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High-precision relativistic atomic
structure calculations and the EBIT:
Tests of QED in highly-charged ions

K. T. Cheng, M. H. Chen, W. R. Johnson, and J. Sapirstein

Abstract: High-precision relativistic atomic structure calculations based on the relativistic
many-body perturbation theory and the relativistic configuration-interaction method are shown
to provide stringent tests of strong-field quantum electrodynamic (QED) corrections when
compared with electron beam ion trap measurements of the spectra of highly-charged, many-
electron ions. It is further shown that theory and experiment are accurate enough to test not
just the leading screened QED corrections but also smaller contributions from higher-order
Breit interactions, relaxed-core QED corrections, two-loop Lamb shifts, negative-energy state
corrections, nuclear polarizations and nuclear recoils.

PACS Nos.: 31.30.Jv, 32.30.Rj, 31.25.-v, 31.15.Ar

1. Introduction

Relativistic atomic structure calculations are importantfor tests of quantum electrodynamic (QED)
corrections in high-Z, many-electron ions where binding effects from the strong nuclear fields must be
treated nonperturbatively to all orders in theZα-expansion and where screening corrections to electron
self-energies and vacuum polarizations are significant. Early tests of QED in high-Z ions were based
mostly on the multiconfiguration Dirac-Fock (MCDF) method [1]. An example was given in the work
of Seelyet al. in the mid-80’s where laser-plasma measurements of the4s − 4p transition energies in
Cu-like ions withZ = 79 − 92 were compared with MCDF results [2]. While QED corrections were
found to improve the agreement between theory and experiment, residual discrepancies remained very
large and were attributed to uncertainties in QED corrections which were basically order-of-magnitude
estimates obtained from then = 2 hydrogenic self-energy results of Mohr [3] by1/n3 scalings and
by ad hoc screening corrections. However, Cheng and Wagner [4] soon pointed out that discrepancies
between theory and experiment were actually due to the neglect of finite nuclear size corrections to
the atomic transition energies by Seelyet al. As shown in Fig. 1, theory and experiment actually agree
very well when finite nuclear size and QED corrections are both included.

In spite of this apparent success, MCDF calculations are generally not accurate enough for reliable
tests of QED corrections. This is clearly demonstrated by the electron beam ion trap (EBIT) measure-
ments of the2s−2p3/2 transition energies in three- to ten-electron uranium ions[5]. As shown in Fig. 2,
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Fig. 1. Differences between theory and experiment on the4s − 4p3/2 transition energies (eV) of Cu-like ions.
Dashed lines show MCDF results of Seelyet al. [2] without finite nuclear size corrections. Solid lines show MCDF
results of Cheng and Wagner [4] with finite nuclear size corrections. Open and solid circles show MCDF results
without and with QED corrections, respectively.
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discrepancies between MCDF theory and experiment steadilyincrease from less than 2 eV in Li-like
uranium to 8 eV in Ne-like uranium. These discrepancies are due mainly to inadequate treatments of
electron correlations in MCDF calculations as confirmed by relativistic many-body perturbation the-
ory (RMBPT) [6] and relativistic configuration-interaction (RCI) [7] calculations. As shown in Fig. 2,
RMBPT and RCI energies, which included directly calculatedQED corrections, are in much better
agreements with experiment. While RMBPT energies for Be- and Ne-like uranium do deviate from
the measured values due to the uncalculated third- and higher-order perturbation corrections which are
important for these ions, RCI calculations are intrinsically all-order calculations and RCI energies are
seen to agree with the measured energies consistently to within experimental uncertainties. With ex-
perimental and RCI uncertainties both at the level of a few tenths of an eV, QED corrections, at about
39 eV in all these2s − 2p3/2 transitions, were readily tested to the 1% level.

Advances in theory and experiment have since made possible more stringent tests of QED. In the
following, we shall first give a brief descriptions of relativistic atomic structure calculations based on
the RMBPT and RCI methods as well as strong-field, correlatedQED calculations. We shall then show
tests of QED in high-Z ions when RMBPT and RCI results are compared with high-precision EBIT
measurements. In particular, the importance of relaxed-core QED and two-loop Lamb shifts will be
discussed, along with non-radiative corrections from higher-order Breit interactions, negative-energy
state correlations, nuclear polarizations and nuclear recoils.

2. Theory

Relativistic atomic structure and QED calculations pose subtle conceptual difficulties as well as
formidable technical challenges. Brief descriptions of the key features of these calculations will be
given in this section. More detailed theoretical and computational discussions can be found in the
quoted references. A review of the RMBPT and RCI calculations is also given in Ref. [8].
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Fig. 2. Differences between theory and experiment on the2s − 2p3/2 transition energies (eV) of uranium ions.
The solid line shows MCDF results. Inverted triangles are RMBPT results. Circles are RCI results. Dotted lines
indicate experimental uncertainties. Spectral line identifications are given in Ref. [5].
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2.1. The no-pair Hamiltonian
Relativistic atomic structure calculations usually startfrom the many-electron Dirac Hamiltonian

which is given in the Coulomb gauge by

HDirac =

N
∑

i=1

hi +
(

HC + HB

)

, (1)

where

hi = c ~αi · ~pi + (βi − 1)mc2 + Vnuc(ri) (2)

is the one-electron Dirac Hamiltonian with the rest mass of the electron subtracted out,

HC =
∑

i>j

e2

rij
(3)

is the Coulomb interaction between the electrons, and

HB = −
∑

i>j

e2

rij

[

~αi · ~αj cos k0rij − (~αi · ~∇i)(~αj · ~∇j)
cos k0rij − 1

k2
0

]

(4)

is the frequency-dependentBreit interaction withk0 = ω/c. The nuclear potential is given byVnuc(r) =
−Ze2/r for point-Coulomb potentials, but it can be modified to include nuclear charge distributions to
account for finite nuclear size corrections.

While the many-electron Dirac Hamiltonian is widely used inrelativistic atomic structure calcu-
lations including the MCDF, it is nevertheless known to be problematic. Specifically in relativistic
calculations, the existence of negative-energy states, which enter into sums over intermediate states
in perturbation theory, results in the “continuum dissolution” problem, also known as the Brown-
Ravenhall disease [9], in many-electron systems. Using the1s2 ground state of helium-like ions as
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an example, this problem can be readily demonstrated with the second-order Coulomb energy

E(2) = −
1

2

∑

abmn

vabmnṽmnab

ǫm + ǫn − ǫa − ǫb
, (5)

wherevijkl = 〈ij|HC|kl〉 is the two-electron Coulomb matrix element,ṽijkl = vijkl − vijlk , andǫi

is the eigenenergy of the basis state|i〉 satisfying the one-electron Dirac equationh|i〉 = ǫi|i〉. If an
intermediate state|m+n−〉 consists of one1s electron, denoted bya, being promoted to a positive-
energy continuum state|m+〉 with an energyǫm+

= ǫa +∆ǫ > 0, while the other1s electron, denoted
by b, being demoted to a negative-energy continuum state|n−〉 with an energyǫn

−

= ǫb − ∆ǫ <
−2mc2, the denominator,ǫm+

+ ǫn
−

− ǫa − ǫb, in the above equation would vanish. In effect, any
bound state in a many-electron system is degenerate in energy with an infinite number of electron-
positron continuum states, as long asǫm+

+ ǫn
−

= ǫa + ǫb.
However, the fact that the denominator ofE(2) can go to zero is not necessarily a problem. The

same situation is encountered in the autoionization of atoms. Since an autoionizing state is embedded
in the positive-energy continuum, second- and higher-order perturbations will also lead to vanishing
energy denominators. In that case, an infinitesimal imaginary part must be added to the denomina-
tor, with the result that the principal part of the matrix element leads to a real energy shift while the
imaginary part to an autoionization line width. But this is where the analogy ends. An autoionizing
line width from the imaginary part of the energy denominatorhere would mean that there are no stable
ground states for many-electron systems, as they can decay by “autoionizing” into the electron-positron
continuum. The stability of atomic ground states is, of course, explained by the fact that the negative-
energy sea is filled and that spontaneous pair production is prohibited by the Pauli exclusion principle.
Here lies the real problem with the many-electron Dirac Hamiltonian: it has no provision to account
for this fact and hence cannot prevent the decay of positive-energy electrons into the negative-energy
continuum. The standard cure is to use the no-pair Hamiltonian

Hno−pair =

N
∑

i=1

hi + Λ++

(

HC + HB

)

Λ++ (6)

which excludes negative-energystates entirely by the use of the positive-energy projectorΛ++ [10, 11].
This is the starting point of our RCI and RMBPT calculations and should be the starting point of any
high-precision relativistic atomic structure calculations.

Nevertheless, the use of the no-pair Hamiltonian does entail some compromises. Specifically in
nonrelativistic CI calculations, eigenenergies saturated with large configuration expansions are inde-
pendent of the basis functions used. Such is not the case here. By starting from the no-pair Hamiltonian
and neglecting negative-energy states, relativistic basis sets are truncated and RCI as well as RMBPT
results are, in general, gauge and basis set dependent. Numerically, this has been demonstrated by
Sapirsteinet al. [12] who showed that the ground state RCI energy of helium-like uranium as calcu-
lated with the no-pair Hamiltonian depends on the potentialused in generating the one-electron basis
functions. These authors further showed that this potential dependence can be eliminated mathemati-
cally by completing the basis set to include both the positive- and negative-energy orbitals. However,
while the inclusion of negative-energy basis functions, which is equivalent to using the full Dirac
Hamiltonian, does lead to potential independent results, it was found that the1s2 ground state is no
longer the lowest eigenstate of the RCI matrix and is now surrounded by spurious energy levels char-
acterized by configurations with one positive- and one negative-energy electrons. In effect, that was a
numerical demonstration of the Brown-Ravenhall disease where the1s2 ground state is embedded in
a discrete representation of the (unphysical) electron-positron continuum when negative-energy basis
functions are also used in RCI calculations. These results can be found in Table III of Ref. [12], along
with more detailed discussions in that reference.
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Fig. 3. Ladder and crossed ladder diagrams for second-order correlation energies.

While there are no numerical disasters from vanishing denominators in RCI calculations when
negative-energy basis functions are used, results of the full Dirac Hamiltonian, though potential inde-
pendent, are nevertheless incorrect. To see this, we note that if the sum over intermediate states for the
second-order energy is extended to included both positive-and negative-energy states,E(2) in Eq. (5)
can be rewritten as

E
(2)
Dirac = −

1

2

∑

abm+n+

vabm+n+
ṽm+n+ab

ǫm+
+ ǫn+

− ǫa − ǫb
−

1

2

∑

abm
−

n
−

vabm
−

n
−

ṽm
−

n
−

ab

ǫm
−

+ ǫn
−

− ǫa − ǫb

−
1

2

∑

abm+n
−

vabm+n
−

ṽm+n
−

ab

ǫm+
+ ǫn

−

− ǫa − ǫb
−

1

2

∑

abm
−

n+

vabm
−

n+
ṽm

−
n+ab

ǫm
−

+ ǫn+
− ǫa − ǫb

. (7)

The first and second terms in the right-hand-side of Eq. (7) come from virtual electron-electron and
positron-positron pairs in the intermediate states, respectively, while the third and fourth terms are from
electron-positron pairs.E(2)

Dirac can be compared with rigorous second-order correlation energy E
(2)
QED

which have been calculated in the S-matrix formalism of QED from the ladder (L) and crossed ladder
(X) diagrams shown in Fig. 3. When these diagrams are taken together,E(2)

QED = EL + EX have been
shown to be gauge invariant [13, 14]. Formulas forEL andEX with the exchange of two Coulomb
photons are given by [12]

EL = −
1

2

∑

abm+n+

vabm+n+
ṽm+n+ab

ǫm+
+ ǫn+

− ǫa − ǫb
+

1

2

∑

abm
−

n
−

vabm
−

n
−

ṽm
−

n
−

ab

ǫm
−

+ ǫn
−

− ǫa − ǫb
, (8)

EX = −
1

2

∑

abm+n
−

van
−

m+b vbm+n
−

a − van
−

m+a vbm+n
−

b

ǫn
−

− ǫm+

−
1

2

∑

abm
−

n+

van+m
−

b vbm
−

n+a − van+m
−

a vbm
−

n+b

ǫm
−

− ǫn+

. (9)

It can be seen that the ladder diagram has the same electron-electron term asE(2)
Dirac, but its positron-

positron term has an opposite sign. More importantly, electron-positron terms, which come from the
crossed ladder diagram only, are very different from those in E

(2)
Dirac and their denominators, which are

given byǫm+
−ǫn

−

, will not vanish. Thus, the correct field-theoretic treatment of relativistic correlation
energies is shown to be free of the Brown-Ravenhall disease,as it should be.

When negative-energy states are excluded, bothE
(2)
Dirac and E

(2)
QED reduce to the same no-pair

energy

E
(2)
no−pair = −

1

2

∑

abm+n+

vabm+n+
ṽm+n+ab

ǫm+
+ ǫn+

− ǫa − ǫb
, (10)
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which is usually a good enough approximation to the true correlation energyE(2)
QED. High-precision

relativistic atomic structure calculations can thus be carried out with the no-pair Hamiltonian to suf-
ficiently high orders of perturbations for accurate correlation results. Residual contributions from the
negative-energy states are usually quite negligible except for very high-Z ions and can be adequately
obtained from the second-order energiesE

(2)
QED − E

(2)
no−pair. An example of these corrections will be

given later. It should be noted that errors inEDirac from incorrect treatments of electron-positron and
positron-positron terms can be very subtle. Nevertheless,it is very difficult, if not impossible, to iden-
tify and correct the intrinsic errors inEDirac and the use of the many-electron Dirac Hamiltonian should
be avoided even if it appears to be giving sensible results.

2.2. B-Spline basis functions
The proper choice of finite basis functions is important to RMBPT and is critical to RCI calcu-

lations. For RMBPT, the main issue is the completeness of thebasis set for carrying out sums over
intermediate states in second- and higher order perturbations. For RCI, the problem is more compli-
cated. In nonrelativistic atomic and molecular CI calculations, a wide range of finite basis sets such as
the Slater-type and Gaussian-type orbitals have been used successfully. Relativistically, the construc-
tion of positive-energy projection operators can be a daunting task and the no-pair requirement is often
ignored in RCI calculations. More problematically, since the energy functional is not bounded from
below due to the existence of the negative-energy states in relativistic calculations, expansions of the
4-component spinor wave functions in terms of finite basis sets is known to lead to variational insta-
bilities in RCI calculations and to drastic problems such asthe appearance of spurious eigenstates and
the “variational collapse” of eigenenergies. These problems are not limited to many-electron systems
and can affect hydrogenic ions also. In most cases, variational constraints such as the “kinetic balance”
condition [15, 16] are imposed to bring these problems undercontrol. Even so, additional constraints
may still be needed to maintain variational stabilities [16].

However, even if there is no instability problem associatedwith the basis functions, there is still the
question of whether the correct nonrelativistic limit can be reached when the fine structure constantα
approaches zero. As an example, MCDF calculations, which are RCI calculations using MCDF basis
functions obtained by solving a set of coupled differentialequations self-consistently, are free of the
variational collapse problem. The trouble is that the inhomogeneous configuration-mixing terms in the
MCDF equations do not necessarily have correct nonrelativistic limits and can lead to erroneous fine
structure results. In some cases,ad hoc corrections have to be made by explicitly subtracting out the
spurious contributions that remain in the nonrelativisticlimit. (See, for example, Ref. [17].) MCDF is
a powerful method but is probably not suitable for high-precision calculations.

For our RMBPT and RCI calculations, we use the B-spline finitebasis set method developed by
Johnsonet al. [18]. B-spline orbitals are Dirac orbitals of an electron moving in a model potential
confined to a finite cavity. They are expanded in terms of B-spline, or basis-spline, functions which are
piecewise polynomials in an interval divided into segments, and expansion coefficients are obtained by
solving a generalized eigenvalue problem set up by the one-electron Dirac equation subjected to the
boundary condition imposed by the MIT bag model [19] at the cavity boundary to ensure that electrons
are confined without evoking the difficulty associated with the Klein paradox [20].

B-spline orbitals form finite, complete basis sets as confirmed by sum rule calculations [18] and
are ideally suited for RMBPT calculations involving sums over intermediate states. They also cleanly
separated into positive- and negative-energy states so that the no-pair requirement can easily be im-
plemented by using only positive-energy B-spline orbitalswhich readily provide an accurate, discrete
representation of the bound and continuum states for high-precision correlation calculations. There are
additional benefits for using them in RCI calculations. As solutions of the homogeneous one-electron
Dirac equation, B-spline orbitals reduce to the correct nonrelativistic limit whenα → 0 and there are
no spurious states in the one-electron spectra. Along with the completeness of these finite basis func-
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Fig. 4. One-loop self-energy and vacuum polarization diagrams.

tions, the kinetic balance condition is implicitly satisfied and there are no known variational instability
problems. The down side is that these are not highly optimized basis functions and can lead to very
large-scale RCI calculations. But with advances in high-performance computers, that is no longer an
insurmountable problem. Recent RCI calculations using B-spline basis functions have reached close
to half a million configurations. Davidson’s method [21] as implemented by Stathopoulos and Froese
Fischer [22] is used to solve these large RCI matrices for thefirst few eigenstates. Correlation con-
tributions from single-, double-, triple-,. . . excitations can be systematically included in the form of
valence-valence, core-valence and core-core excitationsfor very well converged RCI results.

In our RMBPT and RCI calculations, nuclear charge distributions are included in the nuclear po-
tentialVnuc(r) for generating one-electron B-spline basis orbitals to account for the finite nuclear size
effect. Parameters for the Fermi charge distributions are obtained from Johnson and Soff [23], except
for thorium and uranium where they are obtained from the measurements by Zumbroet al. [24, 25].

2.3. QED calculations

Screened QED corrections shown in the following section arecalculated directly from the one-
loop self-energy and vacuum polarization diagrams shown inFig. 4. Self-energies are calculated non-
perturbatively to all orders ofZα in the external potential with partial wave expansions in the con-
figuration space using numerical bound-state Green’s functions. Subtraction terms involving the free-
electron propagator are evaluated in momentum space, whichrequires accurate Fourier-transformed
wave functions. Details of these self-energy calculations, with references to earlier works, can be found
in Ref. [26]. As for vacuum polarizations, leading contributions are obtained from expectation values
of the Uehling potential, while higher-order Wichmann-Kroll corrections, like the self-energies, are
calculated nonperturbatively in the external potential with partial wave expansions in the configuration
space using numerical bound-state Green’s functions [27].Total QED corrections to many-electron
ions are then given by the sum of one-electron QED contributions, weighted by the generalized occu-
pation numbers of the valence electrons.

For many-electron ions, correlation corrections to the one-loop radiative diagrams are significant.
Examples of these radiative correlation diagrams are shownin Fig. 5. As pointed out by Blundell [28],
screening corrections to the valence electron of an alkali-like ion from direct-interaction diagrams such
as those shown in Figs. 5(a) – 5(d) can be accounted for exactly by evaluating the one-loop diagrams
with a “core-Hartree” potentialV (r) such that

V (r) = Vnuc(r) + e2

∫ r

0

dr′
1

r>
ρ(r′), (11)

whereρ(r) is the radial charge density of the closed core

ρ(r) =
∑

c

(2jc + 1)ρc(r). (12)
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Fig. 5. Typical QED correlation diagrams.
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In particular,ρc(r) = g2
c (r)+f2

c (r) is the radial charge density of a core electronc andgc(r) andfc(r)
are the upper and lower components of the radial Dirac wave functions determined self-consistently
by the Dirac-Hartree equation of the closed core. Likewise,a core electron can be screened by other
core electrons as well as by the valence electron in a “modified core-Hartree” potential with the charge
density

ρ(r) = ρv(r) +
∑

c

′

(2jc + 1)ρc(r), (13)

wherev andc refer to valence and core electrons, respectively, and the sum
∑

′ goes over one less core
electron from the same subshell. Core screening diagrams are the same as those shown in Figs. 5(a)
– 5(d), but with the core- and valence-electron indices “c” and “v” interchanged. Blundell further
calculated exchange-interaction “side” diagrams such as those shown in Figs. 5(e) and 5(g) as one-loop
diagrams with perturbed orbitals, but exchange-interaction “vertex” diagrams such as those shown in
Figs. 5(f) and 5(h) were ignored with the expectation that their contributions should be small.

In our QED calculations, one-loop radiative diagrams are evaluated withN -electron Dirac-Kohn-
Sham (DKS) potentials instead of(N − 1)-electron core-Hartree or modified core-Hartree potentials.
This is equivalent to using the total charge density of the atomic state

ρ(r) = ρv(r) +
∑

c

(2jc + 1)ρc(r) (14)

and adding toV (r) an average exchange potential

Vex = −xα
e2

r

[

81

32π2
r ρ(r)

]1/3

. (15)

c©2007 NRC Canada



Cheng et al 9

In particular,xα = 0, 2/3 and 1 for Hartree, Kohn-Sham and Slater averaged-exchange potentials,
respectively. WithN -electron DKS potentials, self-interaction contributions will not cancel exactly
between the direct- and exchange-interaction diagrams, but these residual corrections should be quite
small. Computationally, they have the advantage over core-Hartree and modified core-Hartree poten-
tials in that the same screening potential is used for QED calculations of all electrons in an atomic
state. Once one-electron QED energiesǫi are calculated for each subshelli, total QED correction to
the energy level of an alkali-like ions is given by

EQED = ǫv +
∑

c

(2jc + 1)ǫc. (16)

For many-electron ions,ǫv in the above equation can be replaced by
∑

v qvǫv, whereqv are the gener-
alized occupation numbers of the valence electrons.

Our early QED calculations are carried out in a “frozen-core” approximation where the same po-
tential is used to calculate theǫ’s for both the initial and final states. As a result, there is no contributions
from the core electrons, and QED corrections to transition energies are simply given by differences in
ǫv ’s for alkali-like ions and by differences in the configuration-weighted sums ofǫv ’s for multi-valence
electron ions. However, contributions from the core electrons, though small, are not completely negligi-
ble. To account for “relaxed-core” effects, we use DKS potentials specific to the initial- and final-state
valence configurations. This leads to slightly different one-electron QED energies for the same core
and valence electrons in the initial and final states, and core-electron contributions no longer cancel
exactly. As we shall show in the following, these relaxed-core corrections are indeed very important.

It should be noted that QED corrections thus calculated willbe potential dependent. The key is to
choose model potentials that minimize contributions from uncalculated higher-order QED correlation
diagrams. DKS potentials are used because they have been found to give very accurate QED energies
for the2s − 2p transitions in high-Z Li- and Be-like ions [29], the3s − 3p transitions in Na-like to
Si-like uranium ions [30], and the4s−4p and4p−4d transitions in heavy Cu-like ions [31, 32]. Some
of these results will be shown in the following section.

3. Results and discussions

Reliable relativistic atomic structure and QED calculations have been carried out for a few highly-
charged ions where accurate EBIT measurements are available. Comparisons between theory and ex-
periment have not only provided precision tests of QED but also revealed several small corrections
which were often ignored. These corrections will be discussed in the following.

3.1. Higher-order Breit corrections
The spectra of the low-lyingn = 2 states in Li-like ions have been studied with RMBPT [33, 34]

and RCI [35]. Comparisons between theory and experiment on the2s − 2p1/2 transition energies is
shown Fig. 6. It can be seen that RMBPT and RCI are in very good agreement with each other and
with experiment throughout the isoelectronic sequence, while MCDF results [36] are clearly not as
accurate due to inadequate treatments of correlation energies. Detail comparisons between theory and
experiment, including those for the2s − 2p3/2 transition, can be found in Ref. [35].

However, RMBPT and RCI results do differ slightly at highZ. This can be seen in the2s − 2p3/2

transition energies in Li-like U89+ shown in Table 1. Specifically, while RMBPT and RCI Coulomb
energies agree to within 0.02 eV, corresponding Breit energies differ by as much as 0.33 eV. This
discrepancy is due mainly to the neglect of higher-order Breit interactions in early RMBPT calculations
[34] which include contributions only up to the exchange of one transverse photon. Well converged
RCI Breit energies, on the other hand, include high-order contributions implicitly. It is interesting to
note that when QED corrections are included, RMBPT total energy actually is in better agreement

c©2007 NRC Canada
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Fig. 6. Li-like 2s − 2p1/2 transition energies relative to RCI energies [35] are scaled by Z2. Solid line: MCDF
[36]. Triangles: RMBPT [33, 34]. Crosses: Experiments (references given in [35]).
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Table 1. The 2s − 2p3/2 transition energies (eV) of Li-like uranium. RMBPT resultsare from Ref. [38], RCI
results are from [35], and the EBIT data is from [37].

Contribution RMBPT RCI
Coulomb 4514.81 4514.79
Breit -16.22 -15.88
Mass Polarization -0.04 -0.04
QED -39.13 -39.69
Theory 4459.43 4459.18
EBIT 4459.37(21)

with the EBIT measurement [37] than is RCI. But as we shall show in the following, this is largely
due to cancellation of errors between the Breit and QED energies. For high-precision atomic structure
calculations, contributions from higher-order Breit corrections should be included.

3.2. Relaxed-core QED corrections

For the2s − 2p3/2 transition, high-precision EBIT measurements are available for Li-like Bi80+,
Th87+ and U89+. By subtracting RCI energies from their EBIT data, Beiersdorfer et al. have deduced
empirical QED corrections which were found to disagree withall existing theories [37]. This is shown
in Fig. 7 where empirical QED energies scaled byZ4 are seen to be in-between the calculated results
by Blundell [38] and Chenet al. [35]. While uncertainties in Blundell’s results are most likely due to
the neglect of exchange interactions in the vertex diagram as mentioned earlier, errors in the results of
Chenet al. were soon found to be due to the use of frozen-core approximation in their QED calculations
[29]. As shown in Fig. 7, adding relaxed-core corrections tothe frozen-core results leads to relaxed-
core QED energies which are in very good agreement with the empirical data. Indeed, for Li-like
Bi80+, the relaxed-core correction of +0.17 eV change the frozen-core QED energy of -26.54 eV to
the relaxed-core value of -26.37 eV which is in good agreement with the empirical data of -26.33(4)
eV. For this particular ion, rigorous QED corrections of thecomplete set of correlated QED diagrams
shown in Fig. 5 have been carried out by Sapirstein and Cheng [39]. Their result of -26.35 eV is in

c©2007 NRC Canada



Cheng et al 11

Fig. 7. Scaled QED energies for the2s − 2p3/2 transition in Li-like ions. Dotted line: Blundell’s results [38].
Dashed line: Frozen-core results of Chenet al. [35]. Solid line: Relaxed-core results of Chenget al. [29]. Triangle:
Sapirstein and Cheng [39]. Crosses: empirical EBIT data [37].
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excellent agreement with the relaxed-core and empirical values. From these comparisons, it is clear that
relaxed-core QED corrections are important for Li-like ions. As we shall show in the following, this is
also true for other high-Z ions with more electrons and more complicated electronic configurations.

3.3. Two-loop Lamb shifts and negative-energy state corrections

Combining the RCI energy of 2814.47 eV with the relaxed-coreQED energy of -26.37 eV, Cheng
et al. [29] obtained a total theoretical energy of 2788.10 eV for the2s−2p3/2 transition in Li-like Bi80+

which agree with the EBIT value of 2788.139(39) eV [37] to within the experimental uncertainty of
0.04 eV. However, in the work of Sapirstein and Cheng [39] where atomic structure energies and QED
corrections for the same transition in Bi80+ are carried out in S-matrix calculations consistently up to
the exchange of two virtual photons, they found a residual discrepancy of 0.175 eV with the measured
data which they attributed to the uncalculated two-loop Lamb shift corrections. This is a relatively large
correction and should, but did not, show up in the comparisonbetween the total RCI and the measured
EBIT data. Closer inspections show that this is yet another case of cancellation of errors.

Contributions to the2s − 2p3/2 transition energy in Li-like Bi80+ from the RCI [29] and S-matrix
[39] calculations are shown in the second and third columns of Table 2. It can be seen that while the
two QED corrections are in good agreement, the two structureenergies actually differ by 0.16 eV.
Since these structure energies are very well converged, there can only be one possible explanation
for this large discrepancy: RCI calculations are based on the no-pair Hamiltonian and, unlike the rig-
orous S-matrix calculations, do not include correlation contributions from the negative-energy states.
Subtracting RCI from the S-matrix structure energy, the difference of -0.16 eV should thus be the
negative-energy correction to the RCI energy which, in thiscase, just happens to largely cancel the
+0.175 eV two-loop Lamb shift contribution.

However, two-loop Lamb shifts and negative-energy corrections do not always cancel each other.
Such is the case with the2s − 2p1/2 transition energy in Li-like U89+ that has also been measured
to very high precision at the Livermore EBIT by Beiersdorferet al. [40]. RCI, S-matrix and EBIT
results are shown in the fourth and fifth columns in Table 2. Subtracting the total S-matrix energy of
280.44 eV from the measured value of 280.645(15) eV, these authors have deduced a two-loop Lamb
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Table 2. Two-loop Lamb shifts and negative-energy states (NES) contributions. RCI structure and QED energies
are from [29]. S-matrix structure and QED energies are from [39]. EBIT data are from [37] and [40] for Bi80+

and U89+, respectively.

Contribution Li-like Bi80+ 2s − 2p3/2 Li-like U89+
2s − 2p1/2

RCI S-matrix RCI S-matrix
Structure 2814.47 2814.312 322.17 322.21
QED -26.37 -26.348 -41.72 -41.77
Sum 2788.10 2787.964 280.45 280.44
2-loop 0.175 0.205
NES -0.16 0.04
Theory 2788.115 280.695
EBIT 2788.139(39) 280.645(15)

shift of 0.205 eV which is comparable in size to the one for the2s − 2p3/2 transition in Bi80+. In this
case, however, the negative-energy correction to the RCI energy, which is again given by the difference
between the RCI and S-matrix structure energies, is much smaller at +0.04 eV and has the same sign
as the two-loop Lamb shift. As a result, while the two-loop Lamb shift is obscured by the negative-
energy correction in the2s− 2p3/2 transition in Bi80+, its effect definitely shows up in the2s− 2p1/2

transition in U89+ when RCI energies are compared with experiment. As seen fromTable 2, RCI total
energies do agree with the measured values to within 0.04 - 0.05 eV in both cases after two-loop Lamb
shifts and negative-energy corrections are included.

3.4. Nuclear recoil and nuclear polarization corrections
Besides the finite nuclear size correction, there are two other small nuclear corrections that should

be considered in high-precision atomic structure calculations: the polarization and recoil of the nu-
cleus. Nuclear polarization corrections are usually quitenegligible except for the nuclei of thorium
and uranium ions which are quite polarizable due to the presence of low-lying nuclear excited states.
These corrections have been calculated by Plunien and Soff who gave values of 0.14 and 0.20 eV for
the2s− 2p transitions in Th87+ and U89+, respectively [41]. These authors later pointed out that their
results were too large by a factor of2π [42]. At 0.02 - 0.03 eV, the corrected nuclear polarizationswere
deemed to be too small to matter. However, in view of the recent EBIT measurement of the2s− 2p1/2

transition energy in Li-like U89+ which has reached an accuracy of 0.015 eV, these correctionscan no
longer be ignored.

The recoil of the nucleus is a very challenging theoretical problem. The leading contribution comes
from the mass-polarization term which can easily be evaluated by taking the expectation values of the
operator

1

M

∑

i>j

~pi · ~pj , (17)

whereM is the mass of the nucleus. Leading relativistic corrections come from: i) evaluating the
mass-polarization operator with relativistic instead of nonrelativistic wave functions and ii) taking the
expectation value of the relativistic operator

1

M

∑

i>j

Vnuc(ri)
[

~αi +
(~αi · ~ri)~ri

r2
i

]

· ~pj (18)

which arises from the exchange of one transverse photon between the nucleus and the atomic elec-
trons. Higher-order corrections from the exchange of two ormore transverse photons do not reduce to
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simple operator forms and must be treated with QED [43] or with the Bethe-Salpeter equation [44].
They have been shown to scale very rapidly with the nuclear charge and are important for high-Z
Li-like ions [43]. For the2s − 2p1/2 transition in Li-like U89+, starting from Dirac Coulomb wave
functions, contributions from the mass polarization term,the one transverse-photon exchange term and
the two transverse-photon exchange term have been given by -0.08, +0.06 and -0.05 eV for a total
nuclear recoil corrections of -0.07 eV [43]. In previous RMBPT [34] and RCI [29] calculations, the
same mass polarization corrections have been evaluated with correlated wave functions and the result
of -0.04 eV was included in the RMBPT and RCI structure energies. But this leave a residual nuclear
recoil correction of -0.03 eV unaccounted for, which may have canceled the +0.03 eV nuclear polar-
ization correction that has also been left out. Once again, cancellation of errors may complicate the
task of identifying these small corrections. But as in the case of two-loop Lamb shifts versus negative-
energy corrections, the effect of higher-order nuclear recoils may show up in other high-Z ions where
nuclear polarizations, which are quite nucleus dependent,are completely negligible. Further research
into nuclear recoils and more high-precision spectral measurements in heavy ions other than thorium
and uranium are definitely desirable.

3.5. Na-like to Si-like uranium ions
As further tests of QED corrections in more complicated atomic systems, comparisons have been

made between RCI and high-precision EBIT measurements on the energies of several x-ray lines from
the 3s − 3p3/2 transitions in Na-like to Si-like uranium [30]. Results areshown in Table 3. Here,
RCI energies include all contributions from single and double excitations in terms of valence-valence,
core-valence and core-core excitations, with uncertainties arising mainly from the missing triple and
quadruple excitations which are estimated to be about 0.02 eV for the Na-1, Mg-1 and Al-1 lines and
about 0.07 eV for the Al-2 and Si-1 lines. Mass polarization corrections, though missing higher-order
nuclear recoil contributions, are small at -0.01 eV and are included mainly as order-of-magnitude re-
minders. As for QED corrections, they are dominated by the self-energies as expected. It is interesting
to note that at -0.15 to -0.20 eV, Wichmann-Kroll corrections are about 10 times larger than experimen-
tal uncertainties and are very significant. Even relaxed-core corrections to the QED energies, though
smaller at 0.08 to 0.14 eV, are important in bringing theory into good agreement with experiment. Un-
certainties in QED corrections are estimated to be about 0.07 eV which are due in part to the use of
DKS potentials to account for screening corrections and in part to the missing two-loop Lamb shifts
and negative-energy corrections which are expected to be much smaller here for then = 3 transitions
than in the case of Li-like uranium for then = 2 transitions. Theoretical results as given by the sums
of RCI and QED energies are seen to be in excellent agreement with the high-precision EBIT mea-
surements. The only exception is the Si-1 line where the difference between theory and experiment is
slightly larger at 0.11 eV. All data shown in Table 3 are from Ref. [30]. More detailed discussions of
these results can also be found there.

3.6. Cu-like ions
Until recently, most of the existing tests of QED deal withns−np transitions and very few, if any,

precision tests are available for higher angular momentum states. While QED corrections are expected
to be small for high-l bound electrons as the centrifugal barrierl(l+1)/2r2 prevents them from getting
too close to the nucleus, their contributions may not be negligible for heavy ions when comparing
theory with experiment. Such is the case with the recent EBITmeasurements which have produced
highly-accurate x-ray energies for the4s − 4p3/2 transition in high-Z Cu-like ions [45, 46, 47] and,
in particular, for the4p1/2 − 4d3/2 transition in Cu-like bismuth, thorium and uranium [47]. RMBPT
[32, 48] and RCI [31] calculations have also been carried outand were found to give essentially the
same results. Comparisons between theory and experiment are shown in Table 4. Once again, they are
in very good agreements. For the4s − 4p3/2 transition, relaxed-core QED corrections are small and
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Table 3. Energies (eV) of the3s − 3p3/2 transitions in Na-like to Si-like uranium. All results are from [30].
Spectral line identifications can also be found there.

Contributions Na-1 Mg-1 Al-1 Al-2 Si-1
RCI Coulomb 1318.14 1329.48 1332.25 1316.00 1319.02

Breit -2.79 -2.75 -2.29 -5.99 -5.57
Mass polarization -0.01 -0.01 -0.01 -0.01 -0.01
Sum 1315.34(2) 1326.72(2) 1329.95(2) 1310.00(7) 1313.44(7)

QED Self-energy -14.21 -13.99 -13.98 -10.39 -10.59
Uehling 4.10 4.04 4.03 2.98 3.04
Wichmann-Kroll -0.20 -0.20 -0.20 -0.15 -0.15
Relaxed-core 0.08 0.08 0.08 0.14 0.13
Sum -10.23(7) -10.07(7) -10.07(7) -7.42(7) -7.57(7)

Theory 1305.11(7) 1316.65(7) 1319.88(7) 1302.58(10) 1305.87(10)

EBIT 1305.12(2) 1316.64(1) 1319.86(2) 1302.55(2) 1305.76(2)

Table 4. The4s − 4p and4p− 4d transition energies in high-Z Cu-like ions. RMBPT and QED results are from
[32]. EBIT results are from [45, 46, 47].

Z RMBPT QED Total EBIT
Frozen ∆Relaxed 2-Loop Sum

4s − 4p3/2

74 200.13 -1.25 0.01 0.00 -1.24 198.89 198.90(1)
79 255.01 -1.65 0.01 0.01 -1.63 253.38 253.40(1)
82 294.45 -1.93 0.01 0.01 -1.91 292.55 292.59(4)
90 430.03 -2.86 0.02 0.02 -2.82 427.21 427.20(1)
92 472.30 -3.14 0.03 0.02 -3.09 469.21 469.22(3)

4p1/2 − 4d3/2

83 367.21 -0.31 0.05 0.00 -0.27 366.94 366.97(2)
90 492.42 -0.56 0.07 0.00 -0.49 491.93 491.94(10)
92 535.69 -0.66 0.08 0.00 -0.58 535.11 535.15(5)

amount to less than 1% of the total QED energies. For the4p1/2 − 4d3/2 transition, however, they
are surprisingly large and amount to 14% - 18% of the total QEDenergies. Empirical QED energies
for the4p1/2 − 4d3/2 transition can be deduced from the measured data by subtracting the RMBPT
energies. They are compared with QED results calculated with and without the relaxed-core corrections
in Fig. 8. For these high-l, high-n states, two-loop Lamb shifts and negative-energy corrections should
be quite negligible and relaxed-core corrections, which are up to twice as large as the uncertainties of
the empirical data, are seen to be very important in bringingtheory into agreement with experiment.
QED corrections in high-l states are rarely studied and may contain other surprises that have yet to be
discovered.

4. Conclusion

We have shown that relativistic atomic structure calculations from RMBPT and RCI have provided
important tests of strong-field QED when compared with high-precision EBIT measurements of the
spectra of high-Z ions. In the course of these comparisons, small correctionsfrom higher-order Breit
energies, relaxed-core QED, two-loop Lamb shifts, negative-energy states, nuclear polarizations and
nuclear recoils have been identified. While the correct treatment of relativistic correlation energies only
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Fig. 8. Scaled QED energies for the4p1/2 − 4d3/2 transition in Cu-like ions. Dashed and solid lines are frozen-
and relaxed-core calculations [32]. Crosses with error bars are empirical data based on EBIT measurements [47].
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come from rigorous S-matrix calculations, they can be prohibitively difficult to carry out for systems
with more than three electrons. In the foreseeable future, RMBPT and RCI will likely remain as the
workhorse of high-precision relativistic atomic structure calculations.
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