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Abstract. In this paper, we consider the following Sturm-Liouville problem

1
—F(r7u')' =rPlulP~'u in (0,R)

R
u(R) =0, / )2 dr < oo
0

where p > 1, 8 > —2, v € R. Using the Mountain Pass Lemma we prove the
existence of a weak positive solution under optimal conditions on the parameters.
Beyond these conditions a variant of Pohozaev’s identity gives non-existence. Using
Maser’s iteration technique we prove the boundedness of this solution which in turn
gives the uniqueness. Applying a symmetric version of the Mountain Pass Lemma
we proved the existence of infinitely many weak solutions changing sign. The main
tool in the proof is the generalized Hardy-Litlewood inequality. We apply these
results to semilinear degenerate elliptic equations in R and we get new interesting
corollaries.

0. Introduction. We consider the following boundary value problem

—div (r*Vu) = r®|u/P"'u in Br(0) C RN, N >3, r = |z] (0.1)
u=0 on |z| =R '

If we restrict our search to radially symmetric solutions then this equation reduces
to the following one

1
—— (") =r%v" in(0,R),y=N+a-1,8=6-
) OR)a=Nta-1,6=6-a

u(R) = 0 + a boundedness condition at 7 = 0.

One is tempted to set u'(0) = 0 but this is too restrictive since as we shall see later
there exist weak solutions of (0.2) which are bounded at 0 and are not differentiable
at this point. The natural boundedness condition is

R
/ | |? dr < oo (0.3)
0

Received November 16, 1988.
AMS Subject Classifications: 35J65, 35J70.

An International Journal for Theory & Applications



306 L.I. NICOLAESCU

which arises naturally by considering the variational form of (0.2).

First we look for positive solutions of (0.2) + (0.3). We obtain a weak solution
under the condition y > 1, 8> =2, 1<p< (y+3+20)/(v— 1), making use of
the Mountain Pass Lemma.

This is a generalization of a previous result of W. M. Ni [8]. A by-product of
the proof is a compactness result for weighted Sobolev spaces which has its own
interest. The main ingredient in the proof will be the generalized Hardy-Litlewood
inequality.

Since we found only a weak solution an important question is about its regular-
ity. The problem is classical in the interior of (0, R) but raises difficulties when it
is considered in a neighborhood of 0. Using a weighted variant of Méser’s itera-
tion technique we were able to establish the boundedness of the positive solution.
Then using the special form of the equation we get further information about the
behaviour of the solutions near 0, e.g., the uniqueness of the positive solution.

We also establish multiplicity results using a symmetric Mountain Pass Lemma as
in Rabinowitz [12]. When applied to (0.1) these results provide surprising corollaries
like the non-existence of a critical exponent as one is accustomed to in the usual
case of the laplacian, i.e., a = 0.

The paper is divided into five sections.

Section 1: Some results about weighted Sobolev spaces in one dimension.
Section 2: A priori study of the positive solutions of (0.2), (0.3).

Section 3: Existence of a positive solution.

Section 4: Existence of infinitely many solutions changing sign.

Section 5: Applications.

1. Some results about weighted Sobolev spaces in one dimension. Let
us consider S = {u € C'[0,R] | u = 0 in a neighborhood of R}. For v € R denote
by E. the completion of S in the norm

full, = ([ o)

We are interested in imbedding E, into various weighted Lebesgue spaces. These
can be obtained using the following generalized Hardy-Litlewood inequality (see
Maz’ja [5] sect. 1.3.)

Theorem 1.1. Let p and v be nonnegative Borel measures on R and let v* be the
absolutely continuous part of v. Let 1 <p < g < 0.
In order that there exist a constant C > 0 independent of f such that

71 sl au) " <ol | Cheraw]” oy

it is necessary and sufficient that

oo dut _1/(p—1)]P=1)/P
B= sup [u((—oo,r))]”"[/ (o)) <oo.  (12)
r€(—00,+00) r Z
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Let us consider the following particular case

z7dz, z € (0,R)

p=2, dv(z)=dv*(z)= { 0 ¢ (0.R)
d(s) = i (x) = { z%dz, z € (0,R)

0, z ¢ (0,R)

By Theorem 1.1, we see that E” is continuously imbedded in L3(0, R; % dr), ¢ > 2,
if and only if § > max(—1,y—2) and (6 +1)/g > (v —1)/2. We state this result in
the following

Imbedding Lemma. E, — L%(0, R;r%dr) continuously for ¢ > 2 if and only if

1 -1
6 > max(—1,v — 2), ?% > 77 (1.3)

If (1.3) is satisfied then E., is also imbedded in L} for ¢ € [1,2] since 7% dr is a
finite measure on [0, R].

We use the notation Lj for L9(0, R;r? dr). Our aim is to prove the compactness
of these imbeddings (except possibly a critical one). We need a generalization of
Ni’s Radial Lemma [7]. This is the purpose of our next result.

Radial Lemma. There exists C = C(y) > 0 such that for u € E,,
—1
fu(r)] < (Co/r™ % ) lull.

Proof: —u(r) = u(R) —u(r) = fTR u'(s) ds. Thus,

lu(z)| < /TR!u'(s)lds < (/TR|u'(s)|2rds)l/2(/TRS”"ds)l/2 < (Cy/r ) ully-

Compactness Lemma. E, is compactly imbedded in L (¢ > 2) if

0+1 -1
v>1, 6> max(—1,v—2), —_g—- > 7—2——— (1.4)
Proof: Step 1. E, is compactly imbedded in L,lr/,_,. Indeed by the Imbedding
Lemma, E, — L;/z.
Let us first observe that given u € E,, then

/24 € H}(0, R) — the usual Sobolev space.

Indeed, since 1 > —1 we get by the Imbedding lemma that u € L?y, hence, r"/?u €
L?(0, R),

d /2 Y. (v-2)/2 /2,1

d—(r" u)=§r7 u+ 77y
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Since v > 1 we get by the Imbedding Lemma that u € Lfy_z and therefore,
i(1"7/2u) € L*(0,R).
dr ’

By the Radial Lemma we get that |r7/2u| < C,r'/? and therefore, r7/2u € H}(0, R).
Since Hg(0,R) is compactly imbedded in L'(0,R) we get that E. is compactly

imbedded in LEr/2 via the sequence of mappings E, 4, H; 2, L'(0,R), where

T /2 T
u=>r"*yand v —=>T.
Step 2. E, is compactly imbedded in L{ for every 1 < ¢ <w = (2(8+1))/(y—1)

(e, (0+1)/g> (v —1)/2).
By the Holder inequality we have for a € (0,1)

R R
/ jul9rf dr = / r(M)/2|y|ap0=(a7)/2)y 970 gp
0 0

R a R ay l-a
< (/ T7/2|u|dr) (/ P(0-5)/(1=a)y (a=a)/(1-a) dr) _
0 0

We claim that we can choose a small enough so that

(g-a)/(1—a)
Ey = Lig_s1)/0-a)

By the Imbedding Lemma this is true if and only if

G-+l 41
) =—=gn—a <7

But limg—o f(a) = (6 +1)/g > (v — 1)/2 by (1.4) so if a is small enough f(a) >
(v —1)/2. Then again by the Imbedding Lemma we get

lullgy < const.flullzs Jlufly™. (1.5)

By Step 1 and (1.5) we get the desired compactness. i

The range of applicability of the Compactness Lemma can be considerably en-
larged by making the following observation. If ¥ <1, then E, — Ex VA > 1. If 6 >
—1 and ¢ > 1 are arbitrary, then one can find A > 1 such that (§+1)/g > (A —1)/2
and therefore, by our previous result E. is compactly imbedded in Lg. Hence, we
have the following general compactness result

L 6+1 -1

E, , VyeR, ¢21, 6>max(-1,v—-2), — > — (1.6)
q

compact

2. A priori study of the positive solutions of (0.2). We begin this section
by stating an estimate for the positive solutions near 0.
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Lemma 2.1. Let u be a positive solution of the equation
—1/r7(r"') = rPu? in (0,R), u(R) =0, (2.1)
where v > 1, 3> —1—~, p > 1. Then, there exists C > 0 such that

u(r) < C/(r+B)/p=1), (2.2)

Remark 2.1. Estimate (2.2) has a long history. It was first obtained by Gridas-
Spruck [3] for positive solutions of (0.1) with a = 0. Subsequent proofs were given
by Ni-Saks [9], Ni-Serrin [11]. For a proof we refer the reader to the work [9].

By a weak solution of problem (0.2) and (0.3), we mean a function u € E., such
that V¢ € E,

R R
/ Nwddwz/ rouPpdr, 6=p0+1. (2.5)
0 0

Ify<1,6> ~1, by the Imbedding Lemma we get that in this case E, < L so
any weak solution of (0.2) + (0.3) is bounded.

What can be said when v > 17

We first prove a non-existence result.

Proposition 2.2. Let v > 1. If (6§ +1)/(p+ 1) < (v — 1)/2, then there exist no
non-trivial positive weak solutions of (0.2) and (0.3).

Proof: The proof is based on a variant of Pohozaev’s identity similar to that used
by Ni-Serrin [10]. If u is a weak solution of (0.2) and (0.3), then u satisfies

— (") = r%uP in (0, R), (2.6)
classically, by standard interior elliptic regularity. We multiply (2.6) with r«’ and
we get

1 d
B L LTS
7 drl |“ + 7 ||

1

Ty 4 |2 4 Py = 0
d
641 p+1y _
—_— U =0.
p+1 dr( )

We integrate by parts on (e, R) the last equality. We obtain

1 1 1
5R'r+1|u/(R)|2 . -2-67+1|ul(€)|2 _ __ﬁse-#lup-%l(e)
p
y—1 (R g+1 [ @7)
+ i | (r)|? dr — ;—_ﬁ/e ruP () dr = 0.
Since u € E7, we get that on a subsequence e, — 0 we have
g
el |u'(ex)* — 0. (2.8)

Also since (8 +1)/(p+1) < (y—1)/2, weget 6 +1—(p+1)/(p—1)(2+B) >0
and by Lemma 2.1 we get
lim e+ 1uP*(e) = 0. (2.9)

E£E—



310 L.I. NICOLAESCU
If in (2.7) we let € = g, — 0 we infer

l —_— 1 R 0 1 R
SR (R)P + = / P ()2 dr - St [ urt i (r)dr = 0. (2.10)
2 2 Jo p+1Jo

If now we multiply (2.6) with u and integrate on (¢, R) we obtain

R R
—/ | |? dr + / rOuPtl — eTu(e)u'(e) = 0.
13

£

By the Radial Lemma
u(e) < Ce—(r~1)/2

and according to (2.8) we get that on a subsequence €x — 0
el u(er)u/(ex) — 0.

Now, let ¢ = ¢4 and let k — 0o. We get

R R
/ | |*dr = / rouPt dr. (2.11)
0 0
From (2.10) and (2.11) we infer

1 ¥y—1 6+1 R
SRR+ (o - —— |4/ (7)|* dr = 0.
5 lu'(R)|* + ( 5 » 1)/0 ' (r)|* dr

So we infer that u = 0. §

Condition (§+1)/(p+1) < (y—1)/2 can be rewritten as p > (y+3+28)/(y—1).
Hence, for p > (7 + 3+ 26)/(y — 1) there exist no nontrivial positive weak solutions
of (0.2) and (0.3). It is therefore natural to study the regularity only for p <
(y+3+28)/(y—1). We have the following result.

Theorem 2.3. Let u be a weak positive solution of (0.2) and (0.3) in which v > 1,
B>-2,p>1, (0+1)/(p+1)> (v—1)/2 (ie, 1 <p < (v+3+26)/(y - 1))
Then, u € L*(0, R).

Proof: We shall use a weighted variant of Moser’s iteration method. We first note
that since (8 +1)/(p+ 1) > (v — 1)/2, then

0—1—;—1(p—1)>'y—2.
Hence, there exists A > 0 such that
9—7—;—l(p—1)=7—2+/\.
By the Radial Lemma, we get

rfuP < Cro— 7 =1y < Cr'" % My, with A > 0 small enough. (2.12)
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Let k > 0 and & = u + k. We consider the functions

F(a) = Fi(a) = g>1,£>k

The above functions satisfy the following inequalities
F <qtu, aF' <qF, G<F-|F'|, G >|F (2.13)

In (2.5) we choose ¢ = n?(r)G(u), where n € C*®[0, R) is a cut-off function, n =1
in a neighborhood of 0, » = 0 in a neighborhood of R. We have, from (2.13)

ru'y — rfuPé = ru'n Gy + 2r7 /' G — P G(a)u?
> ngu' F'|? = 2r'g' FInF'v'| — 992G (@)uP

According to (2.5) we get

R R R
/ Y n@ F'|? dr < 2/ | Fl|lnF'v | dr + / 02 |G (@)|uP dr.
0 0 0

Let us denote v = F(@). Then, taking (2.12) into account we get

R R R
/ |’ |2 dr < 2/ r"’|n"u||nv'ldr+C/ 172 2A02G (u)|u dr
0 0 0 (2.14)

R R
<cl [“rtolmldr+q [0l ar),
0 0

where we have used (2.13). We estimate the integrals lying on the right hand side
of (2.14)

R
/ vl dr < In'vllzlinv'llez < Clin'ollez 9ol (2.15)
0

y-242

since for A > 0 small enough L2 _,,, — L2

R R
/ T7—2+/\l,r,,v|2 dr = / T’y—2+/\lnvls|nvl2-—e
0 0

< € 2—¢
< limollge, mollz2*

2

(2.16)
< Clnvll%2 s lnvli2~¢  (by the Imbedding Lemma)

2— 2—
< Clmelza_,, (ln'"wlZz® + l'llZ5)-



312 L.I. NICOLAESCU

Substituting (2.15) and (2.16) in (2.14) we get
22 < C[i'ollze_, Im'llz + alielse , (loliZe + Ielzg9)] . 217)

Now, we divide both sides of (2.17) by |[[n’v||3. . If we denote
J-242

-2+

Il _ el ,,,
/ ) !
EZ frolze.,,
then, (2.17) becomes
22 < Clz+q(¢F + ¢°2°7)).
We proceed further as in Serrin [13]. We obtain that
2 <C?f (1 +¢) (2.18)
or equivalently
v/ llze < Cq(mollzz__, + l'ellzz_)- (2.19)

Since ((y—2+4A)+1)/2 > (v —1)/2, we infer by the Imbedding Lemma that there
exists x > 1 such that
2
Ey— L7{2+,\-
Using this fact, (2.19) can be transformed via the Imbedding Lemma into

Invll e, < O (lmllzz ., + lIn'vlles (219

2+ —2+,\)'
We lose no generality if we assume R > 2. Now, we choose 1 such that n = 1 in
(0,h'), n = 0 in (h,R) where 0 < A’ < h < 2 and max|n'| < 2/(h — h'). If we set

this function in (2.18) we get

2/ |v]|2,n (2.20)

C
[vllzxn < 5—574

where for the sake of simplicity we have denoted by || ||q,» the norm in the space
L_,.,(0,h).

We recall the definition of v, i.e., v = Fp(11). We let £ — oo in (2.20). Fy(u) — af.
This yields

_ C _
2|2y < 55"l l2 - (2:21)
If we set p = 2¢ (2.21) is transformed into
_ D —~112/py -
lallpx.p < [0(5)2/6(’1 =BT P -
For n € N we denote p, = 2x™, hp, =1+ 27", hl, = hyy1. We infer

— n n —_
”u||pn+lvhn+l < CVXT KX “U”p.,.,h,.

where K = 2x?/¢. The iteration of the last inequality yields

k k
1@l pss hss S CEHXIVKEEXD a2 < const. flallzz - (2.22)

We let n — oo and we get

lltlloo,1 < const. f|allzz__ .

since 77212 dr is a finite measure on (0, R). Theorem 2.3 is proved.
The purpose of our next result is to establish further regularity for u near zero.
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Proposition 2.4. Let u be a nonnegative weak solution of (0.2) and (0.3),p > 1,
B>-2,v>1,(0+1)/(p+1) > (v—1)/2. Then, u € C[0,R] N C%(0,R) and
moreover

u(r) ~ u(0) + u(0) rP+2

B+r+1)(B+2)
Proof: We follow the method used by Ni [8]. As we have already seen u satisfies
(2.6) in (0, R) and moreover, lim,_,o u(r) exists and it is a positive real number.
Also, (r7u’)’ < 0 and therefore, lim, o 774’ exists. Since, on a subsequence r; — 0,

lim,, —g r,(:“)/zu’(rk) = 0 (cf. (2.8)) this yields, because y > 13+,

asrt \ 0. (2.23)

lim r7u/(r) = 0. (2.24)

Tk —0

(r7u’) +7P+7yP = 0. Integrating from € to r and letting ¢ — 0 we get (by (2.24))

T
(1) = —/ tPH7uP(t) dt.
0

Therefore,
T T
'r"ur(r) - (—/ A+ 7uP(0) dt)( < / AT |uP (1) — uP(0)] dt;
0 0
ie.,
P(0
|r"ur(r) + 3 _’:- i 3_ 1T6+7+1' — 7nﬂ+7+10(1) — O(Tﬂ+'y+1)
uP(0
ur(r)+ 5oy fri _rP41 = 0(rP 1),
Thus,
up (1) ~ ——u@—rﬁ“ near r = 0
" B+y+1
and therefore,
P(0
u(r) ~ u(0) — uw(0) AL |

B+y+1)(B+2)

The last result of this section is a uniqueness result.

Theorem 2.5. Problem (0.2) and (0.3) possesses at most one nontrivial positive
weak solution when v # 1, 8 > max{—-2,—y — 1}.

Proof: We consider the initial value problem

1
= () +r%uP =0, u(0) =a>0. (2.25)

The following rescaling relates the first zero of u and the initial value u(0) in a 1-1

correspondence:
ur(z) = ,\(2+ﬁ)/(p—1)u()\z).



314 L.I. NICOLAESCU

Thus, we have to show that each initial value u(0) only gives rise to one solution of
the corresponding initial value problem. We make the change of variables

s=r"07D, v(s) = u(r). (2.26)

Then, d/dr = ds/drd/ds = —(y — 1)r~7 d/ds. Hence, v du/dr = —(y - 1)dv/ds.
We get
1 vP

Uss T (102 2 @B/ (- 1)

=0, v(oo) =a > 0. (2.27)

Note that since v > 0 near s = oo it must be concave there; thus vs(c0) = 0. 1t
suffices to show that for each a > 0 there is at most one solution v of (2.27) near
s = oc. We first observe that if v satisfies (2.27) near s = oo, then 0 < v < a near
s = oo and it is a solution of the following integral equation near s = 00

oC 1 1
v(s) = a~— / (t— 8)(’7 ) prEspav Ve RO (2.28)

To see this we set g(s) = 1/[(y — 1)252+(2+A)/(=1]. Then [ sg(s)ds < oo since
2+ 8> 0. Let v be a solution of (2.27) near s = oo. Integrating from s to s and
then letting s; — oc we get

o
wio) = [ @
8
Integrating again from sz to s; and letting s; — oc
o0 oC
a—v(sy) = / / g(t)vP(t)dtds.
82 82

It is easy to see that one can apply Fubini’s theorem here to obtain

o o(oz) = [ h [ stneydsae= / "t = s)a(tP (1) dt,

i.e., v satisfies (2.28). Now, we claim that (2.28) has at most one solution with
v < a near s = co. To do this we use a contraction mapping argument. Let

By ={v]|0<v<ainz,00)}

equipped with the Loo-norm. We claim that (2.28) has exactly one solution in By
for > g2, where zg is a positive number such that

o0
A Epap_lf (t —mo)g(t)dt < 1.
o

On B, we define -
T(v)(s) =a- / (t — s)g(t)vP(¢) dt.
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It is easy to see that T is well-defined, T'(v) < a for all s > z and T'(v)(s) > 0 for
all s >z, since A <1 and p > 1. Thus, T(B;) C B;.
Next, we show that T is a contraction on B;. For v,w € Bz and s > =

T@)(6) = T@)()I <l - uls, [ (- o)o(0)] S —r | a

oo
<lo-uls, [ (t=s)altypa"
8
S )\l’U - wle'
Since A < 1, T is a contraction on B; for all z > zo. Thus, there exists a unique

fixed point of T on B;.

Remark 2.2. The idea of the previous proof of uniqueness is due to Ni [8], and it
works in more general situations.

3. Existence of a positive solution. In this section we shall prove the exis-
tence of a (unique) positive solution of (0.2) + (0.3). This will be achieved using
the Mountain Pass Lemma.

Mountain Pass Lemma (Ambrosetti-Rabinowitz [1]). Let E be a real Banach
space and I € C'(E, R). Suppose I satisfies (PS), 1(0) = 0,

(1.1) there exist constants p,a > 0 such that I|sp, > a and
(1.2) there is an e € E\B, such that I(e) < 0.

Then, I possesses a critical value ¢ > x which can be characterized as

c=inf max I(u),
g€l ueg(0,1]

where
I'={g€C(0,1],E)|g(0) =0, g(1) = e}.
We first note that the following version of the maximum principle is true.

Maximum Principle. Let u € E, such that

R
/ 'y’ dr >0, Vo€ E,, ¢2>0. (8.1)
0

Then u > 0.

Indeed, this follows from the simple observation that if u,v € E,, then max(u,v),
min(u,v) € E, and, then choose in (3.1), ¢ = —min(w,0). (One should remark
that u € E, < r/?u € H}(0,R), r"=2/2y € L*(0, R) and all the statements above
are obtained by translation from the usual unweighted situation.)

As in Ni [7] we shall actually work with the equation

1
—F(r"u')' =7rPlufP, weE, ulR)=0, (3.2)
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whose solutions are positive weak solutions of (0.2) and (0.3).
We consider the functional
I:E R by I(u) = ! l|ul|2 ! Rr0|uf”u dr
o AL gy ‘
By the Imbedding Lemma, we see that I is well-defined when

0+1>'y-—1

p+1~— 2

Lemma 3.1. If 0+ 1)/(p+1) > (v-1)/2, p > 1, 8 > -2, 6 > —1, then
I € CY(E,,R) and

R R
(I'(u), ) = / ' dr —/ r®lulPdr, Yy € E,.
0 0

The proof of this lemma is technical and follows the same lines as the proof in
Rabinowitz [12] Proposition B.10, so we omit it.

By Lemma 3.1 we see that the critical points of I are actually weak solutions of
(3.2).

Theorem 3.2. Equation (3.2) possesses at least a nontrivial weak solution when
@+1)/(p+1)>(n-1)/2,>-2,p>1,0>-1.

Proof: We shall verify conditions (1.1) and (I.2) in the statement of the Mountain
Pass Lemma. (1.2) follows from the simple observation that

lim I(tu) = —00 Vu #0
t—o0

since p > 1. To prove (1.1), we note that by the Imbedding Lemma
R
[ rotuudr = ol as full, 0.

Therefore, I(u) = 3||ul|2 + 0(J|u||?) as w — 0 and (I.1) holds.

The only thing remaining to be proved is that I satisfies the Palais-Smale condi-
tion. Let {u,} be a sequence with I(u,) bounded and I’(u,) — 0. We first prove
that {u,} is bounded in E,. I'(u,) — 0 implies

R
(48 () )| = [l = [ 7P ] < (33)

for n > 1 large enough. |I(u,)| < C is equivalent to
1, 02 1 (R,
15”%”7 “oril, T [un [Pun d?" <cC (3.4)

which yields

2
llually + ——llunlly;

<20+
p+1

2 R
lunll2 < 2C + m‘/ Ot |un|P dr
0

p+1
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ie.,

2 ) 2
Un S 2C + Un ||y
Pllually p llunly

1 -
( p+ +1

Therefore, {u,} is a bounded sequence in E.,.
Let E7 be the dual of E,,. We denote by D : E — E. the Riesz-Fréchet duality
between EJ and E. given by

(Du,v) = (u,v)E, .

We also consider T : E,, — EJ, given by

R
(Tu,v) (g 5, = /0 rlufPv dr.
With this notation we have
I’(U‘n) = Dun - TUn

and therefore,
Up = D' Tu, + D71’ (uy,).

Since I'(u,) — 0, u, will have a convergent subsequence, if and only if Tu, has
such a subsequence. To this effect we prove that T is a compact mapping. Here
an important ingredient will be the Compactness Lemma. T can be decomposed in
the following chain of mappings

T

E, ., 7k e+ 5 E;

T=i"oTioi
where ¢ is the natural injection E, — Lg“ given by the Imbedding Lemma.

Ty : L2+ — LP*/P Ty = [ufP is continuous, L™/ is the dual of LE+!
and > is the adjoint of 7 and is given by (i*u,v)(E.’E”’) - fOR r®uvdr - the duality
between LE*! and Lgp“)/p.

By the Compactness Lemma and the hypotheses of the theorem we infer that ¢
is compact (and even i* is compact by Schauder’s theorem).

Therefore T is compact. So I satisfies (PS) and Theorem 3.2 is proved.
Corollary 3.3.

a) Problem (0.2) and (0.3) possess a unique positive weak solution whenp > 1,
B > max(=2,-v—-1), (0+1)/(p+1) > (v-1)/2

b) Ify>1,8>-2,p>1,(0+1)/(p+1) < (y-1)/2, then (0.2) and (0.3) has
no non-trivial positive solution.

We state the above conditions explicitly. We distinguish two situations
A y>1,8>-2 Ifpe [1,(v+3+28)/(y—1)) equation (0.2) and (0.3)
possesses exactly one positive weak solution. If p € ((’y+3+ 28)/(v—1), oo)
there exist no such solutions.

B. y <1, 8> —v—1. Equation (0.2) and (0.3) possesses exactly one positive
weak solution for every p > 1.
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The next section deals with multiplicity results for (0.2) and (0.3).

4. Existence of infinitely many solutions changing sign. The existence
of an infinity of solutions will be obtained as a consequence of a symmetric variant
of the Mountain Pass Lemma due to Rabinowitz [12]. To this effect, we need some
facts about the spectral properties of the differential operator defining the equation.

Let 6 > max(—1,v — 2) and v € R. We consider Hg = L and A : D(4) C Hp —
Hgy given by

R
(Au,v)H, =/ rYu'v' dr.
0

By the Imbedding Lemma we get that A is a symmetric positive definite linear
operator. Its energetic space Hy (cf. Mihlin [6]) is just E,. By the Compactness
Lemma Hj, is compactly imbedded in Hg. u € Hp is a generalized eigenvector
corresponding to the eigenvalue X if it satisfies

(Au,v)n, = AMu,v)n, Vv € Hy. (4.1)

The following fact is known (Mihlin [6]).

Lemma 4.1.

a) The generalized eigenvalues of A are positive and form an unbounded se-
quence

0< A <Al S AL — 00
Each of them has finite multiplicity. (In the sequence above each eigenvalue
appears as many times as its multiplicity.)

b) For k > 1 let vk # 0 be an eigenvalue corresponding to Ay and let Ey be the
subspace spanned by v1,...,Vk. Then for v € Ey

olly 2 Aktallvllag - (4.2)

Moreover, {vk}k>1 can be chosen to form an orthonormal basis in Hg.

As we have already mentioned we shall use a symmetric version of the Mountain
Pass Lemma which we state below.

Symmetric Mountain Pass Lemma. Let E be an infinite dimensional Banach
space and let I € C1(E, R) be even, satisfy (PS) and I(0) =0. I E=V ®&X where
V is finite dimensional and I satisfies

(I'.1) there are constants p,a > 0 such that IlsB, N X > a and

('.2) for each finite dimensional subspace E C E there is an R = R(E) such that
I1<0on E\BR(E)‘;

then I possesses an unbounded sequence of critical values.

We can state the main result of this section.
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Theorem 4.2. Let v € R, p > 1, 8 > max(—2,—v — 1) satisfy (§ + 1)/(p + 1) >
(y=1)/2 (8 = B+7). Then problem (0.2) and (0.3) possesses an unbounded sequence
of weak solutions (which must change sign in view of our uniqueness result).

Proof: We consider the functional

1By = B 1) = 3l - =l

whose critical points are exactly the weak solutions of (0.2) and (0.3). I is even and
as in the previous section one can prove that I satisfies the Palais-Smale condition.
In the sequel we shall prove that I also satisfies the conditions (I'.1) and (I'.2) in
the statement of the Symmetric Mountain Pass Lemma and the proof of Theorem
4.2 will be completed. _

Proof of (I'.2): Let E be a finite dimensional subspace of E,, and let m = dim E.
We choose uj,..., U, a basis in E. On E one can define two equivalent norms,
namely || - ||, and || - ||L:+1.

There is a natural Banach space isomorphism between R™ and E given by:
- m
L:R™ = E, t=(tn,....,tm)— Y titii.
i=1

Moreover, L satisfies
¢t < |\Ltly < eft] (4.3)
d7e] < |ILtll g < dft] (4.4)
for some c,d > 0 independent of ¢, where |t| = (th)l/z.
The isomorphism L allows us to consider I|z as a functional J on R™ according

to the formula
J(t) = I(Lt).
But J(t) < c2/2|t|2 — 1/(dP (p + 1)) |t[P*! T T Therefore, for |t| > R(E),
—00
J(t) <0 which is (I'.1).
Proof of (I'.1): We choose V = Ej as in Lemma 4.1, with k to be fixed later. To
proceed further we need a variant of the Gagliardo-Nirenberg inequality which we
prove below.
Since (8 + 1)/(p + 1) > (v — 1)/2 we get by the Imbedding Lemma that there
exists ¢ > p + 1 such that E, — L. Therefore, there exists a € (0,1) such that
1 a l-a

p+1=q 2

By the well-known interpolation inequality for LP-spaces we have
1—
llellppr < Hlullpz®uig,

and by the Imbedding Lemma we get

llull o+ < Cllullpz®llully = Cllull,*llull5, for some a € (0,1)  (4.5)
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and this is the desired Gagliardo-Nirenberg type inequality to be needed later.
Let X = VL. Let us recall that according to (4.2) for u € X

llully 2 Aetallellm,

and further if v € 8B, N X we have
1 —(1- _
I(w) 2 7 (5 - Ot oy, (4.6)
For k fixed choose p = p(k) so that the coefficient of p? in (4.6) is 1/4. Therefore,

I(u) > =p® forue€dB,NX,

| =

where k is an arbitrary fixed nonnegative integer. (I'.1) is proved.

By the symmetric mountain pass lemma, we get that I possesses an unbounded
sequence of critical values, ¢x — 00. Let ui be a critical point corresponding to ck.
Then,

1 1
Huwr) = Gl = el = e

and (I'(uk),ux) =0, i.e.,
el = e

Therefore,

Z _ 1 p+l (7
(2 p-+-1)”uk”lzg+l - (2 p+1

)“Uk”gy =Ck — 0CC

and consequently (u) forms an unbounded sequence in E., and L’g"'l.

Corollary 4.3.
a) Ify>1,8>-2,1<p<(y+3+28)/(y—1), then (0.2) and (0.3) possess
infinitely many weak solutions.
b) Ify<1,8>—y—1,p>1 then (0.2) and (0.3) possess infinitely many weak
solutions.

We see that in the same conditions as in Corollary 3.3, one can establish the
existence of an infinity of solutions. A few remarks about the problem are welcomed.

Remark 4.1:

a) We have left unsolved the question of regularity of the arbitrary weak solution
of (0.2) and (0.3). It is easily seen that, provided u(r) # 6 on a neighborhood
of zero, then one can prove Holder regularity for the weak solution u. There-
fore, a natural question arises about the nonoscillation of weak solutions in
a neighborhood of 7 = 0 which is in fact equivalent to C[0, R] regularity.

b) The existence proofs are easily adapted to more general nonlinearities. For
the sake of simplicity of the presentation we considered only these special
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cases which however enjoy all the main essential ingredients of the proof. In
this respect, arises a natural question about the critical case

= M’ 5> 1, ﬁ > —92.

7-1 -
An argument similar to the one used in Proposition 2.2, shows that in the
critical case there exist no weak solutions of (0.2) and (0.3) continuous on
[0, R]. However, for other types of nonlinearities one can perform the same
technique used in Brézis-Nirenberg [2] to overcome the lack of compactness.
This will be done in a forthcoming paper.

c) Another interesting question is about the existence and the behaviour of
solutions with an isolated singularity at = = 0. The known methods of
studying the singularities apply here as well with few changes. Namely,
the methods of Guedda-Veron [4] seem to be the most appropriate to this
situation.

5. Applications to partial differential equations. As we have announced
in the introduction our interest in the problem (0.2) and (0.3) is motivated by the
search for radially symmetric solutions of the following semilinear degenerate elliptic
equation

—div(r®Vu) = r®|u[f~'u in Br(0) C RY, N >3, r = |z|

(5.1)
u=0 on OBg.
If we impose u = u(r), then u satisfies
~l(r"u') =rPuw"~! in(0,R),y=N+a-1,8=6-a
r7 (5.2)
u(R) = 0+ a boundedness condition in 0.

As we have seen the natural condition at r = 0 is

u€ E,. (5.3)

In this special situation Corollary 4.3 becomes

Proposition 5.1.
a) Ifa>2-N,6§>a—2 and
N+2+4+2—-a

<——— =w(a,é
1<p N—71a w(a, 6),

then (5.2) and (5.3) possess a unique weak positive solution and infinitely
many arbitrary solutions. Moreover, the positive solution is Hélder continu-
ous on [0, R].

b) fa <2—-N,§>~N, p>1, then the same affirmation is true.
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It is interesting to notice that

lim w(a,8) =00
a\2—-N

which is a natural connection between the two situations presented above. The
bound 2— N has a significance: it is the order of growth of the fundamental solution
1/(rN=2) of the laplacian A in RY.

For a = 0 these results were previously obtained by Ni (see Ni [7]).
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