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Abstract
This paper provides a method for determining the finite sample properties of the bootstrap.
Previously, information about bootstrap performance has been primarily limited to asymptotic
properties and Monte Carlo experiments. The exact small sample properties of most bootstrap
procedures have not been determined. We show how to transform the empirical process into an
analytical process and separate the bootstrap-induced randomness from the randomness of the
underlying random variable. We provide examples of deriving the variances of some selected
bootstrap estimators. Other properties such as bias, skewness, kurtosis, and mean squared error
could be readily derived using this approach. Bootstrap estimators that are nonlinear functions of
the bootstrap sample values can be represented by Taylor series as polynomials in their bootstrap-
induced frequencies. Consequently, their finite sample distributions can be analyzed up to any

desired degree of accuracy.
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1. INTRODUCTION

The purpose of this paper is to demonstrate an analytical approach to understanding the
finite sample distribution induced by particular bootstrap procedures. We define the class of
bootstrap estimators whose finite sample distributions are “directly analyzable” with this
approach.” A Taylor series expansion can be used to transform nonlinear bootstrap structures into
polynomials which are easily analyzed using this method. Examples are provided that give an
analytical derivation of the variances of some selected bootstrap estimators. Our analytical
approach enables one to determine mean squared error, skewness, kurtosis and a host of other
properties of the finite sample distribution. We leave hypothesis testing and confidence interval
issues for another paper.

From the beginning the bootstrap literature has recognized that bootstrap-induced
randomness generally follows the multinomial distribution.” Efron (1979) used the analytical
approach in some simple examples, but little has been done to develop this approach or the
Taylor series approximation to it as a general analytical strategy for deriving the finite sample
distributions of bootstrap estimators under the many alternative bootstrap procedures. Neither the
traditional bootstrap literature nor the internet bootstrap literature has made much use of the
multinomial distribution. In order to reach more general conclusions for the broader class of
estimators including nonparametric estimators, the bootstrap literature has been almost
exclusively focused on asymptotic theory and Monte Carlo results. With the increasing
popularity of the bootstrap, more and more research is being performed using bootstrap

simulations in situations where an analytical approach could provide more precise solutions.

? The term “directly analyzable” will be defined later in this section.

3 An exception is the balanced bootstrap of Davison, Hinkley and Schechtman (1986) which is based on the
hypergeometric distribution. Our approach is just as easy to use under the hypergeometric distribution as it is under
the multinomial distribution. Other examples include the wild bootstrap which uses the multinomial and binomial
distributions and the stationary bootstrap which uses the multinomial, binomial and geometric distributions.



In addition to the standard bootstrap, the examples offered herein of using the analytical
approach include the wild bootstrap of Liu (1988) and Davidson and Flachaire (2001), the wild
bootstrap of Mammen (1993), the non-overlapping, fixed-block bootstrap of Hall (1985) and
Carlstein (1986), and the overlapping fixed-block bootstrap of Hall (1985), Kiinsch (1989), and
Politis and Romano (1993). Bootstrap estimators that are nonlinear functions of the bootstrap
sample values can be transformed by a Taylor series expansion into directly analyzable bootstrap
estimators. We provide an example of this approach based on Horowitz (2001). Finally, the
analytical solution for the covariance matrix of the bootstrap estimator of the coefficients of a
linear regression model with nonstochastic regressors is derived. This paper was motivated by the
Horowitz (2003) survey paper calling for work on the bootstrap’s finite sample distribution.

Consider a set of real numbers {X;: i=1,...,n} where each X; may be scalar or vector
valued and where n is a finite, positive integer. Starting with Efron (1979) most past bootstrap
applications have involved drawing (with replacement) a sample of size n. However, a more
general bootstrap procedure involves randomly drawing a bootstrap sample of size m from the
set {Xj:i=1,....,n} where m is a finite, positive integer, which may be smaller than, greater than,
or equal to n. Without loss of generality we will treat X; as a scalar for notational convenience.

Each bootstrap sample consists of the set of real numbers {Xj*: j=1,...m}. Since the
sampling is done with replacement, the elements of the original sample may occur in the
bootstrap sample once, more than once, or not at all. Consequently, the set {M;:i=1,...,n}
records the frequency with which each of the corresponding elements of the original set

{Xi:i=1,...,n} occur in the bootstrap sample where the random variables M; draw the

n
corresponding realized values m; from the set of non-negative integers such that z m =m.
i=1



Definition: Consider a set of real numbers {X;:i=1,....,n} where each X; is drawn with
corresponding frequencies {M;:i=1,...,n} in a sample of size m that produces a set of bootstrap
values {Xj*: j=1,...m} . Denote the set of any function, f, of each of the original sample values as
{f(Xj): i=1,...,n}. Denote the set of that same function of each of the individual bootstrapped

values as {f(X,-*): i=1,...m}. An expected value under the bootstrap-induced distribution will be

denoted by the subscript M, as in E,, [ ] Any statistic, 8, that is a function of the elements of

the set {f(Xj*): j=1,...,m} and satisfies the separability condition
o; ([f(x"): i=1..mf) = a(Mm,)h(F(x,))
i=1

where g(M;) and h( f(X;)) are independent functions and the expected value Ewm [g(M;)] exists, is
a “directly analyzable” bootstrap statistic.

This definition is given simply as a way to define the class of statistics addressed by this
paper. Other bootstrap statistics might be directly analyzable after a suitable approximation.

In practice the bootstrap procedure might involve approximating the standard error or
variance of a sample statistic. As an example, we will derive the finite sample variance of the
bootstrap estimator under various bootstrap procedures. Since the bootstrap simulations treat the
sample values of the underlying random variables as if they were the fixed set of population
values, we will first follow this approach and calculate the variance of the statistic with these
values as given. This produces a formula for precisely calculating the variance of the statistic of
interest implied by the bootstrap procedure without actually having to generate the simulated
bootstrap samples. Needlesstosay, this provides a simpler, faster and more precise determination
of the variance, and, therefore, the corresponding standard error, than approximating this
quantity by computer simulations.

However, while this formula for the variance tells us the formula that is implied by the

repeated bootstrap simulations, it does not tell us the variance under the joint distribution of both



the bootstrap-induced randomness and the randomness of the underlying random variables
associated with the original sample (as drawn from the true overall population). Consequently,
we will also derive this quantity as well.

As a benchmark or reference we will start by analytically deriving the variance of any
bootstrap sample moment over j = 1, . . ., m represented by the function, f. We will do this with
the original sample values treated as population values, and then under the joint distribution of
the bootstrap-induced randomness and the randomness that generated the original sample.

To produce results that are as general as possible the latter will be expressed in terms of its
moments. We will restrict our attention to estimators that are within the class of estimators that
are directly analyzable as defined above or that can be made analyzable by a Taylor series
expansion.

In section 2 we will derive the variance for the standard bootstrap estimator. Section 3
provides the variance for Liu-Davidson-Flachaire wild bootstrap estimator based on the
Rademacher distribution as well as the variance for Mammen’s version of the wild bootstrap.
Section 4 derives the variances of both overlapping and non-overlapping versions of the fixed
block bootstrap. Section 5 extends the analysis to bootstrap procedures for statistics that are
nonlinear functions of the bootstrap sample values. Section 6 derives the covariance matrix of
the bootstrap estimator of the coefficients of a linear regression model with nonstochastic

regressors. Finally, section 7 concludes.



2. DERIVING THE VARIANCE UNDER THE STANDARD BOOTSTRAP PROCEDURE

The simplest case is, of course, the standard bootstrap, which will provide a benchmark
or starting point for the use of this analytical approach for deriving the moments (in this case the
variance) of the finite sample distribution of various bootstrap estimators under a variety of
bootstrap procedures.

To simplify and expedite the exposition throughout this section, we provide Condition 1

as a set of procedural assumptions and definitions that characterize the standard bootstrap.

Condition 1: Draw a sample of size m with replacement with equal probability from the
original set of sample values corresponding to the variables {X;:i=1,...,n} having
corresponding random frequencies {M;: i=1,...,n} in obtaining a set of bootstrapped values
{X,-*: j=1,...m}. Denote the set of any function, f, of each of the original sample values as
{f(X;): i=1,...,n}. Denote the set of that same function of each of the individual bootstrapped
values as {f(X,-*): j=1,...m}. Any expected value under the bootstrap-induced distribution will
be denoted by the subscript M, as in E,, [ ] Any expected value under the joint distribution of
the bootstrap-induced randomness and the randomness that generated the original sample,

{Xi:i=1,..n}, will be denoted by the subscripts M and X, as in E,, ,[-]. Conditional
expectations will be denoted E,, [-] and E,,,[-]. Variances and covariances will be denoted

with corresponding subscripts such as Var, [ -], Var,, [-], Var,[-] and Cov,[-,-].

For example, using the set {Xj*: j=1,...,m} specify the standard bootstrap estimator of any
population moment over j =1, . . ., m represented by the function, f, of an individual bootstrap
value, Xj*, and re-express it in terms of the original set {X;: i=1,...,n} and the set of corresponding
frequencies {M;:i=1,...,n} as

m

Z f(Xj*) -

1 1
mi5 m i

2.1)



For the standard bootstrap the M;’s are distributed according to a multinomial distribution
with m draws with replacement from an original sample of size n and with all of the underlying
probabilities equal to 1/n. The probability of observing a particular realization of the set
{Mj=m;:i=1,...,n} may be expressed as

n"m! X
(22) P( Ml_ ml, Mz— mz,..., Mn_ mn) = m where m —izlmi .

We will now produce a lemma for any bootstrap sample moment defined by the function,

f, and a second lemma for its square to produce the theorem for the variance of that moment.

m

5 10x) = 4 S 0.

Lemma 1: Under Condition 1, E,, {l
m o

Proof of Lemma 1:
Substitute from (2.1) and note that a frequency, M;, resulting from m random draws with
replacement from a multinomial distribution with equal probabilities of 1/n has a mean,

Em(M;) = m/n, to obtain the result

1 & . 1 & . n~"m! 1 & n~-""m!
E“{Hzf(x" )} " (ﬁgf(x" )J(M YRS (E;M‘ f(x‘)jwl!.-Mn!)



Lemma 2: Under Condition 1,

Proof of Lemma 2:

Substitute from (2.1) and note that the multinomial distribution with equal probabilities has

EM(Mi):m, EM(Mf)=—2 and E, (MM )=""""" fori%kto obtain
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- 2D (1(x,)F + %( ; ]f<xi>f<xk> . QED.

Theorem 1:  Under Condition 1,

van 5 006) -2 -

mn’ =
See the Appendix for the proof of Theorem 1:

For the standard bootstrap this completes our analysis under the bootstrap-induced
distribution when the original sample is treated as the population. Next we will look at the
broader problem of carrying out finite sample analysis when also taking into consideration the
inherent randomness implied by the original sample as drawn from some unknown overall
population. In other words, we will now look at the joint distribution between the bootstrap-
induced randomness and the randomness of the underlying random variable. To keep our results
as general as we can, we will do this in terms of the unknown moments of the underlying
random variable using the expectation notation, Ex. This will reveal the minimum information
about the underlying distribution that would be needed to precisely determine the variance under
this joint distribution. A corresponding analysis could be carried out using this approach to

reveal the characteristics of any of the other moments of the finite sample distribution.



Theorem 2:  Under Condition 1,

m

VarM,{iZf(x:ﬂ = 2van 1)+ S (e[ r(x,)r])

m 4=
= , ()

N ni 3 Covy [F(X,), F(X,)] -

i<k mn® Tk

See the Appendix for the proof of Theorem 2.

Obviously the “extra” terms in Theorem 2 could be eliminated by drawing an infinite
number of times with replacement in creating each bootstrap sample. Alternative methods of
eliminating these terms include using the wild bootstrap, which will be discussed in the next
section.

An example of using these results might be an analysis of the function

f (X j*) = (X j* -X )2 where X is the mean of the original sample data. This function, when
averaged over the m bootstrap draws in (2.1), is the bootstrap estimator of the variance under the
bootstrap’s empirical distribution function (EDF).

By Lemma 1 we have
Ew {li(xf - )?)2 } =

m S

>(x, %)

1
N5

which is just the usual maximum likelihood estimator of the variance.

By Theorem 1 we have

var | 361 |- 2L, -0 -

m S

10



which tells us the formula for the bootstrap estimator of the variance under the EDF.

By Theorem 2 we have

v (L5 0-xy] - gl -0] o 220 ) )

. iz[j]a,vx[(xi X)L (%, - X)) - 2 [i]Ex[(xi %) (x, - X)’]

n" iz mn® >

which tells us what object the formula in Theorem 1 is actually delivering under the joint

distribution.

11



3. THE ANALYTICAL SOLUTION FOR THE VARIANCE OF THE WILD BOOTSTRAP

One immediate difficulty with the standard bootstrap is that it fails to enforce even the
most elementary requirements, such as mean-zero errors. To rectify this shortcoming, Wu
(1986) proposed and Liu (1988) formulated a weighted bootstrap known as the wild bootstrap.

The wild bootstrap draws randomly from the least squares residuals with equal
probability to produce the standard multinomial distribution for the frequencies, but, in addition,
multiplies the chosen residual by a special factor. In the simplest case as proposed by Davidson
and Flachaire (2001), the factor, as determined from random draws from the Rademacher
distribution, is plus one with a probability of one-half and minus one with a probability of one-
half. This was earlier referred to by Liu (1988) as a special lattice distribution called the two

points distribution. A more widely used version proposed by Mammen (1993) specifies the

factor as — (\/g - 1)/2 with probability p = (\/g + 1)/ (2«/5 ) and (\/g + 1)/2 with probability
(1-p) = (\/g - 1)/ (2\/5 ) We will analyze the Rademacher version, but a similar analysis of the

Mammen version follows easily by analogy.
To simplify and expedite the exposition throughout this section we provide Condition 2
as a set of procedural assumptions and definitions that characterize the Liu-Davidson-Flachaire

wild bootstrap.

Condition 2: Draw a sample of size m with replacement from a set of n real numbers
{Xi:i=1,...,n} with equal probability, and, by doing so, produce a corresponding set of random
frequencies {M;: i=1,...,n} that follow the multinomial distribution. Next multiply each value in
the bootstrap sample by a value of plus one with a probability of one-half and a value of minus
one with a probability of one-half. These values then constitute the set of bootstrap sample
values {X,-*: j=1,...m} . Denote the set of any function, f, of each of the original sample
values as {f(X;): i=1,....,n} . Denote the set of that same function of each of the individual
bootstrapped values as {f(Xj*): j=1,...m} . Any expected value under the bootstrap-induced

distribution will be denoted by the subscript M, as in E,, [ - ] while expectations under the
randomness that generated the original sample will be denoted by the subscript X, as inE, []
and varianceVar, [-]. Any expected value under the joint distribution of the multinomial

randomness and the binomial randomness will be denoted by the subscripts M and W (for wild),

12



asin E, , [-] with varianceVar, ,,[-] and conditional expectation E,,, [- ]. Any expected value

under the joint distribution of the bootstrap-induced randomness and the randomness that

generated the original sample will be denoted by the subscripts W, M and X, as in E, ,, x[-]

and variance Var, ,, x [-] and with a corresponding conditional expectation E, ,, - ]-

We now introduce Lemma 3 and its proof to demonstrate the analytical procedure for setting up

the problem for analysis.

Lemma 3: Under Condition 2, E,,,, (iz f(Xj*)j =0.
M| 4

j=1

Proof of Lemma 3:

Here there is a joint bootstrap-induced distribution that can be expressed as a multinomial
distribution multiplied times a binomial distribution conditional on that multinomial.

Let W; be the number of positive one values randomly drawn for each multinomial frequency,
M;. Conditional on M; then W; is a random variable with a binomial distribution having a
probability of 0.5, a mean of 0.5 M; and a variance of 0.25 M;. Since Wi is the number of
positive ones assigned to the bootstrap draws, then ( M; —W; ) is the number of zeros (which
generate negative ones in this setup). Consequently, we have the following expectation under

Condition 2.

m

o [%Z f(X;‘)] ~E, Eup (%Z f(X,-*)J “E, EWW[

j=1 j=1

n

[vvi—wi—wi)]f(xi)j.

1
m iz

13



Q.E.D.

See the Appendix for proof of Theorem 3.

Theorem 4: Under Condition 2, Var, , K%Z f(xj*)ﬂ _ LG“ Ey [(f (Xi))2 ] .
j=1 i

See the Appendix for proof of Theorem 4.

15 f(Xj*)H - Svan [1(x),

Note that if mLz”:EX[ f(X;)] = 0, then VarW,M,XK

i=1

Analogously, under the Mammen (1993) wild bootstrap, the probability of W; successes is

and the needed expected values are

. x/§—1J .2 [3—«5} : _[3—«5}
(32) EWI—(W Mi , EWI —EMi‘F T Mi and EWiWk_ T MiMk

14



and the variance of Wi is easily shown to be VarW, = % M

Consequently, by analogy with Theorem 3, for the Mammen wild boostrap we get

o 23106 - L0 S ]

and by analogy with Theorem 4 we get

Vit | 30 10)] - 20 S r0e]

13 1 & (e "
Note that if méEx[f(Xi)] =0, then VarW’M’XKEJZ;f( J)ﬂ mn\/_ZVar

In the case of regression analysis under the 1.i.d. assumption the population errors have
zero means while the sample residuals average to zero by construction (as long as there is an
intercept term). Since the Mammem (1993) wild bootstrap and the Liu (1988) and Davidson and
Flachaire (2001) wild bootstrap both have expected values of zero, and the former has a larger
variance than the latter, then it implies that, in the context of regression analysis with zero-mean
errors, the population finite sample mean squared error of the Mammen wild boostrap will be

larger than the mean squared error of the Liu-Davidson-Flachaire wild bootstrap.

15



4. ANALYTIC SOLUTION FOR THE VARIANCE OF FIXED BLOCK BOOTSTRAPS

Initial attempts to use bootstrap methods to capture consecutive time sequences involved
randomly selecting non-overlapping fixed blocks of time series data. See Hall (1985) and
Carlstein (1986) for the presentation, discussion and analysis of these methods. Alternatively,
Hall (1985), Kiinsch (1989), and Politis and Romano (1993) have presented analyses of the
overlapping block bootstrap. A very helpful overview and useful discussion of the research on
block bootstrapping can be found in Hérdle, Horowitz and Kreiss (2003).

Let Y, refer to a matrix of endogenous variables and X; refer to a matrix of predetermined
variables, which are all observed at time t. For example, for panel/longitudinal data these Y
and X; matrices could represent the data for a simultaneous equations model of cross-sectional
units all observed at time t , where the X; matrix could include lagged values of some or all of
the variables in the Y matrix. Using a total of T consecutive observations from this set of time-
specific matrices {Yy, X;: t=1,....T}, form K matrix blocks, {Bg: g=1,....k} , each with |
consecutive time-specific matrix observations. The size of these blocks, I, is a key issue. Hall,
Horowitz and Jing (1995) have shown that an optimal block size for the non-overlapping block
bootstrap for variance estimation is | = T"*, which would imply k = T**, and for the overlapping
block bootstrap, k=T -T " +1.

To simplify and expedite the exposition in this section we provide Condition 3 as a set of

procedural assumptions and definitions that characterize the block bootstrap.

Condition 3: Form k matrix blocks, {Bg: g=1,....k} , each with | consecutive time-specific matrix
observations from a total of T consecutive time periods. For a non-overlapping block bootstrap

choose | sothat k1 = T and order the blocks such that the first block, B4, covers observations

16



from 1 through |, the second block, B,, covers observations from | +1 through 2 I, and so forth
until the last block, By, which covers observations from T—1 +1 through T. For an overlapping
block bootstrap the first block, B;, covers observations from 1 through I, the second block, B,
covers observations from 2 through | +1, and so forth until the last block, By, which covers
observations from T—1 +1 through T. The overlapping block bootstrap has k = T— | +1 blocks
available for sampling. Next randomly select with replacement b blocks from the k blocks,
{Bg: g=1,....k}, with corresponding random frequencies {Mg: g =1,....k} to obtain the bootstrap
resampled blocks: {B,-*: j=1,...,b}. Note that the integer b may be smaller than, equal to, or
greater than the integer k. Finally, average some known function, &, of each of these randomly
selected blocks.

b k
(4.1) %;9(31*) - Lym,0B,).
The probability of obtaining a particular realization of the set {My: g=1,....k} is given by the
multinomial distribution as:

-b | k
(4.2) p(M,=m,, ..., My=m,) = Kbt where b=>"m,.
m!.m,! -

The expected values of the g™ block for g = 1,...,k for the first and second moments around zero
and the second moment around the mean (the variance) are given by:

(43) £ (M,)=2, g, (w3)= 20 ek

9

bk -1)
k2

The expected cross products and covariances between frequencies Mgy for g = 1,...,k and My, for

and Var,, (Mg)=

h=1,....k are given by:
b(b—1)

k2

and Cov,, (Mg,Mh)=;—IZO.

Any expected value under the bootstrap-induced distribution will be denoted by the subscript M,

(4.4) E, (M, M, )=

asin E,[-]. Any expected value under the joint distribution of the bootstrap-induced
randomness and the randomness that generated the data in the blocks will be denoted by the

subscripts M and B, as in EM,B[']- Variances and covariances will be denoted with

corresponding subscripts such as Var,[- ], Var, 4[], Var,[-],Cov,, [-,-] and Cov,[-,-].

17



Theorem 5: Under Condition 3,

b, (e k-1 & =

var, {%29(51 )} = Wzl > [lee,)] - Ve > 6(8,) 0(8,) -
g=1

See the Appendix for the proof of Theorem 5.

|
Z f( ,) which just produces the

i=1

Note that a special case of Theorem 5 could be (B )

_|,_

grand mean over all the blocks such that

v

For example, this could then be used to evaluate the small sample properties of any bootstrap

CTI»—

9= 9=

ia( )} {{ﬁi:Mg f(xg,)ﬂ—{EM {ﬁz i'l M, f(Xgi)} }2.

sample moment estimator or some function of residuals from a regression.

Theorem 6: Under Condition 3,

{gie@;)} - Svanlle, ]+t Sefole, )]

j=1 g=1
L5

& 3 conlle,)ote, )] - biz[il ole, )ote, ]

g<h

See the Appendix for the proof of Theorem 6.

Note that as b goes to infinity, once again the “extra” terms disappear.
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5. ANALYTICAL APPROACH TO NONLINEAR BOOTSTRAP FUNCTIONS

Since polynomials in the elements of the set {M;:i=1,...,n}, are directly analyzable
functions, then nonlinear bootstrap functions become directly analyzable when expressed as

Taylor series expansions.

For example, given a random sample {X;: i = 1,...,n} of a random p x 1 vector X with a
sample vector of means X = lz X, , we define X" = Z X as a vector of bootstrap sample
n i=1 j=1

s

means of a bootstrap sample {X j=1..., m} whose m values were drawn randomly with
replacement from the original sample {X =1,.., n}. Horowitz (2001) approximates the bias

of 6, = g()? ) as an estimator of &, = g(u) where u =E(X) for a smooth nonlinear function g as
5.1) B = %EM (X" - %)G,(X)(x -X)] + o)

almost surely, where G, ()? ) is the matrix of second partial derivatives of g.

The primary part of this bias can be evaluated analytically as follows.
EM[(T—Y)'GZ(?)(Y*—Y)] -
E, [X"'G,(X)X°]- E, [X"'G,(X)X]- E, [X 'G,(X)X"]+ E, [X 'G,(X)X]

where the third term is equal to

e [KGX)x] - el xe () $x] - 8K G/x) S

j=1

By analogy, EM[)?*'GZ()?))T] = X G( )X as well.

Consequently, the primary bias term simplifies to
Ew [()?* - X)'Gz(i)(i* - X)] = Ey [i* 'Gz(i)i*] a >T'Gz(i)i

Now evaluate the first term on the right-hand side of this expression as

19



>

E,[X G, (X)X"] = #EM {[Z Xi'Mi}Gz()T){ZMiXi }}
1 )

= —E, Zn“xi'lvli'Gz(X)lvlixi +2 3 XM/G,(X)M,X,
i=1

m2

i<k

= # ixi' EM[Mi'GZ()T)Mi}Xi T 2[22:]

i<k

X, EM[Mi'GZ(X)Mkak

where, when rsis a p x 1 column vector of all zeros except for a one in the s™ row and Ctisalx

p row vector of all zeros except for a one in its t* column (rq ,cgand ry ,cn by analogy), we have

e, [wicm.] - e Seilobn,)[ $Eka)ee. 0] Sheiom,)|

'

The analysis of EM[ M, G, ()T )Mi} is similar except that M, =M, for all s and t so we have

Ea| MG, | = 3 (nc)o(E, [m: ]e.(X),)

Substituting these expressions into

e, [x'G,(x)x7] = Liyx, EM[Mi'GZ()T)Mi}Xi + 2(g]x{ EM[Mi'GZ(Y)Mk}Xk

2
m- |5 i<k

20



yields the following expression.

2

e, [0 G, (R)x] - My 6 (x)x, + 2T T X, Gy(X)X, -
i=1 i<k

Finally, substituting this all back into (5.1) yields an analytical expression for the bias.

2

g L0 2D S e v )% - o)
n 2 mn2 - i 2 i mnz ~ i 2 k 2 .

In general, the elements of any m x m bootstrapped Hessian matrix Gm; are, in effect,
randomly selected from the elements of the n x n Hessian matrix Gy, , which is based on the
original set of sample values {X;:i=1,...,n}. Ifthe mx 1 vector of bootstrapped values X~ =
(X1, ..., Xn ) has a corresponding set of unspecified initial values X, = (X0, . .., Xmo )’ and
the n x 1 vector of original sample values X = (Xy, . . ., X, )’ has a corresponding n x n diagonal

frequency matrix M = diag(My, . . ., M;), then the random bootstrap selection process results in

520 (X =x)6,,(x -x}) = (MX - %x)enz (MX - %x)

. . . m
where the expected values under the bootstrap-induced distribution are E,, (M, )=—,
n

m(m-1)+nm

2 f—
Eu (M iz): ————— and E, (M, M, )= m—zm for i # k. Under this bootstrap-induced

n n
random selection process, the initial values for the Taylor series, Xo = (Xlo*, e Xmo. )’, are not
uniquely identified a priori, since, in effect, the Taylor series is being initialized around the
original set of sample values®, {X;:i=1,...n} , which does not have a one-to-one correspondence

with the set of bootstrapped values {Xj*: j=1,...,m}. Note that (5.2) extends the (2.1) approach.

* actually around each of their mean-frequency weighted values, (m/n)X; for i=1, . .., n, to be more precise.
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6. ANALYTICAL SOLUTION FOR BOOTSTRAP REGRESSION COEFFICIENT COVARIANCE MATRIX

Begin with the traditional regression model with an n x 1 dependent variable vector, Y,
an n x k regressor matrix, X, a k x 1 regression coefficient vector, 4, and an n x 1 error term, &,
in standard linear form Y = Xfg+ €.

There are two alternative approaches to bootstrapping the estimator, ,5’ , of the regression
coefficient vector. One approach treats the X matrix as nonstochastic so that the standard error
of /3’ can be derived from estimates of the conditional variance of the dependent variable, Y.
Another approach is to view the X matrix as random with the random matched pairs of (X,Y+)
values bootstrapped together as (X{,Y; ). The first approach essentially involves bootstrapping
the regression residuals or an equivalent procedure. The second approach is more challenging in
that it complicates the problem by producing randomness in the bootstrapped X’ X inverse matrix
as well as in the XY vector. We present the nonstochastic-X case here. We present the
stochastic-X case (the paired bootstrap) in a separate paper since it requires a much more
extensive analysis.

When appropriate, the analytical bootstrap solutions presented in the preceding sections
can be applied to the bootstrapping of residuals from a regression to calculate the standard errors
of the regression coefficient estimators. Some of those methods are more useful for models with
independent and identically distributed (i.i.d.) random errors while others (e.g. block bootstrap)
are more appropriate for dependent error patterns. This subsection will provide a simple matrix
version of bootstrapping which can be altered to represent many different variations of

bootstrapping methods.
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Bootstrapping residuals can be interpreted as inducing a bootstrap distribution on the

dependent variable, Y, while maintaining the nonstochastic nature of the regressor matrix, X.

The least squares estimator, ,5’ = (X 'X )71 X'Y , will generate a corresponding set of least squares

residuals, e = Y — X,é . Freedman (1981) has pointed out that bootstrap procedures can fail

unless the residuals are centered at zero. A constant term in the regression will automatically
center the residuals at zero, but when no constant term is present, the residuals will need to be

centered as part of the bootstrap procedure.

: -1 . : . .
Since e = (1= X (X’X) "X’) e and X is considered to be a nonrandom matrix, to provide
a set of bootstrapped residuals € = {e/,e,, .. .,e, }' that are centered around zero we introduce

the n x n matrix A =(I,—(1/n)1,1,") and replace e* with Ae* to ensure that the bootstrap
residuals are centered at zero. Alternatively, one could redefine e to be Ae to center the original
set of least squares residuals. By inserting A in the equations we can simultaneously derive the
results for the uncentered case, A = |, and the centered case, A = (I, — (1/n)1,1,").

To simplify and expedite the exposition in this section we provide Condition 4 as a set of

procedural assumptions and definitions that characterize this least squares regression bootstrap.

Condition 4:

Given an n x 1 random dependent variable vector Y and an n x k nonrandom regressor matrix X,

take n draws with replacement from the set of least squares residuals e ={e, ,e,, . . .,e, }’
corresponding to the least squares estimator, 5= (X'X )" X'Y , where e =Y — X3, to obtain
a corresponding set of bootstrapped residuals €” = {¢,€,, ... }%For Y = Xﬁ’+ Ae" define

the bootstrap regression estimator as 4*= (X'X)"'X'Y*. Define an n x n matrix, H, with

elements, {Hj;: ij=1,...,n}, such that "= He, where the element in the i row and j" column of H

is equal to one if the j™ element of e is randomly drawn (with replacement) on the i"" draw and is
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equal to zero otherwise. For notation, I, is an n x n identity matrix, 1, is an n x 1 column vector
of all ones, 12 is an n? x 1 column vector of all ones, “vec” is the standard vectorization
operator, “®”” means Kronecker product, and the n x n matrix A is A = I, the identity matrix, if
the residuals are not centered and is A = ( I, — (1/n)1,1, ), if the residuals are centered, in
which case A 1,1;" =0 = 1,1,” A and the last term drops out. Any expected value under the
randomness that generated the original sample, {e;j:i=1,...,.n} , will be denoted by the subscript

e, asin E_[-] and covariance, Cov_[-,-]. Any expected value under the joint distribution of the

randomness that generated the original sample and the bootstrap-induced randomness will be

denoted by the subscripts € and H, as in EE,H[~] and covariance, Cove’H[~,-]. Conditional

expectations will be denoted E,, [-] and covariance, Cov,, [, ].

Under Condition 4, since each of the n draws will take place for sure, the relevant
distribution is the conditional distribution of drawing j on the i draw. Analytically this yields
the expectations E;ji(H;j) = 1/n and Ej‘i(Hijz) = 1/n, and, therefore, the variance is Varji(H;j) =
(n—1)/n*. Given an n x 1 column vector r; whose elements are all zeros except for a one in its i

“row” position, and a 1 x n row vector c¢; also made up of all zeros except for a one in its jth

“column” position, we have H = Zn: n r.C. Hij, EH‘E(H) = anzn:ricj E”i’e(Hij) and

i=1 j=I i=1 j=I

1 1 [] .
E”ie(Hij) = l so that EH‘E(H) =— e =— 1,1, where 1,1s an n x 1 column vector of
’ n ns n

1

all ones. Since e*=He, it follows that EH|e(e *) = — 11 e. Since A= (l,-(1/n)1,1,"), we
n

n-n

have Al,l,” = 0 and, therefore, EH‘G(Ae *) =0. Also, we have 1,1,’A = 0 and, therefore,
EH|E(HA9) =0 so centering the original residuals is just as effective as centering the

bootstrapped residuals.
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Theorem 7:

Under Condition 4,
Cov,,. () = (XX )X 'A{%[ , ®(e‘e)]+%[(ln1; -, )@(l'nzvec(ee'))]}AX (x'x)"
1

- F(X XY'XTATLL ee' 11 AX (XX

See the Appendix for the proof of Theorem 7. Note that this theorem allows for the situation
where the residuals do not necessarily sum to zero. However, the last term will be zero if the
residuals sum to zero. This specifically addresses the problem of uncentered residuals raised by
Friedman (1981) by allowing for this possibility and revealing its effect in finite samples on the

covariance matrix of the bootstrap estimator.

Theorem 8:
Under Condition 4,
Cov_,(8) = cov(B) + (x'x)'x'Acov () (1, -x (X'X)_IX')(%IHILJAX (X'X)"

+(X'X)' XA Glnl;J(“ —X (X'X)'X")Cov_(e) AX (X 'X )"

+ (X'X)'X 'A{ %[In tr(@)] + %[(m‘n - |n)®(1;2vec(q>))]}Ax (X'X)"

~ (XX XA ij(h X (XX X)E()E.()(1, - X (XX )" X ')Glnl'n]Ax (X'X )"

where @ = (1, - X (X'X)"'X")E(ee) (1, =X (X'X)'X") .

See the Appendix for the proof of Theorem 8.
If the bootstrapped residuals are not centered, this provides a general result for the linear

model for any variance-covariance matrix, Cov_ (e), for the population errors. However, with

A=(l,=(1/n)1,1,") the bootstrapped residuals sum to zero, and this reduces down to

Cov_,(8') = Cov_(B) + (x'X)"'x" {(I —%1n1;j®(ltr(cp) - ni21;2 vec(d))} } X (X'X)™".

n
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7. CONCLUSION

The objective of this paper has been to demonstrate an analytical approach to understanding
the finite sample distribution of bootstrap estimators. In each example we showed how to replace
the empirical process with the corresponding analytical process. Since not all bootstrap
estimators are readily analyzed using this approach, a definition of a “directly analyzable”
bootstrap estimator was given as a guide and as a way of characterizing the class of bootstrap
estimators that can be most easily analyzed using this method. Often bootstrap estimators that
are not directly analyzable can be made analyzable by use of an appropriate approximation such
as a Taylor series expansion.

In this paper we provided examples of determining the variance of the standard bootstrap,
two wild bootstraps and two fixed-block bootstraps. In addition, an example was provided of
using this analytical approach to estimate the bias of a nonlinear bootstrap estimator. Finally,
the analytical solution for the covariance matrix of the bootstrap estimator of the coefficients of
a linear regression model with nonstochastic regressors was derived. The finite sample
distributions of many of the most frequently used bootstrap procedures can be analyzed in this
manner to determine bias, variance, mean squared error, skewness, kurtosis and many other

finite sample properties and characteristics.
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APPENDIX

Proof of Theorem 1:

Substitute E,, [%Zm: f (Xj* )} :% f(X,) from Lemma 1 and
j=1

H%if( )H (”””;l)i(f(xi)) s z X,)f(X,) from Lemma 2

j=1

into VarMK%Jif(xj*)j}EM“%if(x )ﬂ { (%,if( )nz

to get Var, H%i f(x;‘)ﬂz n-1 _Zn:(f( - > f(X QE.D.

i=

Proof of Theorem 2:

Apply the definition of variance in this context as

v [ 50 0] | [ {200

We start by evaluating the first term on the right-hand side.

e [[ag )] - e agmin ]

Il
|H
[S)
i
<
—_
<
I ]
~—
m
>
—~
—
—~~
Pe
=

©
+
3
[N}
il
<
—~~
<
<
=
m
=
—~
~—
—~
=
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_ m+n IZ”:EX[ ]

This completes the evaluation of the first term on the right-hand side.

Next evaluate the second term on the right-hand side. Using the work of Lemma 1 we obtain

$166) - [ 80660 [ 350000 -

VarM,XK%
eV (EV RS YA L N (TEAIIE B=Sp YA LS AN
to obtain  Var,, X{%i f(XJ )} =

nzz—n]
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Proof of Theorem 3:

We have established by Lemma 3 that the mean is zero so the last term below for the variance

will be zero.

1 . (1@
s R B
= EME\NMK%Zm;f(XJ*)}] = EMEW|M [%an:
1 ) 2 2j
_EME\N\M FZ(zWi_Mu) [f F - 2W
1 & 2 2[
= Ey Eup| =3, (4w + M2 —amw, [ £ (X, F

Now consider the binomial distribution for W; conditional on M;.

successes (positive ones) is:

(A1)

P(W, [M;) = (\'\,ﬂviijo-SWi (1-0.5)"™"

The following expected values follow immediately:

(A2)

29

r<xr>ﬂ { (13

i<k

o]

> (AWW, —2WM, —2MW, + MM, ) f (X )f(X,)

The probability of W;

EwuW; =0.5M;, E,,W’=025M,(M;+1), and E,,,WW, =0.25M M,



T [EE R T mw——

+E {i(Z]MM MM, -MM, +M M, )f(X,)F(X,)

LS}

m i<k

- YEM)] = Xl QED

Proof of Theorem 4:
We have established by Lemma 3 that the mean is zero, and this does not change if we first take

the expected value with respect to X (the randomness from the original sample data), so the last
term below for the variance will be zero.

5 [ 50| e[ 5,06 - w8061

. XMW[&if( )” BB {[%z )]f(xiﬂ

]

{NgE
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n~-—n
2

= B B Do 00, =M, B (O -2 (00, =M, = M) (X)X,

By By | > (W2 - M2 —aM W, E, [(£(X, )Y
o3 e lroxr]
=)

+ EyBuym T (AWW, —2WM, —2MW, + MM E[f(X,)f (X, )] |

Now consider the binomial distribution for W; conditional on M;.
The probability of Wj successes (positive ones) is:

(A3) PW, |M,) = wv_iJo.swi (1-0.5)"™"

The following expected values follow immediately:

(A4) EwuW,; =0.5M;, E,,W’>=0.25M,(M;+1), and E,,WW, =0.25MM, .

VarW,M,XK%imx;)ﬂ - B Tl 0w £ ) [0

j=1

+ EM %[2 24EWM(WiWk)_2EW|M(Wi)Mk_2MiEva(Wk)+MiMk)Ex[f(Xi)f(Xk)]
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= iiEx[(f(Xi))z] QED.

Proof of Theorem 5;:

Start with a common representation for the variance:
b k k 2 k ?
1 . 1 1 1
Vm{;zdaﬂ=VmJ;ZMw@J=EWHKZMw®ﬂ}<ngZMw@4}
1= g=1 g=1 =l

:bLZiM [ ]"' Z[QZZ;LMMM)H()‘Q

Then substitute in from (4.3) and (4.4) to obtain:

=
Kk
_ ngz +kb ]+ b% z

g<h

501 o(s, (s,

k2 g

- é:( ] -3 5 (2] e
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which, in turn, reduces to:

ze(Bg )G(Bh) . Q.E.D.

1S e)| - o Sle)] - 2

j=1

Proof of Theorem 6:

Start with a standard formula for variance.

b

VarM,B [%ZQ(BJ'* )}
j=1

- ]

= Var, ; %ZMQG(BQ)

e[t e sz

where Ey, g is the expected value under the joint distribution of the bootstrap-induced

randomness and the randomness implied by the underlying blocks of data values.

Follow a series of steps analogous to those in the proof of Theorem 2 to obtain the

var, 1350l - S ui)efole,) ] - 2[i]EMmm>B[e<Bg>e<Bh>]

following interim result.

j=1 g=1 g<h

- LSl 0,) [l )] - 2 e, (4, el 6, )

g=

Then substitute in from (4.3) and (4.4) to obtain
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b )
R S GRS LU TCRCY
. [£5)
- 2 [l D] - 3 3 (2] 3 Jeulete, Teulote. )
which, in turn, reduces to
1L b+k-1 & 2 2(b—1)[k22_k]
var, 130l < o ;EB[@(BQ»] . 26 g(hEB[e<sg>e<Bh>1

- T ZVar lo(B, )] + Ekzl Zk:EB[(H(Bg))z]

¥ k2z [Z;Q:OVB[H(BQ)’Q(Bh |- 2kz [;JEB[G(BQ J(B,)]. QED

Proof of Theorem 7:
By substituting in Y* = X3+ Ae” we get f" = f + (X'X)'X'Ae" so that the mean of
the bootstrapped regression coefficient estimator with respect to the distribution of H conditional

on € becomes
EH\eﬁ* = EH\eﬁ + EH\E(X'X)_lx'Ae*
= B + E,(X'X)'X'AHe

= f + (X'X)'X'AE, (H)e
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= B+ %(X'X)IX'Alnl'n e

Consequently, we have

COVH\E(IB*) = EH\ei(ﬁ*_EH|eﬁA*)(B*_EH\Eﬁ*)'}
- EHE{(X'X)‘IX'A(H —%1n1'nj ee'(H '—%IHILJAX (x'x)‘l} :

This expression expands to become

COlee(ﬁ*) = (X'X)"'X'AE, . (Hee'H")AX (X 'X)" - % (X"X)"'X'AE, . (H)ee'1,1, AX (x'x)‘]

- l[(x'x)1x'A1n1'nee'EHe(H')Ax (x'x)l] + iz[(x'x)‘x'Alnl'n ee'l 1) AX (x'x)l].
n n

Substituting in EH|E(H ) = 1 1,1 and collecting terms this reduces to
n

Covy(B) = (X'X)" XA, (Hee'H ') AX (X 'X )" - % [(x XY XALL ee'l 1! AX (X 'x)‘l]

As already noted, the last term is needed in case the original set of residuals do not sum up to
zero (e.g. a regression that has no intercept term).

We now need to examine Hee’H” and determine its expected value under the distribution
of H conditional on €. The Hee’H’ matrix can be decomposed as follows:

wae = (S5l )| [S3(Joton, )

i=l j=I k=1 1=I
where v; and vy are n x 1 column vectors whose elements are all zeros except for a one in their i

and k™ positions, respectively.
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We can now separate the diagonal elements from the off-diagonal elements of Hee’H’ and take

the expected value.

cotreen) = £ 33 (el )| + . T3S (uw)oleer )

izk j=1 I=1
with the diagonal elements in the first term and the off-diagonal in the second term.

1

P EH|E(HiJ2) = % and EH|E(Hink|) = EH|E(Hij) EH|E(H|<|) = Lz

n

Since EH|E(Hij) = , we have

n? |+

izk j=1 1=1

o (HeetH) = l{ ”(viv:)®(ef>} . 1{ )3 TAEIY )}

where |, is an n x n identity matrix, 1, is an n X 1 column vector of all ones, 1,2 is an n’x1
column vector of all ones, and “vec” is the standard vectorization operator.

Now substitute this in for Eqj<(Hee’H” ) in the covariance matrix to get

COVHlE(ﬁ*) = (X'X)'X 'A{%[ I, ®(e'e)]+%[(lnl'n —1 )@(1’nzvec(ee'))] }AX (X'X)"
- niz(x'x)“x'AlnL; ee'1,1' AX (X 'X)™. Q.E.D.
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Proof of Theorem 8:
Starting with ,@ = (X 'X )71 XY™ and then substituting in Y = Xﬁ + Ae’
weget B =B + (X'X)'X'Ae" where e*=He and e = (I,-X (X’X)"X")e
sothat 47 = A + (X'X)'X'AH(I, - X(X'X)"X") e.
Then the mean of the bootstrapped regression coefficient estimator with respect to the joint

distribution of € and H becomes
Ee,Hﬁ* = EE,HIé + Ee,H (X'X)_IX'A e*
= E_.f + E_,(X'X)'X'AHe

EB + EqEy (XX X AH (1, - X(X'X)'X") €

= BB+ (X'X)'X'AE, (H)1, = X (X'X)' X )E(€) .
We can substitute in E,, (H ) = % 1,1, but do not wish to restrict the expected errors to be zero

in order to make our results apply even when the zero-mean condition does not hold.

1

E.B = Ep +H(X'X)'1X'A 1n1'n(|n—x(x'x)“x')E€(e).

Therefore, given 8" = £ + (X'X)'X'AH (In - X(X'X)'X ') e, it follows that

(B -E.f) = (B-EB) + (XXX AH(I, =X (X'X)"X")e
~(X'X)X A Glnl'n](ln—x(x'x)‘lx')Ee(e)

so we have
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= (B-EBNB-EA) + (B-E)< (1, - X(x'X) "X JH A X (X'X)"
- (B-E) e - x 0 % L Jax(xex)”

£ (XX XOAH (1, - X (X)X )e(p-EB)

= 000 A (2 - x (0 ) e B - £.5)

(XXX AH (1, =X (X)) X )ee(l, = X (XXX HIA X (XX )

— (XX XCAH(, =X (X)X e B, - X (X X)X ')Glnl'nij (X'X)"

~(X'X)' XA Gm'nj(ln X (XXX () 1, - X (X X)X HIAX (X 'X)
£ (XX)TXCA Glnl'nj(ln X (X X)X EL (B, - X (X X)X ')GM;JAX (X'X )"

This provides the basis for an expression for the covariance matrix for this bootstrap regression

estimator.
cov.(8') = ELlf —Enf B ~E.uf)
Cov_,(8') = Cov.(B) + (X'X)'X'AE,(HDH") AX (X'X)

+ (X'X)"X'ACov.(e) (1, - X (X "X )" X ')Gm'ﬂij (X'X)"

XX XA Glnl'nj(ln —X(X'X)"X") Cov_(e) AX (X'X)"

~(X'X)'x 'A[%lnl'nj(ln X (X'X)' X )E(E()1, - X(X'X)" X ')(%1n1'n]Ax (X'X )"
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where @ = (1, - X(X'X)"X')E(e€) (I, - X(X"'X)"X").
Now we need to determine E,(H®H') in order to complete our derivation of the

variance-covariance matrix of the bootstrap estimator without imposing the zero-means
assumption.
. . . -th
Given an n x 1 column vector r; whose elements are all zeros except for a one in its i

“row” position, and a 1 x n row vector c; also made up of all zeros except for a one in its i

“column” position, we have H = Zn:Zrc Hi EH‘E ZZrC E”,E( ,J) and

i=1 j=1 i=1l j=1

1
E”i,E(Hij) = H so that EH‘E ZZ — 1, 1 where 1, 1s an n X 1 column vector of

i=1l j=1
all ones. In order to determine E, (H OH ') , we need to decompose the H, the ®@ and the H’

matrices as follows:

= ZZ (rc e, c'r')@(Hij @, HSI).

+ ki;Zn:Z(r,c ) @k,HH)
ii (rc NG G )®(CDKIH

I
\—/

The first two of these four terms strictly refer to the diagonal elements which are

C‘ 2

generated whenever i=s since the dot product of row “i” of the H matrix is formed with column

13 9’

of the H’ matrix with the corresponding elements of the @ matrix serving as weights.
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The second term is always zero, because on the i™ draw only one element of e is drawn
so the corresponding element of H is a one while all the other elements of H for the i draw are
zeros. Therefore, any product of two elements of H for the same draw (i.e. the i draw) will be
either a one times a zero, a zero times a one, or a zZero times a zero.

The last two terms then refer to the off-diagonal elements of the H@H’ matrix since for

[19%4]

these last two terms “1” is not equal to “s”.
By defining ci=r1;’ and cs=r1y’, and then combining the last two terms while recognizing

that ¢;rc equals one when j=k and is zero otherwise, and , c;c,’ is one when /=t and is zero

otherwise, then H@H’ may be re-expressed as

Hee'H' = anzn:(rici)®(q)jj Hi?) + Zii(ncs)@)(@jt H; Hst)

i=1 j=1 i%s j=1 t=I
where the first term of this new expression represents the diagonal elements of H@H’ and the

second term represents the off-diagonal elements.

: 1
> r¢;=— 1,1, and since Hj is either

Recall that E,,_(H,) = - and E,,.(H) = :
j=1

n

S| =

n
i=1

zero or one, then E,, _(H?) = % and E,, (H,Hy) = E, _(H, JE..(H) = % for is.
Therefore,
£, (HoH) = L1 ou(e) %[(m; 1o vee()
where “tr” means trace, “vec” is the usual vectorization operator, and
® = (1, - X(X'X)"'X")E(e)1, - X (X X)X ).

Therefore, substituting into our expression for the bootstrap variance-covariance matrix, we have
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Cov_,(8") = Cov.(p) + (X'X)_IX'ACOVE(G)(In—X(X'X)_IX')(%lnl'n]AX(X'X)_l

n (x'x)‘><'AG1n1'nJ(|n SX (X'X)'X') Cov_(e) AX (X 'X )
%[ |, ®tr(d)] + %[(14; - In)®(1'n2vec(d)))]} AX(X'X)

C(XX)XCA Gm'nj(h SX(XX) X EL(EL()(1, - X (X X)X ')(%lnl'nJAX (X'X )"

+ (x'x)“x'A{

where @ = (1, =X (X'X)'X")E(e€) (1, - X (X'X)'X") . QE.D.
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