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Abstract
Relativistic many-body perturbation theory (RMBPT), including the Breit interaction, is used
to evaluate energy levels, radiative matrix elements and autoionization rates for 1s2l2l′ states
of lithium-like Mo39+, Pr56+, W71+ and Hg77+. Radiative and non-radiative data are combined
to obtain branching ratios, intensities and effective emission rate coefficients of dielectronic
satellite lines. Relative intensity factors are shown graphically for the 1s2l′2l′′–1s22l radiative
transitions in lithium-like ions with nuclear charges Z ranging from 6 to 100; however, our
emphasis here is on dielectronic recombination rates in the four lithium-like ions listed above.
Such data, for high-Z ions in particular, are relevant to spectroscopic diagnostics of very
high-temperature plasmas including future experiments at the International Thermonuclear
Experimental Reactor.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

High-Z materials such as tungsten will be used in plasma-
facing components for future experiments at the International
Thermonuclear Experimental Reactor (ITER). The effect of
sputtered impurities on ITER plasmas, in particular from
heavy ions, should be controlled to limit radiation losses.
Tungsten plasmas might reach the reactor core and hence
attain temperatures of 20–40 keV and might be ionized to Li-
like ions. Spectroscopy will be used to monitor the impurity
influx. Therefore, creation of an atomic database for highly
ionized ions is of great importance (see [1–3]). For example,
spectroscopy of highly charged tungsten ions relevant to
fusion plasmas was recently discussed by Biedermann et al
[2] who emphasized the need for spectroscopic information
on radiation from tungsten ions. The need for such data
is driven by the use of tungsten as the plasma-facing
material in present-day experimental fusion devices, such
as the Axially Symmetric Divertor Experiment (ASDEX
Upgrade), the Joint European Torus (JET) and ITER. Work
on tungsten from various laboratories and recent results for

highly ionized W from the Electron Beam Ion Trap (EBIT)
at the National Institute of Standards and Technology (NIST)
were discussed by Reader in [3]. Loch et al [4] reported their
efforts aimed at improving the atomic data that was used in
modelling tungsten spectral emission from tokamak plasmas
in [4].

The importance of dielectronic satellite spectra of Li-
like ions as a plasma diagnostic has been recognized for
almost 40 years [5]. In particular, dielectronic satellites (DS)
created by 1s2lnl′ autoionizing states have been extensively
studied both theoretically [5–20] and experimentally
[21–28] both in astrophysical and laboratory plasmas including
tokamak plasmas. However, properties of ions with
nuclear charge Z greater than 54 have been considered
in only a few publications. These papers primarily
discuss experiments performed with EBIT devices. Indeed,
EBITs play an important role in obtaining experimental
data used to benchmark theoretical calculations for various
applications, including magnetic fusion diagnostics [29].
Recently, measurements of the K-shell spectrum of He-like
through Be-like praseodymium ions were made with the
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Figure 1. Brueckner–Goldstone diagrams for first-order (1E) and second-order (2E and 2G) contributions to the energy matrix for
three-electron ions. The dashed lines designate Coulomb + Breit interactions and solid lines designate electrons in different states.

Livermore SuperEBIT [30]. The measured transition energies
(1s2s2p3/2)3/2 → (1s22s)1/2 and (1s2s2)1/2 → (1s22p3/2)1/2
were compared with theoretical calculations from several
atomic codes [30]. Photorecombination of highly charged
few-electron mercury ions (Hg75+–Hg78+) was explored with
the Heidelberg EBIT [31, 32]. Evidence for strong Breit
interaction in dielectronic recombination of highly charged
heavy ionswas obtained byNobuyukiNakamura et al [33]who
measured resonance strengths for dielectronic recombination
of Li-like iodine, holmium and bismuth using an EBIT.

In the present paper, relativistic many-body perturbation
theory (RMBPT) is used to determine branching ratios,
intensity factors and effective emission rate coefficients
of 1s2l2l′–1s22l′′ dielectronic satellite lines in lithium-like
ions. To determine those properties, we calculated transition
energies, radiative transition rates for all spin-allowed and
spin-forbidden electric dipole transitions, and non-radiative
transition rates for the autoionizing 1s2l2l′ states.

The difference between our RMBPT code and the multi-
configuration Dirac–Fock (MCDF) code used in [12, 13,
18, 19] is in additional second-order contributions that are
not included in the MCDF approximation. The difference
between our RMBPT method and the non-relativistic many-
body perturbation theory method used in [6, 8, 10, 15–17,
20] is similar to the difference between MCDF and MCHF
approaches.

Several recent publications concerning 1s2l2l′

autoionizing states provide additional motivation for
the present research. Wavelengths, radiative transition
probabilities, oscillator strengths and line strengths for the
1s2s2p–1s22s lines in Mo39+ and Fe23+ were calculated
using the MCDF approach in [18, 19]. The contribution of
radiative cascades from all high-n states to intensities of the
1s2l2l′–1s22l′′ satellites for ions from Ne7+ to Zn27+ was
investigated in [20].

In the present paper, we give a detailed discussion of the
factors (energies, radiative transition rates and autoionization
rates) that enter calculations of dielectronic recombination
rates for lithium-like ions. We discuss these factors in detail
for the important case of lithium-like tungsten. Synthetic
spectra of dielectronic satellite lines (1s2l2l′–1s22l′′) from
the Mo39+ and W71+ ions are evaluated using our RMBPT
data. Trends of intensity factors as functions of nuclear
charge Z are shown graphically. We test the accuracy
of our calculations by comparing our results with precise
measurements.

2. Energy levels, transition probabilities and
autoionization rates

Detailed calculations of dielectronic recombination (DR)
parameters require energies, radiative transition probabilities
and autoionization rates for atomic states in the recombined
ion. In the paragraphs below, we present values for these
quantities, together with a brief discussion of how they are
obtained, for the 1s2l2l′ states.

2.1. Energy levels

The present calculations of energies are carried out using
single-particle orbitals calculated in the unscreened nuclear
Coulomb potential including finite nuclear size. A detailed
explanation of how the energies of three-particle states are
obtained within the RMBPT framework is given in [34].
Briefly, we calculate the first- and second-order two-particle
matrix elements for He-like ions, and recouple them as
described in [34], to obtain the contributions from all diagrams
of the type shown in figure 1 (1E and 2E). These matrix
elements are combined to obtain the two-particle contributions
to energies of Li-like ions. Intrinsically, three-particle
diagrams of the type shown in figure 1 (2G) also contribute to
the second-order energy for Li-like ions. A detailed discussion
of various contributions for Fe23+ was given in [34]. We skip
some details mentioned in [34] and summarize our results for
Li-like tungsten, W71+.

In table 1, we list the following contributions to the
energies of the 16 possible doubly excited 1s2l2l′ states in
W71+. The notation is as follows: E(n) designates the nth order
Coulomb energy,B(n) designates the nth order Coulomb–Breit
energy and E(0+1) = E(0) +E(1)+B(1). The QED correction is
designated by ELAMB and the total theoretical energy relative
to the 1s state is designated by Etot.

The present approach was used to evaluate energies of
Be-like, B-like and Zn-like ions in [35–37]. Both jj and LS

designations are given in table 1; however, neither jj - nor
LS-coupling describes the physical states properly, except
for the single-configuration state 2s1/22p3/2(2)1s [5/2] ≡
2s2p(3P)1s 4P5/2. We find that the second-order energy is the
dominant contribution among the other corrections to E(0+1)

for 1s2p2 states. However, ELAMB increases rapidly with Z
and is larger than the second-order contribution for the 1s2s2p
and 1s2s2 states in Li-like tungsten.

The Lamb contributions can be determined approximately
using the one-electron hydrogenic Lamb shift data given in
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Table 1. Contributions to the energy levels of Li-like tungsten, Z = 74 in au, E(0+1) = E(0) + E(1) + B(1).

LS-coupling E(0+1) E(2) B(2) ELAMB Etot jj -coupling

2s2p(3P)1s 4P1/2 −1467.2396 −0.3697 −0.0739 0.8478 −1466.8354 2s1/22p1/2(0)1s
2s2p(3P)1s 2P1/2 −1461.3756 −0.5452 −0.0919 0.8478 −1461.1649 2s1/22p1/2(1)1s
2s2p(1P)1s 2P1/2 −1406.3812 −0.4318 −0.0335 0.9182 −1405.9282 2s1/22p3/2(1)1s

2s2p(3P)1s 4P3/2 −1467.3233 −0.4131 −0.0051 0.8479 −1466.8935 2s1/22p1/2(1)1s
2s2p(3P)1s 2P3/2 −1408.4333 −0.3875 −0.0261 0.9182 −1407.9287 2s1/22p3/2(1)1s
2s2p(1P)1s 2P3/2 −1403.9707 −0.4741 −0.0689 0.9183 −1403.5954 2s1/22p3/2(2)1s

2s2p(1P)1s 4P5/2 −1411.8007 −0.2939 −0.0050 0.9183 −1411.1813 2s1/22p3/2(2)1s

2s2(1S)1s 2S1/2 −1470.1595 −0.3391 −0.0366 1.5166 −1469.0187 2s1/22s1/2(0)1s
2p2(3P)1s 4P1/2 −1458.0132 −0.5913 −0.0817 0.1781 −1458.5081 2p1/22p1/2(0)1s
2p2(3P)1s 2P1/2 −1401.8039 −0.5389 −0.0437 0.1877 −1402.1988 2p3/22p3/2(0)1s
2p2(1S)1s 2S1/2 −1342.4158 −0.4979 −0.0613 0.2592 −1342.7159 2p1/22p3/2(1)1s

2p2(3P)1s 4P3/2 −1402.7388 −0.4373 −0.0836 0.1878 −1403.0720 2p1/22p3/2(1)1s
2p2(1D)1s 2D3/2 −1400.7072 −0.5637 −0.0587 0.1878 −1401.1418 2p1/22p3/2(2)1s
2p2(3P)1s 2P3/2 −1343.5532 −0.4912 −0.0461 0.2583 −1343.8323 2p3/22p3/2(2)1s

2p2(3P)1s 4P5/2 −1403.1568 −0.5002 −0.0058 0.1878 −1403.4750 2p1/22p3/2(2)1s
2p2(3P)1s 2D5/2 −1346.0605 −0.3999 −0.0208 0.2582 −1346.2230 2p3/22p3/2(2)1s

Table 2. QED corrections (eV) for Li-like ions. Present results (a) given by a phenomenological approach (see the text) are compared with
ab initio results of (b) Blundell [42], (c) Yerokhin et al [43] and screened QED correction based on approximate methods (d) Y-K Kim et al
[44].

2s–2p1/2 2s–2p3/2

Z (a) (b, c) (d) (a) (b, c) (d)

10 −0.0135 −0.0141b −0.0144 −0.0131 −0.0135b −0.0139
12 −0.0281 −0.0282b −0.0291 −0.0265 −0.0269b −0.0279
15 −0.0654 −0.066b −0.0674 −0.0615 −0.062b −0.0641
18 −0.129 −0.130b −0.132 −0.120 −0.122b −0.125
20 −0.187 −0.191b −0.193 −0.174 −0.178b −0.182
30 −0.809 −0.810b −0.819 −0.741 −0.743b −0.755
32 −1.016 −1.016b −1.026 −0.933 −0.929b −0.943
40 −2.222 −2.22b −2.231 −2.028 −2.00b −2.028
42 −2.629 −2.63b −2.642 −2.396 −2.37b −2.397
50 −4.857 −4.81b −4.832 −4.410 −4.31b −4.352
54 −6.372 −6.29b −6.308 −5.778 −5.62b −5.669
60 −9.268 −9.08b −9.097 −8.392 −8.11b −8.165
70 −16.20 −15.61b −15.61 −14.64 −13.99b −14.06
74 −19.88 −19.00 −17.96 −17.19
80 −26.62 −25.12b −25.09 −24.02 −22.82b −22.93
83 −30.60 −28.64 −27.60 −26.28c −26.35
90 −41.76 −38.45b −38.36 −37.56 −35.87b −36.02
92 −45.48 −41.68b −41.57 −40.88 −39.32
92 −41.55c

[38–41] with Z → Z − 1 for 2lj states (in the case of
the 1s22lj state in Li-like neon, for example, we use the
2lj hydrogenic Lamb shift data obtained for Z = 9). In
table 2, we compare our one-electron QED corrections for
the 1s22s–1s22pj transitions in Li-like ions with the ab initio
results of Blundell [42], Yerokhin et al [43] and screened
QED correction based on approximate methods of Y-K Kim
et al [44]. We see that the disagreement between our
phenomenological values for one-electron QED and results
from [42] is about 3–5% for ions with Z = 10–70 and about
5–10% for ions with Z = 80–92. It should be noted that our
values are in better agreement with the ab initio results of [42]
than with the screened results of Y-K Kim et al [44].

2.2. Dipole matrix elements

Details of the RMBPT method for calculation of the E1
radiative transition rates in three-particle systemswere given in
[45]. In this section, we discuss reduced E1 matrix elements
between doubly excited and singly excited states in Li-like
ions. In particular, we calculate the first- and second-order
two-particle matrix elements for He-like ions, and recouple
them as described in [45], to obtain the contributions from
the first- and second-order diagrams shown in figure 2. It
should be noted that in comparison with boron-like systems
[45], there is only one correlation diagram for the second-order
matrix elements since we consider Li-like systems as systems
with three electrons and an empty core.
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Figure 2. First- and second-order Brueckner–Goldstone diagrams
for dipole matrix elements in the three-electron system.

Table 3. Coupled reduced matrix elements
2l2l′(1,3L12)1s 2,4LJ–1s22l 2L′

J ′ calculated in length and velocity
forms for W+71. Velocity-form matrix elements are given (a) with
and (b) without negative-energy contributions.

2l2l′(1,3L)1s length velocitya velocityb

2s2p(1,3P)1s 2,4PJ–1s22s 2S1/2 transition
2s2p(3P)1s 4P1/2 0.006 736 0.006 736 0.006 748
2s2p(3P)1s 2P1/2 0.008 304 0.008 304 0.008 318
2s2p(1P)1s 2P1/2 0.013 422 0.013 422 0.013 446
2s2p(3P)1s 4P3/2 0.014 531 0.014 531 0.014 559
2s2p(3P)1s 2P3/2 0.017 350 0.017 349 0.017 382
2s2p(1P)1s 2P3/2 0.008 781 0.008 781 0.008 797

2l2(1,3L)1s 2,4LJ–1s22p 2P1/2 transition
2s2(1S)1s 2S1/2 0.002 504 0.002 504 0.002 510
2p2(3P)1s 4P1/2 0.012 482 0.012 482 0.012 506
2p2(3P)1s 2P1/2 0.013 711 0.013 711 0.013 736
2p2(1S)1s 2S1/2 0.000 089 0.000 089 0.000 091
2p2(3P)1s 4P3/2 0.006 312 0.006 312 0.006 326
2p2(1D)1s 2D3/2 0.017 429 0.017 428 0.017 465
2p2(3P)1s 2P3/2 0.000 076 0.000 076 0.000 077

2l2(1,3L)1s 2,4LJ–1s22p 2P3/2 transition
2s2(1S)1s 2S1/2 0.000 309 0.000 308 0.000 310
2p2(3P)1s 4P1/2 0.000 158 0.000 158 0.000 158
2p2(3P)1s 2P1/2 0.010 461 0.010 461 0.010 479
2p2(1S)1s 2S1/2 0.011 774 0.011 774 0.011 796
2p2(3P)1s 4P3/2 0.012 464 0.012 464 0.012 486
2p2(1D)1s 2D3/2 0.008 314 0.008 314 0.008 327
2p2(3P)1s 2P3/2 0.023 513 0.023 512 0.023 553
2p2(3P)1s 4P5/2 0.018 049 0.018 049 0.018 087
2p2(3P)1s 2D5/2 0.012 064 0.012 064 0.012 090

In table 3, we present values of the 22
2l2l′(1,3L12)1s 2,4LJ − 1s22l 2lJ coupled reduced matrix
elements in the length (L) and velocity (V) forms for Li-like
tungsten, Z = 74. Although we use an intermediate-coupling
scheme, it is nevertheless convenient to label the physical
states using the [LSJ ] designation. It should be noted that
velocity-form matrix elements are given (a) with and (b)
without negative-energy contributions.

Negative-energy state (NES) contributions to the second-
order reduced matrix elements arise from terms in the sums
over states for which ε < −mc2. The NES contributions
for non-relativistically allowed transitions were discussed in
[46] for He-like ions, where they were found to be important
for velocity-form matrix elements; they do not significantly
modify length-formmatrix elements. In addition, it was shown
in [46] that the inclusion of NES is necessary to ensure gauge
independence. This is confirmed in table 3; the velocity-form

Table 4. Matrix elements for autoionozing widths
�(2l1j12l2j2(J12)1s, 2l3j32l4j4(J34)1s) (au) in the case of Li-like
tungsten, Z = 74.

2l1j12l2j2(J12)1s 2l3j32l4j4(J34)1s �(au)

Odd-parity states, J = 1/2
2s1/22p1/2(0)1s 2s1/22p1/2(0)1s 8.704[−4]
2s1/22p1/2(1)1s 2s1/22p1/2(1)1s 5.408[−3]
2s1/22p3/2(1)1s 2s1/22p3/2(1)1s 9.275[−4]
2s1/22p1/2(0)1s 2s1/22p1/2(1)1s 2.169[−3]
2s1/22p1/2(0)1s 2s1/22p3/2(1)1s −8.985[−4]
2s1/22p1/2(1)1s 2s1/22p3/2(1)1s −2.239[−3]

Even-parity states, J = 5/2
2p1/22p3/2(2)1s 2p1/22p3/2(2)1s 2.611[−3]
2p3/22p3/2(2)1s 2p3/22p3/2(2)1s 1.113[−3]
2p1/22p3/2(2)1s 2p3/22p3/2(2)1s 1.705[−3]

matrix elements given with NES contributions are in complete
agreement with length-form matrix elements.

2.3. Autoionization widths of levels as imaginary parts of
energy

Autoionizing states differ from other excited states owing
to the existence of non-radiative decay channels (e.g.
1s2l2l′ → 1s2 + kl′′). The autoionization half-width � is
the imaginary part of the energy of the autoionizing state
as discussed in [47, 48]. The full width (2�) is the sum
of autoionization transition rates Aa over all channels. For
the n01j

0
1n
0
2j
0
2[J12]1s, J→ 1s2kjn transitions, we use the

definition given in [49, 50]. Numerical values for the
matrix elements 2�(2l1j 12l2j 2(J12)1s,2l3j 32l4j 4(J34)1s) for
autoionizing widths in the case of Li-like tungsten, Z = 74,
are presented in table 4. The resulting matrix elements are
coupled in the usual way:

�(Q) =
∑
Q′Q′′

C(Q,Q′)�(Q′,Q′′)C(Q′′,Q), (1)

where C(Q,Q′) are the intermediate coupling coefficients
obtained in the first-order RMBPT. Our final results are given
in table 5.

In the second, third and fourth columns of table 5, we
list wavelengths λ, radiative rates Ar and sums of radiative
rates, respectively, for the 1s2l2l′–1s22l′′ transitions in W71+.
Autoionization rates Aa and Auger energies ES for the 1s2l2l′

states are given in columns 5 and 6, respectively. The jj

designations used in the previous tables are shown in the
last two columns of table 5. In the first column of this
table, we present designations used in [8, 20] and many
other publications. The states were labelled as follows: E =
2s2(1S)1s,C = 2s2p(1P)1s,K = 2s2p(3P)1s, F = 2p2(1S)1s,
F = 2p2(1D)1s, M = 2p2(3P)1s, S = 1s22s and P = 1s22p.
Digits after a letter (i.e. F212) stand for (2S+1)(2L+1)(2J+1).

3. Dielectronic satellite spectra

In the dielectronic recombination process for Li-like ions an
electron is captured by a He-like ion to an autoionizing state
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Table 5. Wavelengths (λ in Å), radiative rates (Ar in s−1), autoionization rates (Aa in s−1), Auger energies (ES in keV), branching ratio (K),
intensity factors (Qd in s−1) and effective emission rate coefficients (CeffS in cm3 s−1) (Te = 40 keV) for the 1s2l2l′–1s22l′′ transitions in
Li-like tungsten. Designations: E = 2s2(1S)1s, C = 2s2p(1P)1s, K = 2s2p(3P)1s, F = 2p2(1S)1s, F = 2p2(1D)1s,M = 2p2(3P)1s,
S = 1s22s and P = 1s22p. Digits after a letter (i.e. F212) stand for (2S + 1)(2L + 1)(2J + 1). A[B] means A×10B .

LS labels λ Ar

∑
Ar Aa ES K Qd CeffS jj designations

F212–P232 0.1996 1.03[12] 1.63[16] 2.61[13] 42.655 6.31E[−5] 3.29[09] 7.41[−16] 2p1/22p3/2(1)1s 1/2 2p1/2
M234–P232 0.1997 2.14[11] 3.25[16] 3.84[13] 42.624 6.58E[−6] 1.01[09] 2.28[−16] 2p3/22p3/2(2)1s 3/2 2p1/2
C234–S212 0.2044 4.56[15] 4.56[15] 1.09[14] 40.999 9.77E[−1] 4.25[14] 9.98[−11] 2s1/22p3/2(2)1s 3/2 2s1/2
F212–P234 0.2045 1.63[16] 1.63[16] 2.61[13] 42.655 9.98E[−1] 5.20[13] 1.17[−11] 2p1/22p3/2(1)1s 1/2 2p3/2
C232–S212 0.2046 2.12[16] 2.12[16] 4.49[13] 40.936 9.98E[−1] 8.95[13] 2.10[−11] 2s1/22p3/2(1)1s 1/2 2s1/2
M234–P234 0.2046 3.25[16] 3.25[16] 3.84[13] 42.624 9.99E[−1] 1.54[14] 3.47[−11] 2p3/22p3/2(2)1s 3/2 2p3/2
K234–S212 0.2048 1.77[16] 1.77[16] 8.80[13] 40.881 9.95E[−1] 3.50[14] 8.24[−11] 2s1/22p3/2(1)1s 3/2 2s1/2
F254–P232 0.2048 1.90[16] 2.26[16] 1.36[14] 41.065 8.35E[−1] 4.53[14] 1.06[−10] 2p1/22p3/2(2)1s 3/2 2p1/2
F256–P234 0.2049 5.70[15] 5.70[15] 1.05[14] 42.559 9.82E[−1] 6.16[14] 1.39[−10] 2p3/22p3/2(2)1s 5/2 2p3/2
M232–P232 0.2049 2.20[16] 3.39[16] 1.22[12] 41.036 6.49E[−1] 1.58[12] 3.71[−13] 2p3/22p3/2(0)1s 1/2 2p1/2
M434–P232 0.2050 2.49[15] 1.08[16] 9.07[12] 41.012 2.30E[−1] 8.33[12] 1.95[−12] 2p1/22p3/2(1)1s 3/2 2p1/2
K232–S212 0.2098 7.54[15] 7.54[15] 2.54[14] 39.433 9.67E[−1] 4.91[14] 1.20[−10] 2s1/22p1/2(1)1s 1/2 2s1/2
F254–P234 0.2100 3.62[15] 2.26[16] 1.36[14] 41.065 1.59E[−1] 8.63[13] 2.02[−11] 2p1/22p3/2(2)1s 3/2 2p3/2
M232–P234 0.2102 1.19[16] 3.39[16] 1.22[12] 41.036 3.51E[−1] 8.57[11] 2.01[−13] 2p3/22p3/2(0)1s 1/2 2p3/2
M434–P234 0.2102 8.35[15] 1.08[16] 9.07[12] 41.012 7.70E[−1] 2.79[13] 6.55[−12] 2p1/22p3/2(1)1s 3/2 2p3/2
M432–P232 0.2103 1.69[16] 1.69[16] 5.82[12] 39.504 1.00E[ 0] 1.16[13] 2.83[−12] 2p1/22p1/2(0)1s 1/2 2p1/2
M436–P234 0.2103 1.18[16] 1.18[16] 4.93[13] 41.001 9.96E[−1] 2.95[14] 6.92[−11] 2p1/22p3/2(2)1s 5/2 2p3/2
K432–S212 0.2104 1.14[16] 1.14[16] 1.91[12] 39.278 1.00E[ 0] 3.83[12] 9.39[−13] 2s1/22p1/2(1)1s 3/2 2s1/2
K434–S212 0.2104 1.14[16] 1.14[16] 1.59[13] 39.277 9.99E[−1] 6.34[13] 1.55[−11] 2s1/22p1/2(1)1s 3/2 2s1/2
E212–P232 0.2113 6.76[14] 6.87[14] 2.42[14] 39.219 7.28E[−1] 3.52[14] 8.64[−11] 2s1/22s1/2(0)1s 1/2 2p1/2
M432–P234 0.2158 2.42[12] 1.69[16] 5.82[12] 39.504 1.43E[−4] 1.67[09] 4.07[−16] 2p1/22p1/2(0)1s 1/2 2p3/2
E212–P234 0.2168 1.05[13] 6.87[14] 2.42[14] 39.219 1.13E[−2] 5.48[12] 1.34[−12] 2s1/22s1/2(0)1s 1/2 2p3/2

of the resulting Li-like ion followed by radiative decay to a
singly-excited bound state:

W72+(1s2) + e → W71+∗(1s2l2l′)
→ W71+∗(1s22l′′) + hν → W72+(1s2) + e. (2)

The ground state of W72+, 1s2, is the initial state. The 1s2l2l′

states are autoionizing intermediate states. During the DR
process, a dielectronic satellite photon, hν, is emitted when
the electron jumps from a doubly excited autoionizing state to
a singly excited bound state, 1s22l. Radiative transitions from
the doubly excited 1s2l2l′ states to the 1s22l′′ states give rise to
satellite lines to the 1s2p–1s2 transitions in He-like tungsten.

Branching ratios K(i,j ) and relative intensity factors Qd

of the dielectronic satellite (DS) lines are defined as follows
(see, for example, [51]):

K(i, i0) = Aa(i, i0)∑
i ′0

Aa(i, i
′
0) +

∑
j Ar(i, j)

.

(3)
Qd(j, i) = g(i)Ar(j, i)K(j, i)

Here, j denotes the bound state, i is the autoionizing state,
i0 is the initial state (that is, the ground state 1s2 of He-like
tungsten) and i ′0 is the possible final state for autoionization,
which in our case is the same as i0. The statistical weight of
the initial state i0 is g0 = 1, g(i) is the statistical weight of
the doubly excited state, Aa(i, i0) is the rate of autoionization
from i to i0, Ar(j, i) is the radiative rate from i to j .

Assuming a Maxwellian distribution, the effective
emission rate coefficient of the dielectronic satellite line is
obtained as follows (see, for example, [52]):

Ceff
S (j, i) = 3.3× 10−24

(
IH

kTe

)3/2
Qd(j, i)

g0

× exp
(

−ES(i)

kTe

)
photons cm3 s−1, (4)

where IH is the ionization potential of hydrogen, ES(i) is the
energy of the autoionizing state i relative to 1s2 and Te is the
electron temperature.

As mentioned above, the sum of autoionization rates(∑
i ′0

Aa(i, i
′
0)

)
includes only one term, i ′0 = i0. The values

of Aa(i, i0) (below, we omit the index i0) and ES(i) for the
22 transitions are presented in columns 5 and 6 of table 5,
respectively. The wavelengths λ, radiative rates Ar(j, i)

and sums of radiative rates
∑

k Ar(k, i) for electric-dipole
transitions are given in columns 2, 3 and 4 of tables 5,
respectively. Columns 7, 8 and 9 list branching ratios K,
relative intensity factors Qd(j, i) and effective emission rate
coefficients Ceff

S (j, i), respectively, defined by equation (4).
Values of Ceff

S (j, i) are given for Te = 40 keV.
Most of the transitions listed in table 5 are one-electron

2p1/2–1s and 2p3/2–1s transitions. For those transitions, the
branching ratio K is almost equal to 1 (lines 3–9, 12, 16–19
of table 5). The strong mixing of states in the even-parity
complex with J = 1/2 (2s1/22s1/2(0)1s1/2 + 2p1/22p1/2(0)1s1/2
+ 2p3/22p3/2(0)1s1/2) leads to non-zero values of the radiative
rates Ar (column 3) for the E212–P232 and E212–P234
transitions (line 1 and 3 from the bottom of table 5). The
largest value of Qd(j, i) corresponds to the largest value of
the effective emission rate coefficient Ceff

S (j, i) when the ratio
of ES to kTe is not very large.

For illustration of application of generated atomic data,
we have constructed the synthetic spectra of Li-like ions
that might be measured in future tokamak experiments.
In particular, figures 3 and 4 show examples of synthetic
dielectronic satellite spectra for Li-like Mo and W ions

5
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Table 6. Energies (E in eV), radiative rates (Ar in s−1), autoionization rates (Aa in s−1) and intensity factors ( Qd in s−1) for the
1s2l2l′–1s22l′′ transitions in Li-like praseodymium, Z = 59. A[B] means A×10B . Experimental values from [30] are given for comparison.

jj designations E Ar

∑
Ar Aa Qd E [30]

2p1/22p3/2(1)1s 1/2 2p1/2 37 478.3 6.99[11] 6.91[15] 3.12[13] 6.29[09]
2p3/22p3/2(2)1s 3/2 2p1/2 37 446.3 2.35[10] 1.37[16] 4.55[13] 3.11[08]
2s1/22p3/2(2)1s 3/2 2s1/2 36 950.9 1.51[15] 1.51[15] 1.08[14] 4.02[14]
2p1/22p3/2(1)1s 1/2 2p3/2 36 930.6 6.91[15] 6.91[15] 3.12[13] 6.22[13]
2s1/22p3/2(1)1s 1/2 2s1/2 36 918.1 8.68[15] 8.68[15] 4.92[13] 9.78[13]
2p3/22p3/2(2)1s 3/2 2p3/2 36 898.7 1.37[16] 1.37[16] 4.55[13] 1.82[14]
2s1/22p3/2(1)1s 3/2 2s1/2 36 877.3 8.10[15] 8.10[15] 7.67[13] 3.04[14] 36 886.8(8.5)
2p1/22p3/2(2)1s 3/2 2p1/2 36 874.6 8.62[15] 1.08[16] 1.30[14] 4.10[14]
2p3/22p3/2(0)1s 1/2 2p1/2 36 856.1 9.54[15] 1.41[16] 5.48[11] 7.42[11]
2p3/22p3/2(2)1s 5/2 2p3/2 36 851.3 2.53[15] 2.53[15] 1.06[14] 6.11[14]
2p1/22p3/2(1)1s 3/2 2p1/2 36 825.9 2.78[14] 2.60[15] 8.50[12] 3.63[12]
2s1/22p1/2(1)1s 1/2 2s1/2 36 371.4 3.53[15] 3.53[15] 1.64[14] 3.13[14]
2p1/22p3/2(2)1s 3/2 2p3/2 36 327.0 2.19[15] 1.08[16] 1.30[14] 1.04[14]
2p3/22p3/2(0)1s 1/2 2p3/2 36 308.5 4.54[15] 1.41[16] 5.48[11] 3.53[11]
2p1/22p1/2(0)1s 1/2 2p1/2 36 297.3 6.23[15] 6.23[15] 5.11[12] 1.02[13]
2p1/22p3/2(2)1s 5/2 2p3/2 36 285.6 4.48[15] 4.48[15] 6.01[13] 3.56[14]
2p1/22p3/2(1)1s 3/2 2p3/2 36 278.2 2.32[15] 2.60[15] 8.50[12] 3.03[13]
2s1/22p1/2(1)1s 3/2 2s1/2 36 273.6 4.11[15] 4.11[15] 1.40[13] 5.58[13]
2s1/22p1/2(0)1s 1/2 2s1/2 36 261.4 4.11[15] 4.11[15] 1.80[12] 3.59[12]
2s1/22s1/2(0)1s 1/2 2p1/2 36 087.1 2.93[14] 3.08[14] 1.91[14] 2.24[14] 36 088.2(8.5)
2p1/22p1/2(0)1s 1/2 2p3/2 35 749.7 1.59[12] 6.23[15] 5.11[12] 2.60[09]
2s1/22s1/2(0)1s 1/2 2p3/2 35 539.4 1.52[13] 3.08[14] 1.91[14] 1.16[13]

Wavelength (Å)
0.70.6990.6980.6970.6960.6950.6940.6930.6920.6910.690.6890.688
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Figure 3. Synthetic spectra (red) of dielectronic satellite lines
(1s2l2l′–1s22l′′) from the Mo39+ ion at Te = 7.5 keV for λ =
0.687–0.701 Å. A resolving power, R = λ/�λ = 5000, is assumed
to produce a Gaussian profile (blue). The scale in the ordinate is in
units of 10−13 cm3 s−1.

produced by the 1s2l2l′–1s22l′′ transitions. The effective
emission rate coefficients Ceff

S (j, i) and Gaussian profiles
with spectral resolution R ≡ λ/�λ = 5000–3000 are used to
synthesize these spectra (see [17] for details). In particular,
Li-like spectra cover the spectral ranges from 0.687 to 0.701 Å
for Mo and from 0.204 to 0.212 Å for W. The most prominent
dielectronic satellite lines are due to 1s2p2 2D5/2–1s22p 2P3/2,
1s2p2 2D3/2–1s22p 2P1/2 and 1s2s2p 2P1/2,3/2–1s22s 2S1/2
transitions.

The details of investigation of the possible use of spectral
lines from highly ionized tungsten (W) ions to measure
transport and other physical properties of ITER plasmas were

Wavelength (Å)
0.2120.2110.210.2090.2080.2070.2060.2050.204

1.400

1.200

1.000

800

600

400

200

0

Figure 4. Synthetic spectra (red) of dielectronic satellite lines
(1s2l2l′–1s22l′′) from the W71+ ion at Te = 40 keV for λ =
0.204–0.212 Å. A resolving power, R = λ/�λ = 3000 is assumed
to produce a Gaussian profile (blue). The scale in the ordinate is in
units of 10−13 cm3 s−1.

recently published by Feldman et al [53] and are not subject
of this paper.

4. Results and comparison with other theory and
experiment

We calculated wavelengths, radiative rates, autoionization
rates, Auger energies, branching ratios, intensity factors and
effective emission rate coefficients for the 1s2l2l′–1s22l′′

transitions in lithium-like ions within the framework of
RMBPT. The radiative rates were obtained in both length and
velocity forms, which are seen to be identical. Comparisons
of our RMBPT energies with available experimental data for

6
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Table 7. Auger energies (ES in keV) and autoionization rates (Aa in
s−1) for the 1s2l2l′ states in Li-like mercury, Z = 80. Comparison
with measurements from [32]. A[B] means A×10B .

jj designations ES Aa ES [32]

2p1/22p3/2(1)1s 1/2 51.193 2.33[13]
2p3/22p3/2(2)1s 3/2 51.160 3.51[13]
2p3/22p3/2(2)1s 5/2 51.087 1.02[14] 51.064(6)
2p1/22p3/2(2)1s 3/2 48.932 1.38[14] 48.918(9)
2p3/22p3/2(0)1s 1/2 48.898 1.59[12]
2p1/22p3/2(1)1s 3/2 48.881 9.06[12]
2p1/22p3/2(2)1s 5/2 48.857 4.55[13]
2p1/22p1/2(0)1s 1/2 46.707 5.86[12]
2s1/22s1/2(0)1s 1/2 46.389 2.73[14] 46.358(4)
2s1/22p3/2(2)1s 3/2 48.869 1.10[14] 48.845(5)
2s1/22p3/2(1)1s 1/2 48.787 4.36[13]
2s1/22p3/2(1)1s 3/2 48.727 9.19[13] 48.844(6)
2s1/22p1/2(1)1s 1/2 46.635 3.09[14] 46.611(6)
2s1/22p1/2(0)1s 1/2 46.459 1.87[12]
2s1/22p1/2(1)1s 3/2 46.447 1.59[13]

high-Z ions are shown in tables 6–8. RMBPT values of
wavelengths and radiative rates are compared with MCDF
calculations in table 9. We illustrate our theoretical results for
intensity factors as a function of nuclear charge Z in figure 5.
The cusps seen in some of the curves are discussed below.

Energies (E in eV), radiative rates Ar , autoionization rates
Aa and relative intensity factors Qd for the 1s2l2l′–1s22l′′

transitions in Li-like praseodymium, Z = 59, are listed in
table 6. In this table, we compare our RMBPT transition
energies with the two measured energies given in [30]. The
relative intensity factors Qd for these transitions are equal to
2.66 and 1.68 in units of 1014 s−1. It should be noted that there
are at least six other transitions with Qd > 1014 s−1.

Auger energies ES and autoionization rates Aa for the
1s2l2l′ states in Li-like mercury, Z = 80, are presented

in table 7. Our RMBPT values of Auger energies ES are
compared withmeasured ones for the strongest DR resonances
[32]. Of the 15 possible 1s2l2l′ states, 6 correspond to
observed DR resonances. The differences between our
RMBPT values and experimental data are about 14–30 eV
(0.03–0.06%), except for the 2s1/22p3/2(1)1s 3/2 level where
the difference is about 0.24%. It should be noted that we use jj

designations as didA JGonzálezMartı́nez et al [32]. However,
our coupling scheme (2s1/22pj(J12)1s J) is different from the
one used in [32] (1s2s1/2(J122pj) J). Nevertheless, final results
obtained with the same basis set should be independent of the
coupling scheme. We note that the levels ‘He3’ and ‘He5’ in
table 1 of [32] have identical jj -coupling designations. Our
designations shown in the first column of table 7 are different.
This must be a misprint in [32]. The third column of table 7
lists the values of autoionization rates Aa . The 6 identified
resonances [32] have the largestAa values among the 15 values
included in table 7.

In table 8, we compare our RMBPT values of the energies
E for the 2p3/2–2s transitions in Li-like uranium (Z = 92),
thorium (Z = 90) and tungsten (Z = 74) ions with
experimental measurements obtained by Beiersdorfer et al
[54, 55]. We include the RMBPT results for Be- and B-
like ions (Z = 92, 90, 74) from Safronova et al [35, 36] in
table 8. The 2s2p3/2(1)–2s2s(0) and 2s2p1/22p3/2(J)–2s22p1/2
transitions are considered. One can see from table 8 that the
difference between RMBPT and experimental values for Li-
like ions (0.02–0.03%) is larger than for Be-like ions (0.002–
0.017%) and for B-like ions (0.006–0.012%). There are two
reasons for this difference. We treat here the 1s2l2l′ states as
three-electron states and use Dirac basis set of functions; the
1s22s1/2 and 1s22p3/2 states are treated in the same way. The
2s2p3/2(1), 2s2s(0) states in Be-like ions and 2s2p1/22p3/2(J),
2s22p1/2 states in B-like ions were evaluated with Dirac–Fock

Table 8. Energies (E in eV) of the 2s–2p3/2 transitions in Li-, Be- and B-like uranium (Z = 92), thorium (Z = 90) and tungsten (Z = 74)
ions, respectively. RMBPT values are compared with measurements given in [54, 55]. The RMBPT values for Be-like and B-like ions are
from [35, 36].

Key jj designations Ion RMBPT Exp [54] Ion RMBPT Exp [55] Ion RMBPT

Li 2p3/2 2s U89+ 4457.81 4459.37 ± 0.25 Th87+ 4024.35 4025.23 ± 0.14 W71+ 1695.42
Be 2s2p3/2(1) 2s2s(0) U88+ 4501.602 4501.72 ± 0.07 Th86+ 4068.360 4068.47 ± 0.13 W70+ 1741.371
B1 2s2p1/22p3/2(3/2) 2s22p1/2 U87+ 4520.838 4521.39 ± 0.60 Th85+ 4089.629 4089.92 ± 0.50 W69+ 1768.960
B2 2s2p1/22p3/2(1/2) 2s22p1/2 U87+ 4521.121 4521.39 ± 0.60 Th85+ 4089.473 4089.92 ± 0.50 W69+ 1766.900

Table 9. Wavelengths (λ in Å) and radiative rates (Ar in s−1) for the 1s2s2p–1s22s transitions in Li-like Fe23+ and Mo39+. Designations:
E = 2s2(1S)1s, C = 2s2p(1P)1s, K = 2s2p(3P)1s, F = 2p2(1S)1s, F = 2p2(1D)1s,M = 2p2(3P)1s, S = 1s22s, and P = 1s22p. The digits
after a capital letter mean (2S + 1)(2L + 1)(2J + 1). The RMBPT and MZ results are compared with the MCDF results given in [18, 19].
A[B] means A×10B

Wavelengths (λ in Å) Radiative rates (Ar in s−1) Wavelengths (λ in Å) Radiative rates (Ar in s−1)

LS labels RMBPT MZ [18] RMBPT MZ [18] RMBPT MZ [19] RMBPT MZ [19]

Li-like molybdenum, Z = 42 Li-like iron, Z = 26
C234–S212 0.687 76 0.687 63 0.6878 1.85[14] 1.88[14] 1.61[14] 1.8564 1.8563 1.8564 6.36[11] 7.78[11] 1.33[12]
C232–S212 0.688 26 0.688 12 0.6883 2.08[15] 2.32[15] 2.09[15] 1.8572 1.8571 1.8572 1.72[14] 1.79[14] 1.76[14]
K234–S212 0.689 25 0.689 12 0.6893 2.63[15] 2.94[15] 2.63[15] 1.8611 1.8610 1.8612 4.71[14] 4.87[14] 4.68[14]
K232–S212 0.693 20 0.692 73 0.6932 1.20[15] 1.30[15] 1.17[15] 1.8637 1.8635 1.8638 3.10[14] 3.19[14] 3.04[14]
K434–S212 0.695 44 0.695 03 0.6955 6.67[14] 6.92[14] 6.92[14] 1.8739 1.8738 1.8740 1.44[13] 1.59[13] 1.67[13]
K432–S212 0.695 93 0.695 52 0.6960 1.98[14] 2.03[14] 2.05[14] 1.8749 1.8748 1.8751 4.53[12] 4.92[12] 5.17[12]
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Figure 5. Relative intensity factor Qd for the 1s2l2l′–1s22l′′ transitions as a function of nuclear charge Z. Designations: E = 2s2(1S)1s,
C = 2s2p(1P)1s, K = 2s2p(3P)1s, F = 2p2(1S)1s, F = 2p2(1D)1s,M = 2p2(3P)1s, S = 1s22s, and P = 1s22p. Digits after the capital
letters (i.e. K432) denote (2S + 1)(2L + 1)(2J + 1).

wavefunction with including 1s2 as a core. The second cause
of the differences is the treatment of the QED contribution. It
was shown in [35] that ELamb in U88+ ion for the 2s2p3/2(1)–
2s2s(0) transition is equal to 37.887 eV contributing 0.84% to
the total transition energy shown in table 8. We mentioned
previously that we treat the QED contribution for a many-
electron system as a sum of one-electron contributions and
include screening. There are more elaborate methods to
evaluate the QED contribution for a many-electron ion (see,
for example, [37]), butmaking use of suchmethods herewould
take uswell beyond the scope of the present work. We estimate
the accuracy of our phenomenological treatment of QED to be
about 10%of the sumof one-electronQEDcontributions. That
gives us 3.8 eV or 0.08% in the case of the 2s2p3/2(1)–2s2s(0)
transition in Be-like uranium.

Wavelengths and radiative rates Ar for the 1s2s2p–
1s22s transitions in Li-like Fe23+ and Mo39+ are listed in
table 9. We use the designations previously used in table 5:
C = 2s2p(1P)1s, K = 2s2p(3P)1s and S = 1s22s. Our
RMBPT results are compared with the results obtained with
the MZ code. We already mentioned that the RMBPT code
is the relativistic version of the MZ code since both include
the second-order contributions to the correlation corrections.
Our RMBPT and MZ results are compared in table 9 with

very recent results presented in [18, 19] where a relativistic
multi-configuration Dirac–Fock (MCDF) technique was used
for computing the transition wavelengths and rates. We
find excellent agreement between all three codes for the
wavelengths (0.02–0.07%) but not for radiative transition rates
Ar . The smallest differences between the three codes for
the Ar values are found for the K434–S212 and K432–S212
transitions (0–3.7%) in the case of Z = 42 and for the C232–
S212, K234–S212 and K4232–S212 transitions (0.6–4.7%)
in the case of Z = 26. The RMBPT and MCDF results for the
C234–S212 transition in the case of Z = 26 differ by a factor
of 2.

Relative intensity factors Qd for the 1s2l2l′–1s22l′′

transitions as a function of nuclear charge Z are shown in four
panels of figure 5. For high-Z ions, we find that Z dependence
becomes almost constant for most transitions. With increasing
Z the values of radiative rates Ar become larger than the values
of autoionization rates Aa , since Ar ∼ Z4 for dipole-allowed
transitions, while Aa changes only slightly with Z. As a result,
Qd becomes proportional to Aa (see equation (3)). We observe
reciprocal ratios of radiative and autoionization rates (Ar and
Aa) for low-Z ions; the values of Ar become smaller than those
of Aa . In this case, the relative intensity factor Qd becomes
proportional to Ar (equation (3)). Cusps in the Ar curves
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occur whenever the corresponding matrix element, which is a
smooth function of Z, changes sign. For example, such cusps
occur for the F254–P234 and C234–S212 transitions (curve
5 of the top right panel and curve 6 of the bottom left panel in
figure 5 near Z = 19 and Z = 28, respectively).

5. Conclusion

In the present paper, we calculated a set of atomic data
related to the dielectronic recombination of He-like ions
into Li-like ions, obtained by means of the second-order
RMBPT method. The resulting atomic data, which included
energy levels, wavelengths, radiative transition probabilities
and autoionization rates were used to synthesize dielectronic
satellite spectra.

Our reduced matrix elements included correlation
corrections from Coulomb and Breit interactions. Both length
and velocity forms of the matrix elements were evaluated
to verify the complete agreement between the two results.
Second-order RMBPT transition energies were used in our
evaluation of transition rates. The non-radiative matrix
elements were calculated in the first-order RMBPT. Although
the RMBPT data were calculated for the broad range of
nuclear charges Z from 6 to 100, the main emphasis as well
as a detailed discussion of correlation contributions to the
evaluated characteristics was made for lithium-like tungsten,
Z = 74.

Synthetic spectra of dielectronic satellite lines (1s2l2l′–
1s22l′′) of the Mo39+ (Te = 7.5 keV) and W71+ (Te = 40 keV)
ions are constructed using the complete set of RMBPT data.
These results are relevant to spectroscopic diagnostics of
plasmas of a broad range of parameters, including very high
temperature plasmas such as those expected in the future ITER
device.
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