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ABSTRACT

In lossy image compression schemes utilizing the discrete cosine
transform (DCT), quantization of the DCT coefficients introduces
error in the image representation and a loss of signal information.
At high compression ratios, thisintroduced error produces visually
undesirable compression artifacts that can dramatically lower the
perceived quality of aparticular image. This paper provides a spa
tial domain model of the quantization error based on a statistical
noise model of the error introduced when quantizing the DCT co-
efficients. The resulting theoretically derived spatial domain quan-
tization noise model shows that, in general, the compression noise
in the spatial domain is both correlated and spatially varying. This
provides somejustification for many of the ad hoc artifact removal
filters that have been proposed. An accurate description of quanti-
zation noiseisessential if one hopesto remove, or at least alleviate,
the visibility of compression artifacts.

1. INTRODUCTION

The presence of artifacts in compressed images is a well known
phenomenon, both in the scientific and consumer communities. In
order to compensate for these artifacts, one must have a thorough
understanding of them. This paper derives statistical descriptions
of the quantization noise that, in addition to providing important
insight into the origins of compression noise, can aso be readily
applied in a post processing algorithm to remove the artifacts.

Blocking isone of the most common forms of compression ar-
tifact, and many attribute its existence to the inability of the block
DCT to include correlations between blocks. While there is truth
to this, the blocking phenomenon can also be explained by consid-
ering the compression of asingle block only. Thisis the approach
taken here: this paper considers a single block of the image to
which the DCT is applied, and derives results for that block. As
shall be seen, results for asingle block prove sufficient to explain
blocking artifacts, as well as compression noise in general.

Section 2 provides the basics of the DCT and establishes no-
tation used in the remainder of the paper. Sections 3 and 4 derive
a statistical description of the noise introduced by quantization of
DCT coefficients. A discussion of the work is provided in Sec-
tion 5, where an explanation for the existence of blocking artifacts
is proposed, including where one can expect their presence or ab-
sence. Concluding remarks are given in Section 6.

2. THE DISCRETE COSINE TRANSFORM

In one dimension, the signal to be transformed is z[n],0 < n <
N, which is also represented by the length- N column vector z.

Contact author: Robert L. Stevenson, rls@nd.edu

The elements of the DCT matrix H = {H[k, n]} are
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The DCT of z isthen y = Hz. Since the DCT isareal unitary
transform, H~' = H” and the inverse DCT (IDCT) is described
by z = H”y. If h] denotes the k*" row of H, then
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Equation (2) gives a series representation of the vector z in terms
the DCT basis-functions h;, and the DCT coefficients y[k]. Any
one-dimensional (1-D) signal of length NV can be represented by
a sum of these N basis functions of different frequencies, where
each basis function in the sum is scaled by the DCT coefficient
y[k]. Figure 1 shows the DCT basis functionsfor N = 8.

When compressing asignal, the DCT coefficients aretypically
quantized rather than the actua signal z. The quantized DCT co-
efficients are denoted as y,, with y, = Q[y], where Q[] is the
quantization operator. Quantization is a non-linear operation that
results in a loss of information; only scalar quantization is con-
sidered here, where each element of y is quantized individualy.
Scalar quantization is a many-to-one mapping that transforms in-
tervals of real numbers [¢F, ¢F,,) to single real numbers. The su-
perscript “k” accounts for the possibility of different quantization
intervals for different frequency coefficients, and the subscript “:”
indicates the i*" quantization level. Transform coefficients that
are in these intervals are typically mapped to the midpoint of the
interval, so that yq (k] = %(sz + qzlc-&-l) for ¢f < y[k] < qzk—&-l'

The recovered signa z, is found by performing the inverse
DCT on the quantized frequency values, z, = H” y,. Two quan-
tities of interest in this paper are the quantization errors in both
the spatial and the frequency domains. Spatial-domain error is
represented by e, = z, — z, and frequency-domain error by
ey = yq—Y. Notethat the quantization error in the spatial domain
can be expressed as

N —

H'ly, -y = 3 hi(ylk —ylK). @

k=0

Jun

e, =

Equation (3) gives the basis-function representation of the quanti-
zation error: the quantization error is the sum of the errors of each
frequency coefficient multiplied by the corresponding DCT basis
function.

The two-dimensional (2-D) DCT is simply a separable exten-
sion of the DCT in one dimension. Here, the matrix Z is used
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Fig. 1. One-dimensional DCT basis functions of length 8.

to represent the 2-D image block, with Y,Z,,Y,, Ez and Ey
defined analogous to the 1-D case.

Asfor the 1-D case, abasis-function representation for N x N
image blocks can be written. Defining the N x N basis images
Hj, = h;h/,

N—-1N-1
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The basisimagesin (4) are astaple of image processing text books,
and will not be shown here.

Quantization of the 2-D DCT coefficients is performed as in
the 1-D case, with aresulting spatial-domain quantization error of
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which gives the basis-image representation of the quantization er-
ror: the quantization error is the sum of the errors of each trans-
form coefficient multiplied by each of the 2-D DCT basis images.
A similar way of looking at the quantization error in compressed
images has also been considered in [1].

On some occasions it will be convenient to use vector notation
to represent images. When using this vector notation, the vector z
of length N? represents the image Z, where z[IN + k] = Z[k, I].
This is equivalent to stacking the individual columns of Z into
a single vector. The matrix 7 is then defined as the Kronecker
product of H withitself, H = H ® H. The N? x N? matrix H
isthe 2-D DCT matrix for image blocks in vector format. If the
variousimage matrices from before are represented in this stacked-
column vector notation, theresults can be summarized asy = Hz,
z=H'y,andz, —z=H (y4 —y)

From (3) and (5), the spatial-domain error introduced by im-
age compression is dependent on two key factors: the DCT basis
functions, and the frequency-domain error introduced by quanti-
zation of the DCT coefficients. Statistics of the spatial-domain
quantization noise given statistics of the frequency-domain quan-
tization noise are examined in the next section. Statistics of the
noise in the frequency domain are considered in Section 4.

3. QUANTIZATION NOISE STATISTICS

Pixel values in images are now viewed as random rather than as
deterministic, which will enable the determination of expectations
for the quantization error. The problem is first considered in one
dimension, after which the results are extended to two dimensions.

Note that for alarge variety of images the DCT has a decor-
relating tendency, i.e., the resulting frequency coefficients are ap-
proximately uncorrelated [2]. With mild symmetry conditions on

Fig. 2. One-dimensional basis functions of the spatial-domain
quantization error variance for sequences of length 8.

the pdf of these DCT coefficients [3], the DCT-domain quantiza-
tion errors are uncorrelated random variables. The covariance ma-
trix Ke, = E [(yq — y)(yq —y)"] isthen diagonal, withits N
non-zero elements equal to the quantization noise of the individual
frequency-domain coefficients, aZy [k].

Suppose for the moment that K., is known,; it is then possi-
ble to determine statistics of the error in the spatial domain. Of
primary interest here is the covariance

E [(Zq —z)(2zq — Z)T}

Equation (6) includes information about the correlation of the
spatial-domain error sequence, but another quantity of interest is
the variance of the individual spatial-domain errors. The variance
of e,[n] isfound as o2, [n] = Ke,[n,n], Or in suUmmation notation

T
K., = H K., H. (6)
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where H?[k, n] is the square of the (k,n)"" element of H. A new
transformation matrix M isthen defined, with elements M[k, n] =
H2[k, n]. Lettingm? denote the k*" row of M,

N-1
ol = Z mkaiy [k]. (8)
k=0

Here, o2, isthe vector representing the error variance of z,. The

vectors my, form abasisfor the error variance of z,: the error vari-
ance can be found by summing each error variance basis function
scaled by the corresponding frequency-domain error variance. Er-
ror variance basis functions for sequences of length 8 are shown
in Fig. 2. Transform-domain coefficients with large quantization
error variances cause their corresponding basis functions to con-
tribute more to the overall spatial-domain error variances. In gen-
eral, this leads to spatial-domain error variances that vary with n,
the spatial location. Also, note from (6) that in general the spatial-
domain quantization noise is correlated.

To represent the covariance of the noise in two dimensions, it
is convenient to use the stacked-column notation introduced ear-
lier, where the random vectors z, y, zq, y4, €= and e, areformed
by stacking the columns of their respective random images. Asbe-
fore, assume for the moment that the covariance matrix of the 2-D
frequency-domain quantization noise is a known diagonal matrix
Ke,, whose N 2 diagonal elements are taken from the individual
frequency-domain error variances a%y [k,1]. The covariance ma
trix of the spatial-domain error can then be written as

Ke, = E[(zg—2)(2g—2)"] = H'Ke,H. (9



Fig. 3. Two-dimensional DCT error variance images for 8 x 8
image blocks. DC corresponds to the top-left corner. Basisimage
values are ordered with 0 at black, and increase as the image gets
brighter.

The N? x N2 matrix Ko, contains correlation information of the
spatial-domain error image, but the individual error variances of
the N2 locations are also of interest. These individual variances
arethe diagonal elements of Ko, . Switching back to 2-D notation,
they can be writtenin aform similar to (7),

N—-1N-1

og,[m,n) Z Z H?[l, m]H?[k, n]aEy [k, 1]. (10)
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Defining a set of images M; = m,m], with elements

Mg.1[m, n] = H2[l, m]JH?[k, n], allows the formation of a basis-
image representation for the quantization error variance of the
DCT in two dimensions,

N—-1N-1
A=) Mok, k1. (11)
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Here, A isthe N x N array of error variancesin the spatial domain.
Thus the variance of the spatial-domain errors due to quantization
with the 2-D DCT consists of a sum of the error basis images de-
fined above, where each basisimage is scaled by the error variance
of its corresponding 2-D DCT coefficient. Figure 3 shows the er-
ror variance basis images for N = 8. Note that the error variance
image will in general be spatialy varying in m and n, as discussed
previously for the 1-D case, and from (9) will in general be corre-
lated.

4. DCT-DOMAIN QUANTIZATION ERROR

In the previous section, the autocovariance matrix of the spatial-
domain quantization noise was derived, and depended on the
frequency-domain quantization noise, which was assumed known.
Expressions for these missing quantities are provide here. For the
sake of brevity, focusis limited to the 2-D case.

A simple model for frequency-domain quantization noise
would be a uniform distribution. The original random variable

y[k,l] is quantized as yq[k,l] = Qy[k,!]]. If a redization
vaqlk,l] is observed such that y,[k, ] lies in the quantization in-
terval [¢"!, ¢! +1) then the uniform model simply says that the
quantization error (yq[k, 1] — y[k,!]) is distributed uniformly in
theinterval (¢! — yq[k], ¢, — yq[k]). From an intuitive point
of view, the uniform model says that there is no prior knowledge
about the value of the original frequency coefficient y[k, {|—it is
equally likely anywhere within the quantization interval. For the
uniform model, the DCT-domain quantization error can then be
expressed as
(g, — )’
12 '

Using the uniform model makes analysis simple, for the vari-
ance of a uniform random variable is easy to calculate. However,
athough the uniform model makes analysis much simpler, it is
not necessarily always appropriate. For example, many images (or
portions of images) are quite often smooth, i.e., they have most of
their energy concentrated at low frequencies, with little energy at
high frequencies. This situation provides an example where the
uniform model fails: if a quantized high-frequency coefficient of a
“smooth” image is observed to be zero, then it makes little sense
to assume that the original coefficient varied uniformly throughout
the entire quantization interval. Rather, it makes more sense to as-
sume that the original coefficient was quite close to zero, and in
fact did not vary far from zero.

Simulations have al so shown that using a uniform noise model
sometimes results in poor estimates of quantization noise. Rather
than assuming uniform DCT-domain quantization noise, one can
incorporate prior knowledge of the DCT coefficients, which can
yield more accurate results. Start by considering an image model
in the spatial domain, which will lead to the desired result in the
frequency domain.

A commonly used model for an image block Z makes use of
the separable autocorrelation function

o, [k,1] = (12)

E [Z[m,n) Z[i, 5]] = oz py" "oy, (13)

where the parameters p; and p» arethe one-step correlationsin the
vertical and horizontal dimensions, and o2 is the variance of the
image block Z. It isassumed that the mean has been subtracted so
that £ [Z] = 0. Using such a model, the variance of the (k, [)t"
DCT coefficient can be expressed as[2]

o[k = oz [HK:H'|,  [HK.H'| , (14
where K, are defined as
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From (14) the variance, or energy, of each DCT coefficient is
known provided that p1, p2 and o3, are known. In practice. these
parameters can be estimated from the observed data, or assumed
known a priori.

The nature of the distributions of the DCT coefficients is of
high importance for determination of frequency-domain quantiza-
tion noise. There is precedence for using a Laplacian model for
DCT coefficientsin images and video [4], and that is the approach



taken here. The Laplacian parameter for the (k, )" coefficient is

found as
2
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and the distribution of Y[k, /] becomes
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If the quantized DCT coefficient Yq[k, ] = yq is observed to lie
in the interval [¢}', ¢;',), then the distribution of Y[k, ] given
Yqlk,l] = yq is zero outside of the quantization interval and
YDy [k, () inside the quantization interval, where ~ is a constant
that ensures the distribution integrates to unity. Thus,

k,l
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Equations (12) and (18) give two possible methods of deter-
mining the frequency-domain quantization noise. The method of
(12) uses a uniform distribution for the DCT coefficients, which
is equivalent to assuming no prior knowledge of the coefficients.
Alternatively, the equation in (18) was derived based on a prior
model for the image.

Simulations have suggested that by themselves, neither (12)
nor (18) accurately predict the spatial-domain quantization noise.
For quantized DCT coefficients that are observed to be zero, the
Laplacian model indeed works well. However, when non-zero
quantized DCT coefficients are observed, the Laplacian model
seemsto beinappropriate and the uniform model works better. Us-
ing the uniform model for non-zero coefficients can be viewed as
approximating the tails of the Laplacian with a uniform distribu-
tion, rather than the exponentially decaying tail. Using different
distributions depending on whether or not the observed quantized
coefficient is zero essentially says that the energy of the DCT co-
efficients is expected to have concentrations near zero, and when
away from zero the energy is expected to be more evenly dis-
tributed.

5. INTERPRETATION AND IMPLICATIONS

Consider the 1-D error variance basis functions of Fig. 2. If the
DCT quantization errors were equal for each frequency, then the
basis sum of (8) would result in equal variance at each spatial lo-
cation. However, in general the DCT quantization errors will not
be equal at each frequency. For example, for relatively smooth sig-
nals more signal energy will be contained in the low-frequency co-
efficients, with decreasing energy as the frequency increases. The
high-frequency coefficients are quantized to zero, but since they
have little energy they contribute very little quantization noise.
However, the low-frequency coefficients contribute considerable
quantization noise. Thus, one can see that the sum of (8) will have
higher weights for the low-frequency components, and a quick
consultation with Fig. 2 suggests that this will result in higher er-
ror variance for locations near the boundaries. This simple ar-
gument accounts for the presence of blocking artifacts. Note also
that errors in the high-frequency components contribute little to
the error right at the block boundaries.

On the other hand, consider signals that do contain significant
high-frequency content, such as textured regions of an image. For
these cases the situation described above isreversed, and it is easy
to construct examples for which pixels near block boundaries have

less error variance than pixels near the middle. In these cases one
should trust boundary pixels more than interior pixels!

The 2-D caseisaready extension of the casein one dimension,
with similar arguments for the existence or absence of blocking ar-
tifactsin one dimension. While not as obvious as the 1-D case, the
error variance basis images of Fig. 3 exhibit the same properties
as the basis functionsin Fig. 2: high error at block boundaries for
low-frequency components, and low error at block boundaries for
high-frequency components.

This analysis gives theoretic justification for many of the ad
hoc post processing algorithms that attempt to remove blocking
artifacts. Many of these algorithms perform selective smoothing
at block boundaries, where more smoothing is applied in regions
that are deemed “smooth,” and less or no smoothing in regions
that are “not so smooth.” Filtering block edges like this makes
perfect sense in light of the preceding discussion on the presence
or absence of blocking artifacts.

Extensive tests have been performed for DCT compression
noise in one dimension, and the results support the discussions of
this paper—quantization noisein the spatial dimension is undoubt-
edly spatially varying and correlated, with a strong dependence
on the quantization intervals and on the original signal statistics,
namely the model parameters p:, p2 and 0. Experimental results
in two dimensions have, while less complete than in one dimen-
sion, also supported the discussions of this paper.

6. CONCLUSION

This paper has provided a statistical description of the spatial-
domain quantization noise in images compressed using the DCT,
and has considered both the variance of the quantization error at in-
dividua pixels, aswell asthe correlations between them. The pres-
ence of blocking artifacts became easily explicable in this context,
aswas the absence of blocking artifacts. It was shown that in many
cases one can actualy expect pixel values near block boundaries
to be more accurate than those in the block interior. Although not
derived explicitly for the case of video compression, the results of
this paper are easily applied to the quantization of a motion com-
pensated residual aswell. An understanding of compression noise
is crucial if one expects to be able to compensate appropriately
for such noise, making the concepts discussed in this paper valu-
able for those in the compressed image and video post-processing
fields. In particular, the statistical descriptors of compression noise
derived in this paper are readily applicable in aprobabilistic image
restoration formulation [3].
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