COMBINATORIAL MORSE FLOWS ARE HARD TO FIND

LIVIU I. NICOLAESCU

ABSTRACT. We investigate the probability of detecting combinatorial Morse flows on a simplicial
complex via a random search. It is really small, in a quantifiable way.
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1. INTRODUCTION

Let X be a compact space equipped with a triangulation . Here J stands for the collection of
all the closed faces of the triagulation. The collection J is a poset with the order relation given by
inclusion. For any function f : ¥ — R, and any face o € J we define

Aso(f):={r€7; dimr=dimo+1, f(r)< f(o)}
Aco(f) :={r€7F; dim7 =dimo -1, f(r)> f(o)}
Ao (f) = Aso(f) U Ao (f)-

Following R. Forman [4], we define a combinatorial Morse function to be a function f : ¥ — R such
that

)
)

|A-(f)| <1, Vo eT.

A face o such that |A,(f)| = 0 is called a critical face of the combinatorial Morse function. Let us
observe that the function
F230+—dimo

is a combinatorial Morse function. All the faces are critical for this function.

Recall that the Hasse diagram of the triangulation J is the directed graph H(F) whose vertex set
is &, while the set of edges E(F) is defined as follows: we have an edge going fromo € FtoT € F
if and only if

dimo —dim7=1 and 0 D 7.

To any function w : E(F) — {£1}, and any face o € F we associate the sets

Aso(w):={r€TF; T € BT), wiTd)=-1},
A(w):={red; ot B), wi@t)=-1},
Ap(w) = Asp(w) U Ay (w).
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We will refer to a function w : F(F,w) — {1} as an orientation prescription of F, and we will
denote by O the collection of all orientation prescriptions of .
Any orientation prescription w defines a new directed graph H(F, w) whose vertex set is F and its
set of edges E(F,w) is defined as follows.
e The undirected graphs H(F)o and H(F, w)o have the same sets of edges.
o If e is a directed edge of H(JF), and w(e) = 1, then e is an edge of H(F,w). Otherwise,
switch the orientation of e.

Any combinatorial Morse function f : ' — R defines an orientation prescription ws : E(F) — R
as follows. If 57 is a directed edge of J((F) then

wi(o7) = —1e=7 € Acy(f)

<=dimo —dim7 =1, 7 Co, f(r)> f(o).

Observe that the Morse condition implies that the directed graph H(JF, w ) has no (directed) cycles.
Moreover

A>o(wf) = Ass(f), A<a(wf) = A (f).
We define a combinatorial flow on F to be an orientation prescription w : E(F) — R such that

|As(w)| =1, Vo edF.

If w defines a combinatorial flow, then the set of directed edges e € E(F) such that w(e) = —1
define a matching (in the sense of [6, Def. 11.1]) of the poset of faces F.

Observe that the orientation prescription determined by a combinatorial Morse function is a combi-
natorial flow. We will refer to such flows as combinatorial Morse flows. Conversely, [6, Thm. 11.2], a
combinatorial flow is Morse if and only if it is acyclic, i.e., the directed graph ((F, w) is acyclic.' In
topological applications the combinatorial flow determined by a combinatorial Morse function plays
the key role. In fact, once we have an acyclic combinatorial flow one can very easily produce a Morse
function generating it. A natural question then arises.

How can one produce acyclic combinatorial flows?

The present paper grew out of our attempts to answer this question. Here is a simple strategy.
Suppose that by some means we have detected an orientation prescription w that generates a combi-
natorial flow. We denote by sign w the number of edges e € E(F) such that w(e) = —1. We will
deform w to an acyclic flow using the following procedure.

Step 1. If H(F, w) is acyclic, then STOP.
Step 2. If H(F, w) contain cycles, choose one. Then at least one of the edges along this cycle belongs

to the set {w = —1}. Chose one such edge e and define a new orientation prescription w’ which is
equal to w on any edge other that e, whereas w’(e) = —w(e) = 1. Note that sign w’ = signw — 1.
GOTO Step 1.

The above procedure reduces the problem to producing combinatorial flows. We have attempted
a probabilistic approach. Switch randomly and independently the orientations of the edges in E(F’).
How likely is it that the resulting orientation prescription defines a combinatorial flow?

More precisely, we equip the set of orientation prescriptions Og with the uniform probability mea-
sure, and we denote by P (&) the probability that a random orientation prescription is a combinatorial
flow. We are interested in estimating this probability when J is large.

n the paper [3] that precedes R. Forman’s work, K. Brown introduced the concept of collapsing scheme which identical
to the above concept of acyclic matching.
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Note that if F’ denotes a subcomplex of F, then P(F) < P(JF). In particular, if F; denotes the
1-skeleton of the triangulation, then P(JF) < P(J7). For this reason we will concentrate excusively
on 1-dimensional complexes, i.e., graphs.

Consider a graph T' with vertex set V(I') and edge” set F(T'). If E(T') = (, i.e., I' consists of
isolated points, then trivially P(I") = 1.

Suppose that E(T") # (). If we regard I as a 1-dimensional simplicial complex, then its barycentric
subdivision is the graph I'"” obtained by marking the midpoints of the edges of I". The vertices of
H(T), the Hasse diagram of T", consist of the vertices v of I" together with the midpoints b of the
edges e of I'. To each edge e of I' one associates a pair of directed edges of the Hasse diagram,
running from the midpoint b, of that edge towards the endpoints of that edge.

Define the incidence relation I C V(I') x E(I") where (v,e) € Ir if and only if the vertex v
is an endpoint of the edge e. Note that Jr can be identified with the set of edges of the barycentric
subdivision I'V. An orientation prescription is then a function w : Jp — {#1}. The edge (v, be) of T
is given the orientation b — v in the digraph H(I', w) if and only if w(v,e) = 1.

We denote by Or the set of orientation prescriptions on I' and by ®r C Or the set of combinatorial
flows. Thus, an orientation prescription w defines a combinatorial flow if the digraph H(I", w) has
the property at each v € V (I") there exists at most one outgoing edge, and at each barycenter b, there
exists at most one incoming edge.

In Figure 1 we have described orientation prescriptions on the simplical complex defined by the
boundary of a square. The orientation prescription in the left-hand side defines an acyclic combina-
torial flow, and the numbers assigned to the various vertices describe a combinatorial Morse function
defining this flow. The orientation prescription in the right- hand side does not determine a combina-
torial flow.

combinatorial flow not a combinatorial flow

FIGURE 1. The vertices of I' are marked with e’s and the barycenters of the edges
are marked with m’s.

We denote by P(I") the probability that an orientation prescription is a combinatorial flow, i.e.,

| _ [®r|
P() = O ~ 4N Np = |[E(T)].
The above definition implies trivially that
1
P) 2 5 (1.1)

Consider the graph L; consisting of two vertices vg, v1 connected by an edge. It is easy to see that

(see Figure 2)
3

P(L) = 7.

ZWe do not allow loops or multiple edges between a pair of vertices.



4 LIVIU I. NICOLAESCU

S —
Y G S 7 <
not a combinatorial flow

FIGURE 2. There are four orientation prescriptions on L1 and only one of them is
not a combinatorial flow

If w is an orientation prescription on a graph I, then it defines a combinatorial flow only if its
restriction to each of the edges (viewed as copies of L) are combinatorial flows. We deduce

P < (i)NF (1.2)

Note that the above upper bound is optimal: we have equality when I' consists of disjoint edges.
Already this shows that the above probabilistic approach has very small chances of success. However,
we wish to say something more.

Motivated by the estimates (1.1) and (1.2) we introduce a new invariant

log P(I")

The inequalities (1.1) and (1.2) can be rewritten as

E(T) # 0 = log <111> < h(T) < log (i) . (13)

In this paper we investigate the invariant h(I") for various classes of graphs and study its behavior as
I" becomes very large. In particular, we prove that the inequalities (1.3) are optimal.
The above lower bound is also an asymptotically optimal bound. More precisely the arguments in
this paper show that
1
1 — | = liminf A(
o2 (3) =it o),
bo(I)=1

where by (I") denotes the number of connected components of I'. The same cannot be said about the
upper bound. in is not hard to see that

limsup h(I") < log (3> .
NFA)OO, 4
bo(I)=1

Moreover, the results in Section 3 show that

8

]\71"*)007

limsup h(I") > log <
bo(I)=1

3+\/5>

We are inclined to believe that in fact we have equality above.

The paper is structured as follows. In Section 2 we describe several general techniques for com-
puting P(T"). In Section 3 we use these general techniques to compute P(I") for several classes of
graphs I. In Section 4 we describe several general properties of h(I") and formulate several problems
that we believe are interesting.
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2. GENERAL FACTS CONCERNING COMBINATORIAL FLOWS ON GRAPHS

Consider a graph I" with vertex set V(I') and edge set E(I') # (. To w € Or we associate an
anomaly function A,, : V(I') — Zx>o, where for any v € V(I') we denote by A, (v) the number
of edges of the digraph H(I", w) that exit the vertex v. For any subset S C V(I') and any function
f S — Z>o we denote by Pg(I'| f) the conditional probability that the orientation prescription
w € Or is a combinatorial flow given that A,,|s¢ = f. Note that Pg(T'|f) = 0 if max f > 1 and

PT)= Y  Pyp(T]|f). (2.1)

f:v(I)—{0,1}

The above conditional probabilities satisfy two very simple rules, the product rule and the quotient
rule.

The product rule explains what happens with the various probabilities when we take the disjoint
union of two graphs. More precisely, suppose we are given disjoint graphs I';, subsets .S; C V(I';)
and functions f; : S; = Z>0, % = 1,2. Then

Psus, (D1 U2 | fild fo)=Pg, (T1| f1) P, (T2 | f2), (2.2)

The product rule explains what happens with the various probabilities when we identify several ver-
tices in a graph, thus obtaining a new graph with fewer vertices but the same number of edges.

Suppose that we are given a graph I" and an equivalence relation ”~” on V(T'). Denote by I the
graph obtained from I'" by identifying vertices via the equivalence relation ~. Denote by 7 the natural
projection

7: V() — V() ~= V(D).

Fix a subset S C V(T') and a function f : S — Zx(. We denote by S the preimage S := 7 1(S5). To
any function g : S — R we associate a function

7(g9) : S — R,
obtained by integrating g along the fibers of 7, i.e.

m(9)(8) = > g(s), Vs€ S,

ser—1(3)
The quotient rule the states
s(T1f)= > Ps(T|f), vf:5—{0,1}. (2.3)
m(f)=f
In particular
> Prvy(T|f). (2.4)
m (f)<1

Example 2.1. Consider the graph L; consisting of two vertices vy, v; connected by an edge. A
function € : V(L1) — {0, 1} is determined by two numbers €; = €(v;). We set

pi(eo, €1) := Py (L1] €).

An inspection of Figure 2 shows that

1
p1(07 1) :p1(1>0) :pl(0,0) = Za pl(la 1) =0.
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Note that every graph with n edges is a quotient of the graph consisting of n disjoint copies of L,
we can use (2.1), (2.2) and (2.3) a produce a formula formula for P(T").

Given a graph I" we introduce formal variables 2" := (2 ),ey (r)- To an edge e of I' with endpoints
V0, V1 We associate the polynomial

o 1 1
Qe(Z) = Z pl(eo,el)zf}gz;i = 1(1 + 20+ Zl) = Z((l + Zo)(l + 21) — 207”1 )

€0,e1<1
We define
QF(Z) = H Qe.
ecE()
Then the quotient rule (2.4) implies
PT)= Y  0sQrlzo (2.5)
Scv(T)

where for any subset S = {v1,...,v;} C V(I') we define

k
Js : 0

© Ozy, ... 02y,

Observe that the term dsQr|z—o involves only the subgraph fs of I' formed by the edges incident to
the vertices in .S.

It is convenient to regard Qr as a (polynomial) function on the vector space CV(™) with coordinates
(2v)vev(r)- If ~ is an equivalence relation on V(') and I denotes the graph I'/ ~, then we can

identify CV®™ with the subspace of C¥ (@) given by the linear equations
Zy = ZyE=>u ~ v.
Moreover

Qf = QF‘wa).

For any multi-index o € Z‘;(()F) we set

For any polynomial
P = Zpaga € Cl(zv)vev )

we define its truncation

TIP)= Y pai™

a,<1

Any subset S C V(I') defines a multi-index o = g € ZZ(()F), a, =1ifve S, a,=0ifv & S. We
write B
'?S = 2’045’ Ps ‘= Pag>

so that the truncated polynomial has the form

The equality (2.5) can be rewritten as
P(I') = T[Qr](1). (2.6)
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3. COMBINATORIAL FLOWS ON VARIOUS CLASSES OF GRAPHS

In the sequel we will denote by I,, the set {1,...,n}.

Theorem 3.1. Denote by S, the star shaped graph consisting of n + 1 vertices vy, vy, . . .

edges [vo,v1], ..., [vo, Un). Then
1 1 _,
TQs.) = 4, P o > (n— 820,
SCln SClIn
n+ 2
P(Sn) = 5ot
and

h(S,) ~ log (;) asmn — oo.

Proof. We have

1"Qs, = Y [ (20 + =)

SClpieS
so that
A"T(Qs,]= Y. T [H(zo + )
Scl, icS
S (MataX o) =X = X o is)=
ScI, \ieS JjES i€S\j Scln SClIn
Hence

The estimate (3.3) is now obvious.

Theorem 3.2. Denote by L,, the graph with n + 1-vertices vy, vy ..., v, and n edges

[UOa Ul}v [Uly U?]a DRI [Unfla UTL]'
We set p,, = p(L,,) and
Pn = p(Ln)y p(z) = anzn'

n>1
Then
n 122 — 22 16

anz — (.2 = 7.2 -1

et (22 —-122+16) (22 —12z+ 16)
In particular

h(L,) ~logr asn — oo,

where

3+v5 3
~ 0.654 < —.
8 <1

r =

, Up and n

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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Proof. Fore, ¢ € {0,1} we set
P(we @, | Au(vg) =€) = P(w € Op, | Au(vn) =€),

pn(e) =
pn(e€) = P(w € @p, ‘ Aw(vo) =€, Aw(vn) =€),
. | pa(0) oy . | Pa(0,€)
Pn = |:pn(1) :| , Pnle) = |: pr(l.€) :| :

Hence p,, = p,,(0) + p,(1). Note that
1
p1(0) = p1(0,0) +p1(0,1) = 3 p1(1) =p1(1,0) +pi(1,1) = 1

The equality (2.2) implies
1
Pa(0) = ;lmo,e)pn_l(e’) = 1 (200-1(0) + pu-a(1))

pn(l) = Z pl(la E)pnfl(el) = % (pnfl(o) +pnfl(l) ) :
e+€'<1

We can rewrite the above equalities in the compact form

R o 112 1
pn_Apn—17A:_4|:1 1:|

We deduce
P = A" 1.

We conclude similarly that
n(e) = A" (e).

The characteristic polynomial of A is

3 1
2 _ = _— =
A 4)\ + 6 0,
and its eigenvalues are
3+V5
Ay = g

Each of the sequences p, (¢) is a solution of the second order linear recurrence relation

Tnt2 — TTp4+1 + Exn =0

4
We deduce that p,, also satisfies the above linear recurrence relation so that
(2) C'2? + Bz C2% + Bz
Z) = =
p E22-3:41 22-122+16
where C = 16C’, B = 16 B’ are real constants. Note that
. L, 1121 20 |16
PQ—Apl—w[ll]'[l]— ;
16

Hence py = 1—86. Now observe that
1 1 3
- = — 4 — O (22).
212516 16 ot TO)

(3.7)

(3.8)

(3.9
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Hence B 3B c
_ b oL L) 9 3
p(z) = T (64 + 16>Z + 0 (2°)
We deduce that B = 12, C' = —1. The estimate (3.5) follows from the above discussion. O

Remark 3.3. (a) Using MAPLE we can easily determine the first few values of p,,. We have

3 1 21 .3 55 A 9 5 377 6 987 . = 323 8
- — — — (@]
)= 35t 52 G s T 6 tdoos T icssd” T stea” TO )
Ultimately, the recurrence (3.9) is the fastest way to compute p,, for any n.
(b) Note that So = Lo. In this case the equality (3.2) is in perfect agreement with the equality

P(Ly) = 3. O

Example 3.4 (Octopi and dandelions). (a) We define an octopus of type (nq,...,ng), k > 3, to be
the graph O(ny, ..., ny) obtained by gluing the linear graphs L,,,, ..., Ly, at a common endpoint.
The quotient rule implies that

P( O(nl, .. ,nk) ) H pn] + me “Pnjg (0)pnj (1)pnj+1 (0) ©t Pny (O)

j=1
" k o (1) (3.10)
_ n;
Jl;[lpn] (0) 1+ ; P, (0)
We write
Opxn = 0(n1,...,ng)
k
We deduce
log (1 + k2ol
P(kan) = pn(o)k <1 + ki:gé;) , h(kan) = login(()) + i ( ok pn(0)> .
(b) The dandelion of type (n, m) is the graph
D,,,=0(n,1,...,1).
—
Using (3.10) we deduce
P(Dy.n) = pn(0) (1)m (1 L) m) .
’ 2 pn(0) 2
a

Theorem 3.5. For n > 3 we denote by C,, the cyclic graph with n-vertices, i.e., the graph with
vertices v1, . . ., Uy and edges

[Ulv 1)2], cee [Un—l’ ’UTLL [Una Ul]
Then the sequence P(C,) satisfies the linear recurrence relation (3.9) with initial conditions

9 47
P =—, P = —. 3.11
In particular
h(C,) ~logr asn — oo, (3.12)

where 1 is described by (3.6).
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Proof. The graph C, is obtained from L,, by identifying the endpoints vy, v, of L,. Using (2.3) and
the notations in the proof of Theorem 3.2 we deduce that

P(Cn)= Y pule€) =pn(0,0) + pn(0,1) + pn(1,0) = pa(0,0) + 2p (0, 1).
e+e'<1
This shows that P(C,) satisfies the recurrence (3.9) since both p,, (0, 0) and p, (0, 1) do. Using (3.8)

we deduce
- IR T 1153 I I
p3(0)_42Ap1<0)_43[3 2]'[1]_ 5
B
21
- 1113 8 17 |4
p3(0>_44|:8 5:| |:1:|_ 13
4%
This shows that
1 10 9 21 26 47
P =-+4+—5=—, P =—+—=—=0.1 .
(Cs) 1 + B = 39’ (Cy) 1 + 1= 256 0.18359375
O
Theorem 3.6. Denote by K ,, the complete graph with n vertices. Then
1 n\"n"
e (1+5) S PIK™) €~y (n+ 1", (3.13)
2 47 2
In particular
1
h(K,) ~ log <4) asmn — oo. (3.14)
Proof. We have
1 1
Rk, = ZT[QKz] = i(l + 21 + 22),
1
TQk, = =T [(1+2z142) T[(14 21+ 23)(1+ 224 23) | |
1
= ET [(1+ 214+ 22) - (14 21 + 22 + 223 + 2122 + 2023 + 2321)] (3.15)
1
= E(l + 2(21 + 22 + Zg) + 3(2122 + 2923 + Zgzl) + 2212223).
In general, we write
1
4772 sci,
where we recall that ( )
n n(n —1
Nk, = =—
w=(3) ="
Observe that
cn(S) = cp(5) if |S|=195].
We denote by ¢, (k) the common value of the numbers ¢, (.S), |S| = k. We can rewrite (3.16) as
1 n
TRk, = —5 D cnlk) > F. (3.17)
4772 k=0 SCIy,, |S|=k
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In particular, we deduce that

1 " /n
P(K,) = —5—5 > <k> cn(k). (3.18)
4777 =0
Now think of the graph K, as obtained from the graph K ,, as obtained from K ,, by adding a new
vertex vy and n-new edges [vg, vk], K = 1,...,n. In other words K, 1 is a quotient of the graph
K ,, U S,. Using the product and quotient rules we deduce that
T QK1 (20:---,2) | =T[T[Qk,](21,- -, 2) - T[Qs,](20, 21, - - -, 2n) |- (3.19)
For S C I, |S| = k, we deduce from (3.1), (3.16) and (3.19) that
Ny
cnr1(k) =cnpr(S) = D () = < ,>cn(j). (3.20)
§157=8 =0 \J
If I = {0} U I,,, then (3.1), (3.16) and (3.19) imply that
n
% n
i+ )=l = Y (- 180en(s) = ok eat G2
Sus'=I, k=0
Lemma 3.7. For anyn > 3 and any 0 < k < n we have
n\k k
(5) < ealk) <n*. (3.22)

Proof. We argue by induction on n. For n = 3 the inequalities follow from (3.15). As for the
inductive step, observe that if k& < n + 1, then (3.20) implies that

k

ena(k) < Y (f) n = (n+1)*

J=0

> () (5Y = (4 )"> (452)

and

Next we deduce from (3.21) and the induction assumption that

n

uriln+1) < kzzjok(Z)nk <oy (1) = oy

Cnsr(n+1) > ;:%Z) (g)k

Bn(t) := (141", Du(t):=tB.,(t) =nt(1 +t)" !

)(5) = a2 =5 (1+5)"

2 n—1 1 n+l1
n (1+ﬁ) z<”+ ) Vn>3. (3.23)

If we let

then we deduce that

w‘;L

3
o
Ry
> 3

k=0
It remains to check that

2 2 2
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Indeed, observe that (3.23) is equivalent to the inequality
n+2\""" _ (n+1)2
>-———" Vn>3
(22 s
which is holds since the right-hand-side is < 1, Vn > 3. O

Using (3.18) and (3.23) we deduce that

1 "L /n\ /n\k 1 " /n
e (1) () = P s Zamr 2 (1)

4 k=0
This proves (3.13) and completes the proof of Theorem 3.6.

4. FINAL COMMENTS

We want to extract some qualitative information from the quantitative results proved so far. The
invariant h(I") enjoys a monotonicity. More precisely

h(T) C h(I") if V(I') c V(I'") and E(T") D E(I") “4.1)
Indeed, we have
PI) < P(F’), Nr > Nrp».
Next we observe that

Nt Nr
hTuly)= ———h[) + ———
( ) Nt + Npv () Nr + Np
If we let " be a complete graph with a large number of vertices and I be a disjoint union of m edges,
then

h(I). 4.2)

h(D) ~ log(1/4), h(I") = log(3/4)
and by varying m we obtain from (4.2) the following result.

Corollary 4.1. The discrete set {h(I')} is dense in the interval [log(1/4),log(3/4)]. O

Clearly, if I'y and I'y are isomorphic graphs then h(I'g) = h(I';). Coupling this with (4.1) we
deduce that for any = € (log(1/4),log(3/4) ) the property

h(T) <z (Pg)

is a monotone increasing graph property in the sense of [1, §2.1]. We denote by p,,(z, N) the proba-
bility conditional probability

P, (e, N) = P(h(l) <z | [V(D)] =n, |[E(T)|=N),

where the set of graphs with n vertices and /N-edges is equipped with the uniform probability mea-
sure.
The results of [2, 5] show that the property (P, ) admits a threshold. This means that there exists a
function
my . Z>0 — Z>0

such that

lim P (2, Ny) =0 if limp, o ety =0,
and

lim P (z,Ny) =1 if limp, oo 220

n—o00 =(n)
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The above simple observations raise some obvious questions.

Question 1. What more can one say about the threshold m,? O

Question 2. For p € (0, 1) and n a positive integer we denote by G(n, p) the set of graphs with n
vertices in which the edges are included independently with probability p. In G(n, p) a graph with N
edges has probability p™¥ ¢¥»~N, where

q:=(1-p), E:= (Z)

The correspondence I' — h(T") determines a random variable
hy: §(n,p) = R := [log(1/4),10g(3/4) | U {0}.

Givenamap p : Z~o — (0,1), n — p(n) what can be said about the large n behavior of the sequence
of random variables h,,,,y for various choices of p(n)’s? 0

Question 3. Denote by T,, the set of trees with vertex set {vg, v1,...,v,}. Forany I' € T,, we have
Nr = n, and any combinatorial flow on I' is obviously acyclic. We set

h.(T,) = I{Ié}jn h(T), h*(T,) = max h(T),

Observe that

We set
ho(T) = lim h(T,), h* = lim h*(T).
Note that
ha(T) < log(1/2) < logr < h*(T), r = 3+8*/5

Is it true that
h.(T) =log(1/2), logr =h*(7)?
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