonic polynomials, [14, §1.2, Thm.2], we deduce that the
covariance kernel of the radom function defined by U*"r is

Enk(g,q) ZM )Pjn+1(ged),

where o denotes the “area” of S™V and ng(t) denotes the Legendre polynomial of degree n and
order 4, i.e.,

- F(%) otz (d\" 2\n+453

Poot)=(-1)"R,({) =27"—="—(1—t*)" 2 <dt> (1—t5)" = (1.10)
In our paper we first let k£ go to infinity and then we let N — oo. In this case, our Corollary 1.2 is
a statement concerning the distribution of critical values of the restriction to SY of a polynomial of
large degree in (N + 1)-variables.

Let us point out that the limit & — oo leads to rather singular phenomena. The random function
(field) defined by U converges to a generalized random function 2 la Gelfand-Vilenkin, [10], whose
covariance kernel is the Dirac delta-distribution concentrated along the diagonal of SV x S™V. The
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sample functions of this process are a.s. nondifferentiable so in in the limit the notion of critical point
looses its meaning.

2. PROOFS

2.1. A Kac-Rice type formula. As we have already mentioned, the key result behind Theorem 1.1
is a Kac-Rice type result which we intend to discuss in some detail in this section. This result gives an
explicit, yet quite complicated description of the measure . More precisely, for any Borel subset
B C R the Kac-Rice formula provides an integral representation of o' ( B) of the form

- / Frreo.(D) |4V ()],
M

for some integrable function f; ., p : M — R. The core of the Kac-Rice formula is an explicit
probabilistic description of the density fo, 1. B.
Fix a point p € M. This determines three Gaussian random variables.

(UL77£;) 3 U — Uu(p) €R,
(U, 4E) > uw +— duw(p) € TEM, (RV.)
(UL,fyf,) 3 Uy, — Hessp(uw,) € S(TpM),

where Hessp(u,) : TpM x TpM — R is the Hessian of u,, at p defined in terms of the Levi-Civita
connection of g and then identified with a symmetric endomorphism of 7}, M using again the metric
g. More concretely, if (2*)1<;<y, are g-normal coordinates at p, then

Hessp(ue,)0 E . x] i -

For L very large the map U” 3 u — du(p) € T;M is surjective which implies that the covariance
form of the Gaussian random vector du,(p) is positive definite. We can identify it with a symmetric,
positive definite linear operator

S(duw(p)) : TpM — TpM.

More concretely, if (2")1<j<, are g-normal coordinates at p, then we can identify S ( duc,(p) ) with
am X m real symmetric matrix whose (4, j)-entry is given by

Sij(duw(p)) = E(03,uw(p) - Opuw(p) ).
Theorem 2.1. Fix a Borel subset B C R. For any p € M define

FLwn(p) = (det(27S(uu(p) ))*%E( | det Hessp(ue)| - In(tw(P)) | duw(p) :o),

where E( var | cons ) stands for the conditional expectation of the variable var given the con-
straint cons. Then

= / fLwB(P)]dVy(p)l. (2.1
M
O

This theorem is a special case of a general result of Adler-Taylor, [1, Thm. 11.2.1]. The many
technical assumptions in Adler-Taylor Theorem are trivially satisfied in this case. In [16] we proved
this theorem in the case B = R and w = 0. The strategy used there can be modified to yield the more
general Theorem 2.1.



8 LIVIU I. NICOLAESCU

For the above theorem to be of any use we need to have some concrete information about the
Gaussian random variables (RV,,). All the relevant statistical invariants of these variables can be
extracted from the covariance kernel of the random function . This is the function €5 : M x M —
R defined by the equality

¢5(p,q) = E(uw(p)uw(q) ) = E(X +u(p)) - (X +u(q)))
=w+ Y U(p)Ti(q) = w+ & (p, q).

The function £ is the spectral function of the Laplacian, i.e., the Schwartz kernel of the orthogonal
projection onto U”. Fortunately, a lot is known about the behavior of elas L — oo, [5,8, 11, 18].

2.2. Proof of Theorem 1.1. Fix L > 0. For any p € M we have the centered Gaussian vector
(RVy),w =0

(U",4") 3 u (u(p),du(p), Vu(p)) e R® TpM @ S(TpM).
We fix normal coordinates (x%);<;<,, at p and we can identify the above Gaussian vector with the
centered Gaussian vector

(u(P), (Qpiu(p))1<icm, iy (w(P) )1<ij<m) EROR™ @ S

In [16, §3] we showed that the spectral estimates of Bin-Hormander [5, 11] imply the following
asymptotic estimates.

Lemma 2.2. Forany 1 < i, j,k,{ < m we have the uniform in p asymptotic estimates as L — oo

E(u(p)?) = snL™(1+0O(L7Y)), (2.2a)

E(0,u(p)duyu(p)) = dnLl™26;(1+O(L7)), (2.2b)

E(0% ;u(p)0% ou(p) ) = hin L™ (8;i0k0 + Sirdje + 03005%) (1 + O(L™Y)), (2.2¢)
E(u(p)d? u(p) ) = —dnL™25;(1+O(L7Y)), (2.2d)

E(u(p)d,iu(p)) = O(L™), E(0,u(p)d u(p)) =O0(L™?), (2.2¢)

where the constants Sy, dy,, hy, are defined by (1.1). O

Now let w = w(m, L, r) be defined as in (1.6), (1.7). Using the notation (1.8) we deduce from the
above that in the case of the random function u,, we have the estimates

E(uu(p)?) =s2L™(1+0(L™)), (2.3a)
E(0,itw(p)0tw(p) ) = dn L™ 26;;(1+O(L71)), (2.3b)

E( 0% ,;u0(P) 0% tw(P) ) = R L™ (84500 + 0ikdj0 + 81085) (1 + O(L™1) ), (2.3¢)
E(uu(p)d% uw(p) ) = —dn L™25;;(1+ O(L7Y)), (2.3d)
E(uy(p)dyivw(p) ) = O(L™), E(0,iuu(p)ds uw(p)) = O(L™?). (2.3e)

From the estimate (2.3b) we deduce that
S(duw(p)) = dp L™ (1, + O(L™1),
so that

m(m+2)

|det S(uw(p))| = (dm)2 L™ 2 (1+O(L7)) asL — oo. (2.4)
Consider the rescaled random vector

m

(SL’,UL’HL) _ (SL,wm’vL,w,.p’HL,w,P) = (L_?uw(p)’L m+2 duw( ) L_TVQUw(p) )
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Form the above we deduce the following uniform in p estimates as L — oo.

E((s")?) =s2(1+0(L™)), (2.5a)
E(vfv]) =dméi;(14+0(L7Y)), (2.5b)
E( ngHkLl ) = hm((sw5kg + (Sikdjg + (Sig(sj‘k) ( 1+ O(L_l) ), (2.5¢)
E(s"H} ) =—dnL™6;(1+0(L7")), (2.5d)
E(s"vf)=0(L"), E(vfH])=0(L""). (2.5¢)
The probability distribution of the variable s” is
12
G P —
278 (L)

where
sm(L) = 82 + O(L™1).
Fix a Borel set B C R. We have
m(m+4)

E(|det Vuuy(p)|I5(uw(p) | duw(p) =0) =L 2 E(|det H|Ip(s") | vk =0)

m(m+4) B
=1L 2+4/  E(|detHY| | s" =z, v" = 0) ——=|da]. (2.6)
L™%B

=:qr,p(L~ E) B)
Using (2.4) and (2.6) we deduce from Theorem 2.1 that

1\ 2 m
oL(B) =" [ sl E Bosmlavi(o)l
27Tdm M
where pr, : M — R is a function that satisfies the uniform in p estimate
pr(p) =14+ O(L™) as L — . (2.7)
Hence .
L (» Ly = ()" B d 2
o (Re2) obB) = (50-) | waBor@lavym). 238)

To continue the computation we need to investigate the behavior of ¢z, ,(B) as L — oo. More
concretely, we need to elucidate the nature of the Gaussian vector

(HL ‘ st =z, o :0).

We will achieve this via the regression formula (A.3). For simplicity we set

vE.= (L ok e R R™.
The components of Y are

Y =5t viE=oF, 1<i<m.
Using (2.5a), (2.5b) and (2.5¢) we deduce that for any 1 < 4,5 < m we have
E(Y{Y") = simooi + O(L™Y), E(Y'Y}) = dmdy; + O(L7).

If Sy denotes the covariance operator of Y, then we deduce that

- 1 _ . 1
SOh)st = o+ O™, SOt = =

m

Sij + O(L™h). (2.9)
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We now need to compute the covariance operator Cov(H,Y"). To do so we equip 8, with the inner

product
(A,B) =tr(AB), A,B€ 8y
The space 8,,, has a canonical orthonormal basis

~

Eij, 1<i<j<m,
where
5. _ ) B =7
“ %Eiﬁ 1<j

and E;; denotes the symmetric matrix nonzero entries only at locations (i, j) and (j,¢) and these

entries are equal to 1. Thus a matrix H € §,,, can be written as
A= Z aijEij = Z aijBij,
1<j 1<j

where
~ A3, =17
i = {\/ﬁaija <7
The covariance operator Cov(H,Y') is a linear map
Cov(HE YY) :R®OR™ — 8,

given by
Cov(H" YT) <Z yaea) =Y EHE Y )waEi =Y EHEYE)y.E,
1<j,x 1<j,o
where €, e1, ..., e, denotes the canonical orthonormal basis in R & R™. Using (2.5d) and (2.5¢)

we deduce that
Cov(HE YT) (Z yaea> = —yodm 1y, +O(L7Y).

We deduce that the transpose Cov(H,Y')" satisfies

Cov(H Y5 [ 4B | = —dm tr(A)eg + O(L71).
i<j
The covariance operator of the random symmetric matrix
zt =78 = (H"|s" = z,0" = 0)
is then
S(zly = sHY) — Cov(HE, YL)S(YL)™ Cov(HE, Y)Y,
This means that R N
E(z5z),) = (Eij, S(Z")Eyy).
Using (2.9), (2.10) and (2.11) we deduce that

dz, _
Cov(HE, YY)S(YL)™ Cov(HE, Y)Y ZCLW :S—wtr(A)]lm—i—O(L
1<j m
d2
E((2))*) = hm + O(L7Y), Blzjzj;) = hm = _3 + O(L7Y), ¥i<j,

m

9

(2.10)

@.11)
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2
E((25)?) = 3hm —j—+0( b, Vi
and

E(zLf) =0L™), Vi<j, k<t (i,5) # (k0.

We can rewrite these equalities in the compact form

d? _
E(zf;7) = (hm - Sm> 85Okt + T (8ik6j6 + G3e0j5) + O(L™1).

m
Note that )
dz 12 r—1
Ry, — é = " hom,.
We set ( )
r—1
k= k(r) = 5
so that

E(zf2ky) = 26hm0ij00 + han (060 + 0i003,) + O(L™H).
Using (A.4) we deduce that the expectation of Z Lis

E(ZY) = Cov(HL, YH)S(Y L) Y(zey) = —

r(m+4)

We deduce that the Gaussian random matrix Z%* converges uniformly in p as L. — oo to the random

matrix A — ﬁﬂm, where A belongs to the Gaussian ensemble g2rhmhm qescribed in Appendix

I, ++O(L7H). (2.12)

m+4
B. Thus
Jim o) = 05 = [ B (19684~ Syt ) et
) o )
/E2n1 ’ et m+4)\/h71m)‘)7\/m xT
2
e 2
= (hp)2 E ona(|det( A — apyl dx,
( >2/(s%)23 e (| det (A — i) )
where
oo Ve oy 1

r(m +4)vVhpy r

This proves that

2

.

. e 2
]}g]goﬂl(su) qu,p /Eszm ’det )Diﬁgﬁdy'

=:pum (B)

Using the last equality, the normalization () and the estimate (2.7) in (2.8) we conclude

m

1 . 1 [ hm \?
AT (R )3 )7 o(B) = Sm (%dm) m(B)

(1.2)

L <mi4> E (1+75) wnlB).

(2.13)
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Observe that the probabilty density of p,, is

dim y e T
. _ H,<’dt(,4——]1 )D . 2.14
We now distingush two cases.
Case 1. » > 1 From Lemma B.2 we deduce that
el )]
m—+ 3 (A—(r2 +1)L)2+(T2+1)y2 ’
— 9" F = VT i dA
2 ( 9 > m / pm+1 1 6 )
where
22 N 1
T k=1 r41
Thus

dpim +3 m+3 1 (12 +1-2r)y? / Sl (A—(r241) %2
_— = 2 F 4r )\ 472 NG d)\
dy 2 < 2 > 27T\/E6 Rperl,l( )6

mis_ [(m+ O (r241) )2 2
=2 T 472 vl 20D g\,
2 ( B) ) 27rf//3m+11 e

An elementary computation yields a pleasant surprise

2
1 v\ 1 1 r
—472<A—(72+1)\/;) _2(7*+1):_4A2_< -1 Y 2(7“—1)) ‘

Now set

‘We deduce

dibm, m+ 3 —1x2 _B(a—yry)?
Hm _ o™3°p m 2

m+3 8 2
= 2 Q(A_y)
2% F< 5 >27Tf/\fpm+11\f)\) d\

(B-6) 2m;3F m+3 /
9 /727”{745 Rpm—l—l,l/r

Using the last equality in (2.13) and then invoking the estimate (1.4) we obtain the case r > 1 of
Theorem 1.1.

(A)e‘i’wdvﬁi (y — N)dA.

Case 2. r = 1. The proof of Theorem 1.1 in this case follows a similar pattern. Note first that in this
case k = 0 so invoking Lemma B.1 we obtain the following counterpart of (2.15)
2

m+ 3 y

EGOEin(‘det(A ~yln) D — 9" <2> €T pmi11(y).

Using this in (2.14) we deduce immediately (1.9) in the case » = 1. This completes the proof of
Theorem 1.1.
O
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2.3. Proof of Corollary 1.2. We use Theorem 1.1 with r = 1. Using (1.5), (1.6) and (1.8) we deduce
that in this case

ok = Vesmim * ol. (2.16)
Using the equality
m 4+ 2
Sm Sm 7’[’)’1 T 1
we deduce
1 L 1 L
Nt (R ) ol = (R ), ( N (le%) ' @17)

Using (2.16) we deduce that

1
L _ L
(R ) 76 =02, (N (i) 0 ) ‘
Using the spectral estimates (1.3), the equality (2.17) and Theorem 1.1 we deduce
1 1

. L L _
fm e <NL(32 T;U)*" ) = Jim (R ) ob=(® m)*"mﬂal'
We can now conclude by invoking Lévy’s continuity theorem [12, Thm. 15.23(ii)]. O

2.4. Proof of Corollary 1.3. By invoking Levy’s continuity theorem and Corollary 1.2 we see that
is suffices to show that the probability measures o, 1 converge weakly to the Gaussian measure ~yo.

Set
Ry (z) = \/THPerl,l(\/%x) = pm+l,%(x)v

1
Fix ¢ € (0,2). In [16, §4.2]. we proved that
lim sup |R,,(z) — Reo()| =0, (2.18a)

m—>oo‘a?|§c

sup |Rp(x) — Roo(z)] = O(1) asm — oo. (2.18b)
|z|>c
We deduce that
A2 4 A 1 A2
m ANe T =/—Ry | = | —==¢€ 7, 2.19
p +1,1( )6 4 m <\/m> \/Ee 4 ( )
and

4 Tn/-:(} 4
Im::/Pm—Hl 4d)\_‘/ ﬂ-/ /76 T4 x—\/7/ d’Yz x).
R

The estimates (2.18a), (2.18b) imply that
Iy, ~ \/47TROO(O)m_% as m — 00.

To prove that the probability measures
1
I
converges weakly to 7, it suffices to show that the finite measures

)\2
pm1,1(A)e” T dA

1 a2
Vp = m2pm+171()\)e 4 d\
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converge weakly to the finite measure

AQ
Voo := Roo(0)e™ 4 dA.
Let f : R — R be a bounded continuous function. Using (2.19) we deduce that

[ 5003 = [ FO0 R (1) ¥ i
R R
We deduce that

2

= /Rf()‘)I{IAKc\/E} (B (m™32) = Roc(0)) e~ d)

-~

Am

1

+/Rf()\)I{|>\>C\/R} (n(m~52) — Re(0)) =

Bm
The estimate (2.18a) coupled with the dominated convergence theorem imply that A,, — 0 as m —
0o. The estimate (2.18b) and the dominated convergence theorem imply that B,, — oo as m — oc.
O

APPENDIX A. GAUSSIAN MEASURES AND GAUSSIAN VECTORS
For the reader’s convenience we survey here a few basic facts about Gaussian measures. For more
details we refer to [6]. A Gaussian measure on R is a Borel measure vy, ,, v > 0, m € R, of the form

1 _(@—w?
e v dux.

€Tr) =
Vu,v( ) 5o

The scalar y is called the mean, while v is called the variance. We allow v to be zero in which case
Yu,0 = 0, = the Dirac measure on R concentrated at /.
For a real valued random variable X we write
X € N(p,v) (A1)

if the probability measure of X is 7y, ..
Suppose that V is a finite dimensional vector space. A Gaussian measure on V' is a Borel measure
v on V such that, for any £ € V'V, the pushforward &, (7) is a Gaussian measure on R,
&(7) = Yu(e),0(6)-

One can show that the map V'V > & +— u(¢) € R is linear, and thus can be identified with a vector
K., € V called the barycenter or expectation of y that can be alternatively defined by the equality

By = / vdy(v).
\%
Moreover, there exists a nonnegative definite, symmetric bilinear map
¥:VVx VY SR suchthat 0(6)? = 3(,€), Ve VY.

The form X is called the covariance form and can be identified with a linear operator S : V¥V — V
such that

X(&n) = (& Sn), VE,neVY,
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where (—, —) : V¥ x V' — R denotes the natural bilinear pairing between a vector space and its
dual. The operator S is called the covariance operator and it is explicitly described by the integral
formula

(€, 8n) = A(E,n) = /V (60— 1) (0 — o ) (o).

The Gaussian measure is said to be nondegenerate if X is nondegenerate, and it is called centered if
1 = 0. A nondegenerate Gaussian measure on V' is uniquely determined by its covariance form and
its barycenter.

Example A.1. Suppose that U is an n-dimensional Euclidean space with inner product (—, —). We
use the inner product to identify U with its dual U". If A : U — U is a symmetric, positive definite
operator, then

1

1 —1
dy (x) = ————e 3T W gy (A.2)
4@ = v A e
is a centered Gaussian measure on U with covariance form described by the operator A. O

If V is a finite dimensional vector space equipped with a Gaussian measure yand L : V — U is
a linear map then the pushforward L.~ is a Gaussian measure on U with barycenter

p’L*'y = L(“'y)
and covariance form
Yr,: U xUY =R, Bg,(n,n) =3%,(Ln,Ly), VneU,

where LY : UY — V'V is the dual (transpose) of the linear map L. Observe that if v is nondegenerate
and L is surjective, then L.~ is also nondegenerate.
Suppose (8, 1) is a probability space. A Gaussian random vector on (8, 1) is a (Borel) measurable
map
X :8 — V., V finite dimensional vector space

such that X, u is a Gaussian measure on V. We will refer to this measure as the associated Gauss-
ian measure, we denote it by vx and we denote by X x (respectively S(X)) its covariance form
(respectively operator),

Ex(6,&) = E((6. X - E(X)) (&, X — E(X))).

Note that the expectation of ~yx is precisely the expectation of X. The random vector is called
nondegenerate, respectively centered, if the Gaussian measure yx is such.

Let us point out that if X : § — U 1is a Gaussian random vector and L : U — V is a linear map,
then the random vector LX : § — V is also Gaussian. Moreover

E(LX)=LE(X), Xrx(¢€) =3x(LY¢ L), Ve VY,

where LY : V'V — UV is the linear map dual to L. Equivalently, S(LX) = LS(X)L".

Suppose that X; : § — V1, j = 1,2, are two centered Gaussian random vectors such that the
direct sum X; & X5 : § — V1 @ V4 is also a centered Gaussian random vector with associated
Gaussian measure

TX16Xe = pX1®X2 (w17 :BQ)’dwld:D2|‘

We obtain a bilinear form

cov(X1,X2): VY xV§ =R, cov(X1,X2)(&1,8&) = (&1, &),
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called the covariance form. The random vectors X; and X are independent if and only if they are
uncorrelated, i.e.,
cov(X1,X92) =0.
We can then identify cov(X1, X5) with a linear operator Cov (X1, X2) : Vo — V1, via the equality
E((&,X1)(&, X2) ) = cov(X1, X2)(&1, &)
= (&,Cov(X1, X)E}), V& e VY, & eVy,
where 55 € Vo denotes the vector metric dual to . The operator Cov(X;, X3) is called the

covariance operator of X1, Xo.
The conditional random variable (X1|X2 = z2) has probability density

_ PX1X, (1, T2)
Jv, Pxiox, (z1, T2)|dz1|

For a measurable function f : V; — R the conditional expectation E(f(X1)|X2 = x2) is the
(deterministic) scalar

B(f(X))| X = ) = /V @)Dk o) (1) .

If X5 is nondegenerate, the regression formula, [4], implies that the random vector (X7| Xy = 2) is
a Gaussian vector with covariance operator
S(X1]|Xs = x2) = S(X1) — Cov(X1, X2)S(Xa) ™! Cov(X2, X1), (A3)

and expectation

p(X1 | Xo=x2) (1131)

E(X1|ry = 29) = Ca, (A4)
where C' is given by
C = Cov(X1,X2)S(Xs) L. (A.5)
APPENDIX B. A CLASS OF RANDOM SYMMETRIC MATRICES

We denote by 8,, the space of real symmetric m X m matrices. This is an Euclidean space with
respect to the inner product
(A, B) :=tr(AB).
This inner product is invariant with respect to the action of SO(m) on §,,,. We set
~ E;; i=7
Eij = 1”‘5 . L.
ﬁ ijy <.

The collection (Ezj)zg j is a basis of §,,, orthonormal with respect to the above inner product. We set

PO =]
E \/iaij, 1< 7.

The collection (d;;);<; the orthonormal basis of 8, dual to (E};;). The volume density induced by
this metric is
|dA‘ = Hda” = 2%(7;) Hdaij.
i<y i<y
Throughout the paper we encountered a 2-parameter family of Gaussian probability measures on §,,.
More precisely for any real numbers u, v such that

v > 0,mu+ 2v >0,
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we denote by 8;;" the space S, equipped with the centered Gaussian measure dI',, ,,(A) uniquely
determined by the covariance equalities

E(a;jage) = udijore + v(0indje + 0iedjr), V1 <14,7,.k, L <m.
In particular we have

E(a}) =u+2v, E(asaj;) =u, E(a)=v, VI<i#j<m.

0

while all other covariances are trivial. The ensemble 89#’ is a rescaled version of of the Gaussian
Orthogonal Ensemble (GOE) and we will refer to it as GOE?,.

For u > 0 the ensemble 8,;" can be given an alternate description. More precisely a random
A € 85" can be described as a sum

A=B+ X1,,, BcGOE!

m)

X € N(0,u), B and X independent.
We write this
8y = GOE;, +N(0,u)1,,, (B.1)
where 1 indicates a sum of independent variables.
The Gaussian measure dI', ,, coincides with the Gaussian measure dI'y, 42, 4., defined in [16, App.
B]. We recall a few facts from [16, App. B].
The probability density dI',, ,, has the explicit description
1

m(m+1)

(2m)— 1 /D(u,v)

0T, ,(A) = e AT (A g4

where
D(u,v) = (20)m=D+(%) (mu+2v),
and

L1 1 1 u
v )=
m \mu+2v 2v 2v(mu + 2v)
In the special case GOE}, we have u = v/ = 0 and
1

(27w)m<72+1>
We have a Weyl integration formula [2] which states that if f : §,, — R is a measurable func-
tion which is invariant under conjugation, then the the value f(A) at A € §,, depends only on the
eigenvalues \;(A) < --- < A\, (A) of A and we have

dTy,(A) = e 1 TAYd 4. (B.2)

m

1 A2
Ecopy, (f(X))=——= [ fOu.x) | T =Nl e ldh - dhnl,

Zp(v) Jom 1<i<j<m i=1

:iQm,vo\)
(B.3)

where the normalization constant Z,,(v) is defined by

m /\2
Zm(v):/R IT =Ml e 3 1dr - - dml
=1

1<i<j<m

:(zv)m"im/ﬂw 11

1<i<j<m

m qu
Ni= N [T e 2 1dA - dal -
=1

=:Zm
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The precise value of Z,, can be computed via Selberg integrals, [2, Eq. (2.5.11)], and we have

'Hr< ) (B.4)

For any positive integer n we define the normalized 1-point corelation function py, ,(z) of GOE}, to
be

m

Zm )Zm

1
Pw(T) = Zn(@) Janos Qno(T, A2,y An)dAy - - d Ay,
For any Borel measurable function f : R — R we have [7, §4.4]
1
*EGOE“ (trf / JA) ool (B.5)

The equality (B.5) characterizes p,, ,,. Let us observe that for any constant ¢ > 0, if

A € GOE! <=cA € GOES™.

Hence for any Borel set B C R we have

/ Prcto(@)d = / o ().
cB B

CPn,c2v (Cy) = Pnw (y)7 vn, ¢, y. (B.6)
The behavior of the 1-point correlation function p,, ,,(x) for n large is described by Wigner semicircle
law which states that for any v > 0 the sequence of measure on R

We conclude that

Pn,on—1 (%)dl‘ = n%pn,v(n%x)da:

converges weakly as n — oo to the semicircle distribution

Poc,w(@)]dz| = I{|x\<2f}2 Vv — z?|dz|.

The expected value of the absolute value of the determinant of of a random A € GOE], can be
expressed neatly in terms of the correlation function p;;,41,. More precisely we have the following
result first observed by Y.V. Fyodorov [9] in a context related to ours.

Lemma B.1. Suppose v > 0 Let c € R. Then
m+1 m 4+ 3 2

EGOE”m ( | det(A — C]lm)’) = 2%(211) 2 T <2> e%vpmﬂ,v(c).

Proof. Using the Weyl integration formula we deduce

Ecory (|det(A —cly)) 2 4”|C—)\ |H|)\ — AjldAg -
1<J
2
€4v
:Zm(’l)) /m H@ 4U‘C_)\|H|)\ >\j|d)\]_d>\m

i<j
2

€% Zmy1(v) 1
- i1 o(@ AL - Am)dAL - dAon
Zn()  Zpyi(v) RmQ +ole A Jdh
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C2 C
et Zm+1(v) m+1 €40 Z i1
= - = 2 _—
Zm(v) Pm+1,v(c) v Z. Pm+1,v(c)

mi1 2 fm+1 3 m+3\ &
— (m+ 1)V2(20) BT (2> pmera(c) = 23 (20)"F'T (2) 5 pmsr o)
|:|
The above result admits the following generalization, [3, Lemma 3.2.3].
Lemma B.2. Let u > 0. Then
m 3 (c—2)® _ 22
wa“@uA_chg)zzﬂ%)fr<m; )V%m/}%HvC—@ 7o~ sud.
In particular, if u = 2kv, k < 1 we have
2 2
m 3 Ly (ot20)24 Lt DC
EgwamﬂA—ﬂmﬂ)z2%moar<m;'>\//pmch;m Tng R T
(AN=c—x)
s, om (m+3\ 1 i e
=22(20)2 | —— / Ne 'k Yd,
2?1 (M52 o [y
where
ti =7 ! = 71{:
=1 1-k

Proof. Recall the equality (B.1)
8w = GOEY, + N (0,u)1,,

We deduce that
Eguo(|det(A—cly)]) = E(det(B+ (X —¢)1)|)

1 E
- m/REGOE;n(|det(B—(c—X)nm)| | X = 2)e Fuda

2

1 «
= Ecory (|det(B — (c—x)1 e 2udr
= [ Boor;, (1det(B — =)L)

3 mt1_(m+3 (c=2)2 42
:22(2'[}) 2 ]__‘< 2 >\/ﬁ/pm+1vc—$) 4v 2udl"

Now observe that if © = 2kv then

(c—x)* 22 x? 1,5 9
T T —9
4v 2u 4kv + ($ cw+c)
1 1 A(1+12) 1 6 o C(141t2)
= — (——a?— 2z — = t ST
4v ( tzx e k) L— 4ot? (4 the)” + dv
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