CRITICAL SETS OF RANDOM SMOOTH FUNCTIONS ON COMPACT MANIFOLDS

LIVIU I. NICOLAESCU

ABSTRACT. Given a compact, connected Riemann manifold without boundary (M, g) of dimension m
and a large positive constant L we denote by U 1, the subspace of C'°° (M) spanned by eigenfunctions of
the Laplacian corresponding to eigenvalues < L. We equip U 1, with the standard Gaussian probability
measure induced by the L?-metric on U 1, and we denote by N, the expected number of critical points
of a random function in U ;. We prove that N, ~ C,, dim U, as L — oo, where C,, is an explicit
positive constant that depends only on the dimension m of M and satisfying the asymptotic estimate
log Cr, ~ 5 logm as m — oo.
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Suppose that (M, g) is a smooth, compact, connected Riemann manifold of dimension m > 1.
We denote by |dV,| the volume density on M induced by g. For any u,v € C°°(M) we denote by
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(u,v), their L? inner product,

(1, v)y = /M w(z)v(z) [dVy()].

The L2-norm of a smooth function u is then

Jul := / (u, u),.

Let A, : C°(M) — C°°(M) denote the scalar Laplacian defined by the metric g. For L > 0 we set
UL,=UL(M,g):= P ker(A\-4,), d(L):=dimU,.
A€[0,L]
We equip U ;, with the Gaussian probability measure.

_d@) _ Jlu)?

dyr(u):=2n)" 2 e 2 |dul.

For any u € U, we denote by Ny (u) the number of critical points of w. If L is sufficiently large,
then Nz () is finite with probability 1. We obtain in this fashion a random variable Nz, = N7, /4,
and we denote by E(Np) its expectation

E(Np) := N (w)dy(u).
U
In this paper we investigate the behavior of E(N) as L — oo. More precisely we will prove the
following result.

Theorem 1.1. For any m > 1 there exists a positive constant C = C(m) such that for any compact,
connected, m-dimensional Riemannian manifold M we have

E(NL,M,g) ~ C(m)dimUL(M,g) as L — oo. (1.1)

The constant C'(m) can be expressed in terms of certain statistics on the space §,, the space of
symmetric m x m matrices . We denote d-, the Gaussian measure'on $,,, given by

d’y*(X) = 1 . €7i(trX2im:L2(trX)2)2%(7;) Hdwz],

m(m+1)

2m) T /im i<j (1.2)
i = 202)F (1 4 2)m 1,

Then

m
2

C(m):<m4i4> F(Hﬂ;)/s | det X| dv, (X). (1.3)

=1
A similar result holds in the case m = 1. In this case M = S' and U, is the space of trigonometric
polynomials of degree < L. One can show (see [33])

3
E(Np g1) ~ \/;dimUL as L — oo.
We can say something about the behavior of C'(m) as m — oo.

IWe refer to Appendix B for a detailed description of a 3-parameter family Gaussian measures dI'4 .. on S, that
includes d, as dv, = dl'31,1.
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Theorem 1.2. m
log C'(m) ~ log I, ~ Elogm as m — oo. (1.4)

The proof of (1.1) is achieved in two steps. First we prove an integral formula® (2.2) that expresses
the expected number of critical points of a function in U, as an integral

E(N,) = /MpL<:c> AV (). )

As explained in [11], the integral in the right-hand side of the above equality is the the total curvature
of the immersion given by the evaluation map

ev: M — Hom(U,R), p— evp, (1.5)

where evp(u) = u(p), Vu € Ur.
The integrand pr, () has a probabilistic interpretation. To formulate it let us denote by Hess(u, g)
the Hessian at « of the random function w € U, computed using the Levi-Civita connection of the
metric g. We identify Hessy (u, g) with a symmetric linear operators T, M — T, M. Then
1
pr(e) = =5 F
E(|du(x)[3)

Above, E(|du(x)]3) denotes the expectation of the random variable U, > u — |du(az)]3 € Rand
the quantity

<|det Hessz(u, g)| | du(z) = 0). (1.6)

E( | det Hessg (u, g)| | du(z) = O)

is the conditional expectation of the random variable u +— | det Hessz(u, )| given that du(z) = 0. A
result similar to (1.6) is proved in [8, 14, 15] using the strategy pioneered by Kac, [25] and Rice, [39].
We use a different approach based on the double-fibration trick in integral geometry, [31, §9.1.1]. We
refer to Subsection 2.1 for a comparison between these two approaches.

The random vector u — du() is Gaussian, and the expectation of |du(z)|> can be expressed in
terms of the covariance matrix of this random vector. Using the regression formula (see [4, Prop. 1.2]
or (A.2) we express this conditional expectation as the unconditional expectation of a new random
variable | det Az (x)|, where Ar(x) denotes a random, Gaussian symmetric m X m matrix whose
covariance takes into account the correlations between the Gaussian variables u — Hessz(u, g) and
u — du(z).

Next, we reduce reduce the large L asymptotics of the Gaussian random vector du(x) and matrix
Ap () to questions concerning the asymptotics of the spectral function €, of the Laplacian, i.e., the
Schwartz kernel of the orthogonal projection onto U r.. Fortunately, such questions were addressed
in the mathematical literature, [7, 13, 40, 44], by refining the wave kernel method of L. Hérmander,
[22]. The clincher is an asymptotic independence result explained in @ below.

We actually prove a bit more. We show that

C(m)wm,
(2m)m
where w,, denotes the volume of the unit ball in R™. Using the classical Weyl estimates (3.2) we see
that (1.7) implies (1.1).
The equality (1.7) has an interesting interpretation. We can think of pr,(x)|dV,(x)| as the ex-
pected number of critical points of a random function in U, inside an infinitesimal region of volume

Llim L*%pL(a:) = uniformly in & € M, (1.7)
—00

2Formulz of this type appear in the literature under different names, Chern-Lashof or Kac-Rice, depending on one’s
mathematical bias. This author usually resides in the Chern-Lashof part of the mathematical world.
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|dVy(x)| around the point . From this point of view we see that (1.7) states that for large L we
expect the critical points of a random function in U 1, to be approximatively uniformly distributed.
We are inclined to believe that as L — oo the ratio
var(Ny)

qr. = 7E(NL)

has a finite limit ¢(M, g). Such a result would show that N7, is highly concentrated near its mean value
as L — oo. In [33] we prove that this is the case when M = S! and moreover, ¢(S!) ~ 0.4518.....
For a holomorphic counterpart of such an estimate we refer to [41]. The Riemannian case is much
more challenging since we lack good general off-diagonal estimates for the spectral function.

We obtain the asymptotics of C'(m) by relying on a trick used by Y.V. Fyodorov [18] in a re-
lated context. This reduces the asymptotics of the integral I,,, to known asymptotics of the 1-point
correlation function in random matrix theory, more precisely, Wigner’s semi-circle law.

Philosophically, the universality result contained in Theorem 1.1 is a consequence of a universal
behavior of the spectral function €y, along the diagonal. Roughly speaking, if we rescale the metric
g so that in the limit it becomes flatter, and flatter, then the corresponding spectral function begins to
resemble the spectral function of the Laplacian on the Euclidean space R™. For a precise formulation
of this universal rescaling phenomenon we refer to [26, 34].

A related problem was considered by M. Douglas, B. Shiffman, S. Zelditch, [14, 15] where they
investigate the number of critical points of a random holomorphic section of a large power N of a
positive holomorphic line bundle £ over a Kéhler manifold X. In these papers the role of our Uy,
is played by the space of holomorphic sections H°(X, L"), and the large L asymptotics is replaced
by large N asymptotics. The large N asymptotics ultimately follow from the refined asymptotics of
the Szego kernels obtained by S. Zelditch in [43]. These refined asymptotics then lead to a complete
asymptotic expansion as N — oo for the expected number of critical points of a random holomorphic
section of L. In our case, the asymptotics of the spectral function €, is very sensitive to the
background metric ¢ and it is unrealistic to seek a complete asymptotic expansion of E(Np) as
L — oo that is valid for any metric on g. Finally, the papers [14, 15] do not investigate large
dimension asymptotics of the type described in our Theorem 1.2.

The proof of Theorem 1.1 reveals several additional interesting universal rescaling phenomena.

©® We identify U, with UY = Hom(U 1, R) using the L?-metric. We can thus view the evaluation
map in (1.5) asamap ev : M — U . For large L this map is an embedding, and we denote by o,
the pullback to M via ev of the L2-metric on U 1. Equivalently, if (1) is an orthonormal basis of
U, then

oL = Zd¢k ® dipy,.
e

The equality (3.9) in the proof of Theorem 1.1 shows that the rescaled metric g(L) := Lo L
converges in the C? topology to K,,g, where g is the original metric on M and K, is a certain,
explicit constant that depends only on m; see (3.5). This was also observed by S. Zelditch, [44, Prop.
2.3]. A closely related result was proved in [5, Thm.5].

To obtain the convergence of g(L) in stronger topologies we would need bounds on the sectional
curvature of g(L). In Subsection 3.3 we show that these bounds are equivalent to some refined
asymptotic estimates satisfied by certain linear combinations of fourth order derivatives of the spectral
function, (3.20). These estimates hold for homogeneous spaces equipped with invariant metrics.

A related embedding can be constructed in the holomorphic case and S. Zelditch [43] has proved
that the resulting sequence of suitably rescaled metrics gy converges C' to the original Kahler
metric. The main reason for such a stronger form of convergence is the better behavior of the Szegd
kernels. Such a regular behavior is not to be expected for the spectral function €.
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@ Let us denote by Hessp(u, g) the Hessian at p of a smooth function u defined in terms of the Levi-
Civita connection VY; see (2.19). Fix an orthonormal basis of T, M so we can identify Hessp(u, g)
with a symmetric m X m matrix. The correspondence

Ur > u— Hessp(u,g) € 8,
defines a Gaussian random symmetric matrix. Similarly, the correspondence
UL > uw du(p) € T,M

defines a Gaussian random vector. The estimates (3.13) and (3.14) imply that as . — oo the random
vectors

L Hessp(u, g) and L_mTHdu(p)

converge to independent random Gaussian vectors. Ultimately, this is an asymptotic manifestation of
the surprising independence result [1, Eq. (12.2.11) ].

. . . .. me4 .
© The limit as L. — oo of the random Gaussian symmetric matrix L~ 2~ Hessp(u, g) is a random

symmetric matrix A, whose entries a;; are centered Gaussian variables satisfying the correlation
equalities
E(a;jage) = 0ij0ke + 0ikbj¢ + 0500k, Vi, j, k, L. (1.8)

where ¢, is a certain, explicit universal constant that depends only on m. (Up to a rescaling, the
probability density of A is given by (1.2)). Observe that the random matrix A, is independent of
the point p, the choice of metric g and even on the manifold M!] The universal gaussian ensemble
U,,, described by (1.8) is not the GOE,,, (Gaussian Orthogonal Ensemble) typically investigated in
random matrix theory and given by the correlation equalities

E(a;jare) = 0ij0ke + 0ir0je + 6i005, Vi, 5, k, L.

However U,, is closely related to GOE,,. More precisely a random matrix A in the ensemble U,,
can equivalently be described as a sum of random matrices

A=B+Yl,,

where B belongs to GOE,,, and Y is a standard scalar gaussian random variable independent of 5.

The present paper is structured as follows. Section 2 contains the formulation and the proof of
the key integral formula (1.6), including several reformulations in the language of random processes.
In this section we also present a simple application of this formula to the number of critical points
of random spherical harmonics of large degree on S2. This sheds additional light on a recent result
of Nazarov and Sodin [30] on the number of nodal domains of random spherical harmonics. More
precisely, the inequality (2.41) shows that the expected number 6,, of zonal domain on S? of a random
harmonic polynomial of large degree n satisfies the upper bound 6,, < 0.29n2.

Section 3 contains the proof of the asymptotic estimate (1.1) and Section 4 contains the proof of
the estimate (1.3).

For the reader’s convenience we have included in Appendix A a coordinate-free, brief survey of
several facts about Gaussian measures and Gaussian processes in a form adapted to the applications in
this paper. Appendix B contains a detailed description of a 3-parameter family of Gaussian measures
on the space S, of real, symmetric m x m matrices. These measures play a central role in the proof
of (1.1) and we could not find an appropriate reference for the mostly elementary facts discussed in
this appendix. Appendix C contains the computations of several Gaussian integrals involving random
2 x 2 matrices.
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NOTATIONS

(i) For any random variable £ we denote by E(¢) and respectively var(§) its expectation and

respectively its variance.

(ii) 8., denotes the space of symmetric m X m real matrices.

(iii) For any finite dimensional real vector space V' we denote by V' its dual, V'V := Hom(V, R).

(iv) For any Euclidean space V', we denote by S(V') the unit sphere in V' centered at the origin
and by B(V) the unit ball in V' centered at the origin.

(v) We will denote by o, the “area” of the round n-dimensional sphere S™ of radius 1, and by
wy, the “volume” of the unit ball in R™. These quantities are uniquely determined by the
equalities (see [31, Ex. 9.1.11])

n n 1
Op_1=Nwy, =2 WZ = nr )7 F<>:ﬁa (o)

where I' is Euler’s Gamma function.

(vi) If Vy and V1 are two Euclidean spaces of dimensions ng,n; < coand A : Vo — Vs
a linear map, then the Jacobian of A is the nonnegative scalar J(A) defined as the norm of
the linear map

AFA APV = APV, k= min(ng, ny).
More concretely, if ng < ny, and {eq, ..., €n0} is an orthonormal basis of V', then
J(A) = (det G(A))"?, (J)
where G(A) is the ng x ng Gramm matrix with entries
GZ']' = (Aei, Aej )Vl'

If n1 > ng then

J(A) = J(AT) = (det G(ah)) "2, (J+)
where A denotes the adjoint (transpose) of A. Equivalently, if dVol; € A"V} denotes the

metric volume form on V'1, and dVol 4 denotes the metric volume form on ker A, then J(A)
is the positive number such that

dVolg = £dVolyq N A*dVol;. JD

2. THE KEY INTEGRAL FORMULA

2.1. A Chern-Lashof type formula. As we mentioned in the introduction, a key component in the
proof of Theorem 1.1 is an integral formula that describes the expected number of critical points as an
integral over the background manifold M. The goal of this section is to state and prove this formula,
and then give several probabilistic reformulations.

The literature on random fields contains many formula of this type, and their proofs follow the
strategy pioneered by M. Kac and S. Rice, [25, 39]. As mentioned in the introduction, the general
integral formula [8, Thm. 4.2] or [14, Thm. 4.4] covers the situation of interest to us. We believe
that it would greatly benefit a geometrically inclined reader to see an alternate approach that does not

He suddenly and untimely passed away in June 2011. I will miss his generosity and expertise.
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follow the usual probabilistic pattern pioneered by Kac and Rice, but instead relies on the ubiquitous
double-fibration trick in integral geometry, [2, 20, 31]. As a matter of fact, our main integral formula
(2.2) contains as special cases the integral formula of Chern-Lashof, [11] and Milnor, [28]. We should
perhaps describe the differences between the Kac-Rice approach and the double-fibration approach.

Denote by &, the measure on T* M defined by the integration along the zero section. The Kac-
Rice approach identifies the measure p4|dV;| on M as an average (in the space of measures on M) of
the family of measures {(i,, := (du)*dps; uw € Uy}, where we denoted by (du)*dys the pullback
in the sense of distributions of the measure dy; via the map du : M — T*M. As is well known,
[23, Thm. 8.4.2], the pullback operation is well defined provided a certain micro-local transversality
condition is satisfied. For this reason, the implementation of the Kac-Rice strategy requires two
intermediary steps, namely replacing the measure ¢,; with a regularization 65, followed by a passage
to limit € ™\, 0.

The double-fibration approach is in some sense dual to the Kac-Rice approach. It leads immedi-
ately to a description of p4|dVj| as the pushforward of a certain measure defined on the total space of
a fibration 7 : P — M, and the bulk of the proof is devoted to explicitly computing this pushforwad.

Suppose that M is a smooth, compact, connected manifold without boundary. Set m := dim M.

Definition 2.1. (a) For any nonnegative integer k, any point p € M and any f € C*°(M) we will
denote by ji(f, p) the k-th jet of f at p.

(b) Suppose that U C C'*°(M ) is a linear subspace. If k is nonnegative integer then we say that U is
k-ample if for any p € M and any f € C°°(M) there exists u € U such that

Jk(u,p) = jr(f, P). 0

Fix a finite dimensional vector space U C C°°(M) and set N := dim U. We have an evaluation
map
ev=ev’: M - U" :=Hom(U,R), p+s evy,
where for any p € M the linear map ev,, : U — R is given by
evp(u) =u(p), Yue U.

For any u € C°°(M) we denote by N(w) the number of critical points of w. In the remainder of this
section we will assume that U is 1-ample. This implies that the evaluation map ev? is an immersion.
Moreover, as explained in [32, §1.2], the 1-ampleness condition also implies that almost all functions
u € U are Morse functions and thus N(u) < oo for almost all u € U.

We fix an inner product h = (—, —); on U and we denote by | — |, the resulting Euclidean norm.
Using the metric i we identify U with its dual and thus we can regard the evaluation map as a smooth
map ev : M — U. We define the expected number of critical points of a function in U to be the
quantity

lul?
1 T2
N(U, h) = N(w) [dAn(w)| = / N(w) & [dVi(u)], @.1)
ON-1Js(U) U (2m)2
|
=:dyp (u)

where o,,_1 denotes the “area” of the unit sphere in R", |dAy| denotes the “area” density on the
unit sphere S(U), and |dV},(u)| denotes the volume density on U determined by the metric h. A
priori, the expected number of critical points could be infinite, but in any case, it is independent of
any choice of metric on M. The space U equipped with the Gaussian probability measure d-;, is a
probability space. We denote by Ny the random variable U > v — N(u) € Z so that

N(U> h) = E(NUa dﬂ)’h)v
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where E(—, dv;) denotes the expectation computed with respect to the probability measure d-y;,. We
will refer to the pair (U, h) as the sample space.

The main goal of this section is to express N(U, h) as the integral of an explicit density on M. To
describe this formula it is convenient to fix a metric g on M. We will express N(U, h) as an integral

/MMM@-
M

The function p, does depend on g, but the density p,(p) |dVy(p)| is independent of g. The concrete
description of p4(p) relies on several fundamental objects naturally associated to the triplet (U, h, g).
For any p € M we set
Uy = {ucU; du(p)=0}.

The 1-ampleness assumption on U implies that for any p € M the subspace U Op has codimension m
in U so that

dimU}) = N —m.

Denote by dAg g0 the area density along the unit sphere S (U%) c U
p
The differential of the evaluation map at p is a linear map Ay, : TpM — U. We will refer to
Ap as the adjunction map and we will denote by J,(p) = J,(p, U) its Jacobian. More precisely, if
(e1,...,en) is a g-orthonormal basis of T, M, then
2 _ . .
Jy(p)” = det [ (Apei, Ape; )h]lgi,jgm'

Since evV is an immersion we have J,(p) # 0, Va € M.

For any p € M and any u € U %, the Hessian of w at p is a well defined symmetric bilinear
form on T}, M that can be identified via the metric g with a symmetric endomorphism Hessp(u, g) of
TpM. We denote this symmetric endomorphism by Hessp(u, g).

Theorem 2.2. If (U, h) is a 1-ample sample space on M, then

1 1
NU,h) = | det Hessp(v, g)| [dA g0y (v)] | [dVy(p)|
M S P

on-1.Ju J4(P)
9 _m 1 det H 67% dV qv (2.2)
=% [ o [ et esptu o)l sl | v o)l

=:Ip

Proof. Denote by U ), the trivial vector bundle over M with fiber U, U, := (U x M — M). For
any p € M we denote by K, the orthogonal complement of U% inU.

Lemma 2.3. The subspace K, coincides with the range of the adjunction map Ap.

Proof. Indeed, if (V;,)1<n<n is an orthonormal basis of (U, h), then
evp = Z\I/n(p)‘lln eU.
n

and for any vector field X on M we have

ApXp = (XT,)pT,.

n
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Thus, the functionuw = ), u, ¥, € U, u, € R, belongs to K ;; if and only if for any vector field X
on M we have

0=> un(XV,)p =X -u(p)=uc U,
g

This proves that the collection (K ) defines a subbundle K of U ), and the adjunction map induces
an isomorphism of vector bundle A : TM — K. We deduce that the collection of spaces (U Op)pe M

also forms a vector subbundle U of the trivial bundle U, and we have an orthogonal direct sum
decomposition

U,=U"a K.

For any section u of U ,; we denote by u” its U°-component.

The bundle U ;, is equipped with a canonical trivial connection D. More precisely, if we regard
a section of v of U, as a smooth map v : M — U, then for any vector field X on M we define
Dxu as the smooth function M — U obtained by derivating u along X. The shape operator of the
subbundle K is the bundle morphism = : TM ® K — U defined by the equality

E(X,u) = (Dxu)’, VX € C®(TM), uc C®(K).
For every p € M, we denote by Z,, the induced linear map E,, : Tp,M @ K, — U . If we denote
by Gr,,(U) the Grassmannian of m-dimensional subspaces of U, then we have a Gauss map
M3 p+2s §(p) = Kp € G, (U).
The shape operator Z,, can be viewed as a linear map
Ep : TpM — Hom(Kp, UY) = Tk, Gry,(U),

and, as such, it can be identified with the differential of G at p, [31, §9.1.2]. Any v € Ug, determines
a bilinear map

Ep-v:TpM@ Ky, —R, Ep-vie,u):= (Ep(e,u),v)h,

By choosing orthonormal bases (e;) in T, M and (u;) of K, we can identify this bilinear form
with an m X m-matrix. This matrix depends on the choices of bases, but the absolute value of its
determinant is independent of these bases. It is thus an invariant of the pair (Ep, v) that we will
denote by |det Ep, - v|.

Lemma 2.4.
1
U= [ ( / |detsp-vudAs<Ug><v>|> dVy (p)!. 23
ON-1JMm \ JsUy)
Proof. Consider the incidence variety

J:={(p,v) € M x S(U); dv(p)=0}={(z,v) e M x S(U); veSUy)}.

We have a natural double “fibration”
M 292, s,

where the left/right projections A, p are the canonical projections. The left projection A : J — M
describes J as the unit sphere bundle associated to the metric vector bundle U°. In particular, this



10 LIVIU I. NICOLAESCU

shows that J is a compact, smooth manifold of dimension (N — 1). For generic v € S(U) the fiber

p~!(wv) is finite and can be identified with the set of critical points of v : M — R. We deduce
1
N = e [ #7w) ldAu ) 4
area (S(U)) Jsw)

Denote by gg the metric on J induced by the metric on M x S(U) and by |dV5| the induced volume
density. The coarea formula, [10, §13.4], implies that

/ 407 ()| dAn(v)] = / To(p.0)|dVa(p. )], @.5)
S(U) 9

where the nonnegative function J,, is the Jacobian of p defined by the equality
p*dAW = T, - V3]

To compute the integral in the right-hand side of (2.5) we need a more explicit description of the
geometry of the incidence variety J.

Fix a local orthonormal frame (e, ..., e;,) of T'M defined in a neighborhood O in M of a given
point p, € M. We denote by (e, ..., e™) the dual co-frame of T* M. Set

filp) =Apeilp) €U, i=1,...,m, peO.

More explicitly, f,(u) is defined by the equality

(fi(p),v )h = Oe,u(p), YVu e U. (2.6)

Fix a neighborhood U € A~1(0) in M x S(U) of the point (p,, vo), and a local orthonormal frame
u1(p,v),...,un—1(p,v) over U of the bundle p*T'S(U) — M x S(U) such that the following
hold.

e The vectors w1 (p, v), ..., Uy (P, v) are independent of the variable v and form an orthonor-
mal basis of K. (E.g., we can obtain such vectors from the vectors f1(p),..., f,,(p) via
the Gramm-Schmidt process.)

e For (p,v) € U, the space T, E, is spanned by the vectors wy,+1(p,v), ..., un—1(p,v).

The collection w1 (p), . . . , ., (p) is a collection of smooth sections of U ; over O. For any p € O
and any e € T, M, we obtain the vectors (functions).

Deui(p), ..., Dpup(x) € U,

where we recall that D denotes the trivial connection on U ;,. Observe that
INU={(p,v) eU; Ui(p,v) =0, Vi=1,...,m}, 2.7)
where U is the function U; : O x U — R given by
Ui(p,v) := ( u;(p),v )h.

Thus, the tangent space of J at (p, v) consists of tangent vectors p & © € Tp M @ T,,S(V') such that

dU;(p,v) =0, Yi=1,...,m.
We let w; denote the m-form

wy :=dUy A -~ NdU,, € Q™(U),

and we denote by ||wy/|| its norm with respect to the product metric on M x S(U). Denote by |zﬁ\/ |
the volume density on M x S(U) induced by the product metric. The equality (2.7) implies that

— 1
‘dV| = — |wU NdVEg ’ .
lwull
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Hence

—~ 1
JpldV| = ——|wu A p*dA|.
lwol
We deduce .
Jo(Pg, v0) = Jp(Pg,v0)|dV |(€1,. .., €m,U1,..., uN_1)

1 1
= ——|wy A p*dS|(er,...,en,u1,...,un_1) = — |wy(e1,...,e i
ol { m )= ooy v )iy )

=:Ay (Pg;vo)
Hence,

A
/ 4p~ (w)|dAp (v / (o). 2.8)

Sublemma 2.5. We have the equalzty
1

lwull”
where Jy denotes the Jacobian of the projection X : 7 — M.

Jy = (2.9)

Proof. Along U we have

V| = o ke AdYal

while the definition of the Jacobian implies that
1
|dVs| = J—)\\dvg N dAgl-
Therefore, it suffices to show that along U we have

ie.,

‘L«JU A dVy AdAS(Ug)(‘al?""em’ul?" LSUN—1) ‘ =1.
Since dU;(uy) = 0, Vk > m + 1 we deduce that
‘wU /\d% /\dAS(Ug)(ela y €m, UL, - - .,'U,Nfl) ‘ = |wU(u17"',um)|‘

Thus, it suffices to show that
lwr (w1, ..., um)| = 1.
This follows from the elementary identities

dU;(uj) = (us, uj)p, = 65, V1 <i,j <m,

where d;; is the Kronecker symbol. O

Using (2.9) in (2.8) and the coarea formula we deduce

[ #o7 @l = [ ( .y B0 A5 0) ) W) @10
Observe that at a point (p,v) € A~1(0) C J we have
dUi(e;) = ( De;ui(p),v), .
We can rewrite this in terms of the shape operator 2, : T, M @ K5 — Ug. More precisely,

dUi(e]’) = (Ep(e]', ui), v )h'
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Hence,

Ay(z,v) = ’det(Ep(ej,ui),v)h ’ ,

We conclude that

/Sh(U) #p~(v)|dAp(v)| _/M </S(U0)|d tEp 'u||dASU (v )|) |dVar (p)].

This proves (2.3) O

To proceed further observe that the left-hand side of (2.3) is plainly independent of the metric g on
M. This raises the hope that if we judiciously choose the metric on M, then we can obtain a more
manageable expression for p(M, V). One choice presents itself.

Let o be the pullback to M of the metric on V' via the immersion ev : M — U. More concretely,
forany p € M and any X,Y € T,,M, we have

op(X,Y) = (ApX,ApY )h.

When g = o, the equality (2.3) is precisely the main theorem of Chern and Lashof, [11].

Fix p € M and a o-orthonormal frame(e;)1<i<m of 7'M defined in a neighborhood O of p. Then
the collection u; = Aej, 1 < j, is a local orthonormal frame of K |¢. The shape operator has the
simple description

Ep(ei, uj) = (DeerJ) :
Fix an orthonormal basis (¥,,)1<,<n of U so that every v € U has a decomposition

v = Zvnlﬂn, vn, € R.
o

Then
Ape;(p) =Y (0e;Un)p¥n, DeAlej(p) = (02,6, n)pTn,

n n

( (Dei‘Aej)p’ v )h = Z Un(azie] ) 8gzej (p)

«

Ifve U%, then the Hessian of v at p is a well-defined, symmetric bilinear form Hessp(v) on T, M
that can be identified via the metric o with a symmetric linear operator

Hessp(v,0) : TpM — TpM.

If we fix a o-orthonormal frame (e;) of Tp M, then the operator Hessy(v, o) is described by the
symmetric m X m matrix with entries 821, ejv(a:). We deduce that

|det Ep - v| = |det Hessp(v,0) |, Vv € S(U%).
In particular, we deduce that

! / </ | det Hessy (v, )| dAg g (v )) AVa(p)|. @.11)
ON-1JMm SU)

Finally, we want to express (2.11) entirely in terms of the adjunction map A. For any p € M and any
v € Uy, we define the density

and

N(U, h) =

ppw: N"TpM — R,
—1/2
MP,'U(XI ANRERA Xm) = ‘det(agginv(p) )lgi,jgm ‘ : (det( (‘APXia‘ApXj)h )lgi,jgm) /
-1/2

= ’det(HeSSp('U)(Xi,Xj)) (det(o'(Xi’Xj))gi,jgm) )

1<i,j<m ‘ '
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for any basis X1,...,.X,, of T, M. Observe that for any o-orthonormal frame eq,...,e,, of T),M
we have

Upv(€1 A+ Aep)=|det Hessp(v, o) |.
If we integrate jip, ., Over v € S(U Op), we obtain a density

|[dpu(p)| : A" TpM — R,

lduu (P)[(X1 A A X)) = (X1 A A Xop) [dAg oy (V)]
S(Up) P

VXi,..., Xy € TpM.

Clearly |dugs(p)| varies smoothly with p, and thus it defines a density |dug(—)| on M. We want
to emphasize that this density depends on the metric on U but it is independent of any metric on M.
We will refer to it as the density of U. By construction

N = [l

If we now return to our original metric g on M, then we can express |dug7(—)| as a product

|[duu ()| = d4(p) - |dVy(p)],

where 0, = d4,17 : M — R is a smooth nonnegative function.
To find a more useful description of p4, we choose local coordinates (a:l, ..., x™) near p such that
(0,1) is a g-orthonormal basis of Ty, M. Then

)71/2

oo Oy A+ 1 D) = |det (2, v(p)) det( (Apds,, Apd, i)

1<i,j<m ’ - ( 1<i,j<m

Observe that the matrix (92, 2, (P) ) describes the Hessian operator

1<i,j<m
Hessp(v,g) : TpM — TpM
induced by the Hessian of v at p and the metric g.

The scalar ( det( (ApOx,, ApO;)n )1 <ij<m )1/ % s precisely the Jacobian J,(p) of the adjunction
map Ay, : TpM — U defined in terms of the metric g on T}, M and the metric i on U. We set

BalVig)i= [ | det Hessa(o,) ldAsiop (0)]
s(Uy) !
Since |dVy(p)|(0z, A -+ A O,,) = 1, we deduce
0g.v(p) = Ap(V,g9) - Jo(p) ™" (2.12)
This proves the first equality in (2.2). The second equality follows from the first by invoking (A.6)
and the explicit formula (o) for oy _;. O

Remark 2.6 (A Gauss-Bonnet type formula). With a little care, the above arguments lead to a Gauss-
Bonnet type theorem. More precisely, if we assume that M is oriented, then, under appropriate
orientation conventions, the Morse inequalities imply that the degree of the map p : I — S, (U) is
equal to the Euler characteristic of M. If instead of working with densities, we work with forms, then
we conclude that

2
_ el

_m 1 e 2
xan=en# [ | [ e ol | ase) e
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When M is a submanifold of the Euclidean space U, and g = o, then the above argument yields the
Gauss-Bonnet theorem for submanifolds of a Euclidean space. g

2.2. A formula for variance. The equality (2.2) can be used in some instances to compute the
variance of the number of critical points of a random function in U. More precisely, to a sample
space (U, h) C C°(M) we associate a sample space (U2, ha) € C®(M x M), the image of U
via the diagonal injection
D:C®(M) — C®(M x M), u— u>,
u(x,y) = u(z) +uly), YuecU, x,yec M.

The metric ha is defined by requiring that the map D : (U, h) — (UA, ha) is an isometry.

There is a slight problem. The sample space U? is never 1-ample, no matter how large we choose
U. More precisely, the ampleness is always violated along the diagonal Ay, C M x M. We denote
by U2 the space of restrictions to M2 := M x M \ Ay of the functions in U A Note that for any

u € U we have
Nya () = N(w®2) = N(w)? — N(w)
If U is sufficiently large, then the sample space V*A is 1-ample and we deduce that
E(N%—Nu,d'yh):E(NU*A,d’yhA). (Mg)
The quantity in the left-hand side of (M) is the so called second combinatorial momentum of the
random variable Ng;. Using (2.2) we can express the right-hand side of (M) as an integral of a

density over M2. Since U fails to be 1-ample along the diagonal so that the corresponding Jacobian
term vanishes along the diagonal. We deduce that

E(NQU — NU,d"}/h)

1 / 1 / Ay €
= det Hessp g(u” )| ———F—=-|dVi(u dVyxqe(D,q))|-
(zw)m M2 JgA(P7 q) U?,,q‘ pq( )|(27T)N22 ‘ h( )| ‘ g><g( ))’

0 ._qy0 0
where Uy, , :=U,NU,,
det Hessp q(u”, g x g) = det Hessp(u, g) det Hessq(u, g), Vu € Ug N Ug,
and JgA is the Jacobian of the adjunction map Aﬁ q TipgM x M — U-.

2.3. A Gaussian random field perspective. The formula (2.2) looks hopeless for two immediately
visible reasons.

e The Jacobian J,(p) seems difficult to compute.
e The integral I}, in (2.2) may be difficult to compute since the domain of integration Ug may
be impossible to pin down.

We will deal with these difficulties simultaneously by relying on some probabilistic principles in-
spired from [1]. For the reader’s convenience we have gathered in Appendix A the basic probabilistic
notions and facts needed in the sequel.

Consider again the metric o = oy, the pullback of the metric h on U via the evaluation map. We
will refer to it as the stochastic metric associated to the sample space (U, h). It is convenient to have
a local description of the stochastic metric.

Fix an orthonormal basis ¢, . ..,y of U. The evaluation map evV : M — U is then given by

MamHZ¢n(m)~¢n€U.
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If p € M and U is an open coordinate neighborhood of p with coordinates z = (z?,...,2™), then
P, 0P -
op(0yi, i) = > ax? (p) ax? (p), V1<i,j<m. (2.14)

n

Note that if the collection (0, )1<i<m forms a g-orthonormal frame of T}, M, then

J,(p)? = det[ap(axi, a,pj)] (2.15)

1<ij<m’

To the sample space (U, h) we associate in a tautological fashion a Gaussian random field on M
as follows. The measure d=, in (2.1) is a probability measure and thus (U, d~,) is naturally a
probability space. We have a natural map

E:MxU—-R, MxU > (p,u) — &(u) :=u(p).

The collection of random variables ({p)pe s is a Gaussian random field on M.
Using the orthonormal basis (10;,) of U we obtain a linear isometry

RNBt:(t1,---7tn)Hut:Ztk¢k€U7
k

with inverse u — t3(u) = h(u, ;). For any p € M and any ¢t € R" we have

Ep(ue) = ) trapy(p).
k

The covariance kernel of this field is the function € = £y : M x M — R given by
N

epa) = Blépn&a) = 3 ([ titn(®) w,0snla)
k=1
u (2.16)
= Z Y(p)r(a),
k=1
where dyy is the canonical Gaussian measure on R,
If p € M and U is an open coordinate neighborhood of p with coordinates x = (!, ..., 2™) such
that z(p) = 0, then we can rewrite (2.14) in terms of the covariance kernel alone
0%E(x,y)
O'p(axi, 8:8]) = W‘z:yzo. (217)

Note that any vector field X determines a new Gaussian random field on M, the derivative of v along
X. We obtain the Gaussian random variables

u— (Xu)p, u— (Yu)p,

and we have
op(X,Y) = E((Xu)p,(Yu)p). (2.18)

The last equality justifies the attribute stochastic attached to the metric o.
We denote by V the Levi-Civita connection of the metric g. The Hessian of a smooth function
f : M — R with respect to the metric g is the symmetric (0, 2)-tensor V2f on M defined by the
equality
V2f(X,Y):= XY f—(VxY)f, VX,Y € Vect(M). (2.19)
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If p is a critical point of f then Vf, f is the usual Hessian of f at p. More generally, if (x!,... 2™)
are g-normal coordinates at p, then

For any p € M and any f € C°°(M) we use the metric g to identify the bilinear form V% f on
TpM with an element of S(T, M), the vector space of symmetric endomorphisms of the Euclidean
space (TpM, gp). For any p € M we have two random Gaussian vectors

UsSu— Vouc§(TpM), U>ur— du(p) € ThM.

Note that the expectation of both random vectors are trivial while (2.17) shows that the covariance
form of du(p) is the metric op.

To proceed further we need to make an additional assumption on the sample space U. Namely, in
the remainder of this section we will assume that it is 2-ample. In this case the map

UauHViue S(TpM)

is surjective so the Gaussian random vector V%u is nondegenerate. A simple application of the co-
area formula shows that the integral I, in (2.2) can be expressed as a conditional expectation

Ip:E(\detViu\ | du(p) =0).

Observing that
Jg(p) = (det Sdu(p))%, (2.20)
we deduce that
1
N(U,h) = m/ (det Sdu(p))*%E(\det Viul|du(p) = 0) |dVy(p)|. (2.21)
(2m)z Jm

The last equality is very similar to the main conclusion of the Expectation Metatheorem, [1, Thm.

11.2.1] or the expectation formula in [4, Thm. 6.2]. We can simplify the equality (2.21) even more by

taking full advantage of the Gaussian nature of the various random variables involved in this equality.
The covariance form of the pair of random variables Vf,u and du(p) is the bilinear map

Q: 8(TpM)Y x TpM — R,
Q& n) = E((& Vau) - (du,n)), VEE€S),, neTpM.

Using the natural inner products on 8§(7pM) and T, M defined by g, we can regard the covariance
form as a linear operator

Qp : TpM — 8(TpM).

Similarly, we can identify the covariance forms of V%u and du with symmetric positive definite
operators

Svgu 2 8(TpM) — S(TpM)
and respectively
Saup) : TpM — TpM.
Using the regression formula (A.4) we deduce that
E(|det Vaul||du(p) = 0) = E(|det Yp|), (2.22)

where Yy, : U — 8(Tp, M) is a Gaussian random vector with mean value zero and covariance operator

Ep =By, = Svzu — S50 : 8(TpM) — 8(TpM). (2.23)



RANDOM SMOOTH FUNCTIONS 17

Since U is 2-ample the operator =, is invertible and we have

dlmS(Tp) 1 E_lyy)
E(|detYp|) = (2m)~ (detEp)~ 2 / |detY|e™ dVy(Y). (2.24)
S(Tp M)
We deduce that when U is 2-ample we have
1 1
N = ot [ (@ Sau) (et Yo Vi) 225)
M

where Y}, is a Gaussian random symmetric endomorphism of T3, M with expectation 0 and covariance
operator =, described by (2.23).

To compute the above integral we choose normal coordinates (x x™) near p and thus we can
orthogonally identify 73, M with R". We can view the random variable V2 u as a random variable

1
sy

PiU — 8y :=8[R™), U>sur HP(u) €8y, Hij(u)= 9% ;u(p),
and the random variable du(p) as a random variable
P.U —R", u— DPuecR™, DPu=0,u(p).

The covariance operator S 4,,(,) of the random variable DP is given by the symmetric m x m matrix
with entries

0% (x,y)
“wigy v
To compute the covariance form X gp of the random matrix HP we observe first that we have a
canonical basis (fz’j)lgz’g]’gm of 8 so that &i; associates to a symmetric matrix A the entry a;;
located in the position (4, 7). Then

e (&g, Ere) = E(HP(U) HE(uw)) = E(92 ;u(x)0% cu(x) )

0*€(z,y) (2.27)
2 _ )
Z Oiiyi (@ xkxe¢n($) = thyzo‘

O.P(a'riv azJ) = (2.26)

Similarly we have
0°E(z,y)
Ox'0xI Oyk
To identify €2 with an operator it suffices to observe that (0, ) is an orthonormal basis of 7, M, while
the collection { &;; }i<; C 8Y,
. i i=i
&ij = {&] . ]

V25, i<

is an orthonormal basis of SXT If we denote by Eij the dual orthonormal basis of §,,,, then

Q0 =D QUEij, 0 ) Eij.

i<j

Remark 2.7. If the metric g coincides with the stochastic metric o, then the covariance operator {2 is
trivial. For a proof of this and of many other nice properties of the metric o we refer to [1, §12.2]. O
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2.4. Zonal domains of spherical harmonics of large degree. In the conclusion of this section we
want to discuss an immediate application of the above results to critical sets of random spherical
harmonics.

Let (M, g) be the unit round sphere S2. The spectrum of the Laplacian on S? is

A=nn+1), n=0,1,2,..., dimker(A\, —A) =2n+1=d,.

The space U,, = ker(\,, — A) has a well known descrition: it consists of sperical harmonics, i.e.,
restrictions to S? of harmonic polynomials of degree n in three variables. We want to describe the
behavior of N(U,,) as n — oo, where U, is equipped with the L2-metric. In other words we want
to find the expected number of critical points of a spherical harmonic of very large degree.

In this case the covariance kernel &, (p, q) of U, has a very simple description. More precisely, if
(¥k)1<k<2n+1 is an orthonormal basis of U, then the classical addition theorem, [29, §1.2] shows
that

72n+1

o P(pea), Vp.qe S?,
T

En(p,q) =D Vi(p)¥i(q)
k
where e denotes the inner product in R3, and P, denotes the n-th Legendre polynomial,

1 da

— (—1\" _

Falt) = (=1) 2nn! dtn

In this case the stochastic metric o = o, is obviously SO(3)-invariant and it is a (constant) multiple
of the round metric. In view of Remark 2.7 this implies that for any p € S? the random variables

(1 -t

U, > u+— Hessp(u,g) and U,, > u — du(p)

are independent and we deduce that

1 1 e~z lul’
NU,)=— / det Hessp(u, 9))| ———sm5—|du| | dVy(p).
U = 5 o T | o, 12t Hesslon D b | i)
————
=:dy, (w)

Clearly, the integrand in the above formula is invariant with respect to the SO(3)-action on S? and
we thus have

2
NU,) = m / n‘det Hesspo(u,g)‘ dryn(u), (2.29)

where py a fixed (but arbitrary) point on S2. To compute the term in the right-hand side of the above
equality we use the equalities (2.26) and (2.27).
Fix normal coordinates (z!,22) in a neighborhood O of p, so we can view &, as a function

En(z,y). The location of a point p € O is described by a smooth function
03 (2!, 2?) — p(z!,2?) € R3.

The tangent vector J,:, viewed as a vector in R3, corresponds with the derivative p,: := 0,:p of the
above function. At p, we have

Dyi ® Py = 0ij and p,i e py =0, Vi, j. (2.30)

The arcs C; = {22 = 0} and Cy = {2! = 0} are portions of great circles intersecting orthogonally
at py. Note that ! is the arclength parameter along C;, i = 1,2. The vectors p,: are unit tangent
vectors along these arcs. This shows that at p, we have

Dyiyi = —DPg-
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Since the arcs C'y and C' are planar their torsion is trivial and the Frenet formula imply that at p, we
have

Paiyi =0, Vi#j.
The last two equalities can be rewritten in compact form as

Pyizi = —0ijPo, Vi, ] (2.31)
We set
- 2n+1P,( 1) = 2n+1 " n(n+1) Nini”
T 47 2 47 (2.32)
2n+1 y (2n+1) (n—|—2)(n+ Dn(n—1) 1 5 '
T 47 16 327
We deduce
(89&], xk ) 0% aykg( )|p=q=po
2n+1 , 2)
= (Pn(p *q)Psi 04y, + 7 (P o a) (P 0 a)(Peay) ) (2.33)
T P=g=p,
= Sn(sjka
and
Jg(Pg) = n. (2.34)

To compute Oxlxjykyﬁ (p,q) at p = q = p, we will use (2.30) and (2.31) to cut down the
complexity of the final formula. We deduce that at p = g = p, we have

2n+1
O EnP.0) = == (LR @)Prss o e + PO (D) (P s )P0 ayey))
= ( (Do q)(pyi @ qye)(Dyi @ qyr) + P (D0 q)(pyi @ qye)(Pyi @ qye) )p:qa
and thus
8:1: igdyhy e &n(D, @) p=q = (sn =+ tn)‘sij‘skf + tn(élf‘sjk + 6“953[)' (2.35)

Denote by dI'';, the pushforward of the Gaussian measure d-y,, via the Hessian map
U, > u— Hessp (u,g) € 8(Tp,S?) = So.
We deduce from (2.35) that the covariance form 3, of dI',, satisfies the equality
Y0 =0 bncns On = Sp+ 3y, by =58, +1,, cp =1y,
where X, 5 . is defined by the conditions (B.2a) and (B.2b). Observe that a,,, by, ¢, satisfy (B.4),

an = b, + 2¢,.
As explained in Appendix B, this implies that dT",, is O(2)-invariant. Set
ap bn Cn
* _ n b* _n * _ 1
an tn 9 n tn 9 Cn tn 9

and denote by dI'; the Gaussian measure on Sy with covariance matrix Yax bxcx . Using (A7) we
deduce that
|detX|dI‘n(X):tn/ | det X | dI (X).
82 S2
From (2.29) and (2.34) we now deduce

2t

NU,) =2 /S | det X | dT* (X). (2.36)

n
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Observe that as n — oo we have

2t n? . .
?:NZ’ a, ~3, b,~1 ¢, ~1,
so that
2
N(U) ~ = | [det X|ds1,(X), (2.37)

82

where dI'3 1 1(X) is the Gaussian measure on Sy with covariance form X3 ; ;. More precisely (see
(B.11))

1
dl311(X) = gi(trXQ—%(trX)Q) V2 H dzy;.
4(2m) 1<i<j<2

In Appendix C we show that

| det X| d]._‘37171(X) =

4
- 2.38
., 7 (2.38)

and we deduce from (2.29) that
n2

NU,) ~ ﬁ as n — o0o. (2.39)

Let us observe that for n very large, a typical spherical harmonic uw € U, is a Morse function on
S?2 and 0 is a regular value. The nodal set {u = 0} is disjoint union of smoothly embedded circles.
We denote by D,, the set of connected components of the complement of the nodal set are called
the nodal domains of u and we denote d(u) the cardinality of D,,. A result of Pleijel and Peetre,
[6, 35, 38], shows that

4
5(u) < —n® ~ 0.692n°, (2.40)

where jo denotes the first positive zero of the Bessel function Jp.
We think of d(u) as a random variable and we denote by 0y, its expectation,

1 102
5n: (277)(th”2/U 5(u)e 2l |du|

Recently, Nazarov and Sodin [30], have proved that there exists a positive constant a > 0 such that

8, ~ an’® as n — oo.

Additionally, for large n, with high probability, §(w) is close to an? (see [30] for a precise statement).
The equality (2.40) implies that
a < é ~ (0.692.
Jo
We can improve this a little bit.
Denote by p(u) the number of local minima and maxima of u, and by s(wu) the number of saddle
points. Then

N(y) = p(u) + s(u), p(u) - s(u) = x(5%) = 2.
This proves that

p(y) = 5 (N(u) +2).

N | =
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For every nodal region D, we denote by p(u, D) the number of local minima and maxima® of u on
D. Note that p(u, D) > 0 for any D and thus the number p(u) = > pcq. p(u, D) can be viewed
as a weighted count of nodal domains. We set

1 1l
p(Uny) = W/U e 31" p(w) |dul.
o2 Ju,

The equality (2.39) implies that

1
U,)~——n® as n — oo.
P(Un) 23
This shows that

1
a< —— ~ (.288. 2.41
~2V3 (241)

Remark 2.8. Using (2.13) we deduce in a similar fashion a stochastic Gauss-Bonnet formula
2
2= X(SQ) = / det Hesspo(u,g)’ dyn(u).
Sn .

In Appendix C we give a direct proof of this equality to test the correctness of the various normaliza-
tion constants in the above computations. O

3. THE PROOF OF THEOREM 1.1

3.1. Asymptotic estimates of the spectral function. We fix an orthonormal basis of L?(M, g) con-
sisting of eigenfunctions ¥,, of A,

AU, =XV, n=0,1,..., <A < - <Ay <o

The collection (¥,,),, <1, is therefore an orthonormal basis of U 1, so that the covariance kernel of the
Gaussian field determined by U, is

SL(p,q) = Z \I]n(p)\Pn(Q)
An<L

This function is also known as the spectral function associated to the Laplacian. Equivalently, €, can
be identified with the Schwartz kernel of the orthogonal projection onto U ;. Observe that

/M SL(pyp) ’dVg(p” =dimUjy.

In the groundbreaking work [22], L. Hormander used the kernel of the wave group etV (o produce
refined asymptotic estimates for the spectral function. More precisely he showed (see [22] or [24,
§17.5])

enlp,p) = (;T’;“mL%Jro(LmT‘l) as L — oo, 3.1)

uniformly with respect to p € M. Above, w,, denotes the volume of the unit ball in R". This implies
immediately the classical Weyl estimates

dimUyp ~ —— (3.2)

A simple application of the maximum principle shows that on each nodal domain, all the local extrema of y are of the
same type: either all local minima or all local maxima. Thus p(u, D) can be visualized as the number of peaks of |u| on
D.
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Hormander’s approach can be refined to produce asymptotic estimates for the behavior of the deriva-
tives the spectral function in a neighborhood of the diagonal. We describe below these estimates
following closely the presentation in [7]. For more general results we refer to [40, Thm. 1.8.5, 1.8.7].

We set A := L2. Fix a point p and normal coordinates x = (x!, ..., 2™) at p. Note that z(p) = 0.

For any multi-indices o, 3 € Zg‘o we have (see [7, Thm. 1.1, Prop. 2.3])

8a+ﬁ8L(‘T’ y)

D15 ‘z:y:() = Cn(a, ﬂ)/\m+|a|+|5| + O( AmHal+18l-1 ),
r=oy

where
0, a—0¢(22)"

N2 (L. aotflda|, a—fe (2Z)™,
and B™ denotes the unit ball
B" =[x ecR™ |z|=1)
The estimates (3.3) are uniform in p € M. Using (A.6) we deduce (compare with (B.13) )

1 b 1 arpe
" Pldx| = — x - |d|.
(27r)m m (47T)7F(1 + W) RmM T2

We set
K, =Ch(a,a), |of =1,
so that

1 el 1
m = m — / T —m—|dz| = ™ —
Am)Er(2+2) Jam ' x5 2(4m) 2T (2 + %)
For any 7 < j define o;; € Z™ so that

x* = xix;.
Fori < j and k < ¢ we set
Conli,ji ko 0) = C ! iy
m(%]; ) )* m(amaald) — (477)%1_‘(34-%) /mxzxjwkxfﬂ_g’ C'3|
For ¢ < j we have
1 e~z 1
OB = e ) e T A E T amEr )
Finally
1 ~ e 3
Cm(ivi;ivi) = m / x?e m |d:12| = m = 3¢m,
(4m)2T(3+%) Jem ' w2 4(4m)2T(3+ %)
and

Coli, ik, 0) =0, Yk <€, (i,7) # (k,0).

3.3)

(3.4)

(3.5)

(3.6)

3.7

(3.8)
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3.2. Probabilistic consequences of the previous estimates. We denote by o” the stochastic metric
on M determiner by the sample space U, L > 0. As explained in Subsection 2.3 the covariance
form of the random vector U, > u — du(p) € T;M is 0'5 , and from (3.3) we deduce

€1 (z,y)
Oxi Oyl
K /\m+2gp(a 3J)+O()\m+1) as L — oo, uniformly in p.

oL (Dyi,0,) = lomy—=0 = Km A" 726;; + O(A™ )

(3.9)

In particular, if S du(p) denotes the covariance operator of the random vector du(p), then we deduce
from the above equality that

Shup) = Km X" 1y + O(A™), uniformly in p, (3.10)
and invoking (2.20) we deduce
JE(p) = (det Sk )? = KA A% £ O(A™% 1), uniformly in p. G.11)

Denote by X%, the covariance form of the random matrix
Up>u— Viu € S(TpM) = Sp,
Using (2.27) and (3.3) we deduce
Sty = cp A5 11 + O(A™ ), uniformly in p, (3.12)

where the positive definite, symmetric bilinear form X3 1 : 8§/, x 8y, — R is described by the equal-
ities (B.2a) and (B.2b). We denote by I'3 1 ;1 the centered Gaussian measure on §,, with covariance
form X3 1 1.

The equality (2.28) coupled with (3.3) imply that the covariance operator Qé satisfies

L _ m+2 : :
Q, = O(N""%), uniformly in p. (3.13)

Using (3.10), (3.12) and (3.13) we deduce that the covariance operator EILJ defined as in (2.23) satisfies
the estimate N
E.If = cm)\m+4Q3,1,1 +O(\™2), as L — oo, uniformly in p, (3.14)

where (0311 is the covariance operator associated to the covariance form ¥3 1 1 and it is described
explicitly in (B.3). If we denote by dI';, the Gaussian measure on 8,,, with covariance operator Z&

p 9
we deduce that
1 (~L Y,Y) 1

dr'p(Y) = e . 5 dy;i,
(2m) " #" (det )2 11 ’
|dY]
where
N, = dim8, = M
m m 2 .

Let us observe that |dY| is the Euclidean volume element on §,,, defined by the natural inner product
on 8, (X,Y) =tr(XY). We set
1

. +4 AL _ 1 =L
cr =AY, Qp = o P
Using (A.7) we deduce that
1 EL 5 (QFY.Y)
- - / |det Ve~ \dY\ foL)Q . / |detY]e~ 'z |dY].
(2m) 2" (det BL)2 /s (2m) 72" (det Q)2 /snm



24 LIVIU I. NICOLAESCU

From the estimate (3.14) we deduce that
Q;L) — C53,1,1 as L — oo, uniformly in p.

‘We conclude that
(m+4)

E(\detypy):/ |det Y[dTL(Y) ~ e A" /\detY!dfg,Ll(Y). (3.15)
Sm Sm

The measure dI' 1 1 is described explicitly in (B.11), more precisely

dl311(Y) = % . e‘i(trYZ_"L:_Q(trYp)|dY’7

(2m) 2 /i,
where i, is given by (B.12). Using (2.25), (3.11) and (3.15) we deduce that

E(NL) ~ (Cm> AR 0L (M) / |det Y|dLs 1 (Y)
K,, S
(32) <Cm> 7 o) dimU7.
K,, W
Observe that
re+mo 1 El o)™ m

om _ TR+5) Cwm = 2) —@mEr(1+ ).

K, 2'3+%) m+4 Fr1+%) wn 2
This completes the proof of (1.1) and (1.7). O

3.3. On the asymptotic behavior of the stochastic metric. We denote by g(L) the metric

g(L) := \~(m+2)gl — L2k

where K, is described by (3.5).The estimate (3.9) shows that

)

o) L g asL— oo,

where K, is described by (3.5). The metrics g(L) are closely related to the metrics constructed in
[5, Thm. 5]. We want to discuss here possible ways to improve the topology of the convergence.

Observe that if g(L) were to converge in the C-topology to K, then the sectional curvatures
of g(L) would have to be uniformly bounded. Conversely, the results of S. Peters [36] show that
the C° convergence coupled with an uniform bound on the sectional curvatures would yield a C'*®
convergence.

The results in [1, §12.2.1] describe a simple way of expressing the sectional curvatures of o in
terms of the spectral function €. Here are the details.

Denote by V¥ the Levi-Civita connection of the metric
coordinates (z!,...,2™) at p. We set

L L 8a+bEL(may) |
ietaiflendo T Gpin . Dxia Dyt - - - Py z=y=0,

L. Fix a point p € M and g-normal

U(L)ij = Uﬁ(axivaxj)a 1<4,5 <m,

and we denote by (o(L)" )1<; j<m the inverse matrix of (o (L);j )1<i j<m. From [1, Eq. (12.2.6)]
we deduce
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We set

F(L)Z = ZU(L)keF(L)Uf = ZU( )kﬂgw 0

14 L

(vgxzaﬂ )p = ZF(L)Zaz’“
k

so that

For u € U, we set

Hfj(u) = (0900w — (V5 0p)u) , = 0 Opsu(p Zr k- On, u(p). (3.16)

We think of the matrix Hﬁ(u) as an element H"(u) € T4 M @ T3 M,

= Z HﬁdmZ ® da?
and we set
HE(u) A HE (u Z w)HE (w)dz® A da® @ da? A da
i,5,kl
= Y Qhj(wda' Ada* @ dal A dat.
i<k,j<tl
Note that

ihje(w) = 2( Hj (w)Hiy(w) — Hijj(w) Hig(u) ).
We denote by R the Riemann tensor of o and we set

Ry = o (RY(0,0,0,0)0,0, 0,0 ),

The map U > u — Qiije(u) € R is a random variable and according to [1, Lemma 12.2.1] we
have’

2R} = —E(Ql0)- (3.17)
In particular we deduce that

From (3.9) we deduce that
o(L)ij = EL- ~ Kp A" 25, + O™ ) as L — oc.
Hence )
ij ij -1
o (L) ~ W(a] +O(A )).

From (3.3) we deduce that as A\ — oo we have
1 1
k ke -1 L L
DD ~ 3 gz (07 + OO0 e ~ el + OO
[

E(0%,;u(p), du(p)) = €y = O(N™T?) (3.18b)

Using the estimates (2.27), (3.16), (3.18a) and (3.18b) in (3.17) we deduce

B(HEHE — () = (ehy, — £5,,) + OO,

O(1), (3.18a)

5Alternatively, in our case, the equalities (3.17) are simple consequences of Theorema Egregium, [31, §4.2.4, Eq.
(4.2.12)].
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We deduce that the sectional curvature of o’ along the plane spanned by 9,:, 0« is
L
B Rijij _ 1 (gL _eL ) +0 u iJJ 82] 1]
o (L) (L) = o (L)f — Kpamed s s )
On the other hand
E(8% u(p), 0% culp)) =L, ~ Cpnli, ik, ONTE+ O3, i <, k<{,
izl kg ij;ke J J
where Cy, (4, j; k, £) is defined by (3.6), and we deduce

L _

ek — &L = (Cnli,isj,j) — Cum(i, j;i,5) )A™ T + O(N™3) = O(X™T3). (3.19)
Hence .
L L L —m—2
KZ] Kgn)\2m+4 ((O’%”LJ] 81] 1]) + O()\ )

The sectional curvature of g(L) = A~ 2 along the plane spanned by 9,:, 9, is

1
m~+2 gL L
K = A"TK = K2 \m+2 ( itgj — €ij; Z]) +0(1).

We deduce that the sectional curvatures of g(L) are uniformly bounded if and only if

eL s 8{3 0= = O(A™"2) uniformly over M. (3.20)

Note that the estimates (3.20) are stronger than the estimates (3.19) which are direct consequences of
the Bin-Hormander estimates (3.3).

Let us point our that (3.20) hold when (M, g) is a homogeneous space equipped with an invariant
metric. Indeed, in this case the metric g(L) has the same symmetries as g and thus there exists a
constant ¢y, > 0 such that g(L) = c¢pg. Then ¢, — K,, as L — oo so that g(L) — K,,g in the

C*-topology and therefore ?Z-Lj =0(1).

4. THE PROOF OF THEOREM 1.2

4.1. Reduction to the classical Gaussian orthogonal ensemble. We begin by describing the large
m behavior of the integral

1
Iy = / [det Xt (X =1 0%) 5

m(m+1)

(27() 1 m m

where we recall that
We will use a trick of Fyodorov [1 8], see also [17, §1.5]. Recall first the classical equality

1
/ ef(at2+bt+c)|dt’ — (f) ? e%, A= — 4dac, a > 0.
R a

For any real numbers u, v, w, we have
ut? + vtr(X + wtly,)? = (u+ mw?)t? + 2vw(tr X)t + vtr X2
=: a(u, v, w)t* 4+ b(u, v, w)t + c(u, v, w).

We seek u, v, w such that

22 b2 —4 1
VW pxpo Y yxpoYdee 1 (trxz _

m + 2

U + muw? U + muw? 4a 4

(tr X)2> .
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We have

v 1 v2w? 1

u+rmuw? 4 ut+mw? 4(m+2)’

and we deduce

1 1
’U’szz( o) v:z(u+mw2)<:>u:4v—mw2.
m
Hence
w? = 1 U v — m
(m+2)’ (m+2)
We choose v = % so that
2 2m 4
2
w (m+2), u (m+2) m+27 a(u,v,w) v )
1
e‘i“nﬁ_mLJ“XF)zz<2>2u/6_éiw 3 Xy S ) g
™ R

_ 2
(s = mt)

27

1 1 9.2
— <2(m+2)>2/e—%tr(){+\j§1m)2edeS: (m+2>2/e§tr(Xlem)2 . € 2; ds .
=)k ) s %
——

Hence

1
o= O [ ([ 1l g
25(27r)f\//m R -

,Am

= A, /(/ | det(z1,, )\e%trYzydw) dvy(z).

=:fm(z)

For any O(n)-invariant function : 8,, — R we have a Weyl integration formula (see [3, 17, 27]),

1
- X)|dX A d\
@mﬂwéﬂ>|| /f| Ml AN,

AN =TT v =)

1<i<j<n
and the constant Z,, is defined by the equality [3, Eq. (2.5.11)],

N B ot TTr(?
Zon /ne2 1A (V)] dA] QQH'EF(Q)'

Now observe that for any A\g € R we have (with f,,, defined in (4.1))

where

dim 8m

e Hu—w [ ()

(4.1)

(4.2)
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l)\(g) 2 dim 8y m
262(;)2/ em2 NN A1 Aoy A,y Am) [ 1dAL - dAy|
132 dim 84,
2 Zm 1 _1ym
_ €2 0( 7[') 2 +1 / e éZizl/\? Am+1()\0,)\1,-..,)\m)"d)\l"'d)\m|-
Zm Zm+1 m

=:pm+1(Ao)

The function R,,(z) = np,(x) is known in random matrix theory as the 1-point correlation function
of the Gaussian orthogonal ensemble of symmetric n x n matrices, [13, §4.4.1], [19, §3], [27, §4.2].

‘We conclude that

2m) ™ A Z 2 AnZ 2 2
I, = I [ (@) dya) = S pmmx)fwdw.
R Zm R T

Zm
We have
Z 1
Zm
2(2m)" " A Z 2 +1 (m+2)3
e 2 +1 dim 8§y 1 m m 2
z ~ memtl _ (27) "2 22(m—|—1)F( 5 ) n )
™ m m 25(27'() 4 \//m
+1\ (m+2)2
2
= \[(m +1)T (m ) mn
@ 2 Vm
+1 (m +2)2
m m 2
= enr (M) e
™ 2 93 (™" )+T(m+2)§
2 r m+1 2 o m+3
B \/7(m+1) 1 m(—12 7171 - 1 mgl . )71
™ 25( 2 )73 m o3z (" )+
We deduce
2 2F (m+3) 3z2
I,=4/-——2 71 T2 dx. 4.3
m \/;2%(m2—1)+7n2—1 /Rperl(:E)e 2 ax ( )
We set

and we deduce

_ 322 _3ns? _3ns? _
/pn(m)e 2 d:U:/pn( ns)e 2 ds:n/e 2 pn(s)ds
R R R

2r\: [ (3m)be M 4.4)
= (= WWEE P pa(s)ds.
<3n> / ami e
——

=:wn(s)

To proceed further we use as guide Wigner’s theorem, [3, 13, 17, 27] stating that the sequences of

probability measures

3H
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converges weakly to the semi-circle probability measure® p(z)dz,

1 V2 —a? x| <V2
PO =200, 2| > V2.

T
We observe that the Gaussian measures w,, (s)ds converge to the Dirac delta measure concentrated at
the origin. This suggests that

4.5)

lim pn(s)wn(s)ds = p(0) = —. (4.6)

n—oo Jp T

We will show that this is indeed the case by slightly refining the arguments in one particular proof
of Wigner’s theorem; see [17, §7.1.6],[19, §6.1] or [27, A.9]. For the moment we will take (4.6) for
granted and show that it immediately implies (1.4).

Using (4.6) in (4.3) and (4.4) we deduce that

\/2 or (mt2) ( 2 )é V2
Iy ~\| = 7 X X — as m — oo.
moz (M )+ 3(m+1) @

We now invoke Stirling’s formula to conclude that

3
log Iy, ~~ log T (m;—) ~ logm, as m — oco. 4.7)

2
Form (1.3) we deduce that

log C(m) =log I, + %log4ﬂ+logf<1 + %) — %log(m+4).

Stirling’s formula and (4.7) imply that

log C(m) ~log I, ~ %logm as m — oo.
This proves (1.4). O
4.2. Wigner’s semicircle law revisited. We can now present the postponed proof of (4.6). The 1-

point correlation function R, (x) can be expressed explicitly in terms of Hermite polynomials, [27,
Eq. (7.2.32) and §A.9],

n—1 L
ny L
Rn(x) - Zwk(w)g * <§> 2 ¢n71(.7)) / 5(,7; - t)wn(t)dt + Oén(ﬂj‘), (4.8)
k=0 R
where 1 2 i
x ) ,
w’nl': 677an7an:—1nx76*fE’
( (2nnl\/7)3 () (2) = (~1)"e” (™)
(2) {0’ ne2z
an x)= wn— (CC)
T M€+,
and
L 2>0
E('T) - 0, xTr = 07
1 0

OThere are different rescalings of the semicircle measures in the literature. Our conventions agree with those in [27].
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From the Christoffel-Darboux formula [42, Eq. (5.5.9)] we deduce

n—1 n—1
w1 S @) = Y i i) = M(Hé@)ﬂn—l(ﬂc) ~ Hu(@)H\())
k=0 k=1

Using the recurrence formula H), = 22 H,, — H,,+1 we deduce

Hy (2)Hy1(x) — Ho(2)Hy (2) = Hyy(2) — Hpo1(2) Hoga (2)

and
mmzwm_mﬁ@mm—mqwmm@w

We set

TR (Vi) R SR L () -y .

kn(z) : N £n(x) N Ry (x) \/ﬁRn(\/ﬁx) pn(x)
so that

R, (z) = kn(z) + £,(2)

Lemma 4.1.

lim sup |[£,(x)| = 0. 4.9)

N0 zeR
Proof. Using the generating series [42, Eq. (5.5.7)]
oo
TTZ
> Hy(e)—p = 2T
n!
n=0

we deduce that

= 2? ™ (z—21)?2
Z </ e2Hn(m)dx> — = el / e dy = V2rel”,
n=0 R e R
so that
1 2 V2 v/ 2(2n)!
/ e 2 Hop(x)dx = " and / Yon(x)dr = (7711) ~ const - ni asmn — oo.
(2n)! Jr n! R 2nnlra

Using [13, Thm. 6.55] or [42, Thm. 8.91.3] we deduce that
_1
sup |y (z)| = O(n™12)
z€R

and thus

sup |an ()| = O(n™ 12 i) =0(n"3) asn — oo.
zeR
We set

F.(z) =

=

e(x — t)in(t)dt.

L

Using [13, Thm. 6.55 + Eq. (6.26)] we deduce sup,cg [Fy(z)| = O(n ™12 ). This proves (4.9). O

From the above lemma we deduce that

/(ﬁn(s) — p(s) Jwn(s)ds = / (kn(s) = p(s) )wn(s)ds + O(n_é ) asn — oo.
R R
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Lemma 4.2.

FIGURE 1. The graph of kig(x), |z| < 2.

Proof. Fix ¢ € (0,1/2) so that the interval (—c, c) lies inside the oscillatory regime of H, (/nt). We
have

/ (Kn(s) — p(s) )wa(s)ds
R

- /|< (kn(s) = pls) wn(s)ds +/ (Kn(s) = p(s) Jwn(s)ds

< sup |kn(s) — p(s)| + sup |(kn(s) —p(S))\/> wy(s)ds.

s|<e [s|>c

Using the Plancherel-Rotach formula ([13, Eq. (6.126)], [37], [42, Thm. 8.22.9]) and arguing as in
[17,87.1.6] or [19, §6.1] we deduce that

lim sup |k, (s) — p(s)| = 0.

0| <c

On the other hand

lim wp(s)ds = 0,

and [42, Thm.8.91.3] implies that
sup |(kn(s) — p(s))] = O(1) asn — oo.

[s|>c
Since wy, (s)ds converges to the d-measure concentrated at the origin we deduce
lim [ p(s)wy(s)ds = p(0) = —.

n—oo Jp T

This proves (4.6).
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APPENDIX A. GAUSSIAN MEASURES AND GAUSSIAN RANDOM FIELDS
For the reader’s convenience we survey here a few basic facts about Gaussian measures. For more
details we refer to [9]. A Gaussian measure on R is a Borel measure v, , of the form

1 _@m?
e 202 dzx.

xTr) =
Yo (%) oV 2

The scalar m is called the mean while o is called the standard deviation. We allow o to be zero in
which case
Ym,0 = Om = the Dirac measure on R concentrated at m.

Suppose that V' is a finite dimensional vector space. A Gaussian measure on V' is a Borel measure
v on V such that, for any £ € V'V, the pushforward £, (v) is a Gaussian measure on R, &.() =
Tm(€).o(€)-

One can show that the map V¥ > ¢ — m(¢) € Ris linear, and thus can be identified with a vector
m, € V called the barycenter or expectation of +y that can be alternatively defined by the equality
my = | v vdy(v). Moreover, there exists a nonnegative definite, symmetric bilinear map

¥:VVx VY SR suchthat o(6)? = 3(,€), Ve VY.

The form X is called the covariance form and can be identified with a linear operator S : V¥ — V'
such that

%(&n) = (& Sn), V,neVY,

where (—, —) : V¥ x V — R denotes the natural bilinear pairing between a vector space and its
dual. The operator S is called the covariance operator and it is explicitly described by the integral
formula

(€, 8m) =A(&n) = /V<§7v —my)(n,v — m,)dy(v).

The Gaussian measure is said to be nondegenerate if 3. is nondegenerate, and it is called centered if
m = 0. A nondegenerate Gaussian measure on V' is uniquely determined by its covariance form and
its barycenter.

Example A.1. Suppose that U is an n-dimensional Euclidean space with inner product (—, —). We
use the inner product to identify U with its dual U". If A : U — U is a symmetric, positive definite

operator, then
1

1 -1
dya() = —F———e 247w |y (A.1)
Ta(®) = o e dul
is a centered Gaussian measure on U with covariance form described by the operator A. O

If V is a finite dimensional vector space equipped with a Gaussian measure v and L : V' — U is
a linear map then the pushforward L.~ is a Gaussian measure on U with barycenter

mp.y = L(m,)
and covariance form
YU xUY =R, Zp,(n,n) =3%,(Ln, L"), VneU’,

where LY : UY — V'V is the dual (transpose) of the linear map L. Observe that if 7 is nondegenerate
and L is surjective, then L.~ is also nondegenerate.
Suppose (8, 1) is a probability space. A Gaussian random vector on (8, 1) is a (Borel) measurable
map
X : 8 — V., V finite dimensional vector space
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such that X, is a Gaussian measure on V. We will refer to this measure as the associated Gaussian
measure, we denote it by vx and we denote by X x (respectively Sx) its covariance form (respec-
tively operator),
Ex(&,&) = E((&, X — BE(X)) (&, X — B(X))).
Note that the expectation of ~yx is precisely the expectation of X. The random vector is called
nondegenerate, respectively centered, if the Gaussian measure yx is such.
Suppose that X; : 8 — V1, j = 1,2, are two centered Gaussian random vectors such that the

direct sum X; ® X9 : 8§ — V1 @ V4 is also a centered Gaussian random vector with associated
Gaussian measure

VX1 8Xs = DX 00X, (T1, T2)|dT1dTs|.
We obtain a bilinear form

cov(X1,Xs) : Vi xVy =R, cov(Xy1, X2)(&1,&) = 2(&1, &),

called the covariance form. The random vectors X and X5 are independent if and only if they are
uncorrelated, i.e.,

cov(X1, X2) = 0.

We can form the random vector E(X1|X2), the conditional expectation of X given Xo. If X7 and
X are independent then E(X;|X2) = E(X)), while at the other extreme we have E(X;|X;) = X;.

To find a formula for E(X1|X2) in general we fix Euclidean metrics (—, —)y, on V ;. We can
then identify cov(X1, X2) with a linear operator Cov (X1, X3) : Vo — V1, via the equality

E( (&1, X1)(&, X2)) = cov(X1, X2) (61, &)
= (&,Cov(X1, X2)e}), V& e VY, &eVy,

where 55 € V3 denotes the vector metric dual to &. The operator Cov(X, X3) is called the
covariance operator of X1, Xo.

Lemma A.2 (Regression formula). If X1 and X5 are as above and, additionally, X5 is nondegener-
ate, then

E(X1|X2) = Cov(X1, X2)S5! (X2 — E(X2)) + E(X1). (A2)
Proof. We follow the elegant argument in [4, Prop. 1.2]. We seek a linear operator C' : Vo, — V4
such that the random vector Y = X; — C' X5 is independent of X5. If such an operator exists then
E(X1|X3) =E(Y|X2)+ E(CX3|X3) =E(Y)+ CXy =CXo.

Since the random vector X; — C' X3 is Gaussian the operator C' must satisfy the constraint

cov(X; — CXg, Xy) = 0<=0=Cov(X; — CXq,X3) = Cov(X1,X2) — Cov(CXs, Xs)
To find C' we note that

(&,Cov(CXy, X2)& ) = E((&1,CXa)(&, Xa))

= E((CV&1, Xa) (&, X2)) = Tx,(CV&1, &) = (£1,C8x,&0).
Identifying V'5 with V'3 via the Euclidean metric (—, —)y,, we can regard Sy, as a linear, symmetric
nonnegative operator Vo — V5, and we deduce that Cov(C X2, X2) = CSx, = Cov(X1, X2)
which shows that

C = Cov(X1, X2)S.. (A3)
O
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The conditional probability density of X; given that X» = x5 is the function

_ PX1®Xo (wh 332)
Jv, pxiax, (1, 22)|d21 |

P(X1 | Xo=as) (T1)

For a measurable function f : V; — R the conditional expectation E(f(X1)|X2 = x2) is the
(deterministic) scalar

B(f(X))| X = @) = /V (@)D, Xy (1) |

Again, if X5 is nondegenerate, then we have the regression formula

E(f(X1)|X2 = 22) = E(f(Y +Cx)) (A4)
where Y : § — V1 is a Gaussian vector with
E(Y)=E(X,)—CE(X2), Sy =Sx, — Cov(Xl,Xg)S;(l Cov(Xo, X)), (A.5)
and C'is given by (A.3).

Let us point out that if X : § — U is a Gaussian random vector and L : U — V is a linear map,
then the random vector LX : § — V is also Gaussian. Moreover

E(LX) = LE(X), 2rx(&¢) =2x(LYE LYE), VEe VY,
where LV : V'V — UV is the linear map dual to L. Equivalently, S;.x = LSxL".
A random field (or function)onaset T isamap & : T x (S, u) — R, (¢, ) — &(s) such that
e (8, p) is a probability space, and
e for any ¢t € T the function & : 8 — R is measurable, i.e., it is a random variable.
Thus, a random field on 7" is a family of random variables &; parameterized by the set T". For
simplicity we will assume that all these random variables have finite second moments. For any t € T’

we denote by (i, the expectation of &;. The covariance function or kernel of the field is the function
C¢ : T x T — R defined by

Ce(tr,ta) = E( (&, — piy) (& — h1n) ) = /S(ﬁtl(s) — pity) (€2 (8) — paey ) dpa(s).
The field is called Gaussian if for any finite subset F' C T the random vector
Ses— (&(s))tep e RF

is a Gaussian random vector. Almost all the important information concerning a Gaussian random
field can be extracted from its covariance kernel.

Here is a simple method of producing Gaussian random fields on a set T'. Choose a finite dimen-
sional space U of real valued functions on T'. Once we fix a Gaussian measure dy on U we obtain
tautologically a random field

§:TxU —R, (tau) = gt(u) = u(t)
This is a Gaussian field since for any finite subset F' C T the random vector
E:U—RY, ur (ut))er

is Gaussian because the map = is linear and thus the pushforward =.dvy is a Gaussian measure on
R¥. For more information about random fields we refer to [1, 4, 12, 21].
In the conclusion of this section we want to describe a few simple integral formulas.
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Proposition A.3. Suppose V is an Euclidean space of dimension N, f : U — R is a locally
integrable, positively homogeneous function of degree k > 0, and A : U — U is a positive definite

symmetric operator. Denote by B(U) the unit ball of V' centered at the origin, and by S(U) its
boundary. Then the following hold

1
e oy TN = W,;/B( fw)ldul

6 \u\Q
1_|_k+N /f —x|dul.

/ F () (u) = £5 / f(u)dny () ¥t >0, (A7)
U U

where d~y 4 is the Gaussian measure defined by (A.1).

(A.6)

Proof. We have

u)|du| = 1 ket N-1 U U —# U U
/B(U)f( )Id |—/0 t </S(U)f( J|dA( >|) = THF Sy @AW

On the other hand
2 1 o0 1 42
o [ e = 2 ([Tt ta) [ plaa)
71'2 T2 0 S(U)

1 _(k+N E+N_ [(k+N
— ( 3 ) g Pl =2 () [ s

1 kE+N
T2 B(U)

This proves (A.6). The equality (A.7) follows by using the change in variables u = t2v. O

APPENDIX B. GAUSSIAN RANDOM SYMMETRIC MATRICES

We want to describe in some detail a 3-parameter family of centered Gaussian measures on S,,,
the vector space of real symmetric m X m matrices, m > 1.
Forany 1 < i < j define &;; € 8y, so that forany 4 € §,,

&ij(A) = a;; = the (7, j)-th entry of the matrix A.

The collection (&;;)1<i<j<m is a basis of the dual space 8),. We denote by (E;;)1<;<; the dual basis
of §,,. More precisely, £;; is the symmetric matrix whose (4, j) and (4, ¢) entries are 1 while all the
other entries are equal to zero. For any A € §,,, we have

A=) &(AE;

1<j
The space 8., is equipped with an inner product
(= =) :8n x8n —R, (A, B)=tr(4AB), VA, B € §,,
This inner product is invariant with respect to the action of SO(m) on §,,,. We set

= Eij, i=]
B = .
" {\}iEij’ 1 <.
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The collection (Ezg)zg j is a basis of §,,, orthonormal with respect to the above inner product. We set

£ e &ijs =7
Y V25, i<

The collection (éij)z‘gj the orthonormal basis of 8Y, dual to (EU) The volume density induced by

this metric is
1<j 1<j
To any numbers a, b, ¢ satisfying the inequalities
a—b, ¢, a+(m—1)b>0. (B.1)
we will associate a centered Gaussian measure I'; ;, . on 8, uniquely determined by its covariance
form
E=%pc:8, %8, =R
defined as follows:
(&, &) = a, B(&i,&j5) = b, Vi # j, (B.2a)
2 (&, Gij) = ¢ B(&ij &ke) =0, Vi<j, k<L, (i,j) # (k,{). (B.2b)
To see that 3, . is positive definite if a, b, ¢ satisfy (B.1) we decompose 8y, as a direct sum of
subspaces
8 =Dy ® O,

m
Dy, = span {gzza 1<i< m}, Oy, = span {fij; 1<1<3< m}’ dimO,,, = (?)

With respect to this decomposition, and the corresponding bases of these subspaces the matrix Qg p .
describing X, . with respect to the basis (&;;) has a direct sum decomposition

Qa,b,e = Gm(a7 b) D C]l(rzn)a

where G, (a, b) is the m x m symmetric matrix whose diagonal entries are equal to a while all the
off diagonal entries are all equal to b.

The the spectrum of G, (a, b) consists of two eigenvalues: (a — b) with multiplicity (m — 1) and
the simple eigenvalue a — b+ mb. Indeed, if C,,, denotes the m x m matrix with all entries equal to 1,
then Gy, (a,b) = (a —b)1,, + bCy,. The matrix C),, has rank 1 and a single nonzero eigenvalue equal
to mm with multiplicity 1. This proves that (), ; . is positive definite since its spectrum is positive. We
denote by dI', s, . the centered Gaussian measure on §,, with covariance form X, ..

Since §,, is equipped with an inner product we can identify X, ;. with a symmetric, positive
definite bilinear form on §,,,. We would like to compute the matrix @ = @mb’c that describes X, 5,

~

with respect to the orthonormal basis (E;;)1<i<;. We have
Q(Eii, Eii) = Q(&i, &) = a, Q(Eu, Ej;) =b, Vi# j,
Q(Eij, Eij) = Q(&ij, &ij) = 2Q(&j &ij) = 2¢, Vi < j,
Thus
me,c = Gm(a, b) & 26]1(7;). (B.3)

If | — |4,p,c denotes the Euclidean norm on §,,, determined by X, ; . then for

A= Z a;jFij = Z aii Eii + \@Z aijEij-

1<J ) 1<j
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we have

]A]abc = aZau +2bZa“a3] —|—4cZa”

1<j 1<J
=(a—b— QC)ZCL%- +b (Zaii) + 2¢ Za“ +2Zaw
7 % 1<j
=(a—b—2c) Za?i + b(tr A)? + 2ctr A2,

i
Observe that when

a—b=2c (B.4)
we have

|AJZ 4 e = bltr A)® + 2ctr A” (B.5)

so that the norm | — |44, . and the Gaussian measure dI', 3, . are O(m)-invariant. Let us point out that

the space §,,, equipped with the Gaussian measure dI'2 ¢ 1 is the well known GOFE, the Gaussian
orthogonal ensemble.
To obtain a more concrete description of I', 5, . we first identify 3, ; . with a symmetric operator

Q\a@c : 8 — Sm. Using (B.3) we deduce that
@a,b,o = G(a, b) ©® 26]].(?)
Observe that

det Qape = (a—b)(a+ (m—1)p)" " (20)(3), (B.6)
and
Qa b,c Qa’ b = (a/’ b/) @ 20/1(73)’ (B7)
where 2¢/ = i and the real numbers o', b’ are determined from the linear system
_ 1
-V = 5
(B.8)
(I/ =+ (m — 1)b, = m
We then have
1 _1
dCopo(X) = — s e 3Qub X935 (3) T day, (B.9)
(27T) 4 (det Qa b c)5 i<j
where ) .
N—1 2 2 2
Q1 X, X) = (a' . %) Zx (60 X)? + o tr X7, (B.10)

The special case b = ¢ > 0, a = 3c is particularly important for our considerations. We denote
by (—, —)c and respectively dI'. the inner product and respectively the Gaussian measure on §,,
correspondmg to the covariance form 3. . ..

If we set Qc = Q3c c,c then we deduce from (B.7) that

A1_ 5 1
—1 = Iy = / / _ m
Qc _Qa,b,c Gm(a,b)@201(2),

where

d-b = =2/
C

(Z, + (m — 1)b/ = (mT12)c
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We deduce ) ) )
mblzi——:—ij/:_i
(m+2)c 2c 2¢(m+2) 2¢(m + 2)
Note that the invariance condition (B.4) a’ — b’ = 2¢/ is automatically satisfied so that
~ 1 1
—1 2 2
X, X)=—trX°— —(tr X)~“.
(@X, ) 2 " 2c(m—|—2)( rX)
Using (B.6) and (B.9) we deduce
dlo(X) = m(iﬂ) e (X X)) 5 1(h) I Idxi;l. (B.11)
(2me) 1 \/Iim i<j
|ldX|
where
i = 202)F D (4 49, (B.12)
The inner product (—, —). has the alternate description
eflwl2
(A,B).=1.(A,B) := 40/ (Az, xz)(Bx, x)—F—|dz|
m T 2
5 (B.13)

z|

- c/ (Az,2)(Bz, z)——|dz|, YA, B € Sn.
To verify (B.13) it suffices to show that
I(Bii, Byi) = 3¢, I.(Eiy, Ejj) =c, I(Ey, Eij) =4c, V1 <i<j<m,

Ic(Eij>Ek€) = Oa V1 < i< J < m, k < 67 (Zaj) 7& (kag)
To achieve this we need to use the classical identity

m m
1
/ x%m .Hx%me_lwp‘dwl - H / xz”’“e—tzdxk = H r <pk + 2) .
m k=17R k=1

Observe that

E 6_‘3‘2 9 2e_|m|2

11y 7 m - ) ] m

[ (Buz@)(Bz,2)—lde| = [ atat*ldo
m m 2 Rm

T2

m 1\m—2 (Q)F(2)7 =17 1 3, i=j
= (3) T i
@Y Y
Next, if 7+ < 7 we have
‘2

e_lwl2 9 26—‘&:
| Bywo)Bym.a) lial =4 [ atd s = 1.

™2 ™2

Finally, if i < j, k < ¢ and (7, j) # (k, £), then the quartic polynomial
(Bijz, x)(Exez, )

is odd with respect to a reflection x,, — —x,, for some p = {1, j, k, £} and thus

T2
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APPENDIX C. SOME GAUSSIAN INTEGRALS

The proof of (2.38). We want to find the value of the 1ntegral
V2 H dx;;.

1 _1 2_1
I: 3 ’detX|€ 4(tI‘X tI‘X
4(2m)z Js, 1<i<j<2
We first make the change in coordinates
Tin=T+Y, Tp=T—yY, Ti2=2.

det X =22 —y? — 2%, tr X =2z, tr X2 =2(2? + 4%+ 2°)

Then
_ .2
Hence
1
— . | 2_y _Z2|67ix +2y2+2z2)\/§|d&:dyd2”
2(2m)2 JRs
(x = V2u)
1
= 5 / |2u? — y? — 22|e_% “2+y2+z2)]dudydz|
(2m)2 JR3

2

s Jes
We now make the change in variables y = rcos @, y = rsinf, r > 06 € [0,27) and we deduce

9 00 2 9, o
= 3/ / (/ — e v dH) rdrdu
w2 JRJO 0

8 o0 o0
= 7;-/ / \2u2 — r2|e_(“2+rz)rdrdu.
2 JO 0

We now make the change in variables
u=tsiny, r=tcosp, t>0, 0

2u2 — % — 22|e~ V) | dudydz|.
) Y

w\:}

Y <

and we conclude
8 o 3
I=— </ e_t2t4dt> /2 13sin? o — 1| cos pdyp
T2 0 0
5 4 4
= —. |

_4XF<2)X3\/§_\/§

(t =+/s,x =sinyp)
4 00 1
= — (/ e_ssgd,s) </ 322 — 1|dx> = —
w2 0 0 T2
Proposition C.1. Consider the Gaussian measure I'y, on 83 with covariance form %, p, .., where
n = Sp + 3tn, bn =5p +1tn, cn =1tn, Sn,tn > 0.
det XdI',,(X) = 2. (C.1)

Then
I, =—
Sn 8o



40 LIVIU I. NICOLAESCU
Proof. Using (B.9) we deduce

1 —~
dl'n(X) = 3 ~ eié(Qa"’b”’C"X’X)ﬂ H dz;j,
(2m)2 (det Qa,y b cn) 1<i<j<2

N|=

where
(B-6)

det @an,bn,cn 2(an — by)(ayn, + by)en = 815721(3” + 2t,,) =: op,

~ ) 1 1
(Qan bn,en X, X ) (29 (a;z — b, — > (23 + 235) + bl (tr X)* + 2. tr X2,

2¢cy, Cn

and, according to (B.8), the parameters a/,, b/, are determined by the linear system

n - n
! / _ 1
a, —b, = pr——
/ / _ 1
a, +b, = P
‘We deduce that
bl _ bTL
n 2 2
apn — bn

and since a,, — b,, = 2¢,, we have

Hence

0 _ b 2__bn _ b 2 Sntla 2
(Qan,bn,ch,X)—an tr X a2—b2(trX> = o <trX 72(8n+2tn)(trX) )

Using the change in variables X := /¢, X we deduce

3

2 Sn n

L=t / det Xe 1 (a0 5 [T ey, (€2
Sno 8mw2(sp +2ty)2 /82 1<i<j<1

/

— T,
We make the change in coordinates

1 =T+yY, To=T—Y, T2 =2Z.

Then
det X =22 —9? — 22, tr X =2z, tr X2 =2(z2 + 4%+ 2°).
x? . Sntitn (i X)? = A(sn + 2tn) (2 + y? + 2%) — 4(sp + 1) 2
2(sp, + 2ty,) 2(sp, + 2ty,)
_ A(sp + 2t,) (y? + 22) + 4t 22
B 2(sp + 2tp) ’
and

_ Gn+2tn) @242t tna?

Jn=2V2 / (2* = (* +2%) e 20nF20)  dadydz
R3

(sn n) (1 2 22) nﬂf?
= 2V2(sp + 275”)% / (m2 — (y*+2?) e~ B dxdydz
R3
(x := V2, Y= y\/i z = Z\@)

= 16(s, + 2t,)? / (2% = (1 + 22) e~ Cn )W +22) =t g4y
R3
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= 7% = _l = _l
(@ =ty 2z, y = (sp+2ty) "2y, 2 = (8p + 2t,) " 22)

16(s, + 2t,)2 22 2422
— "1”/ < _ y> e~ T2 dodydy.
t% R3 tn Sn + 2tn

We now use the identity

2
/ u2e= (PO H0?) oy duy = (/ uQeuzdu) X (/ etzdt> =T
R3 R R

-
3
o0 o0 5
a2 1 T2
:271'/ ule ¥ du:ﬂ'/ s2e %ds = —.
0 0 2
Hence
3 3 3 3
J - 16(sp, + 2t,,)2 Wk 1 2 _ 8m2(sy + 2ty)2 " Sn
n té 2 \tn sn+2t, té tn(Sn + 2tn)
Using the last equality in (C.2) we obtain (C.1) . O
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