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Let g be a Lie algebra over a field of characteristic zero equipped with a vector
space decomposition g = g~ ® g*, and let s and ¢ be commuting formal variables
commuting with g. We prove that the map C: sg”[[s,¢]l X tg*[[s, 1] -
sq s, ]l ® tg™[[s, ¢]] defined by the Campbell-Baker—Hausdorff formula and
given by €8 '8 = ¢Clss™,18") for gte q*[[s,t]] is a bijection, as is well known
when ¢ is finite-dimensional over R or C, by geometry. It follows that there exist
unique ¥*e g*[[s,¢]] such that 28 es8 =5V o' (also well known in the
finite-dimensional geometric setting). We apply this to a Lie algebra g consisting
of certain formal infinite series with coefficients in a Z-graded Lie algebra p, for
instance, an affine Lie algebra, the Virasoro algebra, or a Grassmann envelope of
the N = 1 Neveu—Schwarz superalgebra. For p the Virasoro algebra, the result
was first proved by Huang as a step in the construction of a geometric formulation
of the notion of vertex operator algebra, and for p a Grassmann envelope of the
Neveu—Schwarz superalgebra, it was first proved by Barron as a corresponding step
in the construction of a supergeometric formulation of the notion of vertex

! Supported in part by an NSF Mathematical Sciences Postdoctoral Research Fellowship
and by a University of California President’s Postdoctoral Fellowship.

% Supported in part by NSF Grant DMS-9622961.

3 Supported in part by NSF Grants DMS-9401851 and DMS-9701150.

551

0021-8693 /00 $35.00
Copyright © 2000 by Academic Press
All rights of reproduction in any form reserved.



552 BARRON, HUANG, AND LEPOWSKY

operator superalgebra. In the special case of the Virasoro (resp., N =1
Neveu—Schwarz) algebra with zero central charge the result gives the precise
expansion of the uniformizing function for a sphere (resp., supersphere) with tubes
resulting from the sewing of two spheres (resp., superspheres) with tubes in
two-dimensional genus-zero holomorphic conformal (resp., N = 1 superconformal)
field theory. The general result places such uniformization problems into a broad
formal algebraic context.  © 2000 Academic Press

1. INTRODUCTION

Recall that for a Lie algebra g over a field of characteristic zero and
g1» & € q, the classical Campbell-Baker—Hausdorff formula (cf. [R]) gives
a formal Lie series C(g,, g,) in g, and g, such that e®e$> = ¢“¢1:82) In
this paper we prove the following factorization theorem (see Theorem 3.1
below). Let g be equipped with a vector space decomposition g = g~ @ g~.
Then the map

C:sg [[s.t]] xta" [[s.¢]] = sg™[[s.t]] @ ca™ [[s.2]] (D)

defined by the Campbell-Baker—Hausdorff formula and given by

2’8 ol8 = oClsg™ ,1g™) (2)
for g*e g*[[s,t]] is a bijection; here s and ¢ are commuting formal
variables commuting with g. The map C is just the Campbell-Baker—
Hausdorff formula inside the Lie algebra gl[s, ¢]], the coefficients s and ¢
in (2) making this possibly infinite Lie series well-defined. The content of
our theorem is that C~' exists and is a factorization of formal exponentials
with respect to this vector space decomposition. (Note that in the domain
of the map C in (1), we have the cartesian product of the two spaces, while
in the codomain we of course have the same set but viewed as the vector
space direct sum.)

In the case that g is a finite-dimensional Lie algebra over R or C, this
result is well known and is proved using the geometry of a corresponding
Lie group (see, e.g., [V]. But in the case of infinite-dimensional Lie
algebras, since the theory of the corresponding group-like structures and
of the correspondence between Lie algebras and these group-like struc-
tures is not developed, the argument proving in the finite-dimensional Lie
algebra case that for given h*€ g *[[s, ¢]], one can factor e*" ek uniquely
as %8 e'8" for some g*e g*[[s, t]] cannot be generalized directly. Even
more to the point, in the case of the Virasoro algebra and the N =1
Neveu—Schwarz (superconformal) algebra, special cases of this result were
indeed needed and proved in the very study of the correspondence
between the infinite-dimensional Lie algebras and the group-like struc-
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tures (see [H1-H3, B1, B2]). To our knowledge, the present general formal
factorization result in the infinite-dimensional case has not previously
appeared in the literature. Regardless, in the present work we are mainly
concerned with applications of the result (in the infinite-dimensional case).

We also give precise information about the form of the elements sg~
and fg* in terms of sh™ and th* by defining universal formal series that
we call the “canonical factorization series” F *, which are certain formal
infinite linear combinations of “words” in sh~,th™ and the canonical
projections a* : glls, t]l = g*[[s, ¢]l, and showing that sg~ =
F~(sh~,th*;m*)and tg*=F"(sh™,th*; 7w *).

As a corollary of the factorization theorem stated above, we use (1) and
(2) to construct (see Corollary 3.12 below) a unique bijection,

Warg*[[s,¢]] xsq[[s.¢]] = sa™[[s.¢]] xeg*[[s,e]]  (3)
such that for g*€ g *[[s, t]],
ethresg’: es‘I”et‘IfJr (4)

with sV~ = 7o W(ig™,s¢7) and tV = 7" W(ig™,sg7). We call this
result “formal algebraic uniformization,” for reasons about to be ex-
plained. It follows from the information contained in the canonical factor-
ization series arising from the factorization theorem, and the
Campbell-Baker—Hausdorff theorem, that s¥~ and t¥* are equal to
certain universal formal series of words in sg~,g", and the projections
a*. We call these canonical series the “formal algebraic uniformization
series.”

In our applications, which we are about to describe, we use the existence
of the canonical factorization series and of the formal algebraic uniform-
ization series as steps in the proof. These formal series of words can be
thought of as analogues, in some sense, of the Campbell-Baker—Haus-
dorff series.

For p a Z-graded Lie algebra, we apply the formal algebraic uniformiza-
tion (and also factorization) results to a Lie subalgebra g of the Lie
algebra consisting of certain formal infinite series with coefficients in p
(Corollary 4.1 below). In [H1], Huang proved Corollary 4.1 in the case
where p is the Virasoro algebra (see Application 4.3 below) by first
establishing the result in a certain representation of the Virasoro algebra,
namely, the standard representation given by L, —» —x""'4 €
End(C[x, x '] and ¢ = 0, and then lifting to representations with general
¢ and extending to a modification of the universal enveloping algebra. In
[B1], Barron used a similar approach to prove Corollary 4.1 in the case
where p is a Grassmann envelope of the N = 1 Neveu—Schwarz superal-
gebra (see Application 4.7 below). These two cases are fundamental to the
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sewing operations in conformal and N = 1 superconformal field theory,
respectively (see [H1-H3, B1, B2]). In the case of the Virasoro (resp.,
N = 1 Neveu-Schwarz) algebra with zero central charge the result gives
the precise expansion of the uniformizing function for a sphere (resp.,
supersphere) with tubes resulting from the sewing of two spheres (resp.,
superspheres) with tubes in two-dimensional genus-zero holomorphic con-
formal (resp., N = 1 superconformal) field theory. This paper gives a
unified proof of these two results and further shows that these are special
cases of a much more general result, namely Corollary 4.1. This corollary
can in addition be applied to obtain the corresponding results for a
Grassmann envelope of the N > 1 Neveu—Schwarz algebras of supersym-
metries in N > 1 superconformal field theories, and also to such struc-
tures as affine Lie algebras (see Application 4.2 below) and superalgebras.
Since Corollary 4.1 is in turn a special case of Corollary 3.12, we can
perhaps view Corollary 3.12 as a generalized and canonical formal alge-
braic version of such uniformization.

To prove the results of the present paper, one might have hoped that
the method used in [H1, B1] to obtain the results in special representations
could be generalized directly to the universal enveloping algebra arising in
the formulations of our main results. However, the direct generalization of
that method to the universal enveloping algebra does not work because the
method in [H1, B1] uses properties of the special representations that
universal enveloping algebras do not have. In the present paper, instead of
working in the universal enveloping algebra, we work directly in the Lie
algebra (see Remark 3.10 below). In particular, we reformulate the desired
results as equations in the Lie algebra, and the method in [H1, B1] used
for special representations can now be applied in the Lie algebra to solve
these equations and thus obtain the results (see Remark 3.11 below). In
fact a crucial observation in this paper is that even though there is no
setting involving universal enveloping algebras to which the method of
proof used in [H1, B1] can be applied, one can in fact still find a very
general setting to which the method can be applied, a setting very different
from the ones in [H1, B1].

This paper is organized as follows. In Section 2, we give a review of the
Campbell-Baker—Hausdorff formula, including some notation that will be
useful later. In Section 3, we prove the main theorem on the factorization
of formal exponentials, we establish a number of related results, and we
use the main theorem to prove the corollary giving formal algebraic
uniformization. We also introduce the canonical factorization series and
the formal algebraic uniformization series. In Section 4, we apply these
results to Lie algebras consisting of certain formal infinite series with
coefficients in a Z-graded Lie algebra. We then give several applications of
the result for affine Lie algebras, the Virasoro algebra, and Grassmann
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envelopes of the N = 1 Neveu—Schwarz superalgebra. For the latter two
applications, we discuss the importance of these results to conformal and
superconformal field theory, and we point out that the result also applies
to Grassmann envelopes of the N > 1 Neveu—Schwarz algebras.

2. THE CAMPBELL-BAKER-HAUSDORFF FORMULA

We begin with some review of the Campbell-Baker—Hausdorff formula,
following [R]. Let [ be a field of characteristic zero, and let @ and b be two
formal noncommuting symbols. Let F{a, b) be the [F-algebra of formal
linear combinations of words in @ and b, i.e., noncommutative polynomials
in a and b over F. A Lie polynomial in a and b is an element of the
smallest F-subspace of F{a, b) containing a and b and closed under Lie
brackets. For an element S of the formal completion F{{a, b)) of F{a, b),
write

2 S,

neN

where each §, is homogeneous of total degree n in a and b. Then § is
called a Lie series if each S, is a Lie polynomial. For any formal series
S e F{{a, b)) with no constant term, its formal exponential

Z_

neN n!

is well defined.
The Campbell-Baker—Hausdorff theorem asserts the existence of a
(unique) Lie series C(a, b) € Q<{a, b)) such that

eaeb C(a,b)' (5)

We now recall the precise formula for C(a, b). Even though we will not
need the main information contained in it, it is nice to see the role that it
plays in our proof of the bijectivity of C in Theorem 3.1 below. For
S € Q¢{a, b)), let S5 denote the derivation of Q{({a, b)) that maps a to
0 and b to S. The serles C(a, b) is given by

C(a,b) = exp(Hl )(b) (6)
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where

ad b
H, = (eadb—_l)(a)a

and H, is the part of C(a,b) that is homogeneous of degree one with
respect to a. In particular, if we write

C(a,b) = Y Hj, (7)

JEN

where H; is the part of C(a, b) that is homogeneous of degree j with
respect to a, then

1 a\’
H= gl @

(cf. [R]D. Furthermore, writing

H= ¥ H, (®)
keN

where H; , € Q(a, b) is homogeneous of degree j in a and degree k in b,
we note that

_]a ifj=1 _[b if k=1
I—Ij’o B {O otherwise ’ Ho = {0 otherwise (9)
and
Hl,l = %[a’b]' (10)

3. FACTORIZATION OF FORMAL EXPONENTIALS AND
FORMAL ALGEBRAIC UNIFORMIZATION

In this section we state and prove the two main results of the paper:
factorization of formal exponentials (Theorem 3.1) and formal algebraic
uniformization (Corollary 3.12). We also give precise information about
the form of the resulting elements (Theorem 3.6 and Corollary 3.13).

We work over our field F of characteristic zero. We fix a Lie algebra g.
We want to use the Campbell-Baker—Hausdorff formula, where the
formal symbols a and b in the series C(a, b) are now replaced by elements
of g, and we want to consider the resulting Lie series as an element of g
rather than as a formal series. In other words, we want to evaluate the
brackets within the Lie algebra g, but in general, the series might not be
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well defined in g since it will typically contain infinitely many nonzero
terms. However, let us introduce commuting formal variables s and ¢
commuting with g. We consider the Campbell-Baker—Hausdorff series
C(sg,,tg,) for any g,, g, € . From (6), (7), and (8), we see that each H

for j,k N in the Lie series C(sg,tg,) involves only finitely many
brackets in g[[s, ¢]], and therefore when we evaluate brackets in ¢, the
coefficient of a given s/t* in C(sg,,1g,) is well defined in g. Thus
C(sg,,tg,) is a well defined element of g[[s, ¢]]. Furthermore, note that if,
more generally, g, g, € glls, ¢, then for j,k €N, each H;, in the Lie
series C(sg, 1g,) is a sum of terms of degree greater than or equal to j in
s and k in ¢, so that C(sg,, tg,) is still well defined in g[[s, ¢]]. Of course
the exponentials e*$!, e®2, and e“%1/62) are elements of the algebra
U(g)Ils, t]] of formal power series over the universal enveloping algebra
U(g).

Fix a vector space decomposition of the Lie algebra g,

g=g @g’, (11)
so that g[[s, ]l = g7[[s, ]l & g"[[s, ¢]l. Let
af[s,e]] - a*[[s,1]]
be the corresponding projection maps. Then we have:

THEOREM 3.1 (The Factorization Theorem). The map
Cisg [[s.t]] xta™[[s.¢]] = sa” [[s.e]] @ tg™ [[s,¢]]  (12)
defined by the Campbell-Baker—Hausdorff formula and given by
'8 '8 = gClg 187 (13)

for gt e g *lls,t]] is a bijection. The lowest order terms of C(sg~,1g*) are
described as

C(sg ,1g") =sg +1gr+st5[g,g"] +stq(s,t), (14)

where q(s,t) € glls, t]l and g(0,0) = 0. Moreover, for h*< g *[[s, t]l, the
lowest order terms of

C'(sh +th") = (sg ,18")
are described as
g =h+gtm ([h*,h7]) +tr (s,1), (15)
gr=h"+ gsat([h*,h"]) + 57t (s,1), (16)
where r *(s,t) € g *[s, t]] and r*(0,0) = 0.
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Proof. For g*e g*[[s,t]], the expression e*8 e'®" is well defined in
U(g)lls,t]], and by the Campbell-Baker—Hausdorff theorem and the
discussion above, there exists a unique element C(sg™, 1g*) € glls, ¢1] such
that (13) holds; moreover, (14) also holds.

For g*e q*[[s,t]], write g*= X, _ngF where g is homogeneous of
degree m in s, and write

X s (17)

neN

where g,v, € g*[s,t]is homogeneous of degree m in s and degree 7 in ¢,
ie., g, s~ """ € g*. To prove that C is bijective, given h*e€ g*[[s,¢]],
we will use recursion on m and n to construct unique g*e< g *[[s, t]] such
that
C(sg ,tg") =sh +1th". (18)

We will use the notation /1, and & ,, by analogy with (17).

For g*e g *[[s, t]], consider the series in g[[s, ¢]] given by the Camp-
bell-Baker—Hausdorff formula

C(sg ,1g*) = X H,(sg,18"), (19)
Jj.keN

where H; (sg~,1g") involves brackets containing exactly j of the elements
sg~ and exactly k of the elements #g*, as in (7) and (8). In particular,
H; (sg”,1g") is a sum of terms of degree greater than or equal to j in s
and degree greater than or equal to k in ¢. From (6),

ad g™ -
—ae 1 |(587) +p(s: 1), (20)

C(sg ,tg") =187+

where p(s,t) is a Lie series in sg~ and fg* whose terms have degree
greater than one in sg~ and degree greater than zero in #g*, and in
particular, whose terms have degree greater than one in s and degree
greater than zero in t. We set C(sg™,1g*) = sh™+ th* in (20). Equating
the terms of degree zero in s is equivalent to the “initial conditions”

Y 8= X hi,=hg. (21)

neN neN

Moreover, equating the terms of degree zero in ¢ is equivalent to the
initial conditions

Z 8m,o0 = Z h,, (22)

meN meN
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Equating the terms of degree one in s in Eq. (20) and using the initial
conditions (21) amounts to the formula

ad thy

Sha +l‘h;— =tgr + W)(Sga)

By

~ g + k,(adth&)")(sgo),

)»

keN

where By, k € N, are the Bernoulli numbers, defined by the generating
function

Equivalently (using the decomposition (11)),

B
sgy = shg —SW( )» k—f(ad th&)kgo), (23)
k>0 ™
+ + + By +\k_—
gy =th{ —sm| ) F(adzho) g | (24)
k>0 ™

Equating the terms of degree one in s and one in ¢ in Egs. (23) and (24)
and using the initial conditions (22) is equivalent to the information

8o =ho1 — Blwi([[hoﬁmhoio])
= hoy + 3tm ([Ag0, hoo]) (25)
and

g1+,0 = h1+,0 - SBl7T+([h(JJr,0’ h(;,o])
= hi o+ 357 ([hg05 hoo])- (26)

The conditions (21), (22), (25), and (26) are together equivalent to (15)
and (16).

We will use recursion on the subscripts to construct and uniquely
determine all the g, , by equating the coefficients of appropriate powers
of s and ¢ in (18). So far, we have the following: Equating the coefficients
of s°" (n > 1) in (18) is equivalent to the information gg, | = kg,
(21); the equation for s™¢° (m > 1) is equivalent to g,,_, o = h,,_, (22);
and the equation for s't' is equivalent to (25) and (26), using the special
cases gg o = hg o and gg o = hg, of (21) and (22). Note that (23) and (24)
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do not serve to uniquely construct g, , for n > 1 or g, , for m > 1 as
desired, since we must still use the recursive procedure below to uniquely
express the components of g, on the right-hand sides of (23) and (24) in
terms of A’s. (The general recursion below will redo the cases g, and
g1, but we needed the precise formulas (25) and (26).)

Let m, n > 0. Equating the coefficients of s”¢" in (18) is equivalent to
the equation

sgr:l—l,n + tg:r—t,n—] + lm,n = Sh_—l,n + th+ (27)

m m,n—1>

where [, , is an explicit linear combination, homogeneous of degree m in
s and of degree n in ¢, of brackets of two or more elements of the form
sg, , and tg, , (with at least one of each of these two types) with p <m

and g < n. We equivalently have

Sgr;—l,n = Sh;t—l,n - W_(lm,n)

and
tg:rrl,nfl = th’:rrl,nfl - 7T+(lm,n)'
Proceeding through the sequence (for example)

(man) = (171);(1’2)7(2’1);(173)’(272)7(3a1);(174)’---7

we see that we have an effective recursive procedure for uniquely comput-
ing all the g, in terms of the /. ,, Lie brackets, and the projections  *.

m,n>

In particular, the map C is bijective. [

Problem 3.2. The map C~' is given by a precise recursive procedure.
We propose the following problem: Find a closed form for this map. See
also Problem 3.7 below.

Remark 3.3. Theorem 3.1 and our method of proof, based on the
decomposition (11), generalize to the case of a decomposition of g into an
arbitrary finite number of subspaces.

The proof of Theorem 3.1 yields the following more precise information
about how the elements g* are built from the elements A* using
commutators and the projections 7r *, under the assumption (which we will
remove in Theorem 3.6 below) that A* € g, i.e., that the elements AT do
not involve s or :

PROPOSITION 3.4. In the setting of Theorem 3.1, suppose that h*<€ q.
Write FChE, m 1) (resp., F(sh ™, th*; mw*)) for the smallest Lie subalgebra of
a (resp., glls, t]D) containing the elements h~ and h* (resp., sh™ and th*)
and closed under the projections  *, i.e., compatible with the decomposition
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(11) in the sense that it is the direct sum of its intersections with g* (resp.,
a =L s, t1D. We have:

(a) The Lie algebra F{sh~,th™; w*) is N X N-graded by means of the
decomposition

|]:<Sh7,fh+;77i> = ]_[ l}:<hi;77i>m,nsmtn7 (28)

m,neN

where FCh*; m =), , is the subspace of F{h*; w*) spanned by the elements
built from commutators involving exactly m elements h~ and exactly n
elements h*, and from the projections w*. (Waming: The subspaces
F h*;m2), , might not be disjoint; for instance, we might have, say,
[A*,h~]1=h")

(b) Consider the formal completion

Fsh™,th* s *))y = [ W h*;m*), s™t" (29)

m,neN

of F(sh™,th*; @ *) in glls, t]], so that F{{sh™,th™; = %)) is naturally a Lie
subalgebra of F{h*;m*)[s,t]] stable under = =. We have

sg gt e Fsh™,th*;m*)). (30)
Proof. Part (a) is clear. To prove (b), it is sufficient to show that

(58 Vomn> (18" ), € EKCAE %), u8™t" (31)

for all m and n (using the notation (17) for homogeneous components of
elements of g[[s, t]]). We proceed through the proof of Theorem 3.1 and
indicate the special information that we have in this situation. Formula
(18) remains the same, but since the elements #* do not involve s or ¢, we
do not need to consider the components % or k. ,. From (18) we find
that (21) and (22) become, respectively,

1gy =th*, (32)
S 2 mo=Sh", (33)
meN

so that g; = h™ is independent of s and ¢, and g, , = gy =/~ and is
also independent of s and #. Also, (25) and (26) become, respectively,

sgo.1 = 27 ([th*,sh™]), (34)
1810 = st ([th*,sh™]). (35)
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For m, n > 0, the right-hand side of (27) is 0, and (27) becomes
Sg,;,l’n +tg;,n71 +lm,n =O’ (36)

where /,, , is an (explicit) linear combination as indicated in the proof.
Now we just use the inductive procedure described in the proof to
establish (31) by induction on (m, n). The cases m = 0 and n = 0 are
covered by (32) and (33), respectively, and the case (1, 1) follows from (34)
and (35); I, ; is a multiple of s'¢'[A*, h~]. The general inductive step is
clear, and the result is proved. |

Remark 3.5. The proof constructs sg~ and #g™, using the Campbell-
Baker—Hausdorff series, as canonical formal series of “words” involving
brackets of sh~ and th*, and the projections 7 *, independently of the Lie
algebra g or of #* or of the elements A*. Let us call these two formal
series of words the canonical factorization series and let us write them as

FE(sh™,th*;m*). (37)

They are analogues, in some sense, of the Campbell-Baker—Hausdorff
series.

Now we remove the assumption 4* < g in Proposition 3.4, using Propo-
sition 3.4 to obtain the corresponding information in the general case. We
write F(sh~,th*; *) for the smallest Lie subalgebra of gl[s, ¢]] contain-
ing sh™ and th* and closed under #* and we define the formal
completion F{{sh~,th™; m*)) of F{sh™,th™; = *) to be the vector space
of formal (possibly infinite) linear combinations of “words” involving
brackets of the elements sh~ and th*, and the projections 7*. This space
is well defined because there are only finitely many words involving s™¢"
for fixed m, n € N. The space F{{sh~,th™; 7w *)) is clearly a Lie subalge-
bra of g[[s, ¢]] stable under 7 *. Note that this Lie algebra is an analogue
of the Lie algebra F{{a, b)) in Section 2. In the special case that h*e< g,
this Lie algebra agrees with the already-defined Lie algebra (29). We have
the following generalization of Proposition 3.4.

THEOREM 3.6. In the general setting of Theorem 3.1 (in the absence of the
assumption h* € ), we have

g igte F((sh™ th*;m*)), (38)

and sg~ and tg* are given by the canonical factorization series (recall Remark
3.5):

sg =F (sh ,th*;m*), 1g"=F"(sh ,th*;7?*). (39)
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Moreover, the lowest-order terms in sg~ and ig* are given by

sg =sh + 3w ([th*,sh™]) +u (s,1), (40)
tg"=th*+ 3w ([th*,sh™]) +u*(s,t), (41)

where u*(s,t) € F{{sh™,th*; w*))* are formal (possibly infinite) linear
combinations of words involving at least three occurrences of sh™ and th*
(including at least one of each).

Proof. Write §) for the Lie algebra g[[s, ¢]] and apply Proposition 3.4 to
the Lie algebra ) in place of g and Hl[s,, #,]] in place of gl[s, ¢]], with s,
and ¢, new formal variables. We find that given our elements h*e
g *[[s, t]], we have that the formula

eslgfetlgf = eslh7+tlh+ (42)
determines unique elements (by Theorem 3.1)

g € [[s;, 1], (43)

and by Proposition 3.4, for all m,n € N, the coefficient of s"#{' in 5,87
and in ¢,g{ lies in F{h*; 7w *),, ,, where F{h*;w*) and K hE, m %), ,
are defined as in Proposition 3.4 in the present case. Moreover, s,g; and
t,g1 are expressed by the canonical factorization series in terms of s,A~
and t,h”, and 7 *, and the low-order terms with respect to s, and ¢, in g
are given by (15) and (16) with s, and ¢, in place of s and ¢ and with
F{h*;m*) in place of g. We may set s = s, and ¢ = ¢, in (42), and we see
that the elements g* are determined from the elements

git € KKht;m*)[[sy,14,]] (44)

(which are uniquely determined by the formula (42)), by the specialization

i=g1i|31:s,t1:t- (45)
Moreover,
5181 =s;h™+ %511177_([h+?h_]) + 514,717 (815 41), (46)
Hgt =th™+ sy ([hT h7]) + 5,007 (51, 11), (47)
where

ri(s,ty) € FKhEs o) [[sy,4]], ri(0,0) =0, (48)
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and for all m,n > 1 with either m or n > 2, the coefficient of s{"¢{ in
s,t,r{t(s,¢;) is a linear combination of elements of F(A*; 7 *) built
according to the canonical factorization series from commutators involving
exactly m elements 2~ and exactly n elements 4", and from the projec-
tions 7 *. This gives the desired result. [

Problem 3.7. Find closed forms for the canonical factorization series
FZ*. (Compare Problem 3.2 and the classical formula (6) for the
Campbell-Baker—Hausdorff series.)

Remark 3.8. Here we give an alternate, direct, simple proof of the
uniqueness of the factors in the product e*¢ 6" in (13) (i.e., the injectivity
of the map C in Theorem 3.1), under the extra hypothesis that the
subspaces g* are Lie subalgebras (but see the next remark for the
removal of this extra hypothesis). The following argument also works more
generally for the analogous uniqueness when the Lie algebra g is given as
a finite direct sum of any number of Lie subalgebras. We use the
Poincaré -Birkhoff—Witt theorem. Write

P:U(g) » U(g")
for the projection with respect to the decomposition
U(g) =U(s7") ® U(a")U(g7)g"=U(g") ® U(g)a",
coming from the decomposition
U(g) =U(a") ® U(g™),
and extend P canonically to U(g)I[s, t]]. Given
e'8 e!8 = et8ietst (49)

(gt € q*lls, 1D, simply apply P to get e*® =e*¢' and hence g =g;,
and from this, g* =g .

Remark 3.9. Here we remove the extra hypothesis in Remark 3.8 that
the subspaces g * be Lie subalgebras, proving the uniqueness in Theorem
3.1 in general; as in Remark 3.8, this argument works in the general setting
of Remark 3.3. Let

A:S(g) = U(g)
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be the standard symmetrization map—a linear isomorphism by the
Poincaré—Birkhoff-Witt theorem—determined by

1
Mg &) = gzga(l) 8o k)

where k>0, g,,...,8, € ¢ and o ranges through the symmetric group
on k letters. Then by the Poincaré—Birkhoff—Witt theorem,

U(g) = A(S(g7)) @ A(S(g"))
= A(S(g7)) ® A(S(67))M(a7S(g7)).
Let
P:U(g) = A(S(a7))
be the corresponding projection and extend P canonically to the projec-
tion

P:U(g)[[s,t]] = A(S(a™ ) [[s.¢]]-

Now with g~ g7 [[s, ¢]] as above, we have

e’ € MS(a7)[s.1]]

(and similarly for #g*). Indeed, the coefficient of each monomial in s and ¢
in e*¢ coincides with the coefficient of the same monomial in a suitable
finite linear combination of powers of sg~, and for any k& > 0,

(s¢7) € MS(a™)N[s. 11,

since the map extends canonically to the natural map

AsS(a)[[s,¢]] = U(a)[[s,¢]],

and (sg)* is the image of (sg”)* viewed as an element of S(g )I[s, ¢]].
Given (49), we can now apply P just as in Remark 3.8 to get e8 = e*81,
giving the uniqueness.

Remark 3.10. Recall that the nontrivial part of the Campbell-Baker—
Hausdorff theorem is that the element C(a, b) (see formula (5)) of the
universal enveloping algebra of the free Lie algebra over a and b is in fact
a Lie series. In the proof of bijectivity in Theorem 3.1, in general, the
operations take place in U(g)I[s, ¢t]]; however, the projections 7 * are not
defined on U(g)I[s,?]]. Rather, it is necessary to use the fact that
C(sg~,1g"*) is a Lie series, to take brackets in the Lie algebra g[[s, ¢]], and
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then to project using 7 *. One cannot use (associative) words in g* to
obtain C~'(sh™+ th"), in contrast with the situation for C(sg~,tg").
However, Theorem 3.6 shows that C~'(sh~+ th™) can be obtained using
words in sh~ and th* and the canonical projections 7 %, i.e., the correct
setting for C™'(sh™+ th™) is F{{sh~,th*; w*)), as opposed to U(g)I[s, ¢]]
for C(sg™, tg™).

Remark 3.11. The method used to prove the map C in Theorem 3.1 is
bijective is similar to the method used to prove the “formal uniformization”
result Theorem 2.2.4 in [H3] for a certain representation of the Virasoro
algebra, given by L, » —x""'< € End(C[x,x ']) and ¢ =0, and to
prove the analogous result, Theorem 2.3.4 in [B1], for an analogous
representation of the N =1 Neveu-Schwarz algebra. The method is
similar in that once one has an appropriate equation involving formal
series and one has appropriate projections, one can solve the equation
recursively. However, the settings in the proofs for these two cases are very
different from the setting in the present proof: In [H3, B1] the proofs take
place in certain formal function algebras, whereas in the present paper the
proof takes place in a certain Lie algebra. Note the subtle issue that in a
universal enveloping algebra or formal extension there are no appropriate
projections available for the use of this method (recall Remark 3.10). In
fact a crucial observation in this paper is that even though there is no such
setting involving universal enveloping algebras, one can in fact find a very
general setting to which the method can be applied, a setting very different
from the ones in [H3, B1]. As a benefit, we are able to obtain the
factorization results in [H3, B1] in a uniform, simple way, without the need
to pass to a central extension (see Applications 4.3 and 4.7 below; Theo-
rem 2.2.4, Proposition 4.2.1, and Corollary 4.2.2 in [H3]; and Theorem
2.3.4, Proposition 2.6.1, and Corollary 2.6.2 in [B1]).

CoroLLARY 3.12 (Formal Algebraic Uniformization). There exists a
unique bijection

Wirgt[[s,e]] xsa™[[s,¢]] = sa™[[s,¢]] xeg™[[s,2]]  (50)
such that for g*< g *[[s, t]],
etg*esg’: es\lf’et‘l’+ (51)

with sV~ =7~ o W(ig*,sg™) and tV*'= 7" o W(ig",sg™). Moreover, the
lowest order terms of the ¥ * are described as

V=g +tm ([g7,87]) +1t7 (s,1) (52)
Vr=g"+sm"([g*, g7 ]) + 52" (s,1), (53)
where P *(s,t) € q*[[s, t]] and 2*(0,0) = 0.
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Proof. Let C' be the analogue of the map C (see (12), (13)) with the
roles of s and ¢ and of ¢~ and g* reversed, and let o be the isomor-
phism given by

a:tgt[[s,t]] ®sa [[s,t]] = sa [[s,t]] ®ta*[[s,¢]]
(th*,sh™) — (sh™,th™).
Then
V=ClogoC:tg[[s,t]] Xsa [[s,t]] = sa [[s,¢]] xXta™[[s,¢]]

is a bijection satisfying (51). The conditions given by Egs. (52) and (53) for
the lowest order terms follow from Egs. (14), (15), and (16). 1

Theorem 3.6 along with the Campbell-Baker—Hausdorff theorem of
course gives the corresponding additional information about the elements
¥+ in Corollary 3.12.

COROLLARY 3.13.  We have that
sU,tWre Fsg™, gt m*)) (54)
and sV~ and t V™ are given by canonical formal series, which we write as
sV =G (sg,18";m*), V= G*(sg7, 18" m*). (55)
The lowest-order terms are given by
G (sg g7 sm*) =sg +m ([1gh,s87]) +v (s,1),  (56)
G (sg g7 sm*) =g+ 7 ([, sg7]) +0v'(s,0),  (57)

where v*(s,t) € F({sg™,tg";m*))* are formal (possibly infinite) linear
combinations of words involving at least three occurrences of sg~ and 1g*
(including at least one of each). |

Problem 3.14. Let us call the two series G* the formal algebraic
uniformization series. They are essentially compositions, in a suitable sense,
of the Campbell-Baker—Hausdorff series and the canonical factorization
series, incorporating the twist o in the proof of Corollary 3.12. Find closed
forms for the formal algebraic uniformization series. (Compare problem
3.7)

4. APPLICATIONS TO Z-GRADED LIE ALGEBRAS

In this section we apply our formal algebraic uniformization result,
Corollary 3.12, to the Lie algebra g consisting of certain formal infinite
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series with coefficients in a Z-graded Lie algebra p. We then give applica-
tions for p an affine Lie algebra, the Virasoro algebra, and a Grassmann
envelope of the N = 1 Neveu—Schwarz algebra. For the latter two applica-
tions, we discuss the importance of these results to conformal and super-
conformal field theory, and we point out that the result also applies to
Grassmann envelopes of the N > 1 Neveu—Schwarz algebras.

We continue to work over our field F of characteristic zero. Let
p=11 i< zb; be a Z-graded Lie algebra. (Note that if, for example, p is
given as +Z- graded for some positive integer 7, then by regrading, we can
always consider p as Z-graded.) We consider the following vector space
decomposition of p,

=(]_[p].)eapoea(]_lp,-)=p_@bo@p+-

j<0 j>0

Let & (resp., %;) be commuting formal variables for j € Z, and j > 0
(resp., j < 0). Consider the corresponding polynomial algebra [/, Z1].
We define the order of each ./ and each % to be one. This induces three
gradings by nonnegative integers, called the order in the &’s, the order in
the %/s, and the total order in the &7’s and %’s, defined in the obvious
ways.

Now consider the space p[.«/, Z] of polynomials in the .. s and Z’s
with coefficients in p, equipped with the three gradings by order Also
consider the corresponding space pl[.7, Z]] of formal power series. Make
ple, #] and plle/, Z]] into Lie algebras in the canonical ways, and note
that p[[.«7, Z]] has a vector space decomposition

p[[or, B]] = v [[7, B]] ® vol[o, B]] ® v [[7,F]] (58)

into three Lie subalgebras p~[[«7, Z]], p,l[«, Z]l, and p*[[, Z]].

We are now ready to apply our results from the preceding section. We
want to exponentiate suitable elements of the form (py, p,,...) € IT;. ¢b;,
with possibly infinitely many p;’s nonzero, and corresponding elements of
I1; . o ;. But products of such exponentials are not well defined even if we
use formal variables such as s and ¢ as in the previous section. However, if
we use an infinite number of formal variables, one for each homogeneous
subspace, then we can multiply the exponentials.

Therefore, fix

(P1,p2s---) €110, and  (p_ypy,...) € I1p (59)
>0 j<0
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and define corresponding elements

g'=Yp, and g =) Bp, (60)
>0 j<0

of pllez, 1. We will consider exponentials of these elements.

We will apply Corollary 3.12 and Corollary 3.13 to the Lie algebra
pll.e7, Z1] with the decomposition p[[.«7, Z]] = p[[.«7, Z]] & (p [, B]]
® p*[le, 1D with corresponding projections 7~ : p[le, Z] —
pll., #1, and 7** : pller, BN - (pll., 1] © p*[[.7, Z1D, and then
we will apply Theorem 3.6 to the Lie algebra p[[«, Z1] @ p*[[w, Z]]
with the indicated decomposition and corresponding projections
70 polle, 21 © p*lle, Z1) - b, ] and 7 : plle, 2] @
plle, £ - p'lle, Z]1.

COROLLARY 4.1. With the notation as above, there exist unique elements
Ve p (e, B, ¥ € pller, B, and V€ p*[ler, B of the form

V= Y B+ @ (4, B), (61)
j<o0

v =2, B), (62)

V= ) Ap + @ (A, PB), (63)
j>0

where @ (7, &) € p [, B, @ (&, B) € p v, B, and @ (7, B)
€ p*ll, Fl, and these elements contain only terms of order at least one in
the &7s and order at least one in the By’s, such that

efes =V eV e (64)

in U, Z]]. (Note that the right-hand side of (64) is well defined for any
elements of the form (61)-(63).) Moreover,

Yo,V vrte F g, gt m,ml 7mt)) (65)
(using obvious notation), and we have

Vo= Y Zp+ Y ABlp.p.)+P (¥, B), (66)

j<0 j>0,m<0
j+m<0
w0 = Z%‘@—j[pjap—j] +‘930(M9‘%)7 (67)
i>0
V=Y op+ X %Bppa ]+ P (7, B),  (68)
i>0 i>0,m<0

j+m>0
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where P (A, B), PN, B), P (A, B) € pll, B each contain only
terms of total order three or more in the &s and %;’s, with order at least one
in the /s and at least one in the %;’s.

Proof. The uniqueness of ¥~, W’ and " is immediate from the
argument in Remark 3.8, applied first to the decomposition

U(p) =U(p7) ® U(p™) ® U(py)
and the corresponding projection

U(v)[[«, 2]] » U )U(»™)[[w, Z]].

This gives the uniqueness of the product eV eV’ and the analogous

consideration of the decomposition
Up )U(p™) =U(p™) @ U(p )U(»")p"

inside U(p) then completes the uniqueness.

Note that g~ p7[[&, Z]l and g* e p*ll, Z]l C pll, Z] &
p*lle, Z1l. By Corollaries 3.12 and 3.13, there exist unique elements
v-e (p [, ZDs, 1]l and ¥ *e (pllw, 21 © p*lle, B, t]]
such that

+ - A — g0, +
elg e’8 = e.s‘lf et‘I/

2

and sU, 0% e F(sg™, g m, 7w ")) C F{(sg,tgt; m, w’, w* )Y,
and these elements satisfy (56) and (57), respectively, applied to this case.
For any element of F{(sg~,#g*; m, 7" ")), we can substitute 1 for both s
and ¢ and the result is an element of p[[.«7, Z]]. Thus ¥~ = sWU|,_,, and
Yo+ = PO F| _,_, are well-defined elements of p L, #]] and
po[[% #1] ® p*[l, #]), respectively, and ¢¥ and ¥ are well defined
in U(p)[[.«7, Z]]. Moreover, ¥~ and W% * satisfy the analogues of (56) and
(57), respectively, applied to this case, and thus ¥~ satisfies (66).

Now let "= 7t (¥ *) and h° = 7°(¥" *). By Theorems 3.1 and 3.6,
there exist unique ¥*e (p* [, ZID[s, 1]l and ¥° € (v [, Z]DIls, 1]
such that

es\i”et\ifo — esh* +th0,
and s¥*, 1 ¥° € F((sh™*,th"; w*, 7°)) and s¥* and +P° satisfy (40) and
(41), respectively, applied to this case. Again we can substitute 1 for both s
and ¢ and the result is an element of p[[.«/, Z]]. Thus we have that
V=P, _,_, and V° =P _,_, are well defined elements of
pH[er, Z1 and p [, Z]l, respectively, and e’ and %" are well
defined in U(p)l[w, Z]. Moreover, ¥+, ¥ e FKha™, h% o, 70)) c



FACTORIZATION OF FORMAL EXPONENTIALS 571

F(g~,g";m, ", w")), and by (40) and (41) applied to this case, ¥’ and
W+ satisfy (67) and (68), respectively. |

Now we specialize to the following situations.

Application 4.2. Affine Lie algebras. Let [ be a finite dimensional Lie
algebra equipped with an [-invariant symmetric bilinear form (-,-) and
consider the corresponding affine Lie algebra [ ={® Clx,x '] ® Cc,
with commutation relations

[g@x", hex"] =[g,h] ®x""" + (g, h)m§, ., ok,

and k central. Consider also the natural Z-grading { = 11 ne an.

Fix h; € [ for j € Z\{0} and let & for j >0 and %, for j <0 be
commuting formal variables. We can now apply Corollary 4.1 with p = [,
p;= f]- for j € Z and p; = h; ® x/ for j € Z\{0}. Thus

gr= Y oh,®x) and g = Y Bh ®x,
j>0 j<o

and we have that there exist unique W~ € f*[[M,%’]], PO e TO[[M,%’]],
and V*e [*[[.w, #]] satisfying (61)—(63) such that

exp( Y Sh; ® xf)exp( Y. Bh; ® xf) =eVeVe (69)

>0 j<0

Also, formula (65) holds. Furthermore, we can write ¥° € TO[[M, F1] as
V0 = v + ¥ where ¥ € ([, #]] and V) € (CKI[.«, Z]]. But since
k is central, we can write the last exponential in Eq. (69) as

eV’ = exp(W) + W) = exp(W{ )exp(WY).
In addition, we have

Vo= ) Bh ®x/
j<0
+ Y 4B, h,] @xt" + P (2, 2),  (70)
j>0,m<0
j+m<o0
Wt= ) Sh; ®x/
>0
+ Z Ja/j‘%m[hj’hm] ®xj+m +‘@+(”Q/"@)’ (71)

j>0,m<0
j+m>0
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= Y AB_j[hj,h ;| + P (A, B), (72)
j>0
= 'Zo%egé’,_f(hj,hfj)jk+9£(&/,$), (73)
Jj>

where 2 (o, B), 2+ (v, B), PN, B), PN, B) € [, B]] each
contain only terms of total order three or more in the .%/’s and %;’s, with
order at least one in the /’s and at least one in the %’s.

Application 4.3. The Virasoro Algebra. Take p = b to be the Virasoro
algebra. With the usual basis, L,, for m € Z and ¢, the commutation
relations for b are

[Lm7Ln] = (m - n)Lm+n + %(ms - m)6m+n,ﬂc7
[Lm,C] =0

for m,n € Z. Consider the natural Z-grading v = LI ;. ,b;, where b; =
CL]- for j € Z\{0} and b, = CL, ® Cc.

Now take p; =L, for j € Z\{0}, and as usual let & and Z_; be
commuting formal variables for j € Z,j > 0. (Note that we could take
p; = ¢;L; where ¢; are complex variables. However, in expressions such as
e LJ We can always absorb the complex variables c¢; into the formal

J

Varlables . In fact, in applications such as in [H1- H3], under suitable

conditions, one eventually wants to specialize the formal variables to be
complex numbers. Thus we have not sacrificed any generality by setting
¢;=1)

Now take

g'=YoL; and g = Y FL,.
>0 j<0

Applying Corollary 4.1, we see that there exist unique ¥~ € v~ [[&, Z],
V0 e p[[e, Z]], and Ve v*[[o, F]] satisfying (61)-(63), such that
exp( Z%Lj)exp( Z%Lj) =eV eV e, (74)
j>0 j<0
and formula (65) holds. Let us write

=L VYL, V= Y WL
j<0 i>0

and

VO =W, L, + I,
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where ¥, T € Cll.«, 1] for j € Z. Since c is central, (74) is equal to

exp( Y ‘I’ij)eXp( Y \I’ij)e‘I'”LOeF",

j<0 j>0
and for j > 0, we have

\P—j =<@—j + ZM—]?m‘@—m(_j + 2m) +:@_f(y’ (@)’ (75)

m>j
V= + Zo%mﬁé’:m(j +2m) +P(A, F), (76)

m>
Vo= Y 2%, FB_,m+P(A, RB), (77)

m>0
m> —m
r= Y v %_, g + Ty(, B), (78)
m>0 12

where 9?’/(%, #), T\, &) € Cllo, #]], for j € Z, contain only terms of
total order three or more in the &/,’s and %, ’s with order at least one in
the #7,’s and at least one in the %, ’s.

Remark 4.4. 1In conformal field theory, Eq. (74) corresponds to calculat-
ing the uniformizing function to obtain a canonical sphere with tubes from
the sewing together of two canonical spheres with tubes in the moduli
space of spheres with tubes under global conformal equivalence. This
moduli space along with the sewing operation is the geometric structure
underlying a geometric vertex operator algebra [H1-H3]. Equation (74)
also corresponds to a certain change of variables and “normal ordering” of
the operators L; generated by the Virasoro element in an (algebraic)
vertex operator algebra, where by “normal ordering” we mean ordering
the operators L; so as to first act by the operators L; for j > 0 and then
act by the operators L; for j < 0. The correspondence between these two
procedures, one geometric and the other algebraic, is necessary for the
proof of the isomorphism between the category of vertex operator algebras
and the category of geometric vertex operator algebras [H2].

Remark 4.5. The results about the formal series ¥;, I' € Cll.w, #1] for
j € Z, given in Egs. (75)—(78) above—the explicit results about the lowest
order terms and the qualitative information about the higher order terms
—are exactly the results necessary for the proof of the isomorphism
between the category of geometric vertex operator algebras and the
category of algebraic vertex operator algebras. Equivalent results were
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proved by Huang, first in [H1] and then in Theorem 2.2.4,* Proposition
2.2.5,° Proposition 4.2.1, and Corollary 4.2.2 of [H3]. However, the quanti-
tative information in Egs. (75)—(78) is much more explicit than the equiva-
lent information given in [H3]. The main difference between Egs. (75)—(78)
and the analogous results given in [H3] is that in (75)—(78), the terms of
total order two in the .#/’s and %/’s are given explicitly while in [H3] this
information for the ¥’s and T is presented in (the corrected forms of)
Egs. (2.2.11) and (2.2.12) (see footnote 4) using the representation of the
Virasoro algebra given by L, = —x"*!'4 € End(C[x, x™ '] and ¢ = 0. In
order to recover Egs. (75)—-(78) above from the results in [H3], one must
perform several operations, pick out coefficients, and then use Proposition
4.2.1 and Corollary 4.2.2 in [H3], allowing one to lift the results from the
particular representation to the algebra. For example, a shorter and more
straightforward proof of Proposition 3.5.2 in [H3] than that originally given
can be obtained using Egs. (75)—(78) above. This proposition states that
the meromorphic tangent space of the moduli space of spheres with one
incoming tube and one outgoing tube carries the structure of a Virasoro
algebra with central charge zero.

We now show how Corollary 4.1 can be applied to Lie superalgebras.
We will use the notion of a Grassmann envelope of a Lie superalgebra.
These are Lie algebras to which we will apply Corollary 4.1.

We will be interested in 3Z-graded vector spaces also equipped with a
compatible Z,-grading. To distinguish, we will denote the Z,-grading using
superscripts. For a Z,-graded vector space V' = V' @ V!, define the sign
function m on the homogeneous subspaces of V' by n(v) =i for v € V',
i =0,1. If n(v) = 0, we say that v is even, and if n(v) = 1, we say that v
is odd.

A superalgebra is an (associative) algebra A (with identity 1 € A), such
that

(1) A isa Z,-graded algebra.

(i) ab = (—1)""®pg for a, b homogeneous in A.

For example, the exterior (or Grassmann) algebra A(}') over a vector
space V' is naturally a superalgebra.

* We take this opportunity to correct a misprint in the formulas (2.2.11) and (2.2.12) of
Theorem 2.2.4 in [H3]. The first two terms in the right-hand side of (2.2.11) should be
replaced by ag'(f@)71(1/ayx) and the first two terms in the right-hand side of (2.2.12)
should be replaced by (£, )~ (x).

> There is a misprint in Eq. (2.2.27) of Proposition 2.2.5 in [H3]. The first term in the
right-hand side of (2.2.27) should be — /%,
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A 7Z,-graded vector space q is said to be a Lie superalgebra if it has a
bilinear operation [+, - ] such that for u,v homogeneous in ¢,

Q) [u,v] € g+ n()med2
(i) [u,0] = —(—1D)"O7)p, 4] (skew-symmetry)

(i) (=D [y, 0], w] + (= DO o, w], ul +
(— D" O[[w, u],v] = 0 (Jacobi identity).

Remark 4.6. Given a Lie superalgebra q and a superalgebra 4, (A4° ®
q%) @ (A' ® q') is a Lie algebra with bracket given by

[au,bv] = (= 1)""“ab[u,v] (79)

(with obvious notation), where we have suppressed the tensor product
symbol. Note that the bracket on the left-hand side of (79) is a Lie algebra
bracket, and the bracket on the right-hand side is a Lie superalgebra
bracket. If 4 = A()) for some vector space V, then this Lie algebra is
called the Grassmann envelope of the Lie superalgebra q associated with A.

Consider a Lie superalgebra ¢ that also has a compatible Z-grading. Fix
a Grassmann algebra 4 = A(V). We can now apply Corollary 4.1 to the
Grassmann envelope of q associated with A. In addition, we can apply
Corollary 4.1 to the Grassmann envelope of a +Z-graded Lie superalgebra
associated with A by regrading.

Application 4.7. The N =1 Neveu—Schwarz algebra. The N =1
Neveu—Schwarz Lie superalgebra ng, is a superextension of the Virasoro
algebra. Thus 13" is the Virasoro algebra b as in Application 4.3, and for
jE€Z+ 1, we have ns ; = CG;. The remaining supercommutation rela-
tions are

for m,n € 7.
Take p =(A4°® ns’) ® (4' ® ns"), p,=L;, for je 7\{0}, and
Pi-1,2=8;_1,,G;_,,, for j € Z where a;_,,, € A'. Let & and Z_; be
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commuting formal variables for j € 37, j > 0, and set

£o T Gt v )
JEL 4

8§ = Z ('@L +'%I/+— /+—'G/+ )
JjE-Z,

(Z, denoting the positive integers). By Corollary 4.1, there exist unique
Ve plly, 1, ¥’ e plle, £l and ¥ep [[52/ Zll, satisfying
(61)—(63) such that

e'es =eV eV e, (80)
and formula (65) holds. Since {L 1 /2},ez U {c} is a basis for the
Neveu—Schwarz algebra, we can wrlte

V= X (WL G, W= Y (WL + VG
je-7, JEZ |
and

v =w,L, + Ic,

where ¥, I € All.z, 1] for j € 7. Since c is central,
e"" = exp(W,L, + T'c) = exp(¥,L,)exp(Tc), (81)
and for j € Z_, we have
V. =B + L (Ao B_,(—]+2m)
m>j
_2M71+m71'@7m+%a7]+m7iafer )+9afj('£/"%})’ (82)

j 3m 1
V., 1=F j a0+ )y A o B i1 |5+ 5~ 5

m>j

2
~ 3m
]+m71'@7m+la7j+m7% -]+ T -1

+
+P_ (A, B), (83)
Vo=t X (B (] + 2m)
meZz,
2,y B 10 ys) TS, F), (84)
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J 3m
\Pj—%zy’—%aj—%"" Z /+m \Z 'a_m+%(—+——1)

J mez., —m+ 3 ) P
3m 1
+‘5yj+m—l‘@—ma1+m—— ] + T - E
+ (A, F), (85)
‘I,O = Z (2Mm‘@—mm - 29, —%g_m+lam__ —m+ i )+‘@O(‘M @)
meZ,
(86)
(m* — m)
I'= E Jym‘@—m—
meZ 12
(m” = m)
_”Q/mfl'gZj m+lam a7m+%T +F0('M7c@), (87)

where 2, B), T (7, %) € All«/, Z]], for | € 1Z, contain only terms of
total order three or more in the .%/,’s and %,,’s with order at least one in
the /,’s and at least one in the s, for m € ;7.

Remark 4.8 (cf. Remark 4.4). In N = 1 superconformal field theory,
Eq. (80) corresponds to calculating the uniformizing function to obtain a
canonical supersphere with tubes from the sewing together of two canoni-
cal superspheres with tubes in the moduli space of superspheres with tubes
under global superconformal equivalence. This moduli space along with
the sewing operation is the supergeometric structure underlying a superge-
ometric vertex operator superalgebra [B1, B2]. Equation (80) also corre-
sponds to a certain change of variables and “normal ordering” of the
operators L;,G;_, ,,]j € Z, generated by the Neveu—Schwarz element in
an algebraic N = 1 vertex operator superalgebra, where by “normal order-
ing” we mean ordering the operators L;,G;_; ,, so as to first act by the
operators L;,G;_; ,, for j > 0 and then act by the operators L;, G, ,, for
j < 0. The correspondence between these two procedures, one geometric
and the other algebraic, is necessary for the proof of the isomorphism
between the category of N = 1 vertex operator superalgebras and the
category of N = 1 supergeometric vertex operator superalgebras [B1].

Remark 4.9 (cf. Remark 4.5). The results about the formal series
VT € Allw, Z]], for j € 5Z, given in Egs. (82)-(87) above—the explicit
results about the lowest order terms and the qualitative information about
the higher order terms—are exactly the results necessary for the proof of
the isomorphism between the category of N = 1 vertex operator superal-
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gebras and the category of N = 1 supergeometric vertex operator superal-
gebras [B1]. Equivalent results were proved by Barron in Theorem 2.3.4,°
Proposition 2.3.6, Proposition 2.6.1, and Corollary 2.6.2 in [B1]. However,
the quantitative information in Egs. (82)—(87) is in a slightly different form
than the equivalent information given in [B1, B2]. In [B1, B2] “odd” formal
variables M;_, ,, (resp., N_;_,,,) are used instead of the composite
expressions & _, ,a;_; ,, (resp., ., ,,a;,,,,) found in Egs. (82)-(87)
and consisting of an even formal variable and an odd Grassmann variable.
The “odd” formal variables M;_,,, (resp., N_; ;) carry the same
information as the corresponding composite expressions in the present
work and are “odd” in the sense that they anticommute with each other
and odd elements of n$ and commute with even formal variables and
even elements of ns. After taking into consideration this notational
change, one can see that the quantitative information in Egs. (82)—(87) is
much more explicit than the equivalent information given in [B1]. The
main difference between Egs. (82)—(87) and the analogous results first
proved in [B1] is that in (82)—(87), the terms of total order two in the 7
and %’s are given explicitly, while in [B1] this information for the W;’s and
I' is presented in (the corrected forms of) Egs. (2.49) and (2.50) (see
footnote 6) using a representation of the N = 1 Neveu—Schwarz algebra in
terms of superderivations in End(C[x, x ']l ¢]) with ¢ = 0, where x is a
formal (commuting) variable and ¢ is a formal anticommuting variable
(see Proposition 2.4.1 in [B1]). In order to recover Egs. (82)—(87) above
from the results in [B1], one must perform several operations, pick out
coefficients, and then use Proposition 2.3.4 and Corollary 2.6.2 in [B1],
allowing one to lift from the particular representation to the algebra. For
example, a shorter and more straightforward proof of Proposition 3.11.1 in
[B1] than that originally given can be obtained using Egs. (82)—(87) above.
This proposition states that the supermeromorphic tangent space of the
moduli space of superspheres with one incoming tube and one outgoing
tube carries the structure of an N = 1 Neveu—Schwarz algebra with
central charge zero.

Application 4.10. The Neveu—Schwarz algebras for N > 1. For Grass-
mann envelopes of other superextensions of the Virasoro algebra, such as
the N = 2 Neveu—Schwarz algebra and Neveu—Schwarz algebras for higher

® There is a misprint in formulas (2.49) and (2.50) of Theorem 2.3.4 in [B1]. In the lowest
order terms for FV, the first two terms of the even part and the first term and last two terms
of the odd part of the right-hand side of the formula (2.49) should be replaced by
eFO(x, 9)l(w, #)-0 given in Eq. (2.45) of the theorem. In the lowest order terms for F®), the
first two terms of the even part and the first three terms of the odd part of the right-hand side
of formula (2.50) should be replaced by ¢F@(x, )5 -0 given in Eq. (2.48) of the
theorem.
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N, the results of Corollary 4.1 similarly apply. These results have signifi-
cance for the corresponding superconformal field theories and vertex
operator superalgebras.

[B1]
(B2]
[H1]
[H2]
[H3]
[R]
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