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1. STATEMENT OF THE FORMULA

We start with the simplest version.
Fubini theorem. Suppose ¢ is a integrable function on R"**. Then

/ o(xt, . 2" dat - A da" T
Rn+k

2/ (/ <p(3:1,...,xk,xk+1,...x”+kldmk+l--'da;"Jrk\) |dzt - - - da®|.
RE n

We can reformulate this as follows. Set

y=(zt,... 2%, z= (" . . 2R
and define A : R"** — R*¥ (y, x) — y. Then
/ o, y)dVnik(z,y) = / </ pl, y)an(w)> dVi(y)- (1.1
Rn+k Rk A_l(y)
where dV,,, denotes the m-dimensional Lebesgue measure.
Consider now a slightly more general case of a linear map
ARV 5 RE (z1, ..., A A ,x"+k) = (... ,yk) = (mzt,. .. ,ukxk), (1.2)
where 1, ..., pug are positive numbers. Applying the Fubini theorem we deduce

/ R ezt . TRVt L 2T
Rrt+F

y' a k+1 +k 1 kg k+1 +k
:/Rn+kc,0<1,...k,x N A )|dy coedydxT e da T (1.3)

p
- / ( / (p(ac,y)an(:B)> AVi(y).
RF \ JA~1(y)
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2 LIVIU I. NICOLAESCU

But for the factor p - - - g, the formule (1.1) and (1.3) look similar. To give an invariant meaning to
this quantity we need to use the following elementary fact of linear algebra.

Lemma 1.1. Suppose that U and V' are Euclidean space of dimensions n + k and respectively
k,n > 0,and A : U — V is a surjective linear map. Then there exist Euclidean coordinates
z', ..., x"* on U, Euclidean coordinates Yyl ... 7yk on V and positive numbers p1, . .. ,,uk such

that, in these coordinates the operator A is described by
y = pal, 1<j <k

The numbers ,u%, ce uz are the eigenvalues of the positive symmetric operator AA* :' V. — V so

that
e g = Vdet AA*.

Proof. Let W denote the orthogonal complement of ker A in U. Denote by Ay the restriction of A
to W so that Ag : W — V is a linear isomorphism. Note that W coincides with the range of the
adjoint operator A* : V' — U so that
ApAy = AA™.
We want to find a linear isometry R : V' — W such that the operator
B = AoR V-V

is symmetric. Note that since R is an isometry we have R~! = R*. Moreover we have a commutative
diagram

Ao
W —V

|

V5V

1v

Note that AgA* : V' — V is positive and symmetric. We define
R:= Aj(AgAY) Y2V - W.
Let us show that R is indeed an isometry. Indeed, for any v € V' we have
(Rv, Rv) = ((Aj(AoAd) v, Aj(AoAd) 1 ?v) = ((AoAf) 20, AgAf(AgAy) Y ?w)
= ((AoAf) V2, (AgAf)?w) = (v,v).

Clearly AgR = AgAj(AgAf)~Y? = (AgAj)'/? is symmetric. Now choose an orthonormal basis
that diagonalizes B. Transport it via R to an orthonormal basis of W. With respect to these bases of
W and V the operator A is described by a diagonal matrix with entries consisting of the eigenvalues
of A()R = (AoAa)l/Q

O

Returning to (1.3) we see that
Bi-.- = Ja = vdet AA*.

The quantity J4 is called the Jacobian of A. Thus, we can rewrite (1.3) as

/ Tap(ah, o ) dVsn (a2 = / (/ so(m,y)dvn(m)) WVily). (1.4)
Rntk RF \JA~1(y)
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Lemma 1.1 shows that (1.4) holds for any surjective linear map R*** — R*

It is convenient to give a more explicit description of J4. This relies on the concept of Gramm
determinant. More precisely, given a collection of vectors uq, ..., uy in an Euclidean space U we
define their Gramm determinant (or Grammian) to be the quantity

G(uy,...,ux) == det( (ui7uj>U>1<ij<k’

where (—, —)¢7 denotes the inner product in U . Geometrically, \/G(u1, . . ., uk) is the k-dimensional
volume of the paralelipiped spanned by the vectors uy, ..., ug,

k
P(wy,...,wg) = {th'wj; tj €[0,1] }
=1

Note that G(uq, . . ., u) = 0 iff the vectors uq, . . . , uy are linearly dependent and G(uq, ..., u;) =
1 if the vectors w1, . . . , ux form an orthonormal system.

Lemma 1.2. Let A: U — V be as in Lemma 1.1. Fix a basis fi1,..., f,; of Ug := ker A and

vectors ui, . .., ug such that Auy, ..., Auy span V. Then
g2 _ G(Auy, ... Aug)G(fri1, - Frgr)
2 = ) (1.5)
G(ulu"'7uk‘>.fk+17"‘7fn+k)
Proof. We first prove the result when dim U = dim V. In this case the collection uq, ..., uy is a
basis of U. Fix an orthonormal basis ey, ..., e, of U denote by T': U — U the linear operator
€e; — uj.

Then

G(uy,...,u;) = det T*T,
G(Auy,... Auy) = det((AT)*(AT)) = | det T*| det AA*| det T| = J3 det TT™.
To deal with the general case, we denote by F; the orthogonal projection onto U . Now define
AUV =VaU, u— Aud Pu.

we equip V with the product Euclidean structure.
Let us observe that

Ja=J;3.

Indeed, with respect to the direct sum decomposition V=vVaU o the operator AA* has the block
decomposition

s AA* 0
Adr = [ A }
so that

det AA* = det AA*.
Now apply the first part of the proof to deduce that

fo — Jg\ _ G(;{ulr--711uk721\fk+17"-7;{fn+k’) _ G(Au17'-~Auk)G(.fk’+17"-7fn+k)‘
A G(U]_,...,'U;k,fk+1,...,fn+k) G(u17...7Uk,fk+1,...,fn+k)
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Suppose now that X and Y are C'! manifolds of dimensions n + k and respectively k, n > 0
equipped with Riemann metrics gx and gy. We denote by |dVx| and |dVy| the volume densities
induced by gps and respectively gn.

Suppose that F' : X — Y is a C''-map such that for any p € M the differential DyF : TpX —
Trp)Y is surjective. We denote by Jr(p) the Jacobian of this map.

Theorem 1.3 (The co-area formula: version 1). For any nonnegative function ¢ : X — R which is
measurable with respect to the measure defined by |dVx | we have

[ ar@ewlavie) = [ ( [ @V >|> W@, 16

where |dVp-1(q)| denotes the volume density on the fiber I ~1(q) induced by the restriction of gx to
F~(q).

Proof. We consider first the case when X is an open subset of R"** with coordinates (2!, ..., 2" *F)
equipped with a C''-metric gx, Y is an open subset of R* with coordinates (y',...,y*) equipped
with a metric gy and the map F' is given by

yj::vj, iJ=1,... k.

We have
|dVx| = \/G(0,1, ..., 0pnsn)|dxt - - - dz" |
= /G (0,1, .., zn+k)|dy ---dykd:xk+1---da:”+k|,
=:px
|AVi-1()] = VG (Dpir1, Dprer) |[da - - da" ]
=:ipF

where the subscript X indicates that the inner product in the definition of the above Gramm determi-
nants is the one determined by the Riemann metric on X. Similarly

V| = \ Gy O, 0y) ldy' -+ dy"| = /Gy (DF Oy, ..., DFO,))ldy" - - dy|.

=Py
Using the Fubini theorem we deduce that for any nonnegative, measurable function ¢ : X — R we
have

/py¢px\dy1-~dykdaf’““-"dw””“\=/ </ px¢ldwk+l~'dw”+kl> pyldy" - dy"|
X Y \/F~(y)

_ / (/ %mdxk“‘--dx"*ﬂ) Vs ()] = / (/ ”¢|dvF1<y>|) Vs (3)].
Y F-1(y) PF Y F-1l(y) PF

Suppose that above py ¢ = Jry,ie., ¢ = Z—ggo. Then the above equality can be rewritten

pxJF
[ @s@ avs@l= [ ([ PldVie-s| | 14V ()]
Y \JF-1(y) PFPY
The co-area formula is proved once we show that
J
PXTE _ 1. e, Jp=PYPE
PFPY PX

The last equality follows from (1.5).
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The general case of the co-area formula can be reduced to the special case via partition of unity
and the implicit function theorem. O

Corollary 1.4. Let X, Y and F' : X — Y be as in Theorem 1.3. Then for any measurable function
¢ : X — R we have

[ owlavso = [ ( Loty

Proof. Apply (1.6)to p = % O

“1(q)(P )I) |[dVy (q), (1.7)

Corollary 1.5. Suppose X is a C' manifold equipped with a C*-metric gx, and f : X — Risa C!
function with no critical points . Then for any measurable function ¢ : X — R we have

_ ¢(p)
/X¢(p)|dvx(p)\—/ (/{f VI )‘\dvf (P )]) dt. (1.8)

In particular, by setting ¢ = 1 we deduce

1
vol(X)—/ </{f e )|) dt. (19)

Example 1.6. We want to show how to use (1.9) to compute o, the “area” of the unit sphere

n
S = {("30’*’”1’---7%) €R" ) af= 1}'
7=0

Let S} denote the unit sphere with the poles zy = £1. removed. Then o, = vol (S7).
Consider f : ST — R, f(xo,...,x,) = xo. This function has no critical points on SI'. Let p € S?
such that f(p) = xo(p) = t. Denote by 6 the angle between the radius Op and the x-axis. Note that

cosp =xg =t.
The gradient of f is the projection of 0,,, on the tangent plane 7;,S™. We deduce that
IV f ()| = [0z | sinp = (1 —1%)!/2.

The level set {f =t} is an (n — 1)-dimensional sphere of radius (1 — ¢?)'/2? and we deduce

[ o @) = =Tl = ) = o)

Hence

1 1
Un:Unl/ (1—t) dt—20'n 1/(1—t2) dt
0

-1

(t =5 1
n 1
= O'n_l/o (1- s)iflséflds =: B(% -1, 5)
The integral B(p, q) was computed by Euler who showed that

_T(r(g)
B(p,q) = m
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Hence

on _ T(RIT(
On_1 F(L‘H

Using the equalities o9 = 2 and I'(3) = /7 we deduce

ZWnTH
op=———.
EERYE)
We can obtain easily w,,, the volume of the unit n-dimensional ball,
1 T2 2
Wy = —0,_ 1 = = ) 1.10

2. THE HAUSDORFF MEASURE

Suppose (X, d) is a separable metric space. Fix a nonnegative real number r. For any positive
number § and any set S C X we set

Hj(S) o= SFinf § S (diam By)'s S C | B;, diamB; <6
j=1 j=1
Note that if
0 < do <01 = Hj (S) > Hg (5).
Thus the limit

lim Hf
jm 5(S)

exists and we denote it by H". The correspondence S — H"(S) is an outer measure satisfying the
Caratheodory condition, [6, Chap.12]

dist (Sl, 52) >0= HT(Sl U SQ) = j‘CT(Sl) + HT(SQ).
This implies, [6, Chap. 5], that any Borel set B is measurable with respect to H’, , i.e.,
H(Y)=H,(YNB)+H (Y \B), VY CX.

We denote by o, (X) the set of ', -measurable subset of X and by ", or H{'y the restriction of J’,
to 0, (X). The measure H" is called the r-the Hausdorff measure.

Example 2.1. (a) If M is a C'-manifold of dimension m equipped with a C°- Riemann metric g that
induces a metric space structure on M, then for any Borel set B C M we have

Hyp(B) = volg(B).
In particular, H’}; coincides with the measure induced by the volume density determined by g.
(b) If M is a C'-submanifold of dimension &k of C'! Riemann manifold X of dimension n, then
Hh (M) = vol (M),
where vol (M) denotes the volume of M with respect to the Riemann metric induced by the Riemann
metric on X.

() If X, Y are locally compact metric spaces, F' : X — Y is a Lipschitz map with Lipschitz constant
< L,and B C X is a Borel set, then F'(B) is H{},-measurable and

I (F(B)) < L'35(B).



THE CO-AREA FORMULA 7
For proofs of the above statements (a), (b), (c) we refer to [6, Chap 12]. O

We have the following density result concerning Hausdorff measurable functions.

Theorem 2.2. Suppose that X a separable metric space S C X is a H"-measurable set such that
H™(S) < oo. Then for for H™-almost any € X \ S we have

H™( B,
lim sup ( (z) N S)

r\0 W™

=0. O

=:0*m(Sz)

For a proof we refer to [3, §4.3] or [5, §3.].
Corollary 2.3. Suppose that S is a C'* manifold of dimension m equipped with a C° Riemann met-
ric.There exists a subset S* C S such that the following hold.
o H™(S\ S*)=0.

e Forany x € S5* we have

lim H™(S N By(x))

M (X N B ()

Proof. We have
H™(SNBy(x)) =H™(X NBy(z)) — me(SC N B, (x) )

From Theorem 2.2 we deduce that there exits a subset S* C S such that H™(S \ S*) = 0 and for
any z € S* we have

H™(S°N B,
O (S%x) =0, ie. limsup (5N Br(z)) —0
r™\0 WM
We deduce
lim inf H™(5N By (z)) = liminf H"(X N B(x)) — lim sup H™(5°N By (x))
’I’\O wm?“m 7‘\‘0 wmrm T\O wmrm
= lim inf HX N BT(:C)).
™\0 W™

The desired conclusion follows by observing that
. W .. H™SNB(2))
1 =1>1 f .
0 HM(X N B (x)) v (X N B ()

The result is now obvious. O

Theorem 2.4 (Eilenberg inequality). Suppose (X,dx) is a separable metric space and Y is a C*!
manifold of dimension k equipped with a C°-Riemann metric g. Denote by dy : Y x Y — R the
metric on'Y induced by g. Let F' : X — Y be a map satisfying the Lipschitz condition

dy(F($1),F(ZC2)) < de($1,$2), V$1,$2 e X.

Then for any m > k there exists a constant’ C(m, k) > 0 such that for any Borel set A C X we have

[ 3 (a0 P )k () < Om s a),
Y

IWe can C(m, k) = “m=k<k

wm
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where f * denotes the upper Lebesgue integral. O

For a proof of this inequality we refer to [1, §13.3] or [3, §5.2.1]. The strategy behind the proof
is identical to the strategy behind the proof of Lemma 2.7 described a bit later. As explained in [3,
§5.2.1], this inequality implies that the following technical result.

Corollary 2.5. Let F' : X — Y be as in Theorem 2.4. Then for any m > k and any Borel subset
A C X the map

Yoy HY "(ANF(y))) € 0,0q]

is fHé“,-measurable. O

Theorem 2.6 (The co-area formula: version 2). Suppose X and Y are C' Riemann manifolds of
dimensions n + k and respectively k, n > 0. If F : X — Y is a C'-map satisfying the Lipschitz
condition

dy(F(xl), F({L‘Q)) < de(xl, xg), Vacl, X9 € X,

then, for any THSL('H“ -measurable subset A C X we have

[ re@aset@) = [ s6u(An ) dxE ). e
A Y

=:I(A) =:J(A)

Proof. We follow closely the strategy in [1, §13.4]. We prove (2.1) in several several gradually more
general cases.

Step 1. We prove that I(A) = J(A) if A is compact and F’ has no critical points on A. Choose a small
open neighborhood O of A in M such that F' has no critical points in O. The equality I(A) = J(A)
follows from Theorem 1.3 applied to the map F' : O — Y and the function ¢ = 14, the indicator
function of A.

Step 2. We prove that 1(A) = J(A) if F' has no critical points on A. We choose a family of compact
sets C. C A, € > 0 such that

HEF(AN\CL) <e, C.CCuy Ve>e >0,
From the monotone convergence theorem we deduce that
iig% I1(C.) =I(A). 2.2)
From Step 1 we deduce
J(A) = J(C:) + J(A\ Cc) = I(Ce) + J(A\ C%). (2.3)
From the Eilenberg inequality we deduce
J(A\ C.) < C(m, k)LFe,
so that
ii_r}(l) J(A\ C;) =0. 2.4)
We obtain (2.1) by letting ¢ — 0 in (2.3) and then invoking (2.2) and (2.4).
Step 3. We prove that I(A) = J(A) for any A. Choose a compact set C. C A such that
HEF (AN CL) < e
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Define
CY={reC; Jp(z) =0}
Then
J(A) = I(A) = J(A\ Ce) = I(A\ C2) + J(C:\ C2) = I(C:\ CF) + J(C2) — 1(C2)
= J(A\ Ce) = I(A\ Ce) + J(Co\ C2) = I(C \ C2) + J(CY).

From Step 2 we know that J(C.. \ C?) — I(C: \ C?) = 0 and the proof of Step 2 shows that

lim<J(A \C.) — I(A\ C.) ) ~0.

e—0
Hence

J(A) — I(A) = lim J(C?).
e—0

The equality (2.1) now follows from the following Sard-like result.

Lemma 2.7. If C is a compact subset of X such that Jp(x) = 0, for any x € C then

/Y IO N F (y)) dI () = 0.

O

Proof of Lemma 2.7. Let us first observe that for any p € C and any € > 0 there exists 7. = r.(p)
such that for any 0 < r < r.(x) we have

H*(F(B(p,r))) < eLF 'rk. (2.5)
Indeed, we have rank D, ' < k — 1. The definition of the differential of [ at 2 implies that, given a
choice of coordinates x near p such that z(p) = 0 we have
F(z) = F(0) + Apz + o(|z|), Ap = DpF.
Hence, for any ¢ > 0, the set F'( B(p,r)) is contained in a k-dimensional polydisk of the form

DY (F(p), Lr) x [—er,er] if r is sufficiently small, r < r.(p). Above, D¥~!(y, R) indicates a
(k — 1)-disk of center y and radius R. Since C' is compact we can assume that

Te = pllelng(p) > 0.

We deduce that
1
HE(F(SNC)) <elF'diam(S)*, VS C X, diam S < 37 (2.6)
For any s > 0 we can find a countable cover of C' in X by measurable sets (X);>; such that
. 1 w ) 1
diam(X;) < 5 and H"F(C) > 2::: (diam X)) — 5 (2.7)
i>1

By definition

_ Wntk 1. . . _
H(CNfHy)) < 2:+k hgrglogle(dlame N ty))"
i>1
For any set £ C X we denote by ¢ the characteristic function of the closure of F'(E). We can then
rewrite the above equality as
1 Wntk . . . n
H(CNf () < Snr iminf ;(dlam X2) " oxs(y).
i>
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The Fatou lemma then implies
* -1 ko Yntk . . . n k
/Y H(CNfl(y))dHy < ontk hgglfé}(dlame) /}/wa (y)dHy.
(2
Fix ¢ > 0. We deduce from (2.6) that for s sufficiently large, s > s. we have

/ ngis(y)diHlf/ < eL* Y(diam X?)F.
Y

Hence .
n _ _1Wntk ;. . . s\n+k
/Y H'(CNft(y))dHy <eL* 1271_?__kllsrggf;(d1amXi )
(2.7) 1
< eLkl <J{”k(0) - >
Se
Now let ¢ — 0. O

Remark 2.8. The proof of the Eilenberg inequality follows an identical strategy with the inequality
(2.5) replaced by the inequality

H*(F(S)) < C(m, k)(dim S)*
for any Borel set S C X with sufficiently small diameter. O

Corollary 2.9. Let F' : X — Y be as in Theorem 2.6. Then for any nonnegative measurable function
p: X — Rwe have

/X (@) Jp (2)dHEH () = /

( / g(w)dﬂ%(x)) dH-(y). (2.8)
Y \/F~(y)

Proof. By Theorem 2.6 the equality (2.8) is true when ¢ is the characteristic function of a measurable
subset of X . By linearity, (2.8) is trie for linear combinations of such functions. We now observe that
for any measurable nonnegative function ¢ we can find a sequence of simple functions (¢, ),>1 that
converges increasingly and almost everywhere to ¢. O

3. LIPSCHITZ MAPS

To formulate our last and most general version of the co-area formula we need to recall a few facts
about Lipschitz maps between locally Euclidean sets.

Theorem 3.1 (Rademacher). Suppose U, C R, k = 0,1 are open sets and F : Uy — Uy is a Lip-
schitz map. Then the map F is almost everywhere differentiable and the differential is a measurable
map Uy — Hom(R™,R"™). Moreover, for any ¢ > 0 there exists a C' map F. : Uy — R™ such
that

vol ({:c € Up; F(x)# F.(z) }) + vol ({x € Uyp; DF(x)+# DF.(x) }) <e€ O
For a proof we refer to [3, §5.1].

Theorem 3.2 (Extension theorem). Suppose that S C R" is a closed subset and F' : S —>Risa
Lipschitz function. Then f admits an extension to a Lipschitz function f : R™ — R that has the same
Lipschitz constant as f. O

For a proof we refer to [3, Thm. 5.1.12].
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Theorem 3.3 (The co-area formula: version 3). Suppose X and Y are C' Riemann manifolds of
dimensions n + k and respectively k, n > 0. If ' : M — N is a map satisfying the Lipschitz
condition

dy(F($1),F(£C2)) < de($1,$2), V$1,$2 S X,

then, for any fH}‘fk -measurable subset A C X we have

[ @t @) = [ 96u(An Fw)asd ). G
A Y

=:I(A) =:J(A)

Proof. Clearly, it suffices to prove the theorem for sets A with the following property: A is contained
in a coordinate neighborhood Uy C X and F'(Up) is contained in a coordinate neighborhood U; C Y
such that Uy is bi-Lipschitz homeomorphic to a bounded open subset in R"** and U is bi-Lipschitz
homeomorphic to a bounded open set in R*. For any ¢ > 0 we can find a compact subset C. C Uy
and a C’l-map F. : Uy — RF such that

}CSZ(—HC(UO \ CE) < g, F’CE = FE‘C,;; JF|CS = JFS‘CE'

Then
I(A)—JA)=I(ANC:) — JANC) + I(A\ C:) — J(A\ Co).

The monotone convergence theorem implies that
lim I(A\C:) =0
lm 1(4\ C)
while the Eilenberg inequality implies that
lim J(A\ C;) = 0.
El\rl% (A\Ce)

On the other hand, there exists an open neighborhood Vj of C. in Uy such that F.(Vp) C Uy. Applying
Theorem 2.6 to the C 1—map F. : Vj — U; we deduce that

10 = [ Jr@)dsty @) = [ e (o)t )

€ €

W [ su(con )t = [ (0P w)ait ) = J(C).
d

Corollary 3.4 (Area formula). Let X,Y be two n-dimensional C'-manifolds equipped with C°-
Riemann metrics and F' : X — 'Y a Lipschitz map. Then

/ HF1(y)dd(y) = / Jp()d3H (z). (3.2)
Y X

O
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4. RECTIFIABLE SETS

A set S C R" is said to be countably m-rectifiable if it is H"*-measurable and

ScSullErm ],
Jj=1
where
e H"™(Sy) =0;
e the functions F; : R™ — R™ are Lipshitz, Vj > 1.
We have the following result, [3, §5.4].

Proposition 4.1. Suppose that S C R” is H"-measurable and countably m-rectifiable. Then

S = G S;,
j=0

where
e H"™(Xy) =0;
° SiﬂSjI(Z)ifi#j;
e for j > 1 there exists an m-dimensional C'-submanifold X ; C R™ such that S; C X ;.

Definition 4.2. If .S is a H{"*-measurable subset of R", then we say that an m-dimensional vector
subspace W C R" is the approximate tangent space for S at x € R" if

Jim y)dH™ (y / VAH™(y), Vf € C, (R
N0 rl(S—z)f fly f € Con(®™).

Proposition 4.3. Suppose that S C R" is a countably m-rectifiable set such that H™(S N K) < oo
for any compact subset K C R™. Then there exists a subset Ssing C S such that

o H™(Ssing) = 0 and

o forany x € S\ Ssing there exist an approximate tangent space to S at .

Proof. We write S as in Proposition 4.1
[e.e]
S=Js;
j=0

where S is contained in a C', m-dimensional submanifold X; CR", S;nS; =0, Vi # 4,
H™(Sp) = 0. For j > 0 we denote by S the set of points = € .S; such that

(S =) NBw) _ KX~ 5) 0 Br(a)
N0 rm N0 rm

=0.

By Theorem 2.2 we have H™(.S; \S ) =0. We will show that S admits an approximate tangent space

at any point x € S7. Indeed, suppose f € Cg,(R"). For simplicity assume that supp f C Bi(0),

cpt
and f > 0. Then using the change in variables y = f(z — )

A e - 4 [ ) wence
- rim i f <i(z — :1:)) dH™(z)
r(z)NS
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Now observe that

A IR

H™(Br(x) N (55 \ 5)

Tm

<sup f o — 0,
and
1 1 myN 1 _ m
g GEmD) @ [ (G ) e
< supf}cm(BT(xig (X \S5)
Hence

lim ( /1 . Fy)dH™(y) — ﬁ o) f(y)dgfm(y)> =0.

T

O

Suppose X C R" is a C'' m-dimensional manifold of finite (induced) volume and S C X is a
H™-measurable subset. We set 5S¢ := X \ S.
Suppose that S C R¥ is a countably (n + k)-rectifiable subset of R"V. We can then express S as a

disjoint union
oo
S=|]s
=0

where 9{"+k(50) = 0, and S is contained in a C''-submanifold X; C RY, dim Xj=n+kVj>1

A Lipschitz map on f : S — RM admits a Lipschitz extension to the closure of S and thus
a Lipschitz extension to a map F' : RY — RM_ The restriction of F' to each Xj is H™F ae.
differentiable and for H{"** a.e. point p € S; we have a differential

DpF : TpS — R™.
One can show that if F'(S) is contained in a countably k-rectifiable subset Z C R", then fo H"**
a.e. point p € S the set Z admits a tangent space at ¢ = F'(p) and moreover

DpF(TpS) C TqZ.
We denote by Jr(p) the Jacobian of this map. We can now state the fibnal version of the coarea
formula.

Theorem 4.4 (The co-area formula: final version). Suppose that S C RY is (n + k)-rectifiable,
Z C RM is k- rectifiable and F : S — Z is a Lipschitz map. Then, for any H"*-measurable subset
A C S we have?

/JF( YAH " (p /J{" )) N A)ddE(2). (4.1)
A
O

The proof is obtained by putting together all the facts we have gathered so far. For details we refer
to [2, Thm. 3.2.22] or [5, §12]

2Implicit in the statement of (4.1) is the fact that the various integrands are measurable with respect to the appropriate
measures.
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