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Abstract—This paper introduces a dynamic bit assignment ~possible initial states[0]. This paper constructs a quantiza-
policy (DBAP) for quantized feedback control systems without  tjon policy, named dynamic bit assignment policy (DBAP),
process or measurement noise. The proposed DBAP is a con-,\nich minimizes the performance measufe subject to a

stant bit rate policy based on a similar policy analyzed in [1]. We . o . .
prove that the new policy is optimal for diagonalizable systems fixed number of quantization bit&). All proofs are in the

in the sense of minimizing the summed square quantization appendix.
error subject to a fixed number of quantization bits. For
simplicity, this paper focuses on 2-dimensional discrete-time Il. BACKGROUND
systems with diagonal system matrices. These results may be e may categorize quantization policies as either being
extended to more general systems. - .
memoryless or having memorjemoryless policiesnap
|. INTRODUCTION each bit to a specific subset of the state space such that the
assignment is fixed for all time. The attraction of memoryless
policies is the simplicity of their coding/decoding schemes.
xlk+1] = Ax[k] + Bulk] (1) The main drawback of memoryless policies is that they
ulk] = Fai[k] require an |nf|n|_t§ number_ of quantl_zatlon bits _to ensure
asymptotic stability [2]. Elia and Mitter [3] derived the
where z[k] € R" is the system state at time, z9[k] € lowest quantization density for asymptotic stability with an
R™ is a quantizedversion of that statey[k] € R™ is the infinite number of quantization bits. But with only a finite
control at timek and A, B, andF' are real-valued matrices of number of quantization bits, the best we can guarantee is
appropriate dimension. With regard to the preceding systemltimate boundedness of the state [4] [5] [6].

Consider the following discrete-time system,

we make the following assumptions: Quantization policies with memory (so-callatlynamic
1) (A, B) is controllable andF is a stabilizing state Qquantization policieshave been shown to achieve asymptotic
feedback gain matrix. stability with a finite number of quantization bits [7]. These

2) A is diagonalizable and for simplicity we assume= ~ Policies generate a sequendg?[k]}, of uncertainty sets

diag(A1, \2) where); > 1 for i = 1, 2. It is presumed that[k] lies inside the sef[k| at time k.

3) At every time step the system stai€k| is quantized The next uncertainty set is generated by first partitioning

into Q bits (fixed length coding) to generate theP[k] into M smaller rectangles which we denote Bgk]|
quantized statey[k]. fori=1,..., M. If z[k] lies in the setP;[k], then the index

4 is transmitted to the decoder and this set is propagated
called aquantization policy. through the plant’'s dynamics to obtain the next uncertainty

This paper asks and answers the following questidmst set Pk + 1]. If this sequence of u_ncertainty sets converges
is the optimal “performance” achievable under a fixed!© 0: then the system is asymptotically stable. Brockett and
number of quantization bits?n this paper the constant lee_r;on [7] established _sufﬂment_condltlons for asymptotic
bit rate policy is characterized by the number of Lifg]  StaPility that were later tightened in [8]. ,
assigned at timé: to represent théth component of the The work in [7] was S|gn|f_|cantly extended by Tatlkqn_da
state vectorz[k]. We measure performance with respect tdn [9] [10]. This work established necessary and sufficient

the summed square quantization error over a finite horizdiPnditions on general linear systems that characterize the
of N steps minimum number of quantization bits required for asymp-

totic stability under time-varying bit rates. Related work
) ) was published in [11] for diagonalizable systems. Similar
Py = w[O]Efql[l5+U[U] Z(‘el[k” +le2[k][%) (2)  bounds on the minimumm number of quantization bits were
k=1 also established in [12] for general linear systems in the
whereU[0] C R" is a bounded set centered at the originstochastic sense. The aforementioned quantization policies
e;|k] is the ith component of the quantization error vectompresume time-varying bit rates, which are not desirable in
elk] = «[k] — «?[k] and the supremum is taken over allreal networks due to power and bandwidth inefficiency [13].

The policy used in generating the quantized steftf:] is

N



A necessary and sufficient condition for asymptotic stabilityn equation 1. The state[k] € R™ is quantized and encoded
under constant bit rates was established in [1]. into a symbols[k] from a discrete se{0,1,---,29 — 1}.

The proofs in all of the aforecited works use constructivd hroughout this paper, the terms “quantizer” and “encoder”
methods to guarantee asymptotic convergence of the noisee used interchangeablyfk] is transmitted to the decoder
free quantized linear system. By constructive, we mean thaver a communication network. We assume the network has
these proofs construct a specific dynamic quantization polieyne step delay. So the symbol received by the decatfét,
that achieves the specified quantization bound. These policiesa one-step delayed versiongk], i.e.s’[k] = s[k—1]. The
vary considerably in their bit assignment policies. L@t decoder uses the received symbols to compute an estimate,
denote the number of bits to be assigned and;léf denote x7[k], of the plant’s true stateg[k]. The controller uses this
the number of bits that a quantization policy uses to encodsstimatez?[k] to compute the control signal[k].
the ith commponent of the state[k]. There are a number The quantization method used in this paper originates in
of bit assignment policies in the open literature that we refghe uncertainty set evolution method introduced in [7] and
to as being eithesstatic periodic, switching or dynamic [9]. This approach presumes that the encoder and decoder
Static bit assignment policieshooseb;[k] = b; (¢ = 1,2). agree that the state lies within the set
It is proven [9] [10] thatlimy_., L;[k] = 0 if and only
if b; > logy(N) (@ = 1,2) Where[)\]i are the unstable z[k] € 2%[k] + U[K], vk 2 0. (3)
eigenvalues of a noise-free system. A special static polidy this paper we restrict our attention to a two dimensional
with by [k] = ba[k] = b is considered in [7] [8]Periodic bit system so that the uncertainty set may be characterized as
assignment policieshooseb; (k] such thab;[k] = b;[k+ 1T

for all integersk and? whereT is theperiod The average bit Ulk] = rect(La[k], L2[k])
rate for such policies is defined as= 1 5>/~ bi[k] and = [=Lalk], La[K]] % [=Lalk], La[k]].

in [10] it is shown thath; can approactiog, () arbitrarily 1, yig equationz,[k] and Ls[k] are non-negative and they
closely thereby ensuring thdl;[k] converges exponentially renresent the half-length of the sides of the rectangular set

_to 0. A periodic policy for output quantization is consideredU[k]_ We define thejuantization erromse[k] = x[k] —z9[k].
n [14_]' N _ L _ _ Just prior to timek we know thate[k] € Ulk] where

Switching bit assignment policiessign all? bits to either .« [afer to Ulk] as the uncertainty setat time k. We
b1[K] or bz [k] depending upo[k][1]. Itis proveniin [1] that  then partition both sides off[k]. The first side,L; [k], is
Li[k] converges exponentially to zero if and only@ > paritioned into2?:¥) equal parts and the second sidelk],

> i1 l0gs (). is partitioned into2’2[*l equal parts. We impose a constant

While all of the above bit assignment strategies ensuiig; rate constraint on our bit assignment which requires that
asymptotic stability, these strategies are not equal. These

policies differ in their convergence rates and ultimately in the bi[k] + ba[k] = Q 4
performance they exhibit. This then brings us to the proble%r all k. After a new measurement of the stafé] is made
considered in this paper; namélyhat bit assignment policy then the encoder knows that '
assures asymptotic stability while optimizing some specifieg

measure of the control system’s performancePhe main x[k] € mz[k] (k] + Uspiy [K]
result in this paper shows that a variation on the dynamic bit
assignment policy used in [1] is indeed optimal in the sensd
of minimizing the summed square quantization error.

herex‘;[k] [k] is the center of the smaller subset and

Li[k] Lo[k]
Us[k] [k] = rect <2b1[k] 7 9ba (k]

ehie index,s[k], for this smaller subset is transmitted across

This paper studies a quantized feedback control syst LN | and the decod h .
with dropouts, which is shown in figure 1. The plant is at e channel and the decoder reconstructs the state at time

k + 1 using the equations

IIl. DYNAMIC BIT ASSIGNMENTPOLICY

%, zlk+1] € 2k+1]+Ulk+1]
iy Uk+1] = rect(Li[k+ 1], Lo[k+1])
q — q q
x9k + 1] Afs[k] [k] + BFz4[k] (5)
p Ll[k’ ‘|‘ 1] == QTl[k]Ll[k]
% Lolk+1] = 52 La[k]

Encoder/Quantizer

The choice fom;[k] (i = 1,2) represents &it assignment
policy. With the requirement thal; [k] + b2 [k] = Q, we're

Sk =gk-1 4K 001,20 -1 confining our attention to constant bit rate quantization
schemes. The motivation for doing this is that many com-
Fig. 1. Quantized feedback control system munication systems work best under a constant bit rate [13].

There may be many bit assignment policies that satisfy the
discrete-time linear system whose state equations are shomecessary and sufficient conditions for asymptotic stability



in [1]. We're interested in constructing a bit assignmentvhere b, [j],b2[j] € N. The solution to thekth subprob-
policy that is optimal with respect to a specified measurelem will be denoted ad*) = {b [ i, b(’“)[ ] . The
of the feedback control system’s performance. In this papésllowing lemma establishes the basic relatlonshlp between
we choose the performance measure in equation 2 wheggbproblems 9 and the orlgmal problem 8. In the following
the supremum is taken over atl0] € x9[0] 4+ U[0]. Note |emma, we sayp*~1 < b*) if and only if b )[ | =

that by definition,|e;[k]| < L;[k] for ¢ = 1,2 and for any b(k)[ j] for j < k — 1. Essentially this means thﬁ(k 1 s

z[0]. This inequality becomes equality for the specifi®], 3 prefix of b(*).
eg. 2[0] = 27[0] + [L1[0], L2[0]]", that maximizes the sum | emma 4.1:1f {b(®)}_, solves the sequence of subprob-
>4y €3 K] +¢3[K], which means thaPy in equation 2 may lems 9 such thab"~1) ¢ b(*) for k — 2,..., N, thenb(™
be rewritten as solves the original problem 8.
N Rather than directly solving subproblem 9, we consider a
Py =Y (L3[k] + L3[k]) (6) relaxedproblem of the form
k=1 . /\If 2 /\15 2
For a given number of quantization hit§), the objective s k], 52 (4] (WLl[OD + (ng[OD (10)
is to find b;[k] (i = 1,2) that minimize thePy given in subjectto s, [k] + so[k] = kQ
equation 6. where s1[k], s2[k] € N. In these relaxed problems, we

This paper proposes a variation on the switching dynamigterpret s;[k] as the number of bits used to represent the
policy found in [1] that we caltlynamic bit assignment policy ijth component of the state up to tinke In other words, we

or DBAP. DBAP is a recursive algorithm that generabglé] let s;[k] = Z;?;é bi[j]. Let s®) = {s,[k], so[k]} denote the

as follows. solution to thekth relaxed subproblem. Note that[k] =
Algorithm 3.1: Dynamic Bit Assignment Policy 23’” L;[0] (i = 1,2) by eq. 5. So subproblems 9 and 10 have
1) Initialize b, [k] = 0 andbs[k] = 0, the same performance index. In subproblems 10, the constant
and setl; = AL [k] and Ly = Ay Lo[k]. bit rate constraint (equation 4) implies that the summed
2) Forg=1toQ numbers of bits satisfy,
I = argmax; L;.
bylk] e blk] AT AnG Ly — Ly/2. skl +s2k] = kQ (11)

The following lemma provides a closed form characteriSo this problem relaxes problem 9 by only minimizing the
zation ofbo[k] generated by DBAP. The other bit assigmentost index with respect to the bit sum, rather than the
is b1[k] = Q — b2[k] under our constant bit rate constraint. individual history of assigned bits. The following lemma

Lemma 3.1:Under DBAP, states the solution for problem 10.
0, sk M La[k] > Ao Lofk] 10Li(zmma 4.2:The solution to thecth problem in equation
bkl ={ @ o=t MLalk] < A\oLs[k] (7)
[% (Q — log, (i;i;m))} , otherwise silk] = kQ — s2[k] )\k (12)
where[-] is the downward rounding function in whi¢h.5] = 0 2’“‘91+;,€Ll[0] = XiL2[0)
1 so[k] = kQ, g=ra=r L1[0] < M5 Lo[0] (13)

[% (kQ — log, <;\Z§;{8}>)] , otherwise
IV. OPTIMAL DYNAMIC BIT ASSIGNMENT 2

This section characterizes the bit assignment policy that It iS important to note a similarity between equation 13
minimizes the performance inde®y, in equation 6. Our N lemma 4.2 and the characterization of the bit assignment

optimization problem is formally stated as follows, generated by DBAP in equation 7 in lemma 3.1. The follow-
ing theorem formalizes this relationship by asserting that the
ming, ], ba R} 1 fo:l(ﬁ (k] + L3[k]) ®) sequence of summed bits*), generated by DBAP indeed
subject to bi[k] + ba[k] = Q, solve the relaxed problem 10 while enforcing the additional

reqirements thab, [k] + ba2[k] = Q ands;[k] = Zf:_f bi[k].

where by [k], bao[k] € N. Let b = {b[j],ba[4]}};' denote These additional constraints are precisely those that were
the optimal solution to this problem. We will determine thisrelaxed in going from problem 9 to 10, so DBAP also solves
solution by first considering a sequence of simpler problefhe original sequence of subproblems in equation 9.
and then show that the solutions to these simpler problems| emma 4.3:Let b;[k] denote the bit sequence generated
also solve the original problem and furthermore that they atgy the proposed DBAP. If we let
generated by the proposed DBAP.

Consider the following sequence of minimization prob- silk] = Zbi[ﬂ
lems indexed by for k =1,..., N.

Mg, ) bl ecd (L7[K] 4 L3[K]) (9 then s® = {s1[k], s2[k]} also solves thekth relaxed
subject to bi[j] + b2lj] = @, minimization problem in equation 10.



Based on Lemmas 4.1, 4.2 and 4.3, we establish the b) [k] <
optimality of our proposed DBAP for noise-free quantizedalgorithm 3.1, we find oubg[ ]

linear systems.

Theorem 4.4:.Dynammic bit assignment (DBAP) gener-

ates a bit assignment that solves optimization 8.
Example: The plant with system matrices

) o[

0 1.8

Let the feedback gain matrix b& = [1.7,—4.6] and let
@ = 2. By static bit assignment policy [8] [10],

bilk] = 1,bo[k] = (14)

From figure 2 it is clear that DBAP had better performancé3y (k]

that the static bit assignment policy.
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Fig. 2. Performance of a quantized system

V. APPENDIX

The following proofs use the following notation to repre-

sent the ratio ofL, [k] and L [k].

(15)

A. Proof of Lemma 3.1

We prove this lemma by using mathematical induction on

Q.

When @ = 1, Lemma 3.1 trivially holds.

Suppose Lemma 3.1 holds faf = Q;. We try to prove
it also holds forQ = @Q; + 1. By the assumption, we know

ba[k)(Q1, L [K], L2 [k])
0, sotrrAiLalk] > AsLofk]
Q1, o=t MLi[k] < AoLo[k]

[% (Ql — log, (’“Ll[k]))} , otherwise

o Lo k]
where the inclusion of argumen€g,, L, [k] and Ly[k] is to
emphasize the dependencebgfk] on Q1, Li[k] and Ls[k].
Now we computebs[k](Q1 + 1, L1 [k], Lo [k]). Based on
~[k], there are3 kinds of decisions orb,[k].
a) y[k] > 322(@ U+ Following the procedure in
algorithm 3.1, we find oubs[k] = 0, which satisfies eq. 7,
i.e. Lemma 3.1 holds for that case.

(16)

< 4227 (@ 7+ Following the procedure in
= @ + 1, which satisfies
eq. 7, i.e. Lemma 3.1 holds for that case.

c) 3227 (@FD=L < 4[k] < §22(@+DFL The case
can be further categorized into two sub-casegl [k] >
)\2.[/2[ ] k] and A Ll[ } < )\2L2[k]

If A\ Li[k] > AoLslk], the first bit will be assigned to
Ly [k] by algorithm 3.1. So

balk] (Q1 + 1, Ly [k], Lo[E])
= bylk] (Ql, le,Lg[k])

< %Q(QI—H)—H and A\ L [k] > )\QLZ[k]y we get

17)

L [K]
)\1 12 < 2Q1+1
Ao Lo [K]

2-@—l <971 < (18)

By the assumption that Lemma 3.1 holds @9r= @, we

)

)\ Lo
Ao Lo K]

ik, 20 1

o
5 (@010, (£

Substituting eq. 19 into eq. 17 yields

Ly[k])

Ll[k]

) e

bQ[k](Ql + 13 Ll[kLLQ[k])

2 (@ (5

A2 Lo k]
The above expression d@n[k] agrees with eq. 7. So Lemma
3.1 holds for that sub-case.
If \ML1[k] < A2Lo[K], the first bit will be assigned to
L, [k] by algorithm 3.1. So

ba[k] (@1 + 1, La[K], L
4 alt] (@1, Ll

We can computés [k] (Ql,Ll[k], in a similar man-

ner to show that the achieved expression Wfk](Q; +

1, L1 [k], Lo[k]) satisfies eq. 7.

L2 (k]
2

Lo (k]
2

Because Lemma 3.1 holds for both sub-cases, it holds for

ii 9—(Q1+1)—

L <k < %2(Q1+1)+1_

Because Lemma 3.1 holds for all three cases~{il,
Lemma 3.1 holds forQ = @ + 1. Together with the
assumption that Lemma 3.1 holds f@r= @, and the fact
that Lemma holds foQ = 1, we know Lemma 3.1 holds

forall Q > 1. ¢

B. Proof of Lemma 4.1

We useP* and P(®)* to denote the optimal performance of
problem 8 and thé&th subproblem in equation 9 respectively.



It is straightforward to see that whereg(a) = 0.5 [ v2¢

N The proof of Lemma 5.1 is straightforward and omitted here.
min Z(Lf[k] + L2[K]) By its definition, we knowg(«) is strictly increasing for
{balk] b2 K]} = a > 0. Apply this lemma toL?[k] + Li[k] with eq. 27
N considered, we get
> min Li[k] + L3[k (20)
2 iy (A + 500D L+ L3 = 2Cg(2llogy(Lilk/Lolk)]) (29)
N ATAS

whereC' = Fi# L1[0]L2[0]. In order to minimizeL?[k] +
L3[k], we have to minimizelog, (L1 [k]/L2[k])|, i.e. keeping
L,[k] and Lg[ ] as balanced as possible. By the expression

— min  (L3[k] + L3[k]) (21)
o o1l bald]} 520

The equality in eq. 21 comes froml\t[he1 fact tHat[k] and of Li[k] = 2/\[1»] J[0] (i = 1,2), we know
L, [k] are independent &L [j], L2[j]};Z, due to the causal !
updating rule in eq. 5. Note that al.hm operations in the log, (L1 [k]/L2[k])
above equations are performed under the constraing gf+ ¥ Ly (0]
balj] =Q (j = 0,---,N — 1). Considering the definitions - AELo[0] = (s1[K] = s2[K])
of P* and P(¥)* eq. 20 and 21 can be rewritten into i
A7 Lq[0]
N = N[0l ) kQ + 2s2[k]
DD (22) e |
st The second equality shown above comes from the constraint

s1[k] + sa2[k] = kQ. s2[k] is an integer betweef and Qk.
The minimization of|log,(L1[k]/L2[k])| may be formally
expressed as

As stated in Lemma 4.1b*~Y) c b®*) (k =2,---,N). So
the performance of théth problem in eq. 9 undeb(™)

LI[K] + L3[k) = P (23)

. . ity 1 ’bg? (ik“gD — BQ + 2s3[k]) (30)
Summing eq. 23 fok = 1,---, N yields s.t. solk] € {0, 1, kQ}

) 9 N (k) It is straightforward to show that the solution to optimization
ZLl[k] + LK) = ZP 24 30is exactly eqg. 13. By the strictly increasing property of
k=1 g(a) (> 0) and eq. 29, we know,[k] in eq. 13, together
Becauseb¥) satisfies the constraint of problem 8, i.e.with s;[k] in eq. 12, solves problem 1Q:
b(N)[kHb(N k] =Q (k=0,---,N—1), b is a feasible
solution to problem 8. By eq. 24 the performance of problem N1 )
8 underb™) is " P(M+*. By the optimality of P*, we {b1[K], bo[k]},=, is generated by DBAP and;[k] is

D. Proof of Lemma 4.3

obtain defined as
N k—1
p <y pWr (25) silk] = biljl,i=1,2 (31)
k=1 3=0
Combining eq. 22 and 25 yields We will prove Lemma 4.3 by showing that[k] defined
N in eq. 31 satisfies eq. 13. This result will be established by
P — Zp(k)* (26) using mathematial induction ok

Whenk = 1, sa[k] = be[k — 1] by the definition ofsq[k].

o Eq. 13 (forsy[k]) and 7 (forbe[k — 1]) are really the same.
By the feasibility ofb(™) and eq. 24 and 26, we kno/Y) 5 [ emma 4.3 holds fok — 1.

solves the original problem & Supposesq [k — 1] satisfies eq. 13. We will prove;[k]
C. Proof of Lemma 4.2 also satisfies eq. 13.

eg. 13, the decision osy[k] is categorized into three
The performance |ndex in problem 10 is the summation Oéasgs gased ono] = L1[0] Bz [f] g

2 L,[0]"
2 —
two term5,<2b1 Ll[o]) ( L [ ]) and (252[k [O]) (_ 1) ,y[ ] > )\7%2]{@+1: Under this Situation, we get
L3[k]). We know the product of the two terms is independent 1
of s1[k], s2|k| due to the constraint; [k] + sq2[k] = kQ. k-1 2Q
1[K], s2[K] 1[K] 2[k] k/\ll 1L1[0] > A’;”LQ[O] Ao
)\k)\ 2 2( -e+ /\1
B3 = (S L0200 @7 L)
This structure reminds us the following lemma. where the last inequality comes froﬁ%% > 1. By assump-
Lemma 5.1:If =,y > 0 andzy = 3, then tion, s[k — 1] satisfies eq. 13. So

z+y = 2y/Bg(|logy(z/y)|) (28) solk —1] =0 (32)



Then we obtain

)\k*l
Lik-1] = le[O] (33)
Lolk —1] = A3~ 'Ly[0] (34)

We can verify thatzt- L1 [k — 1] > Ao L[k — 1]. Therefore
DBAP yields by [k — 1] = 0 and

The above resu]it on,y k| satisfies eq. 13.
2) v[0] < %2"“‘9—1: We can similarly proves|k]
1

satisfies eq. 13 as we did for the cagé] > i—%?’“Q“.

k k
3) %2—"’@—1 < 4[0] < %2"@“: First we prove it is

impossible that

A
QQ%Ll[k: —1] > AoLo[k — 1] (36)
Suppose eq. 36 ho}lds. Substituting the expressiords [@f—
1] (Li[k — 1) = 525=7L1[0]) and Lo[k — 1] (La[k — 1] =
k—1

522 L,[0]) into eq. 36 yields

Lif0] _ A5, ottt het]—salb1]
0l = > —=2 s1 52 37
7[ ] L2[0] =z )\’f (37)

Combining the requirement]0] < %%2“”1 with the above
bound produces '

Q+1+s1[k—1]—solk—1] <kQ+1 (38)
Considerings; [k — 1] + s2[k — 1] = (k — 1)Q, we get
solk—1] >0 (39)

i.e. sideL, gets at least one bit among the total(éf— 1)Q
ones. Suppose side; gets the first bit att = & (k1 <
k — 1). By algorithm 3.1, the decision oty [j] and by[j]
aims to balance,[j + 1] and Ly[j + 1], which guarantees
that

Ly [j] ,
= <2,Vj >k 40
Llj] J 1 (40)
The above equation certainly holds fpe= k£ — 1, i.e.
L[k —1]
=<
Lok —1] — 2 (41)
Thus
MLk —1] A1
- < 2= 42
AoLo [k — 1] - Ao ( )
< 209+t (43)

The above result contradicts eq. 36 ! So eq. 3igossible
Second we can similarly prove it is aldmpossible that
A1

ga-1Lalk =11 < XoLafk — 1] (44)

Based on the impossibility of eq. 36 and 44 and th

decision rule in eq. 7, we get

o=} o v ()] o

e

Substituting the expressions &f [k — 1] and Ly[k — 1] into
the above equation yields

Ak_l
A =y Lal0)
3| Q—logy | =25
X2 2=y L2[0]
% (Q+81[k5— 1] — Sgk[k‘ — 1]
A7 L1[0]
~log ()\’ng[o]))}
By the identitys [k — 1] = (k — 1)@ — s2[k — 1], the above
result can be simplified into
ba[k — 1]
= [0.5 (kQ —log, (i‘éi;%))} — solk — 1]
Considering the definition af;[k] in eq. 31, we obtain

Sg[k‘] = 82[/{}—1]+b2[k‘—1]

HERAG =)

Thereforess[k] satisfies eq. 13.

In summary,s,[0] satisfies eq. 13. I§;[k — 1] satisfies eq.
13, thenss [k] also satisfies equation 13. So by mathematical
induction method, we can guarantee thafk| satisfies eq.
13 for all k£ and the proof is complet&)

ba[k — 1]

E. Proof of Theorem 4.4

Denote the optimal performance of problems 8, 9 and
10 asP*, P*®)* and P¥* respectively. By the relaxation
relationship among them?*, P®)* and P** satisfy the
following equations.

N

pr > ) pWr (46)
k=1

px > plhs (47)

We will prove the equalities in eq. 46 and 47 hold.
By Lemmas 4.2 and 4.3, we know the solution to problem
10, s®), satisfies
k—1
silk] = P li = 1,2 (48)
j=0

whereb®) = () [5], b8 [5] kZ5 is generated by DBAP.
Of courseb(*) satisfies the constrait™ [j] + b$¥'[j] = @
(j=0,---,k—1). Sob®) is a feasible solution to problem 9.
The performance of problem 9 undef*) is P{")* because
problems 9 and 10 have the same performance index and
the optimal performance of problem 10" is achieved
by s;[k] given in eq. 48. Therefore the equality in eq. 47
holds. The solution to problem 9 1s*) which is generated
by DBAP.

By DBAP algorithm in 3.1, we knovVoEk) [j] G=1,2)is
totally determined by the initial conditior,;[0] and L-[0],
and the timej. bgk) [7] is independent ok. So

bk cb® k=2... N (49)



By Lemma 4.1, the equality in eq. 46 holds and the solution
to problem 8 isb("Y), Becauseb(") is generated by DBAP,
DBAP is the optimal policy<{
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(2]

(3]
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