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THE ROLE OF CORRELATION IN COMMUNICATION OVER FADING
CHANNELS

Abstract
by
Wenyi Zhang

In wireless communication systems with no channel state information (CSI) avail-
able at the transmitter or receiver, channel correlation plays a pivotal role in an-
alyzing system behavior. This thesis explores the theme of channel correlation in
several scenarios.

The first part of the thesis investigates a Rayleigh fading channel without cor-
relation in time. Using a suitable logarithmic transformation, the channel model
can be converted into an equivalent channel model with additive noise only. Such a
perspective lends geometric intuition and often substantially reduces mathematical
machinery to evaluate performance in terms of achievable rates and capacity. On
one hand, a series of known results are revisited and reinterpreted; and on the other
hand, several new results are obtained using this induced additive-noise perspective.

The second part of the thesis focuses on channel correlation in time. Using a
block decision-feedback architecture, the original channel is decomposed into a series
of parallel sub-channels, each being conditionally coherent linear Gaussian. Both
discrete-time and continuous-time channels are examined, and the asymptotics of
mutual information at low signal-to-noise ratio (SNR) are obtained. Compared to

known capacity upper bounds under peak constraints, these asymptotics lead to



Wenyi Zhang

negligible loss in the low-SNR regime for slowly time-varying fading channels.

The third part of the thesis studies channel correlation in space, i.e., across
multiple transmit and receive antennas. In the low-SNR regime, it is shown using
asymptotic analysis that spatially correlated antennas lead to both multiplicative
rate gain as well as peak power reduction, at no cost of additional transmit power.
Then a low-complexity communication scheme employing on-off signaling with hard-
decision demodulation is evaluated, which demonstrates that most of the benefits
promised by asymptotic analysis are realizable.

Finally, the last part of the thesis summarizes the main contributions and points

out directions for future work.
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CHAPTER 1

INTRODUCTION

1.1 Background Overview

Recent years have witnessed an explosive increase of various communication ap-
plications operating over wireless media. Consequently, it becomes crucial to inves-
tigate the fundamental performance limits on reliable communication over wireless
channels, in which the phenomenon of fading [4] poses critical challenges as well as
promising opportunities to communication engineers. Fading is one of the major
forms of volatility in a wireless environment, taking place in all dimensions, i.e.,
time, frequency, and space. Fading channels as mathematical models have been
systematically studied since the earliest era of communication theory and informa-
tion theory; see [79], [63, Part 3], [62], [32] and references therein. As indisputable
evidence of the important role of fading channels, an astonishing number of 549
references are listed in the well-known review paper [4] in 1998. Taking into ac-
count the burgeoning efforts devoted to space-time systems and wireless networks
since the late 1990’s, this number of references would be doubled if the survey were
updated today.

On one hand, due to fading, transmitted signals can occasionally suffer from deep
signal-to-noise ratio (SNR) attenuation, severe phase distortion, and inter-symbol
interference, all of which notoriously degrade the quality of communication. On the

other hand, by intelligently exploiting the inherent diversity of fading processes, the



chance of successful reception as well as the achievable rate of transmission can both
be dramatically improved [71] [83] [34].

In order to combat the detrimental effects of fading and furthermore to exploit
the inherent channel diversity, a critical issue is understanding the effect of chan-
nel state information (CSI) upon system behavior. Throughout the thesis, the term
“channel state information” refers in particular to the realization of fading processes,
which are often modeled as random processes. In system analysis, a pivotal distinc-
tion is whether or not CSI is accurately known at the receiver, and first-order models
often replace accurate CSI with perfect CSI for analytical convenience. From a high-
level perspective, when the receiver has perfect CSI, the study of fading channels
boils down to investigating certain time-varying linear Gaussian channels, which
are relatively well understood. In contrast, when CSI is not perfectly known at the
receiver, the resulting channels are in general non-Gaussian, and neither channel
capacity nor capacity-achieving input distributions are fully known. In the thesis,
channels in which CSI is perfectly known at the receiver are referred to as coherent,
otherwise they are referred to as non-coherent.

From a communication engineer’s point of view, all fading channels are inevitably
non-coherent. Coherent channels, in which CSI is perfectly known, are approxima-
tions of channels with accurate channel identification and estimation. Conceptually,
in adopting a coherent channel model, we essentially decouple communication into
two stages, one of pure channel identification and estimation, the other of pure in-
formation transmission over the estimated channels, ignoring any residual channel
estimation errors. When the inherent channel volatilities are mild, accurate esti-
mation of CSI is usually feasible under acceptable cost of additional power and
bandwidth, hence the coherent channel model is reasonably justified. However, for

transceivers experiencing high mobility in a rich scattering propagation medium,



the channel volatilities usually become significant. As a consequence, the estima-
tion error resulting from conventional algorithms may no longer be negligible. This
channel uncertainty poses a series of fundamental difficulties in understanding fading
channels, as commented in [48]:

“...As channels vary in time and frequency, the necessary finite amount of energy
available to a system for measurement fundamentally limits the accuracy of channel
estimation and, hence, what use we can make of such measurements. Moreover, in
systems where very wide bands are used, we may in effect consider that, owing to
decorrelation in frequency, we are dealing with not just one, but many channels. The
applicability of capacity-achieving schemes, particularly in the asymptotic regime, is
heavily affected by channel uncertainty. Channel measurement uncertainty is also
often pointed to as the root cause of the difficulty of implementing, in practice, many

schemes that are appealing from an information-theoretic perspective...”

For non-coherent fading channels, there exist several largely separate lines of
work, due to the various settings of channel models. We briefly outline them in the

sequel.

Detection-Theoretic Approach

This line of work dates back to the earliest study of fading channels [59] [30].
In the detection-theoretic approach, the major concern is to decide, with minimum
error probability, which of two or more distinct waveforms was transmitted. In
general it is assumed that CSI is unknown, except its statistics. Particularly, the
auto-correlation function of the temporal fading process is exploited, and the result-
ing detection procedure turns out to have an estimator-correlator structure. The

detection-theoretic approach is elegant, requiring a minimal amount of assumptions,



and leading to particularly simple implementations. Unfortunately, its connection
to information-theoretic performance metrics, such as channel capacity, has yet to

be completely established.

Orthogonal Modulation Schemes

This line of work is focused on orthogonal modulation, such as pulse-position
modulation (PPM) and frequency-shift keying (FSK) [32]. In practice such schemes
are usually attractive because the transmitted waveforms remain orthogonal in cer-
tain fading conditions, and the optimal receiver often comprises simple energy de-
tectors. Furthermore, an important fact is that, as the channel bandwidth grows
to infinity, orthogonal schemes with a vanishing duty cycle and an unbounded peak
power turn out to be asymptotically capacity-achieving, and the limiting channel
capacity is exactly the same as the capacity of a linear Gaussian channel of the
same signal-to-noise ratio (SNR) in the wideband limit. In practice, however, the
finiteness of available bandwidth tends to severely degrade the asymptotic wideband
capacity of wideband fading channels.

The plaguing discrepancy between the asymptotic and actual channel behaviors
is explained in terms of error exponent in [42], and in terms of channel capacity in
[75]. In [75], Taylor expansions of channel mutual information at vanishing SNR are
rigorously carried out. The infinite-bandwidth asymptotic channel capacity is cap-
tured in the first-order Taylor coefficient, which is shown to be identical regardless of
the availability of CSI. For non-coherent fading channels, the first-order Taylor coef-
ficient is maximized only if a so-called “flash” signaling is employed, which, roughly
speaking, corresponds to the aforementioned orthogonal schemes with a vanishing
duty cycle and an unbounded peak power. Refining the analysis in comparing the

higher-order Taylor expansion terms for different channels, it is observed that, unless



CSI is perfectly known at the receiver, the second-order Taylor coefficient always
approaches minus infinity in the wideband limit. Such diverging behavior of wide-
band, or low-SNR, channel capacity expansions reveals a fundamental discrepancy
between coherent and non-coherent fading channels. However, from a practical per-
spective, it is of great importance to study the finer distinctions among non-coherent
fading channels with different configurations, which are not fully characterized in

the asymptotic analysis outlined above.

Memoryless Fading Channels

This line of work particularly treats an extreme case, i.e., the so-called discrete-
time memoryless Rayleigh fading channel model, in which the fading coefficient
changes independently for adjacent channel uses. For this channel model, neither
capacity nor the capacity-achieving input distributions are fully known. It is shown
in [1] that the channel capacity is achieved using a discrete input distribution with a
finite number of mass points, always including a mass point at zero. Unfortunately
the capacity-achieving input distribution changes for different SNR, and can in
general only be obtained through numerical nonlinear optimization. An important
observation made rigorously in [1] is that, for sufficiently low SNR, the capacity-
achieving input distribution reduces to on-off keying (OOK) with optimized peak
power. This observation, to some extent, suggests the utilization of orthogonal

modulation schemes for wideband channels, as discussed in the previous subsection.

Block Fading Channels

In block fading channel models, a generic assumption is that the fading process
is piece-wise constant. That is, its realization remains constant for a block of T
channel uses, and changes to independent realizations for the adjacent blocks. For

the case of T'= 1, the model reduces to the discrete-time memoryless fading chan-



nel model discussed above. However, the main interest has been for the case of
T > 1. In a pioneering work [43], the basic structure of capacity-achieving input
distributions is characterized, and the asymptotic channel behavior for the case of
a single antenna is analyzed. A fundamental contribution of [43] is its recognition
of unitary matrices as a good choice of channel input, especially at high SNR. This
has led to a series of subsequent work on constellation design using unitary matrices
[25] [26] [24]. In [82] it is further shown that for high SNR, unitary constellations
asymptotically achieve the full multiplexing gain in capacity. The elegance of [82] is
that it establishes a geometric perspective for non-coherent block fading channels,
utilizing the sophisticated mathematical tool of the Grassmann manifold. In practi-
cal applications, the major concern about unitary constellations is the exponentially
increasing complexity of the demodulator implementation, due to the lack of effi-
cient representation of the constellations. In theoretic analysis, the major concern
is the validity of the block fading model itself, especially as SNR grows to infinity,

which motivates the following line of work focusing on high-SNR channel analysis.

Asymptotic Analysis at High SNR

In the block fading channel model, by letting the fading coefficient remain con-
stant for a block of channel uses, we ignore the channel fluctuation within a block.
Care should be taken in extending this approximate model to the regime of ex-
tremely high SNR, in which the impact of intra-block channel fluctuations is signif-
icantly amplified such that they can no longer be ignored. In [70], which investi-
gates the discrete-time memoryless Rayleigh fading channel, it is the first observed
that the channel capacity grows double-logarithmically at high SNR. This double-
logarithmic growth rate is then refined in [36] [35] for more general models such

as Ricean fading, non-memoryless fading processes, and multiple-antenna channels.



It is shown that for very general channel models, the channel capacity behaves as
C =loglogp + x + o(1) as the channel SNR p — oo, where x is called the fading
number, which varies depending upon the particular channel model. The double-
logarithmic behavior is an alerting signal that one needs to be extremely careful in
analyzing the asymptotic performance of non-coherent fading channels, which are
highly sensitive to the choice of channel models. It should be noted that the double-
logarithmic behavior is usually pessimistic; for example, as pointed out in [13] for
typical slowly time-varying fading channels [32], the double-logarithmic behavior is

effective only for impractically high SNR, e.g., hundreds of dBs.

Pilot-Assisted Modulation and Coding

For slowly time-varying fading channels, explicit channel training using pilot
symbols has long been a common practice; see [72] and references therein. Com-
pared with “blind” approaches that adopt non-coherent coding and modulation
techniques, pilot-assisted schemes are pseudo-coherent, and often simpler to imple-
ment. In a typical pilot-assisted training scheme, a sequence of pilot symbols known
to the receiver is inserted sparingly among channel uses. Based upon the received
pilot symbols, the receiver estimates the fading process, which is then treated as the
true fading process to facilitate coherent reception. Since channel estimation cannot
be error-free, in general the channel input affects the resulting effective noise, mak-
ing it non-Gaussian and input-dependent. This imposes considerable difficulties in
performance analysis of pilot-assisted schemes. Much effort has been devoted to this
issue [38], [47], [3], [23], [49], [13]. In general, these existing works are focused on the
case of circular complex Gaussian channel inputs, which are known to be capacity-
achieving for coherent channels. Since the effective noise for Gaussian channel inputs

is non-Gaussian and input-dependent, the channel mutual information is difficult



to evaluate explicitly. As a result, lower and upper bounds are usually derived,
which may shed light on the actual capacity behavior. Perhaps the most important
known rule of thumb so far is that, when the channel SNR is much less than the
reciprocal of the variance of the channel estimation error, we may view the channel

using pilot-assisted schemes as essentially coherent.

1.2  Overview of the Thesis

In this thesis, our aim is to further the existing work summarized in the previous
section, and to gain more insight on the behavior of non-coherent fading channels.
To this end, we focus on channel correlation as the main thread, which plays a
pivotal role in characterizing distinct channel behaviors.

In non-coherent fading channels, abundant channel correlation is a prerequisite
for realizing the potential performance gains promised by coherent channel analysis,
since it provides the possibility for transceivers to keep track of the underlying
fading processes, either explicitly or implicitly. As a thought experiment, consider
transmitting information using pilot-assisted training over a block fading channel
(e.g., [23]). Inevitably, certain amounts of channel resources, such as bandwidth and
power, need to be used by the pilot symbols, which facilitate channel estimation but
carry no information. On one hand, if too little resource is devoted to channel
training, the fading process is poorly tracked; hence, the effective noise level of the
trained channel is high. On the other hand, if too much resource is devoted to
channel training, the remaining channel resource cannot support the transmission
of information. It is obvious that this tradeoff can be alleviated, for example, when
the fading block length becomes large, i.e., when the channel correlation becomes
significant, or when the available resource is abundant, e.g., when the channel SNR

is sufficiently high.



Given the scope of the problem, even under the umbrella of channel correlation,
a ubiquitous framework is by no means easy to establish. First of all, channel cor-
relation may exist in all possible dimensions, like time, frequency, and space. Their
underlying physical mechanisms are totally different, and difficult to model using
simple and unified mathematical models. To describe the temporal and frequency-
domain channel correlation, we can subscribe to the Jakes’ model [28], the first-order
Gauss-Markov model [47], or the block fading model [43], etc. Modeling issues as-
sociated with spectral and spatial channel correlation are even more complicated;
see [32] [33] [77] and references therein.

Another difficulty preventing a ubiquitous treatment is that non-coherent fading
channels exhibit qualitatively distinct behavior in different SNR regimes. The overall
channel behavior therefore is jointly affected by both channel correlation and SNR.
Intuitively, for high SNR, it tends to be more tolerable to use more power for channel
training. This is because at high SNR the capacity increase from increasing SNR
tends to be marginal, i.e., logarithmic for coherent channels, whereas the channel
estimation error decreases essentially in inverse proportion to the increased training
power. On the other hand, for low SNR, the channel tends to be power-limited
instead of bandwidth-limited. In that regime we are not able to afford precise
channel training which consumes a large portion of scarce available power, and
more sophisticated transmission schemes turn out to be necessary. Recently, the
interaction of channel correlation and SNR is analyzed in the low SNR limit [84], by
way of asymptotic scaling laws. To the best of our knowledge, so far no established
result fully accounts for the non-asymptotic SNR regimes, which are of greater
practical interest.

Due to the difficulties mentioned above, in this thesis we restrict ourselves to

several special cases rather than the most general framework. Specifically, we inves-



tigate the following three distinct scenarios: discrete-time memoryless Rayleigh fad-
ing channels, discrete-time/continuous-time Rayleigh/Rician fading channels with
correlation in time, and discrete-time memoryless Rayleigh fading channels with
correlation in space. For each scenario, we adopt a different perspective and a cor-
respondingly different approach, as will be revealed in the following chapters. In

remainder of this introduction, we give some brief motivation for the three scenarios.

Discrete-Time Memoryless Rayleigh Fading Channels

This work may be the best motivated by the cepstral techniques in signal pro-
cessing; refer to [52] and references therein. Cepstral techniques, and homomorphic
analysis more generally, essentially convert the operation of convolution into the

operation of addition. That is, for the input-output relationship
y(t) = h(t) x z(t),
or
Y(jw) = H(jw) X (jw),
if we ignore the phase information and take logarithms on both sides, we obtain
log [Y (jw)| = log | H (jw)| + log | X (jw)],

an addition operation.

Now consider a multiplicative channel
X=S5-H,

where S is the channel input and H is a random multiplicative disturbance (fading).

If we take logarithms on both sides, we obtain

log [ X| = log [S] + log |H],

10



which is analogous to the cepstral analysis above. Compared to fading channels,
here in the multiplicative channel model we have not introduced the additive noise
Z. In Chapter 2, we will see how to apply the same idea of transformation to convert
a discrete-time memoryless Rayleigh fading channel into an induced additive-noise

channel, and demonstrate a series of resulting applications.

Temporally Correlated Fading Channels

To motivate our approach to exploitation of channel temporal correlation, let
us examine at a high level the key deficiency of conventional pilot-assisted training
schemes. Again, such schemes divide the precious channel resource into two parts:
pilots and information symbols. The pilots, used only for channel estimation, have
nothing to do with information transmission. On the other hand, information sym-
bols are typically not utilized for channel estimation, except in some joint channel
estimation-coding schemes with high complexity. One way to improve upon the con-
ventional solution, therefore, is to exploit the channel state information embedded
in the information symbols.

As a simple example, consider a block of 3 channel uses within which the fading
coefficient H is a fixed random variable, i.e., block fading with T = 3, and the

channel input-output relationship is

In a conventional pilot-assisted training scheme, the first channel use is allocated
to a pilot symbol, say, S; = 1. The first channel output, X; = H + 73, is then
used by the receiver to estimate H. Consequently, the following two channel uses
are allocated for information transmission, and the channel inputs S; and S3 are
detected coherently based upon the estimate H, of H.

Can we improve upon the scheme described above? Our solution is a decision
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feedback receiver that detects S, and S3 in a successive manner. Based upon the
channel estimate H 1, we coherently detect S;. Then we can treat the detected S5 as a
fresh pilot to update the estimate of H. Here assuming that S5 is correctly detected,
then we have two pilots, S; = 1 and S;. Therefore the corresponding estimate H, is
more precise compared to H 1, and consequently the detection of S3 can be performed
with higher reliability. In Chapter 3, we will apply this essential idea to investigate
general temporally correlated fading channels, and in particular, demonstrate that

near-optimal performance can be guaranteed in the low-SNR regime.

Spatially Correlated Fading Channels

In multiple-antenna communication systems, channel spatial correlation is usu-
ally viewed as detrimental. This observation stems from the fact that, when the
channel SNR is high, channel spatial correlation decreases the degrees of freedom
in spatial dimensions, thus reduces the multiplexing gain. For low-SNR communi-
cation, however, the situation is dramatically reversed. Spatially correlation among
multiple antennas effectively boosts the powers in the channel as well as at the re-
ceiver, without spending additional transmit power or excess channel bandwidth.
These effects turn out to be a key to improving communication efficiency in the
low-SNR regime. To motivate our detailed analysis in Chapter 4, let us consider the
following two simple examples.

In the first example, consider a memoryless fading channel with two transmit

antennas and a single receive antenna,
X:H1'51+H2'52+Z,

where H; and Hy are possibly correlated circular complex Gaussian random variables
with zero mean and unit variance, and Z is also CN'(0,1). As SNR vanishes, OOK

becomes asymptotically capacity-achieving [74]. Let us employ the following OOK
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input: (S1,S:) = (0,0) or (s/v/2,s/v/2). If H, and H, are independent, the channel

becomes
X=V2-H-S+2Z,

where H ~ CN(0,1) and S = 0 or s. Compared to a single-antenna channel, the
effective channel SNR is doubled. On the other hand, if H; and H, are identical,

i.e., fully correlated, then the channel becomes
X=2-H-S+7.

Here the effective channel SNR is increased by a factor of four, which even doubles
that for the case of spatially uncorrelated antennas.
In the second example, consider a memoryless fading channel with a single trans-

mit antenna and two receive antennas,

where H; and H, are possibly correlated circular complex Gaussian random variables
with zero mean and unit variance, and Z; and Z, are CA(0,1) and independent.
Again let us employ OOK: S = 0 or s. If H; and H, are independent, the sufficient
statistic of the channel output is the total output energy |X;|* + |X3|?, so that
compared to a single-antenna channel the effective channel SNR is doubled. On
the other hand, if H; and H, are identical, i.e., fully correlated, then the channel

collapses to
(X1 +X2)/V2=~N2-H-S+ (2, + Z,) V2.

So that the effective channel SNR is also doubled, or alternatively, we can save half

of the average (as well as the peak) power in achieving the same performance.
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CHAPTER 2

AN INDUCED ADDITIVE-NOISE CHANNEL MODELING APPROACH TO
FADING CHANNELS WITHOUT CORRELATION

2.1 Introduction

In contrast to the thorough understanding of the additive white Gaussian noise
(AWGN) channel, much less is understood about the non-coherent discrete-time
memoryless Rayleigh fading channel. The simplest case is that for which the channel

is scalar, 1.e.,
X=S5-H+Z, (2.1.1)

where S € C is the channel input, and X € C is the channel output. The fading
coefficient H € C and the additive noise Z € C are both zero-mean circular complex
Gaussian random variables, and independent for different channel uses. Hence in
(2.1.1) we suppress all of the time indexes. Throughout the chapter we consider the
case in which the realization of H, the fading coefficient, is available to neither the
transmitter nor the receiver. For sake of simplicity and without loss of generality,

we let H and Z both be of unit variance, and S be average-power-limited so that
e [1s7] - .

Consequently, the average signal-to-noise ratio (SNR) of the channel becomes

_ENHP-E[1SP
ellZP)

=P.

14



Neither the capacity nor the capacity-achieving input distribution of the chan-
nel (2.1.1) is fully known. The authors of [1] prove that the capacity is achieved
by a discrete input distribution with a finite number of mass points, including a
mass point at S = 0. However, they do not provide any specific signaling design,
partly because the proof technique employed is non-constructive in nature. Fur-
thermore, the capacity-achieving input distribution changes for different SNR; the
number of mass points, their locations, and their probabilities, all depend on the
operating SNR, and can only be determined through numerical nonlinear optimiza-
tion. In [70] the authors obtain upper and lower bounds on the channel capacity,
constructing an explicit discrete input distribution to give the lower bound. They
show that, at high SNR, the channel capacity grows double-logarithmically, that
is, C' = O(loglogp) as p — oo. This double-logarithmic growth rate is refined
in [36] [35] for more general models such as Ricean fading, non-memoryless fading
processes, and multiple-antenna channels. It is shown that for very general channel
models, the channel capacity behaves as C' = loglog p+ x+0(1) as p — oo, where y
is called the fading number of the channel. Another relevant work is [8], in which the
authors derive necessary and sufficient conditions for continuous input distributions
that lead to unbounded mutual information as SNR goes to infinity.

In addition to the high-SNR analyses mentioned above, for sufficiently low SNR,
it is known that the channel capacity is achieved by on-off keying (OOK), for which
the non-zero input has amplitude that becomes unbounded as SNR approaches zero
[1] [75]. Numerical results [1] indicate that, for SNR less than roughly —3.5 dB,
optimized OOK is capacity-achieving, and for SNR less than 10 dB, there is at most
a 4% gap to capacity from the mutual information achieved by optimized OOK.

The main idea of this chapter stems from the following observation: As SNR ap-

proaches infinity, most of the channel randomness results from the fading coefficient
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H rather than the additive noise Z. Intuitively we may approximate the limiting
channel behavior at high SNR as log|X| = log|S| + log|H|, i.e., a channel with
additive noise only. This limiting approximation is employed as a proof technique
in [8]. In this chapter, we further observe that such an additive-noise channel in-
terpretation holds for all SNR.! Specifically, by taking the logarithm of the channel
output’s magnitude |X|, we can decompose the transformed channel output into
the sum of two terms. One term is merely a deterministic function of the channel
input S, and the other term is independent of the channel input and can therefore
be viewed as an additive noise. This equivalent additive-noise channel model is con-
ceptually more intuitive to communication engineers, and yields a natural geometric
interpretation for many earlier results. The effects of both the multiplicative fading
and the additive noise in the original channel (2.1.1) are now described by a single
induced additive noise. The inefficiency of communication over the original fad-
ing channel (2.1.1) can be intuitively understood as the log-scale transform rescales
the original SNR p to roughly log p. Consequently, the double-logarithmic capacity
behavior immediately follows.

Remark: For memoryless Rayleigh fading channels, the additive-noise channel
interpretation is not an entirely new idea. In addition to information-theoretic
analyses, practical coding design has been investigated in [14] and [54] for the special
case that the input S is symmetric OOK and all codewords have constant weight. In
particular, [14] proposes another induced additive-noise channel model to simplify
the receiver design, but this model only applies to the special case of constant weight
OOK inputs.

We briefly summarize the main results of the chapter as follows.

!The authors of [1] apparently observed the same additive-noise channel interpretation. How-
ever, they only used it implicitly in a proof [1, Appendix I, Lemma 2], and did not publish their
other developments in this direction.
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1) In Section 2.2 we derive the induced additive-noise channel model from the
original fading channel model (2.1.1). The two channel models are equivalent, thus
the problem is converted to communication over an additive-noise channel with
non-Gaussian noise.

2) Based upon the induced additive-noise channel perspective, in Section 2.3
we establish new necessary and sufficient conditions for channel input distributions
to achieve unbounded mutual information as SNR p — oo, and to asymptotically
achieve the channel capacity. These conditions are qualitatively similar to those
established in [8]. However, the induced channel model involves much less mathe-
matical machinery, and appears to be more convenient to apply.

3) In Section 2.3 we further show that a simple input distribution called the log-
scale (continuous) uniform distribution is asymptotically capacity-achieving, i.e., it
achieves both the double-logarithmic growth with SNR and the fading number. To
provide practical signaling design, we re-interpret a class of discrete input distribu-
tions, which, in the induced channel perspective, turns out to be nothing but pulse
amplitude modulation (PAM) with uniformly spaced pulses. For moderate SNR we
demonstrate that these discrete input constellations with appropriate size achieve
mutual information higher than that achieved by the log-scale (continuous) uniform
input.

4) In Section 2.4 we further extend the induced channel modeling approach to
memoryless multiple-antenna channels, possibly with transmit, but without receive
correlation. It is shown that essentially all the developments for the scalar channel
case can be paralleled for the multiple antenna case.

5) In Section 2.5 we utilize the induced additive-noise channel model to demon-
strate a low-complexity scheme for communication over non-coherent memeoryless

Rayleigh fading channels. The logarithmic transformation can be easily imple-
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mented as a memoryless signal conditioning front end at the receiver, and its outputs
can then be approximately treated as that of an AWGN channel. When the receiver
has multiple diversity branches, only a few parameters of the memoryless signal
conditioning front end need be adjusted accordingly. Simulation results show that
generic turbo codes designed for AWGN channels perform reasonably well for the
scheme, and the scheme also exhibits a certain degree of robustness with respect to
fading distributions other than Rayleigh.

In this chapter we frequently use Euler’s constant v = 0.5772. . ..

2.2 Log-Scale Transform: from Fading Channel to Additive-Noise Channel

For the scalar channel (2.1.1), because the fading coefficient H totally distorts
the phase information contained in the channel input S, we can restrict S to be
real and non-negative. The channel output X has a sufficient statistic | X|? = X XT,
i.e., its energy, or equivalently, | X|, i.e., its magnitude. Conditioned on S = s, we
have X ~ CN(0,s? + 1), and its energy R = |X|? is exponentially distributed with

probability density function (PDF)

#exp (_32:1)7 ifr=>0

fris(rls) = (2.2.1)
0, otherwise.
Hence the channel S — R can be viewed in multiplicative form as
R=(S*+1)V, (2.2.2)

where V' is independent of S and has PDF fy (v) = exp(—v) for v > 0.
After taking the logarithm of | X| = VR = /52 + 1-/V, we obtain an induced

additive-noise channel equivalent to the original fading channel (2.1.1) as
T=U+W, (2.2.3)

where:
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1) The channel input is
1 2
From the average power constraint for S, U should satisfy
Elexp(2U)] = p+1, (2.2.5)

and have support set U € [0, c0).

2) The channel output is
T =log|X]|. (2.2.6)
3) The additive noise W = (log V') /2 is independent of U, and has PDF
fw(w) = 2exp 2w — exp(2w)], for w € (—o0,00). (2.2.7)

Remark: The induced channel (2.2.3) is equivalent to the normalized channel
(2.1.1), in which the fading coefficient H and the noise Z are both CA/(0, 1) random
variables. For general parameterizations, i.e., H ~ CN(0,0%) and Z ~ CN(0,0%),
the induced channel (2.2.3) still holds, except that the induced channel output T

becomes
2 1 2
T =log|X|* — ilogaz;
and the induced channel input U becomes

1 o2
U= -log(-2£8%+1
5 og(a% +1),

with constraint
o2
£ lep(20)] = . P 1,
Oz

and support set U € [0,00). The definition of W does not change under different

parameterizations.
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Figure 2.1 illustrates the PDF of the additive noise W. We observe that the noise
density is not symmetric, and it decreases much slower for w < 0 than for w > 0.

These qualitative observations are more precisely quantified by the following lemma.

0.8

0.7F -

0.6~ ,

0.5 : .

0.4 : 4

fw(w)

0.2 1

0.1 1

Figure 2.1. The PDF of the induced additive noise W for the scalar channel case

Lemma 2.2.1 (Properties of the induced additive noise W, the scalar channel case)
The additive noise W in (2.2.7) has the following properties:
1) The cumulative distribution function (CDF) of W is

Fy(w) =1 —exp (—exp(2w)). (2.2.8)
2) The characteristic function of W is

ow(j8) = (1 + j6/2), (2.2.9)

where T'(z) = [ a*

o =7 texp(—xz)dz is the gamma function [18].
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3) The mean of W is
EW] = —2 (2.2.10)

and the mazimum of fw (w) is attained at w = 0.
4) The variance of W is

o2, = ;T—4. (2.2.11)

5) The differential entropy of W is
h(W) = — / fw (w) log fw (w)dw

= 1—log2+~. (2.2.12)

Proof. By specializing to N = 1 in Appendix .3.
2.3 Channel Mutual Information

The induced additive-noise channel (2.2.3) is convenient for studying the channel
behavior. In this section we investigate the channel mutual information, focusing
on the high SNR regime.

An asymptotic characterization of the channel capacity is given by [36]

lim (C —loglogp) = x, (2.3.1)
p—00
where y is called the fading number, and y = —1 — « for the scalar memoryless

Rayleigh case.

From (2.2.3) we can write the channel mutual information as
I(S;X) = I(U;T)
= h(T)—KT|U) = h(T) — h(W). (2.3.2)
From Lemma 2.2.1, h(W) = 1—log 24, hence finding channel capacity corresponds
to maximizing the differential entropy of 7. However, maximization of h(T") is non-
trivial because one of the constraints is that T' = U + W, with the support set of

U being [0,00). In Appendix .1 we relax this constraint to revisit a capacity upper

bound previously obtained in [70].
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2.3.1 Conditions for Good Input Distributions

We have the following upper/lower bounds for any given distribution of the input

U:
1 2 oy
Iu;T) < §logaU+log 2me 1+0—2 — h(W) (2.3.3)
U
[(U;T) > h(U)+1log 1+ e 2MO)=hW] — p(W). (2.3.4)

The upper bound (2.3.3) is a straightforward application of the property that Gaus-
sian distribution maximizes the entropy over all distributions with the same variance
[10, Theorem 9.6.5], and the lower bound (2.3.4) is obtained using the entropy power
inequality [10, Theorem 16.7.1]. According to the constraint (2.2.5), the channel in-
put U implicitly depends on the SNR p. From (2.3.4) we observe that if h(U) — oo
as p — oo then I(U;T) — oo; on the other hand, from (2.3.3) we observe that if
I(U;T) — oo as p — oo then o — oo. We thus obtain necessary and sufficient
conditions for unboundedness of channel mutual information as SNR scales.

Proposition 2.3.1 For the channel (2.2.3), the channel input U in (2.2.4) achieves
I(U;T) — o0 as p — o0 if

h(U) — 0o as p — oo; (2.3.5)
on the other hand, if U achieves I(U;T) — oo as p — oo, then

o — 00 as p — oo. (2.3.6)

Neither of the above sufficient and necessary conditions can be simultaneously nec-
essary and sufficient. Two simple counterexamples using discrete channel inputs
are given as follows. On one hand, since the channel capacity is always achieved by
discrete inputs whose differential entropies are —oo, h(U) — oo is not necessary. On
the other hand, a symmetric OOK input leads to unbounded variance as p — oo,

but the resulting channel mutual information is always upper bounded by log 2 nats.
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It is useful to compare the conditions in Proposition 2.3.1 to those obtained in
[8]. A necessary and sufficient condition is that h(7) — oo as p — oo [8, Theorem
4.3 (2)]. This condition is obvious from (2.3.2). On the other hand, a sufficient
condition is that h(log|S|) — oo as p — oo [8, Theorem 4.3 (3)]. This condition is
obviously similar to the sufficient condition in Proposition 2.3.1, except for slightly
different transforms of the channel input. Finally, there is no necessary condition in
[8] that parallels the necessary condition in Proposition 2.3.1.

Proposition 2.3.1 immediately explains why circular complex Gaussian inputs

perform poorly for the channel (2.1.1). In fact we have the following corollary.

Corollary 2.3.2 If S ~ CN(0,p) in (2.1.1), then its induced input U in (2.2.4)
has

h(U) — h(W)=1-1log2+7~ (2.3.7)

of — opy = 2—4, (2.3.8)

as p — oQ.

Proof: Noting that for S ~ CN(0, p), fu(u) =exp(1/p) - fw(u—1logp/2), the result
then follows from straightforward manipulations using Lemma 2.2.1. Q.E.D.
Comparing the mutual information bounds (2.3.3, 2.3.4) and the capacity asymp-
tote (2.3.1), we further obtain necessary and sufficient conditions for input distribu-
tions that asymptotically achieve capacity, i.e., achieve both the double-logarithmic

growth with SNR and the fading number.

Proposition 2.3.3 In order to asymptotically achieve the channel capacity for the
channel (2.2.3), i.e.,

lim (C —I1(U;T)) =0,

p—00
a sufficient condition on the input U in (2.2.4) is
lim (h(U) —loglog p) > —log2, (2.3.9)
p—00

and a necessary condition is

1 2
lim (o—?] _ (logp) ) > o2, (2.3.10)

p—00 8me
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2.3.2 Log-Scale Continuous Uniform Inputs

Now we introduce the log-scale continuous uniform input distribution as follows.

Definition 2.3.4 A log-scale continuous uniform (LCU) input U for the induced
additive-noise channel (2.2.3) has PDF

L jfo<u<A

_J 2
Ju(u) = { 0 otherwise, (2.3.11)
where A > 0 is determined by
exp24) =1, _ (2.3.12)

2A

For LCU inputs, the channel output 7" has PDF

fr(t) = /fU )t — )

w(t) — Fw(t — A))
1 .

We can then numerically evaluate the corresponding [(U;T). Furthermore, LCU
distribution is asymptotically capacity-achieving.
Corollary 2.3.5 For the induced additive-noise channel (2.2.3), LCU inputs achieve

lim (C' — I(U;T)) = 0. (2.3.13)

p—00
Proof. The parameter A in the LCU distribution is related to the SNR through
(2.3.12), so that

_exp(24) -1 1 < exp(2A4)
B 24 24

< exp(24),

where the last inequality holds if SNR is sufficiently large. Applying Proposition

2.3.3, we have
lim (h(U) —loglogp) = lim (log A —loglog p)
p—00 p—00
1
> lim <log <§ log p) — loglog p)
p—00
= —log2.
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Hence, LCU inputs are sufficient for asymptotically achieving channel capacity.
Q.E.D.

A related class of asymptotically capacity-achieving inputs is employed in [36].
Specifically, in [36] the input distribution is uniform for log|S|, over an interval
[10g Smin, (1/2) log p], where sy, escapes to infinity, while log s,/ log p vanishes, as
SNR increases. In fact, we can show that LCU distribution is still asymptotically
capacity-achieving even if its lower limit is chosen the same as log s,,;,. For finite
SNR, however, there is a rate loss in increasing the lower limit from zero.

For LCU inputs in the high SNR limit, the lower bound (2.3.4) attains the chan-
nel capacity, and the upper bound (2.3.3) cannot be met, with a gap of log W ~
0.1765 nats. For finite SNR, both these bounds are useful in characterizing the
achievable rate. In Figure 2.2, we plot the lower/upper bounds and actual mutual
information for LCU inputs. For comparison, we also plot the numerically computed
channel capacity at low SNR [1], the capacity upper bound from [70], the capacity
upper bound from [36] based upon duality methods, and the capacity asymptote
based upon the fading number (2.3.1) [36].

Several observations can be made based upon Figure 2.2. First, the actual mutual
information for LCU inputs is close to its lower bound for low and high SNR, and
its upper bound is a tight estimate for SNR between 10 and 30 dB. Second, at
high SNR the gap between the capacity asymptote based upon the fading number
(2.3.1) and the mutual information lower bound (2.3.4) is approximately 0.2 nats,
even at p ~ 80 dB. This indicates that the approximation of capacity based on the
fading number may under-estimate the actual capacity for a wide range of SNR.
As a further example, these two curves remain separated by about 0.05 nats at
p ~ 400 dB. Finally, at low SNR, there exists a significant rate loss from LCU

inputs compared to optimized OOK, which is capacity-achieving in that regime.
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This loss results because LCU inputs only yield A = p+ o(p) in the low SNR limit,

which leads to a vanishing fourthegy [68] for the original fading channel (2.1.1).
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Figure 2.2. Comparison of different channel mutual information and capacity bounds
vs. SNR

2.3.3 Log-Scale Discrete Uniform Inputs

In this section, we consider discrete input distributions. First, practical systems
usually employ discrete signal sets as modulation constellations. Second, as shown
in [1], the channel capacity is achieved by a discrete input distribution. Motivated by
the LCU distribution, and the idea of maximizing minimum distance in the induced
additive-noise channel, we introduce the following log-scale discrete uniform input

distribution.
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Definition 2.3.6 An L-ary log-scale discrete uniform (LDU) input U for the in-
duced additive-noise channel (2.2.3) has probability mass function (PMF)

1
P = Prob(U:lA):z, fori=0,...,L —1, (2.3.14)

where the spacing A is determined by SNR through the equation

% =Llp+1). (2.3.15)

We note that LDU inputs are precisely those proposed in [5, Theorem 3], where it is
shown that these inputs maximize the Kullback-Leibler (KL) distance between the
conditional output PDFs. From the induced additive-noise channel perspective, an
LDU input is simply log-scale PAM with uniformly spaced signals. For L = 2, an
LDU input reduces to symmetric OOK, and for L — oo it approximates an LCU
input in the sense of convergence in distribution.

Figure 2.3 displays the results of numerically computing I(U;T') for LDU inputs
with different L. We observe that, at low SNR, binary inputs (L = 2) outperform
inputs with larger L. As SNR increases beyond roughly 12.5 dB, inputs with L =
3,4,5, ... successively dominate. Although an LCU input is asymptotically capacity-
achieving, for moderate SNR it is outperformed by LDU inputs. At low SNR, we
also plot the channel capacity, achieved by optimized OOK [1]. We observe that
the rate gain of optimized OOK over symmetric OOK can be significant at low
SNR. Finally we note that the capacity lower bound obtained in [70] numerically
approximates the upper envelope of all the curves in Figure 2.3.

For LDU inputs, we can also examine the cutoff rates for different constellation

sizes, as given by the following proposition.

Proposition 2.3.7 For the induced additive-noise channel (2.2.8) with L-ary LDU
inputs, the cutoff rate is

L—-1 1— —
e (I+m)A

6—21A+6—2mA
=0 m=0

(2.3.16)

o~

Ry =log L —log |1+
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Figure 2.3. Mutual information vs. SNR for L-ary LDU (L = 2,3,4,5), LCU, and
optimized OOK inputs

Proof. In Appendix .2.

Figure 2.4 shows plots of Ry vs. SNR for different L. We observe behavior
similar to the plot of I(U;T) vs. SNR in Figure 2.3. Here in terms of cutoff
rates, the threshold SNR beyond which inputs with L > 2 outperform binary inputs
is roughly 18.5 dB. For moderate SNR the curve for the L — oo limit is again
dominated by the curves corresponding to small L. At low SNR, we also plot the
cutoff rate for optimized OOK. An interesting observation is that, in terms of cutoff
rates, the gain of using asymmetric optimized OOK turns out to be rather limited,

never exceeding 0.03 nats per channel use.
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Figure 2.4. Cutoff rates Ry vs. SNR for L-ary LDU (L = 2,3, 4,5, 00) and optimized

OOK inputs

2.4 Multiple-Input Multiple-Output (MIMO) Channels

In this section, we demonstrate how the induced additive-noise channel model

can be extended to certain MIMO channels. Specifically, we assume that the chan-

nel is memoryless and the receive antennas are spatially uncorrelated. For an M-

transmit NN-receive antenna system, we adopt the channel model
(2.4.1)

X=S-H+7Z

where:
1) S € C**M is the channel input, with an average power constraint
g[ss] = P,
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2) X € C™V is the channel output.
3) Z € CY¥ is the additive noise vector, which is zero-mean circular complex
Gaussian with independent unit-variance elements, i.e., Z ~ CN (0, Inxn).

4) H € CM*N is the fading matrix, which we consider to be of the form
H = &}* . H,,

where Hy € CM*N ig a random matrix in which the elements are zero-mean unit-
variance circular complex Gaussian random variables that are mutually independent.
®dr is an M x M positive semi-definite matrix that characterizes the spatial corre-
lation among the transmit antennas. We normalize the channel model so that the
diagonal elements of @1 are all unity.

For a given channel input vector S = s, the conditional channel output vector

X is circular complex Gaussian
X|S =5~CN(0,(1+s®rs")  Inun),

that is,

1 xx!
Pes() = (1 s (1 s
This implies that a scalar sufficient statistic for the channel is R = XX = ZnN:1 X, X
Conditioned upon a given input S = s, R is the sum of N i.i.d. exponentially dis-
tributed random variables, i.e., central chi-square distribution with 2N degrees of

freedom [60],

rpN-1
1+s®sh)NV(N-1)!
fus(rls) = Y

- exp [_HT;TST}’ lf’f’ZO

0, otherwise.

Parallel to the scalar channel case, let us take the logarithm of v/R. Then we

obtain an equivalent sufficient statistic 7' = %log R, for which the conditional PDF
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is

fris(tls) =  exp {2Nt —log (s®1s' +1) N —exp [2t — log (s®rs' +1)]}.

2
(N —=1)
As before, this logarithmic transformation converts the fading channel (2.4.1) into

an induced additive-noise channel
T=U+W, (2.4.2)

where:

1) The channel input is
1 .
U::§kg(S¢TS +1). (2.4.3)
From the average power constraint of the fading channel (2.4.1), U should satisfy
Elexp(2U)] = E[SPST] + 1 (2.4.4)

For any given input random variable U, amplifying it by a constant factor greater
than one does not decrease the channel mutual information, hence the channel
capacity of (2.4.2) is achieved when the right hand side of (2.4.4) is maximized. This
occurs when ST is the eigenvector of ®1 corresponding to the maximum eigenvalue
Amax (®7), which can be accomplished by beamforming at the transmitter. Thus in

the sequel we take the input constraint as
Elexp(2U)] = Amax(®T)P +1=p+ 1, (2.4.5)

for the support set U € [0, 00).

2) The channel output is
1
T:?%XW. (2.4.6)
3) The additive noise W is independent of the channel input U, and has PDF

fw(w) = exp[2Nw — exp(2w)] (2.4.7)

(N —1)!
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for w € (—o00,0).

Some basic properties of W are summarized as follows.

Lemma 2.4.1 (Properties of W, the MIMO case) The additive noise W in (2.4.7)

has the following properties:
1) The CDF of W s

N-1

2
Fyw(w) =1 — exp(—exp(2w) Z exp(2nw)
n=0

2) The characteristic function of W is

wi0) = =TV +0/2).
3) The mean of W is
_¥(NV)
ew) = Y,

where Y(-) is Euler’s psi function [18]. Here for integer-valued N,

N—1
1
N) = — — ~log N — 00.
W(N) 7+nE:1n og as N

On the other hand, the mazimum of fy (w) is attained at w = @.

4) The variance of W is

where ((-,-) is Riemann’s Zeta function [18]. Here for integer-valued N,

5) The differential entropy of W is

N-1

h(W) =N (1-¢(N)) —log2+ Y _logn.

n=1

Proof. In Appendix .3.

(2.4.8)

(2.4.9)

(2.4.10)

(2.4.11)

(2.4.12)

For the induced additive-noise channel (2.4.2), essentially all of the developments

in Section 2.3 can be paralleled. The necessary and sufficient conditions for achieving
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unbounded channel mutual information (Proposition 2.3.1) and for asymptotically
achieving channel capacity (Proposition 2.3.3) directly apply without change. We
can also study performance of LCU and LDU inputs. By noting that the fading
number is x = N((N) — 1) — SV "logn [36], we find that LCU distribution is
again asymptotically capacity-achieving.

Proposition 2.4.2 For the induced additive-noise channel (2.4.2), an LCU input
distribution achieves

lim (C' — I(U;T)) = 0. (2.4.13)

p—00

In Figure 2.5 we plot the lower bound of I(U;T) (based on the entropy power
inequality) for LCU inputs vs. SNR, for different N. Increasing the number of
receive antennas leads to quite noticeable rate gain, since the double-logarithmic
capacity growth in SNR is rather limited for moderate SNR. By contrast, in coherent
channels where the channel capacity grows logarithmically with SNR, the relative

rate gain of merely increasing the number of receive antennas is not that significant.

2.5 A Low-Complexity Scheme

The non-coherent discrete-time memoryless Rayleigh fading channel can often
be used to model scenarios with narrowband fast fading due to rich scattering and
without line-of-sight (LOS) path. A few possible scenarios are briefly summarized
as follows.

1) Communication systems that forego phase synchronization and instead em-
ploy sample-level interleaving plus non-coherent reception techniques. The purpose
of interleaving is to virtually convert the possibly correlated fading process into a
memoryless one. Communication systems forego phase synchronization and coher-

ent reception mainly for two reasons: to reduce receiver complexity and additional
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Figure 2.5. Lower bounds of I(U;T) (based on the entropy power inequality) under
LCU inputs vs. SNR, for different N

circuitry, for example, in wireless sensor networks based upon the Mote Systems
[11] and other platforms in which sensor nodes have limited computing and hard-
ware resources; or because the channel varies relatively fast so that common channel
tracking algorithms may not perform well, for example, in certain mobile or aero-
nautical applications.

2) Fast frequency-hopping (FH) narrow-band systems in which the carrier fre-
quency hops pseudo-randomly over a wide range of bandwidths for every discrete-
time channel use, in order to guarantee communication security and resistance to
jamming. Examples include certain military and other confidential applications,

e.g., Joint Tactical Radio System (JTRS) [29] and Situational Awareness System
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for Small Unit Operations (SUOSAS) [69].

3) Time Division Multiple Access (TDMA) and other time-sharing systems in
which the channel uses are separated widely enough that they experience essentially
memoryless fades. Examples include systems with very sparse and bursty data
arrivals, and systems consisting of a large number of communicating parties each
of which has certain delay constraints, e.g., Global System for Mobile (GSM) and
General Packet Radio Service (GPRS) [61].

From the communication-theoretic viewpoint, it is difficult to develop efficient
coded modulation schemes over the channel. For channels with low SNR, a common
practice is orthogonal modulation which can be implemented by frequency-shift key-
ing (FSK) or pulse-position modulation (PPM). As SNR approaches zero, orthogo-
nal modulation with an infinite number of dimensions asymptotically achieves the
channel capacity; see, e.g., [32, 42]. For coded transmission, earlier work primarily
investigates constant-weight codes with OOK based upon certain algebraic construc-
tions; refer to [60, Ch. 14-6-4] and references therein. Another more recent relevant
work is [53], where the authors design a coded modulation scheme that extracts
soft information from the orthogonal modulation for turbo decoding. Compared to
earlier results, the scheme provides significantly improved performance, especially
for low information rates.

Let us consider a memoryless Rayleigh fading channel with a single transmit

antenna and N independent receive branches. The channel model is
X,=H,-S+Z,, forn=1,...,N. (2.5.1)

We assume that H,, ~ CN(0,0%) and Z, ~ CN(0,0%). Hence from the preceding

development, we have an induced additive-noise channel model equivalent to the
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original fading channel (2.5.1) as
T=U+W, (2.5.2)

where

N
_ 1 2 1 2
T = 3 log (Z | X | ) — §logaz (2.5.3)

n=1

1 o?
= —log (&SP +1 2.5.4
0= glos (st +1). (25.)

and the PDF of W is given by (2.4.7).
In the following we focus on binary symmetric OOK for information transmission.

Under the average power constraint, for channel model (2.5.1) the input alphabet is

0, w.p. 1/2
S— p-1/2 (2.5.5)
V2P, w.p.1/2

correspondingly for channel model (2.5.2) the input alphabet becomes

0, w.p. 1/2
Uv=e . (2.5.6)
5 log (U—;’P + 1) , w.p.1/2

Therefore we further transform and scale (2.5.2) to obtain a normalized additive-

noise channel
T=U+W (2.5.7)

with antipodal inputs. To this end, we redefine the induced channel output as

N

~ 4 1 1 P(N)

T := - | =log (E |Xn|2> — —logo? — —] —1. (2.5.8)
log (%P + 1) [2 n=1 2 2

The input alphabet then becomes

~1, ifS=0

U= .
. ifS=+2P

(2.5.9)
1
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The normalized induced additive noise W is obtained from W as

v )
W_10g<2:T%IP+1) ( 5 ) (2.5.10)

which has mean zero and variance

AN
" @g(%§P+1ﬂ2

From (2.5.8) we observe that the normalized channel model (2.5.7) can be

o (2.5.11)

straightforwardly obtained by a memoryless signal conditioning front end at the
receiver, as illustrated in Figure 2.6. Since the normalized output 7' is the addition
of U € {~1,1} and a (non-Gaussian) noise, we can treat the noise as Gaussian
and employ an AWGN decoder to decode the message. Compared to maximum-
likelihood (ML) decoding, the non-Gaussian channel and the AWGN decoder being
mismatched will inevitably result to a certain performance loss. However, we stress
that AWGN decoder is by far the most thoroughly studied and the most widely
available. Furthermore, as will be shown in the following numerical simulation re-
sults, generic turbo codes designed for AWGN channels perform reasonably well for
the induced additive-noise channel (2.5.7).

A thorough study of the behavior of mismatched decoding is beyond our scope
here and many of the related problems still remain open; refer to [37] and references
therein. In the following we therefore mainly rely on numerical simulation to obtain

the performance of the channel (2.5.7) under AWGN decoding.

2.5.1 Fundamental Limits of OOK

Figure 2.7 plots the channel mutual information

I(U:T)=1(S; X1,..., Xn),
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Figure 2.6. Hlustration of the memoryless signal conditioning front end at the re-
ceiver.

which is the maximum achievable rate of the channel (2.5.1) under OOK, versus the

channel SNR

for different N, the receive diversity order. We observe that, for the SNR range
plotted, increasing N results to a significant performance gain. The source of the
performance gain is partially reflected in Figure 2.8, which plots the PDF of the
normalized induced additive noise W for different N when the symmetric OOK
operates at 6 dB. It is clearly indicated in Figure 2.8 that as N increases, the
essential support of the noise density shrinks and its shape becomes more symmetric

which resembles a Gaussian density function.
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Figure 2.7. The channel mutual information for symmetric OOK and different
receive diversity orders.

2.5.2 Measuring Gaussianness of the Normalized Induced Additive Noise W

Since we employ an AWGN decoder for the non-Gaussian channel (2.5.7), it will
be intuitively pleasing to have a quantitative metric for measuring the Gaussianness
of the normalized induced additive noise . Here we adopt a metric D(X) proposed

in [56], which is defined for a random variable X as the following KL distance
D(X) :=D(Px||?x), (2.5.12)

where Py is the distribution of X, and ®x is the distribution of a Gaussian random
variable with the same mean and variance as X. Obviously, D(X) > 0 with equality

if and only if X is Gaussian. For the normalized induced additive noise W, we find
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Figure 2.8. The PDF of the normalized induced additive noise W for different
receive diversity orders when the symmetric OOK operates at 6 dB.

that
D(W) = % + N -(N) +log —m ~E; [exp <%W + ¢(N)§2].5.13)

Figure 2.9 plots the Gaussianness metric D(W) versus the channel SNR p for dif-
ferent N. It is clearly indicated that unless SNR is extremely low, D(W) remainly
essentially constant and is typically small especially for N > 1. Hence it may be a

justified option to adopt AWGN decoding for the non-Gaussian channel (2.5.7), as

we will further illustrate through numerical simulation in the following.

2.5.3 Simulation Results

In simulation we choose a generic rate 1/3 parallel concatenated turbo codec

designed for AWGN channels. The two component codes are generated by identical
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Figure 2.9. The Gaussianness metric D(W) of the normalized induced additive noise
W for different receive diversity orders.

recursive systematic encoders with generator matrix

1+ D>+ D°+ D!
1+ D+ D?

For simplicity, we employ a uniformly random interleaver with depth L = 1024.
Thus the codeword block length is 3L = 3096 with 1024 information symbols and
2048 parity check symbols. Figure 2.10 plots the bit error rate (BER) of the turbo
codec versus the channel SNR p for different N. For comparison the information-
theoretic limits of the required channel SNR are also indicated, which can be read
from Figure 2.7. We observe that to achieve BER of 10~°, the required SNR margin
beyond the information-theoretic limits is typically within 1—3 dB, and it decreases

as N increases, a phenomenon not fully surprising because as N increases the nor-
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malized induced additive noise T tends to be more Gaussian as shown in Section
2.5.2. Furthermore, for N = 8 the margin is within 1 dB. Considering the relatively
short coding block length, we conclude that the AWGN decoder performs reasonably

well for the non-Gaussian channel (2.5.7).
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Figure 2.10. The bit error rate (BER) versus the channel SNR for different receive
diversity orders. Vertical dashed-dot lines indicate the information-theoretic limits
of the required channel SNR.

2.5.4 Robustness Considerations

In this subsection we provide a first-cut discussion of the robustness of the
scheme. As the preceding analyses show, the induced additive-noise channel model
(2.5.2) heavily depends upon the assumption that the fades among N receive branches

are i.i.d. Rayleigh. When the assumption is violated the scheme illustrated in Fig-
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ure 2.6 can still be employed, but the mathematical derivations no longer hold since
the distribution of the “induced additive noise” becomes input-dependent. Hence it
is naturally expected that the scheme only applies when the fading statistics are rel-
atively close to i.i.d. Rayleigh distribution. In the following we use numerical plots
to demonstrate that the scheme may actually exhibit a certain degree of robustness,
which is a desirable property for practical purposes.

1) Rician fading: When (2.5.1) is a Rician fading channel with LOS component

d € [0, 1], each fading coefficient H, is
H,=d+V1-d H,,

where {]:In}n:17,.,7N are i.i.d. CN(0,0%) random variables. We employ symmetric
OOK inputs. It is clear that when the channel input is “off” (i.e., zero) the cor-
responding induced additive noise is the same as the Rayleigh fading case. When
the channel input is “on” with average SNR of 3 dB, Figure 2.11 plots the mean
and variance of the induced additive noise versus the line-of-sight component d, for
different N. It is surprising to notice that the mean and variance remain essentially
constant for a wide range of d near zero, implying that the scheme may be robust
even if the channel has a weak LOS path.

2) Nakagami fading: For Nakagami fading [60] the PDF of the energy of each

fading coefficient, R, := |H,|?, is

_ 2 m\"™ 2m—1_—mr?/c%
)= gy () o

where m is called the fading figure and when m = 1 the PDF reduces to Rayleigh.
For OOK inputs with SNR of 3 dB, Figure 2.12 plots the mean and variance of the
induced additive noise for the “on” input versus the fading figure m, for different
N. Here we notice that, especially for small N, the changes near m = 1 are less

negligible, implying that the scheme may be less robust against Nakagami fading.
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3) Correlated receive branches: Sometimes there exists certain degree of spa-
tial correlation among the N receive branches. Here we assume that each H, is
marginally CA(0,1) and for any pair of n # n’ cov[HIH,/] = p € [0,1]. When
1 = 0 the N receive branches are independent. Figure 2.13 plots the mean and vari-
ance of the induced additive noise for the “on” input versus the correlation factor
i, for different N. Again it can be noticed that the scheme exhibits a certain degree

of robustness against weak channel spatial correlation.

2.6 Conclusion

In this chapter we address non-coherent discrete-time memoryless Rayleigh fad-
ing channels. By taking the logarithm of the channel output’s magnitude, we trans-
form the fading channel into an equivalent induced channel with additive noise that
is independent of the channel input. This additive-noise channel model holds for
all SNR. Using this perspective, we revisit several known results and establish sev-
eral new results. In particular, we examine the moderate and high SNR channel
behavior. We obtain simple conditions for channel input distributions to achieve un-
bounded mutual information as SNR scales, and to asymptotically achieve the chan-
nel capacity in the high SNR limit. We show that a simple input distribution called
the log-scale (continuous) uniform distribution is asymptotically capacity-achieving.
We further re-interpret a class of log-scale discrete uniform input distributions, and
demonstrate that for moderate SNR they perform better than the log-scale (con-
tinuous) uniform input. We extend the induced additive-noise channel approach to
memoryless multiple-antenna channels possibly with transmit, but without receive,
spatial correlation. Finally we demonstrate that the induced additive-noise channel
approach can be applied to design practical low-complexity near-optimal systems.

A generalization of the log-scale transform approach, if it exists, doubtlessly
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Figure 2.11. The mean and variance of the induced additive noise for the “on” input
as functions of the LOS component d in Rician fading channels. The channel SNR
is p = 3 dB. The case of d = 0 corresponds to Rayleigh fading channels.
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Figure 2.12. The mean and variance of the induced additive noise for the “on” input
as functions of the fading figure m in Nakagami fading channels. The channel SNR
is p = 3 dB. The case of m = 1 corresponds to Rayleigh fading channels.

46



0.05

-0.05

Noise mean

-0.15f

-0.25f

03 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Correlation factor u

(a) Noise mean vs. p

16

14

1.2

Noise variance

0.8

0.6

0.4

. T I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.2
0

Correlation factor

(b) Noise variance vs. p

Figure 2.13. The mean and variance of the induced additive noise for the “on”
input as functions of the channel correlation factor p in Rayleigh fading channels
with correlated receive branches. The channel SNR is p = 3 dB. The case of u =0

corresponds to independent receive branches.
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would enhance our understanding of channel behavior and communication system
design for general non-coherent fading channels. However, we note that currently
this approach seems to be applicable only to memoryless Rayleigh fading channels;
extensions to more general scenarios are not immediate. There are primarily two
obstacles. First, for other fading distributions, the “non-Rayleighness” precludes
the convenient shift-invariance property of the log-scale transform. For example,
in Ricean channels or phase non-coherent Gaussian channels, the induced additive
noise after the log-scale transform is input-dependent. More fundamentally, for
channels in which the output sufficient statistic is multivariate rather than scalar,

we have not yet found an immediate analog of the log-scale transform.
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CHAPTER 3

EXPLOITATION OF CHANNEL TEMPORAL CORRELATION

3.1 Introduction

For fairly general Rayleigh fading channels without CSI at low SNR, the capacity-
achieving input gradually tends to bursts of “on” intervals sporadically inserted
into the “off” background, even under vanishing peak power constraints [64]. This
highly unbalanced input usually imposes implementation challenges. For example,
it is difficult to maintain carrier frequency and symbol timing during the long “off”
periods. Furthermore, the unbalanced input is incompatible with linear codes, unless
appropriate symbol mapping (e.g., orthogonal modulation with appropriately chosen
constellation size) is employed to match the input distribution.

This chapter investigates the achievable information rate of phase-shift keying
(PSK) on temporally correlated fading channels. PSK is appealing because it has
constant envelope and is amenable to linear codes without additional symbol map-
pings. Focusing on low signal-to-noise ratio (SNR) asymptotics, we develop a ca-
pacity lower bound and interpret it as the achievable rate of a recursive training
scheme! that converts the original fading channel without CSI into a series of paral-
lel sub-channels, each with estimated CSI but additional noise that remains circular

complex white Gaussian.

LA similar framework was also partially pursued in [65, 40].

49



The central results in this chapter are as follows. First, for a discrete-time
Rayleigh fading channel whose unit-variance fading process { Hqlk] : —0o0 < k < 0o}

has a spectral density function Sg,(e’?) for —m < Q < 7, the achievable rate is

1 1 T -
5 [% . / S?id(em)dﬂ — 1] - p* +o(p?) nats per symbol, (3.1.1)

as the average received channel SNR p — 0. This achievable rate is at most (1/2) -
p* + o(p?) away from the channel capacity under peak SNR constraint p.> Second,
for a continuous-time Rayleigh fading channel whose unit-variance fading process
{H.(t) : —o0 < t < 0o} has a spectral density function Sy, (jw) for —oo < w < oo,

the achievable rate as the input symbol duration 7" — 0 is

1 o
[1 — 55 / log (1 + P - Spy.(jw))dw| - P nats per unit time, (3.1.2)
T

where P > 0 is the envelope power. This achievable rate coincides with the channel
capacity under peak envelope P.

We apply the above results to specific case studies of Gauss-Markov fading mod-
els (both discrete-time and continuous-time) as well as a continuous-time Clarke’s
fading model. For discrete-time Gauss-Markov fading processes with innovation
rate € < 1, the quadratic behavior of the achievable rate becomes dominant only
for p < e. Our results, combined with previous results for the high-SNR asymptotics
[13], suggest that coherent communication can essentially be realized fore < p < 1/e.
For Clarke’s model, we find that the achievable rate scales sub-linearly, but super-
quadratically, as O (log(1/P) - P?) nats per unit time as P — 0.

Finally, we extend the above results to Rician fading channels in which the direct

LOS component has strength d € [0,00) relative to the Rayleigh fading process

2Recently, a more refined capacity upper bound [39] suggests that the achievable rate (3.1.1)
is in fact optimal up to the second-order term if [% [T SF (e1)dQ — 1] > 1, a condition met
by many slowly time-varying fading channels. A more comprehensive analysis taking into account
both peak and average power constraints appears in [66].
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component. For a discrete-time channel, the achievable rate is

d 1 1 T .
ar1’ + 3 [m : / St (e7)dQ—1| - p* +0(p?) nats per symbgB.1.3)

which is again at most (1/2) - p* +o(p*) away from the channel capacity under peak

SNR constraint p. For a continuous-time channel, as the input symbol duration

T — 0, the achievable rate is

1 o0 P
[1 ~ 55 /_OO log (1 + i1 SHC(jw)) dw} - P nats per unit time, (3.1.4)

which again coincides with the channel capacity under peak envelope P.

The remainder of the chapter is organized as follows. Section 3.2 describes
the Rayleigh fading channel model. Section 3.3 develops an achievable rate and
its recursive training scheme interpretation. Section 3.4 deals with the discrete-
time Rayleigh fading channel model, and Section 3.5 deals with the continuous-time
Rayleigh fading channel model. Section 3.6 extends the results to Rician fading

channels. Finally Section 3.7 provides some concluding remarks.

3.2 Channel Model

We consider a scalar time-selective, frequency-nonselective Rayleigh fading chan-

nel, written in baseband-equivalent continuous-time form as
X(t) = Hc(t) - S(t) + Z(t), for —oo <t < o0, (3.2.1)

where S(t) € C and X(t) € C denote the channel input and the corresponding
output at time instant ¢, respectively. The additive noise {Z(t) : —oc0 < t <
oo} is modeled as a zero-mean circular complex Gaussian white noise process with
E{Z(s)ZT(t)} = (s —t). The fading process {H.(t) : —oo < t < oo} is modeled as
a wide-sense stationary and ergodic zero-mean circular complex Gaussian process

with unit variance E{H.(t)H](t)} = 1 and with spectral density function Sy, (jw)
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for —o0o < w < oo. Additionally, we impose a technical condition that {H.(t) :
—00 < t < oo} is mean-square continuous, so that its autocorrelation function
Ky (1) = E{H.(t + T)H}(t)} is continuous for 7 € (—00, ).

Throughout the chapter, we restrict our attention toi.i.d. PSK over the continuous-
time channel (3.2.1). For technical convenience, we let the channel input S(¢) have

constant envelope P > 0 and piecewise constant phase, i.e.,
St):=VP- M i kT <t < (k+1)T, (3.2.2)

for —oo < k < 0o. The symbol duration 7" > 0 is determined by the reciprocal of
the channel input bandwidth.?

Applying the above channel input to the continuous-time channel (3.2.1), and
processing the channel output through a unit-energy matched filter,* we obtain a

discrete-time channel®
X[k] = /p- Halk] - S[k] + Z[k], for —oo <k < o0. (3.2.3)

The channel equations (3.2.1) and (3.2.3) are related through

Sk] = €W (3.2.4)
1 T

X = /kT X (t)dt (3.2.5)
1 (k‘+1)T

Hylk] = ! I (3.2.7)

\/foT [ Ky (s — t)dsdt /kT

3For multipath fading channels, T should be substantially greater than the multipath delay
spread [4], otherwise the frequency non-selective channel model (3.2.1) may not be valid. Through-
out the chapter we assume that this requirement is met.

4A matched filter suffers no information loss for white Gaussian channels [60]. For the fading
channel (3.2.1), it is no longer optimal in general [30]. However, in this chapter we still focus on
the matched filter, which is commonly used in many practical systems.

SHere we note a slight abuse of notation in this chapter, that a symbol (e.g., S) can be either
continuous-time or discrete-time. The two cases are distinguished by S(t) for continuous-time and
S[k] for discrete-time.
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For the discrete-time channel (3.2.3) we can verify that

e The additive noise {Z[k] : —oo < k < oo} is circular complex Gaussian with
zero mean and unit variance, i.e., Z[k] ~ CN(0,1), and is i.i.d. for different
k.

e The fading process {Hgylk] : —00 < k < oo} is wide-sense stationary and

ergodic zero-mean circular complex Gaussian, with Hglk] being marginally
CN(0,1). We further notice that { Hy[k] : —oo < k < oo} is obtained through
sampling the output of the matched filter, hence its spectral density function
is

. T > Q) —2km
Sp, (7)) = - St <]7) - sinc?(Q — 2Kk(8)2.8
() Jo Iy K (s — t)dsdt kz ! T | 925

=—00
for -1 < Q<.

e The average channel SNR experienced at the receiver is given by

T EO

The ii.d. channel input {S[k] : —oo < k < oo} is always on the unit circle.
As will be explained later, we will only restrict it to be zero-mean, i.e., E{S[k]} =
0. Such inputs encompass all the PSK inputs that are complex proper [51], i.e.,
E{S?[k]} = [E{S[K]}]?, like quadrature phase-shift keying (QPSK), as well as binary
phase-shift keying (BPSK), which is not complex proper.

Throughout the chapter, we assume that the realization of the fading process
{H.(t) : —00 <t < oo} is not directly available to the transmitter or the receiver,
but its statistical characterization in terms of Sy (jw) is precisely known at both

the transmitter and the receiver.

3.3 An Achievable Rate and its Recursive Training Scheme Interpretation

3.3.1 An Achievable Rate Based on Average Channel Mutual Information

For an arbitrary coding blocklength L with channel inputs {S[{] : 1 =0,1,..., L—

1}, and corresponding channel outputs {X[l] : | = 0,1,...,L — 1}, the average
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mutual information of the discrete-time channel (3.2.3) is

Ry = 21 (S (XIS (33.)

As the coding blocklength L scales, standard channel coding theorems [78] demon-
strate that the rate R., := limj_ ., Ry is achievable. However, in general R, is
rather difficult to compute since it involves a limiting procedure L. — oo. In this
section we develop and interpret a simple lower bound for R.,, and will focus on it
in the remainder of the chapter.

Iteratively applying the chain rule for mutual information [10], we have

Ro = 7 S0 1(SHIYS XX
- % - (1 ({S[Yizh: XX [E8) + (S X[ {X s, {S[Y)
({SH i= l+1§ }{X i= 0>{S[]}l )}
> 3180 X[ (XY (ST (332)

l

Il
=)

By induction, let us evaluate the [th term in the final summation of (3.3.2),
, the mutual information I (S[I]; X[1] [{X[i]}:Z¢, {S[i]}/=5). We can interpret
this term as that at time [, in addition to all the past channel outputs, we have
also successfully reconstructed all the past channel inputs at the receiver as side
information. Since PSK channel inputs are always on the unit circle, the receiver can
compensate for their phases in the channel outputs, and the resulting observations
become

e IO X[i] = \/p- Hali] +e7°0 . Z[i], fori=0,1,...,1—1. (3.3.3)

%/—/ ——

X'[i] Z'[i]

Since zero-mean circular complex Gaussian distributions are invariant under rota-
tion, the rotated noise Z'[-] is still zero-mean unit-variance circular complex Gaus-

sian. Furthermore, since the original noise Z[-] is i.i.d. and independent of Hyl], it
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can be easily verified that the rotated noise Z’[-] is also i.i.d. and independent of
Hy[]. Then we can utilize standard linear prediction theory (e.g., [31]) to obtain

the one-step minimum mean-square error (MMSE) prediction of Hy[l] defined as
Hyll] =€ {Hd[l]) {(X'[i]:i=0,1,...,01— 1}} : (3.3.4)

The prediction Hy[l] and the prediction error Hg[l] = Hy[l]— Hgl] are jointly circular
complex Gaussian distributed as CA (0,1 — ¢?[l]) and CN (0,0?[l]), respectively,
and are uncorrelated and further independent. Here o%[I] denotes the mean-square

prediction error. Hence the channel equation (3.2.3) at time [ can be rewritten as

X[ = 5 Hall]- S[1) + 2]

= p-Hall] - S+ /p- Hall] - S[I] + Z[1], (3.3.5)

-~

Al
where the effective noise Z[l] is i.i.d. circular complex Gaussian, and is indepen-
dent of both the channel input S[l] and the predicted fading coefficient Hg[l]. To
show these properties, we notice that Ha[l], Hql], and Z[I] are independent circular
complex Gaussian, and S[l] is merely a rotation on the unit circle. Thus, the chan-
nel (3.3.5) becomes a coherent Gaussian fading channel with receive CSI Hg[l] and
effective SNR

1—a?[]]

s Rl (3.3.6)

pll] =

In the chapter we mainly focus on the ultimate performance limit without delay
constraints, which is achieved as L — oo. Under mild technical conditions, the one-
step MMSE prediction error sequence {c?[l] : [ = 0,1,...} converges to the limit
[12, Chap. XII, Sec. 4]

2 = lim o?[l] =

1
O’ —
l—o0 P

- {eXp {% /W log (1 + p - Su,(e’)) dQ} — 1} . (3.3.7)

—Tr
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Consequently the effective SNR sequence {p[l] : { =0,1,...} converges to

lim pll] -5 (3.3.8)
o = lim = —> . 3.

Summarizing the above arguments and (3.3.2), as L — oo we have that by

Cesaro means
L—oo

lim Ry > Ry = lim 1 (S[l]; X[l]‘ﬁd[l]) =1 (S; X|ﬁd> , (3.3.9)

where S, X, and Hy are the input, output, and predicted fading coefficient of the

steady-state channel

X = VpHaS + (VpHaS + 2), (3.3.10)

(. J/

Z
where Hy ~ CN(0,1 — ¢2) and Hy ~ CN(0,0%) are independent, and Z is i.i.d.
circular complex Gaussian and independent of S and Hy. The channel SNR of
(3.3.10) is the steady-state effective SNR p., as given by (3.3.8).

In Section 3.4 we evaluate the achievable rate Ry of the steady-state channel
(3.3.10) which operates at the effective SNR p, as the actual channel SNR p — 0.
In fact, for our purposes it is sufficient to examine the first-order expansion of the
mutual information in (3.3.9) [45, 38, 75]. Specifically, because we restrict the PSK

inputs to be zero-mean, the asymptotically achievable rate becomes

Ryt = poo + 0(pso), asp— 0. (3.3.11)

3.3.2 A Recursive Training Interpretation of the Achievable Rate R

Before analyzing the low-SNR behavior of the achievable rate Ry in (3.3.11), in
this subsection we present a recursive training interpretation for the achievability
of Ry in (3.3.9). From the channel coding theorem for general channels [78], the

information rate Ry, and in fact R, = lim;_. Ry, can be reliably achieved by

o6



coding over one single sufficiently long block of channel uses and by a corresponding
decoder taking into full account the channel memory. Here we show that, for chan-
nels with finite memory structure, the information rate R, can also be achieved by
a simple recursive training scheme.

The recursive training scheme has been used in a series of earlier works, e.g.,
[13, 16|, for channels with memory. Its basic idea is as follows. By interleaving
the transmitted symbols of the discrete-time channel (3.2.3) as illustrated in Figure
3.1, we effectively convert the original non-coherent channel into a series of parallel
sub-channels (PSC). The recursive training scheme performs channel estimation and
demodulation/decoding in an alternating manner. To initialize transmission, known
pilot symbols are transmitted on PSC 0, the first parallel sub-channel. Based upon
the kth received pilot symbol X k- L] in PSC 0, the receiver predicts Hqlk-L+1], the
fading coefficients of PSC 1, for each £ = 0,1, ..., K —1. The receiver then proceeds
to demodulate and decode the transmitted information symbols in PSC 1 coherently
using the predicted {Hy[k - L + 1]} If the rate of PSC 1 does not exceed the
corresponding channel mutual information, then the channel coding theorem ensures
that, as the coding blocklength K — o0, there exist codes that have arbitrarily small
decoding error probability. Hence the receiver can, at least in principle, form an
essentially error-free reconstruction of the transmitted symbols in PSC 1, which then
effectively become “fresh” pilot symbols to facilitate the prediction of {Hg[k - L +
2]}, and subsequent coherent demodulation/decoding of PSC 2. Extending this
procedure, decoded information symbols from PSCs 0,...,] — 1 are used as pilot
symbols to predict { Halk - L +1]};—' and coherently demodulate/decode PSC I.

From the preceding description, each of the L PSCs obtains estimated receive CSI
but additional noise that asymptotically remains i.i.d. circular complex Gaussian as

L — oo. These L PSCs suffer correlated fading, and this correlation is exactly what
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L Parallel Sub-Channels (PSC)

-
I I I | i I
0 1 — [-1
I I I S S I
y L L+1 — 2L-1
<= I I I S S I
go2L 2n+1e 3L-1
=
!
Y [ [ T T 1 ... 1
(K-1)L= = KL -1
PSCy PsC, 7 e e PSCr_y

Figure 3.1. Illustration of the interleaving structure in the recursive training scheme.
Input symbols are encoded/decoded column-wise, and transmitted/received row-
wise.
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we seek to exploit using recursive training. Meanwhile for general fading processes
that possess infinite memory, some residual correlation remains within each PSC
among its K symbols. Due to the ergodicity of the channel (3.2.3), this correlation
asymptotically vanishes as the interleaving depth L — oo, and each PSC can then
be viewed as essentially memoryless.

Unfortunately, to establish a channel coding theorem for the achievability of R,
the above intuitive reasoning appears to be technically incomplete. This appears
to result from a tension between decorrelation and error propagation: Although
increasing the interleaving depth L reduces the residual channel correlation within
each PSC, it also imposes more stringent requirements on the average decoding
error probability for each PSC to prevent catastrophic error propagation. It re-
mains an open problem to characterize under which general conditions the recursive
training scheme achieves the information rate R.. In this section, we focus on
the special case that the discrete-time fading process { Ha[k] : —00 < k < oo} is m-
dependent, i.e., there exists a finite integer m > 1 such that Hy[k] and Hy[k'] are
independent for every k and k' > k 4+ m. For the stationary Gaussian process
{Hq[k] : —00 < k < oo}, m-dependence is equivalent to the condition that the spec-
tral density function Sp,(€’) is of the form as the square of a polynomial in e7%;
see, e.g., [6].

With the assumption that the fading process is m-dependent, in Figure 3.1 we
simply need to append m extra channel uses at the end of each row as a guard
interval. For clarity of exposition, we still keep the time indexes unchanged, and
the reader should bear in mind that between any two adjacent rows there is a guard
interval with m channel uses that eliminate the correlation between the rows. Later
as we let the interleaving depth L — oo, the rate loss due to guard intervals becomes

negligible.
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We note that, in each step of the channel estimation procedure, the receiver does
not need to perform a vector one-step MMSE prediction that predicts { Hqlk - L +
] kK:_Ol jointly based upon all the previous channel outputs and decoded inputs of
the [ —1 PSCs, {X[k-L+i],S[k-L+1] 2(2—0%212—01' The memoryless property of each
PSC reduces the vector prediction to K separate scalar one-step MMSE predictions.
That is, for each £ =0,1,..., K — 1, the receiver predicts Hq[k - L + [] solely based
upon { X[k - L 4], S[k - L+ 1]}.28.

In order to establish the achievability of rate R, we fix a sufficiently small
decoding error rate 6 > 0 and a sufficiently small overall rate loss factor A > 0.
That is, we want to have the system achieve the rate (1 — \) - R,; with an average
decoding error probability no greater than 6. From the definition of R, in (3.3.9),
the channel mutual information (S 11]; X ] ’ﬁd [l]) for PSC [ converges to R, by
Cesaro means as [ — oo. Therefore we can choose a sufficiently large interleaving
depth L and a sequence of sufficiently small A\, > 0 for [ = 0,..., L — 1 such that

the average mutual information of the L PSCs is

~
—_

1

L+ml

(1-N)-1 (S[z]; X[ ‘ﬁd[u) >(1-\) - R, (3.3.12)

Il
o

where the normalizing factor 1/(L + m) takes into account the length-m guard in-
tervals. For each PSC [, conditioning upon that no decoding error has occurred
in the previous (I — 1) PSCs, we can choose a sufficiently large K such that there
exists a codebook with information rate (1 — X;) - [ (S[l]; X[l ‘ﬁd [l]) and with av-

erage decoding error probability no greater than §/L. Therefore the overall average
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decoding error probability P, can be upper bounded by

L—

P, = Z Prob {no error in PSCs 0 through (I — 1), error in PSC [}

—_

~
—_

~
—_

IN

Prob { error in PSC [ | no error in PSCs 0 through (I — 1)}
1

l

< (L-1)- % <. (3.3.13)

That is, the information rate R, is achievable using the recursive training scheme.

Remarks:

e A major drawback of the recursive training scheme is that its interleaved
structure leads to large delay. The coding blocklength K should be large
enough so that the decoding error probability is small enough to prevent catas-
trophic error propagation. Furthermore, the number of PSCs L should be large
enough such that the prediction of the fading process essentially converges to
its steady-state limit, and such that the rate loss due to guard intervals is
negligible. Only after receiving all the K - L symbols in the interleaved block
can the receiver perform the alternating estimation-demodulation/decoding
procedure.

e A possible situation is that in wideband channels with frequency-decorrelated
fading processes, we can employ multi-carrier techniques, e.g., orthogonal
frequency-division multiplexing (OFDM), to decompose the original wide band-
width into a large number of sub-bands, suffering independent frequency-
nonselective fading processes. If we treat each sub-band as one row in Figure
3.1, then the preceding analysis also applies since the sub-bands are indepen-
dent. Because the K coding symbols for each PSC occur simultaneously in
time, the receiver need not wait until receiving all the K - L symbols to perform
the alternating estimation-demodulation/decoding procedure.

3.4 Channel Mutual Information at Low SNR

As shown in (3.3.11), the asymptotic channel mutual information depends on
the limiting effective SNR (3.3.8), which further relates to the limiting one-step
MMSE prediction error (3.3.7). The following proposition evaluates the asymptotic
behavior of the channel mutual information (3.3.11).

Proposition 3.4.1 For the discrete-time channel (3.2.3), as p — 0, its steady-
state induced channel (3.3.10) resulting from PSK with recursive training achieves
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the rate
171 [~ .Q
Bu=g |3 [ St -1) -2 o), (3.41)
if the integral (1/2m) - [T _SE (e7)dQ eists.

Proof: We will prove that

1
ol =1-— 3 |:27T/ St (e7%)d — 1} p+o(p), (3.4.2)
which together with (3.3.8) leads to
11T [ ’
=y |5 [ Sh(R 1] ol (3.43)

Then (3.4.1) immediately follows from (3.3.11).

For simplicity let us denote by g(p) the integral (1/2)- [ log (14 p - Sp,(€7?)) dQ,

hence
hmg(p) = —/ log 1d) =0
i 2900 L SHd(eJQ)dQ—l
p—0 dp
) - L] s

To prove (3.4.2), we apply ’'Hospital’s rule in (3.3.7) to evaluate

g(p) _
limo? = lim & 1:1; (3.4.4)
p—0 p=0 P
podos) o [ dglp) e -1
p—0 dp  p=0| p dp p?
111 [T ;

Substituting the above quantities into the first-order Taylor series expansion of o2
we obtain (3.4.2). Q.E.D.

Proposition 3.4.1 states that for PSK at low SNR, the achievable channel mu-
tual information vanishes quadratically with SNR. This is consistent with [50, 22].
Furthermore, it is of particular interest to compare the asymptotic expansion (3.4.1)

with several previous results.
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3.4.1 Comparison with a Capacity Upper Bound

For the discrete-time channel (3.2.3), PSK with constant SNR p is a particular
peak-limited channel input. The capacity per unit energy of the channel (3.2.3)

under a peak SNR constraint p is [64]

™

C=1- 5y / log (1+p- SHd(eJQ)) s, (3.4.6)

achieved by OOK in which each “on” or “off” symbol corresponds to an infinite
number of channel uses, and the probability of choosing “on” symbols vanishes.

Such “bursty” channel inputs are in sharp contrast to PSK. From (3.4.6), an upper

bound to the channel capacity can be derived as [64]

1 1 g ,
C<Up) =y 5 / S2 (90 - p2. (3.4.7)

Comparing (3.4.1) and (3.4.7), we notice that the penalty for using PSK instead of
the bursty C-achieving channel input is at most (1/2) - p? + o(p?). For fast time-
varying fading processes, this penalty can be relatively significant. For instance, if
the fading process is memoryless, i.e., Sg,(e’?) =1 for —7 < Q < 7, then (1/27) -
J7 S, (e7)dQ — 1 = 0, implying that no information can be transmitted using
PSK. Fortunately, for slowly time-varying fading processes, the integral (1/27) -

J7. St (e7)dSY is typically much greater than 1, as we will see.

3.4.2 Comparison with the High-SNR Channel Behavior

From (3.4.1) and (3.4.7), it can be said that (1/27)- [ S} (e/%)d is a funda-
mental quantity associated with a fading process at low SNR. This is in contrast to

the high-SNR regime, where a fundamental quantity is [35]

1 & .
Of)rod = exp {%/ log SHd(t?]Q)dQ} . (3.4.8)

2

The quantity o7 4

is the one-step MMSE prediction error of Hy[0] given its entire

noiseless past { Ha[—1], Hq[-2],...}. If 02,4 > 0 the process is said to be regular. If
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02 eq = 0 it is said to be deterministic, that is, the entire future {Hq[0], Ha[1], ...}
can be exactly reconstructed (in the mean-square sense) by linearly combining the
entire past { Hq|—1], Ha[—2],...}. It has been established in [35, 36] that, for regular

fading processes,

1
C =loglogp —1—~+log——+o0(l) asp— oo, (3.4.9)

pred

where v = 0.5772. .. is Euler’s constant, and for deterministic fading processes,

c 1 |
— . . i _ R
logp 27 p({Q:Sn, (%) =0})  asp— oo, (3.4.10)

where p(-) denotes the Lebesgue measure on the interval [—7, 7].
It is then an interesting issue to investigate the connection between (1/27) -
J7. Sk, (e7)d and o2,y However, as the following two examples reveal, there is

pred*

no explicit relationship between these two quantities.

Example 1: Even a deterministic fading process can lead to poor low-SNR perfor-
mance

Consider the following class of spectral density functions Sy, (/) as illustrated

in Figure 3.2:

o o i Q< -2
S (¢7%) = . n=23,.... (3.4.11)
0, ifr—-2<|Q <7

Since Sp,(€’) = 0 for certain intervals with non-zero measure, the corresponding
fading process is deterministic with o2 4 = 0 [12]. However, this class of Sg,(e/?)

leads to

n

1 [T .
o /_7r St (e79)d = — 1 asn — oo, (3.4.12)

n—1

resulting in vanishing values of the quadratic coefficient in (3.4.1).

64



n/(n-1)

SHd (ejQ)

-t —11+ 17N 0 - 17N T

Figure 3.2. Spectral density function of a deterministic fading process that leads to
poor low-SNR performance. The narrow notches on the spectrum make the process
deterministic, while the remaining almost unit spectrum makes it behave as if nearly
memoryless in the low-SNR regime for large n.
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Figure 3.3. Spectral density function of an almost memoryless fading process that
leads to good low-SNR performance. The almost unit spectrum makes the pro-
cess nearly memoryless, while the narrow impulse-like spectrum peak significantly
contributes to the integral (1/2m) - [7 S% (e/%)dQ, leading to good low-SNR per-

formance for large n.

Example 2: Even an almost memoryless fading process can lead to good low-SNR

performance

Consider the following class of spectral density functions Sy, (/) as illustrated

in Figure 3.3:

| n, if |Q < =
Su, () = <5 . n=23,....

A, i I <0 <7

For large n the fading process becomes almost memoryless since

Visl 1
(1 i

2

lognle
= e R —— og ——M8M8M -
pred =P\ T = 1
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However, this class of Sg, (e’ also leads to

o [ st =i . (ﬁ_‘lin)Q —oo (345)

as n — oQ.

3.4.3 Case Study: Discrete-Time Gauss-Markov Fading Processes

In this subsection, we apply Proposition 3.4.1 to analyze a specific class of
discrete-time fading processes, namely, the discrete-time Gauss-Markov fading pro-
cesses. The fading process in the channel model can be described by a first-order

auto-regressive (AR) evolution equation of the form
Hylk +1] = V1 —e- Hy[k] + e - V]k +1], (3.4.16)

where the innovation sequence {V]k] : —oo < k < oo} consists of i.i.d. CN(0,1)
random variables, and V [k + 1] is independent of {Hq4[i] : —oco < i < k}. The
innovation rate e satisfies 0 < e < 1.

The spectral density function Sg, (e’ for such a process is

S (7% = ¢  —r<Q<m 3.4.17
(") (2—¢€) —2y/1—¢€-cosQ Tet=T ( )
Hence
1 (7 , 2o 1 2
—/ % (e)d = — dQ =21,
210 Jn 21 Jn (2—€) —2v1—€-cosQ) €

Applying Proposition 3.4.1, we find that for the discrete-time Gauss-Markov fading

model, PSK achieves the rate

1
Ry = (E - 1) - +o(p?) asp—0. (3.4.18)

For practical systems in which the fading processes are underspread [4], the innova-

tion rate € typically ranges from 1.8 x 1072 to 3 x 1077 [13]. So the (1/2)- p? +o(p?)
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rate penalty of PSK with respect to optimal, peak-limited signaling is essentially
negligible at low SNR.

Due to the simplicity of the discrete-time Gauss-Markov fading model, we are
able to carry out a non-asymptotic analysis to gain more insights. Applying (3.4.17)

to (3.3.7), the steady-state limiting channel prediction error is

Ugo:(p—l)-e—l—\/(p—1)2-62+4pe. (3.4.19)
2p
Further applying (3.4.19) to (3.3.8), we can identify the following three qualitatively
distinct operating regimes of the induced channel (3.3.5) for small € < 1:

e The quadratic regime: For p <€, 02 ~1—p/e, and ps ~ p?/e;

e The linear regime: For ¢ < p < 1/e, 02 ~\/€¢/p, and py = p;
~e, and py ~ 1/e.

e The saturation regime: For 1/e < p, 02

Figure 3.4 illustrates these three regimes for e = 107%. The different slopes of pu
on the log-log plot are clearly visible for the three regimes. The linear regime covers
roughly 80 dB, from —40 dB to +40 dB, in this particular example.

An interesting observation is that the two SNR thresholds dividing the three

regimes are determined by a single parameter e, which happens to be the one-step

2

pred for the discrete-time Gauss-Markov fading process.

MMSE prediction error o
The 1/e threshold dividing the linear and the saturation regimes coincides with
that obtained in [13], where it is obtained for circular complex Gaussian inputs with
nearest-neighbor decoding. In this chapter we investigate PSK, which results in a
penalty in the achievable rate at high SNR. More specifically, it can be shown that
the achievable rate for p > 0 behaves like (1/2) - logmin{p, 1/¢} + O(1) [81].

A further observation relevant to low-SNR system design is that the e threshold

dividing the quadratic and the linear regimes clearly indicates when the low-SNR

68



T T T T 7
. s ’

20l the
saturation
regime

ol i
D
~—

m >

Z 0l the .
linear
] — !
< the regime
guadratic

-40regime 43 T

| | | | |

-60 -40 -20 0 20 40 60

p (dB)

Figure 3.4. Illustration of the three operating regimes for the discrete-time Gauss-
Markov fading model with e = 107
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asymptotic channel behavior becomes dominant. Since the innovation rate e for un-
derspread fading processes is typically small, we essentially have a low-SNR channel
with perfect receive CSI above p = €. This suggests that there may be an “optimal”
SNR at which the low-SNR capacity limit with an average SNR constraint is the
most closely approached. Figure 3.5 plots the normalized achievable rate R./p vs.
SNR, in which the achievable rate R, is numerically evaluated for the induced chan-
nel (3.3.5) using QPSK. Although all the curves vanish rapidly below the threshold
p = €, for certain p > ¢, the normalized achievable rate can be reasonably close
to 1. For example, taking ¢ = 107*, the “optimal” SNR is p ~ —15 dB, and the
corresponding normalized achievable rate is above 0.9, i.e., more than 90% of the
low-SNR capacity limit is achieved. Figure 3.6 further plots the achievable rate Ry
vs. SNR for PSK inputs with different constellation size. The innovation rate is
fixed as € = 107*. It can be seen that around p = 0 dB, letting the constellation
size be four, i.e., QPSK, appears sufficient. For higher SNR, larger constellations
perform better, and PSK loses degrees of freedom compared to the coherent capacity

curve.

3.5 Filling the Gap to Capacity by Widening the Input Bandwidth

In Section 3.4 we have investigated the achievable information rate of the discrete-
time channel (3.2.3), which is obtained from the continuous-time channel (3.2.1) as
described in Section 3.2. In that context, the symbol duration 7" is a fixed system
parameter. In this section we will show that, if we are allowed to reduce T, i.e.,
widen the input bandwidth, then the recursive training scheme using PSK achieves
an information rate that is asymptotically consistent with the channel capacity un-
der peak envelope P. More specifically, we have the following proposition.

Proposition 3.5.1 For the continuous-time channel (3.2.1) with envelope P > 0,
as the symbol duration T — 0, its steady-state induced channel (3.3.10) resulting
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Figure 3.5. Normalized rate Ry;/p vs. SNR for recursive training with QPSK on the
discrete-time Gauss-Markov fading channel. For comparison, the dashed-dot curve
is the channel capacity normalized by SNR with an average SNR constraint p and
perfect receive CSI, achieved by circular complex Gaussian inputs.

71



35
4

coherent capacity ,

3r ,
\ \’\
,
Ll e 32-PSK |
,f 16-PSK \

Ry (nats)

p (dB)

Figure 3.6. Rate R, vs. SNR for recursive training with different PSK constellations
on the discrete-time Gauss-Markov fading channel with e = 1074, For comparison,
the dashed-dot curve is the channel capacity with an average SNR constraint p and

perfect receive CSI, achieved by circular complex Gaussian inputs.
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from PSK with recursive training achieves the rate
Ry 1 1 [
{1 e log (1+P- Sy (jw)) dw] - P. (3.5.1)

1
111 P o

T—0 T

Proof: In Section 3.2 we have noted that the spectral density function Sp,(e/?) of

the discrete-time fading process is related to Sp, (jw) through

T > Q—2kn
Spr, (7 Sh. (j ) - sinc?(Q — 2km)(3.5.2
Hd( )= fo fo K, (s — t)dsdt k—z—:oo B T ( ! )

and that the SNR of the discrete-time channel (3.2.3) is given by

p= (/OT /OT KHC(s—t)dsdt> -? (3.5.3)

For the proof, the following two identities are useful:

1 T T
lim = - (/0 /0 KHC(s—t)dsdt) =1 (3.5.4)

11 [7 . 1 [
im— - — . uy = . j
:}“lir%) T 9 /_7r log (14 p- Sy, (') dQ 5 /_OO log (1+ P - Sy, (jw))@b.5)

The second identity (3.5.5) has been established in [64, Claims 8.1 and 8.2]. To prove
(3.5.4), note that for the mean-square continuous fading process { H.(t) : —oo < t < 0o},
its autocorrelation function Ky (1) = E{H.(t + T)HI(t)} is continuous for all

—00 < T < 00. Hence for any T' > 0, there exists 7% € [0, 7] such that
T T
/ / Ku (s — t)dsdt = K (T")-T? (3.5.6)
o Jo
— Ku(0)-T*=T? asT — 0. (3.5.7)

Now substituting (3.5.4) and (3.5.5) into (3.3.7), we have

: {exp {% /_:: log (1+ p - Su,(e7)) dQ} — 1}

- {exp{Qi/oo log (1 +P-SHC(jw))dw-T+o(T)} _ 1}

{QL/ log (1+ P- SHC(jw))dw-T—l—o(T)]
s

L
2m

=
“U|}—\§|F—‘Q|Hb|'4

/ log(1+ P-Sp.(jw))dw+o(1) asT — 0, (3.5.8)
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where (a) results from (3.5.5), (b) results from e* =1+ x 4 o(z) as  — 0, and (c)

o ([ [ e ) 2

results from

T2 4 o(T?
_ %~P:(T+0(T))~P. (3.5.9)
That is,
lmo? = 2.2 [ log (14 P Sy (ju) dw. (3.5.10)
7—0 P 27w J_ ‘

Then substituting (3.5.4) and (3.5.10) into (3.3.8), we have

1—02)-
P _ g (= 0%)p
7—0 T 7—0 (02, -p+1)-T

_ P—l_i/’mgyulﬁﬂw»w-P. (3.5.11)
P 2r J_

Finally Proposition 3.5.1 immediately follows from substituting (3.5.11) into (3.3.11).
Q.E.D.

Again we compare the asymptotic achievable rate (3.5.1) to a capacity upper
bound based upon the capacity per unit energy. For the continuous-time channel

(3.2.1), the capacity per unit energy under a peak envelope constraint P > 0 is [64]

C= 1—27T—P- log (14 P - Sy, (jw)) dw, (3.5.12)

— 00

and the related capacity upper bound (measured per unit time) is [64]

log(14+ P - Sy, (jw))dw| - P.  (3.5.13)

— 00

1 oo
<UP) = |[1——="-
¢ < UP) { 2rP

Comparing (3.5.1) and (3.5.13), it is surprising to notice that these two quantities
coincide. Recalling that in Section 3.4 we have noticed a (1/2)-p?+o0(p?) rate penalty

in discrete-time channels, we conclude that widening the input bandwidth eliminates
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this penalty and essentially results in an asymptotically capacity-achieving scheme
in the wideband regime.%

The channel capacity of continuous-time peak-limited wideband fading channels
(3.5.1) was originally obtained in [76]. However, in [76] the capacity is achieved
by FSK, which is bursty in frequency. In our Proposition 3.5.1, we show that the
capacity is also achievable if we employ recursive training and PSK, which is bursty
in neither time nor frequency.

After some manipulations of (3.5.1), we further have that

e As P — 0,

hmT_)() (th/T) 1 1 o 2 .
3 =5 o - S (jw)dw, (3.5.14)

if the above integral exists.
e As P — o0,

limy_o( Ry /T)
P

— 1. (3.5.15)

In the sequel we will see that (3.5.14) and (3.5.15) are useful for asymptotic analysis.

3.5.1 An Intuitive Explanation of Proposition 3.5.1

In our proof of Proposition 3.5.1, we have utilized identities (3.5.4) and (3.5.5) to
conveniently relate the continuous-time channel (3.2.1) to the discrete-time channel
(3.2.3). However, these identities also have concealed much of the intuition contained
in the derivation. To further illustrate the underlying mechanism in Proposition
3.5.1, here we give an alternative argument. Although the following reasoning is not
mathematically rigorous, it does provide an intuitive way to understand the channel

behavior as the symbol duration 7" — 0.

6 Again, the same caveat as in footnote 3 applies. So from a practical viewpoint, the result of
Proposition 3.5.1 may be applicable when the symbol duration is much smaller than the channel
coherence time, but much greater than the multipath delay spread.
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In Section 3.2, we have described the conversion from the continuous-time chan-
nel (3.2.1) to the discrete-time channel (3.2.3). Strictly speaking, the discrete-time
fading coefficient Hy[k] is the kth sample of the matched-filtered, continuous-time
fading process. The matched-filtering effect can be viewed as averaging H.(t) within
a symbol interval of length T'. Since we have assumed that the continuous-time
fading process {H.(t) : —oo < t < oo} is mean-square continuous in ¢, roughly
speaking, as " — 0, the discrete-time fading coefficient Hylk] ~ H.(kT'), and the
SNR per symbol p ~ P -T. Furthermore, compared to sufficiently small 7', the
fading process {H.(t) : —oo < t < oo} can be viewed as essentially band-limited.
So the discrete-time fading process { Hqlk] : —00 < k < oo} is approximately the
sampled continuous-time fading process { H.(t) : —0o < t < oo} with sampling rate
well beyond its Nyquist rate, and we may write Sy, (e/?) ~ (1/T) - Sy (jQ/T) for
-7 < Q<.

Now let us apply the above approximations to (3.3.7) to evaluate o2 for small

~{exp{%/_::10g (1+p-SHd(ejQ))dQ}—1}
Y %-{exp{%/_:log <1+P-SHC(j¥)) dQ}—l}
1/_F/Tlog(l%—P-SHc(jw))dw-T}—1}

w/T

%-{exp{gf_oologﬂ%—P-SHC(jw))dw-T}—1}
1 1 [

P-T 21 )
1 1 [~

P or )

where (a) results from p ~ P-T and Sy, (¢7%) ~ (1/T) - Sy (j/T), (b) results from

S
ho‘
=
~
—
@
>~
o
—
}_.l\D|

—
)
~

Q

—~
Sy
=

Q

log(14+ P - Sy, (jw))dw-T

[e.e]

log (1+ P - Sy, (jw)) dw, (3.5.16)

a change of variables w = Q/T', (c) results from 7 /T — oo as T" — 0, and (d) results

from e =14z 4 o(x) as x — 0. We notice that the above derivation leads to the
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same o2 as (3.5.10) in our proof.

3.5.2 Case Study: The Continuous-Time Gauss-Markov Fading Model

In this subsection, we apply Proposition 3.5.1 to analyze the continuous-time

Gauss-Markov fading processes. Such a process has autocorrelation function
Kp (1) = (1— €))7/, (3.5.17)

where the parameter 0 < e. < 1 characterizes the channel variation, analogously
to € for the discrete-time case in Section 3.4. The spectral density function of the

process is

log(l—c)l
w? + (log(1 — €))* /4

S (jw) = (3.5.18)

Applying Proposition 3.5.1, we find that the recursive training scheme using PSK

with a wide bandwidth asymptotically achieves an information rate

. Ry | log(l - €C>| 4P
lim 2t — p_ LTI Ty 5.1
Jim 2 T Togt = <] (3:5.19)

1

Figure 3.7 illustrates the achievable rate (3.5.19) vs. P for e. = 0.9.

3.5.3 Case Study: Clarke’s Fading Model

In this subsection, we apply Proposition 3.5.1 to analyze Clarke’s fading pro-

cesses. Such a process is usually characterized by its spectral density function [28]

2, if |u[<wn
Sp.(jw) =4 " VimWen) (3.5.21)
0, otherwise,

where w,, is the maximum Doppler frequency.
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Figure 3.7. The asymptotic achievable rate limy_o(Ry/T") vs. the envelope P, for
recursive training with complex proper PSK on the continuous-time Gauss-Markov
fading channel with innovation rate ¢, = 0.9. The dashed-dot curves indicate the
limiting behaviors for small and large P, i.e., (3.5.20) and (3.5.15).
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Applying Proposition 3.5.1, we find that

1. th
720 T
wm-|1+4/1=(2P/wm )?
Ea { 8B — V1 - (2P/wy)? - log [+ 2P( / )]}a if P<wp/2
(3.5.22)
W, {log Lo+ \/(2P/wy)? — 1 - arctan \/(2P/wp,)? — 1} , i P> wp/2.

For large P, the asymptotic behavior of (3.5.22) is consistent with (3.5.15). For
small P, however, the integral in (3.5.14) diverges, hence the asymptotic behavior
of (3.5.22) scales super-quadratically with P. After some manipulations of (3.5.22),

we find that

\ 2 1
lim 2t = 2 log - P>+ O(P?) asP —0. (3.5.23)

7—0 T TW,

Figure 3.8 illustrates the achievable rate (3.5.22) vs. P for w,, = 100. We notice

that, for small P, the asymptotic expansion (3.5.23) is accurate.

3.6 Extension to Rician Fading Channels

In this section we extend the above developments to Rician fading channels.

Similar to the Rayleigh fading case, we start with a continuous-time Rician fading

TS0+ 00 + 200, (36.1)

where the assumptions for S(-), X(+), H.(-) and Z(t) are all the same as in Section

channel model,

3.2. Compared to the Rayleigh fading channel model (3.2.1), the key difference in
the Rician case is the presence of a parameter d. € [0,00) corresponding to the
direct LOS component. We assume that d. is deterministic and precisely known. If
de = 0 the channel reduces to being Rayleigh, and as d. — oo the channel tends to

be Gaussian.
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Again, processing the channel output through a matched filter, we obtain a

discrete-time model

X[k] = \/W

where the definitions for S[-], X[-], Ha[-] and Z[-] are all the same as in Section 3.2.

- Ha[k Z[k], (3.6.2)

The average channel SNR experienced at the receiver is given by

P AT+ [] [ Ky (s —t)dsdt
T d. +1 ’

p= (3.6.3)

correspondingly the direct LOS component for the discrete-time channel model is

2
R -d.. (3.6.4)
Iy Jo Knu.(s—t)dsdt

which converges to d. as T — 0.

In Appendix we derive the capacity per unit energy under peak constraints for the
Rician fading channels (3.6.1) and (3.6.2), and a corresponding upper bound to the
capacity as a function of SNR. These results complement the corresponding results
for Rayleigh fading channels [64], and are useful for our subsequent developments
in this section.

For the discrete-time channel (3.6.2), since the Rician fading process is also
circular complex Gaussian, the recursive training procedure with PSK inputs for the
Rayleigh fading case still applies. Following the same developments as in Section
3.3, we find that as the interleaving depth L — oo, the one-step MMSE prediction

error converges to

dd +1 1 & P .
o — o _
o p {exp [27r /_7r log ( 1 (e )) dQ} 1} . (3.6.5)

Consequently, the steady-state channel can be written as
dap | P 5 P
X = Hyq| S HyS + 7 3.6.6
( dd+1+ dq+1 d) +< dq+1 a + ’ ( )
z
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where the estimated fading coefficient Hy ~ CA (0,1—02) and the estimation error
Hy = Hq — Hy ~ CN(0,0%) are independent, and the effective noise Z is still i.i.d.
circular complex Gaussian and independent of S and Hy.

Applying the first-order asymptotic expansion [75], we find that as p — 0 the

steady-state channel (3.6.6) achieves

A dd—|—1—0'2 9
=T (S x| ) = ST % . 6.
R (s ‘ d) L= o) (3.6.7)

Meanwhile, as p — 0 the steady-state one-step MMSE prediction error behaves like

(see the proof of Proposition 3.4.1)

1 1 [T ,
SRS FUy PN .

0o 2(dd+1) |: T _WSHd(6 ) /)—0—0(/)), (368>
assuming that the integral (1/2m) [" S% (€7?)dQ exists.

After manipulating terms, we obtain the following Proposition.

Proposition 3.6.1 For the discrete-time Rician fading channel (3.6.2), as p — 0,
its induced channel resulting from PSK with recursive training achieves the rate

- dq 1 1 1 s i 9 9
_dd+1p+2{(dd+1)22W/_FSHd(e 1O — 1| P4 o(p?),  (3.6.9)

if the integral (1/2m) [*_SE (e77)dQ exists.”

th

Now let us apply the capacity upper bound (.4.10) derived in Appendix .4,

dq 1 1 T Q0 9
< = — J . .0.
CU0) = o5 sy l w/_WSHd(e MQ} P (3.6.10)

Comparing (3.6.9) and (3.6.10), we again notice that the penalty of using PSK
instead of bursty C-achieving channel input is at most (1/2) - p> + o(p?), exactly the
same as in the Rayleigh fading case.

Additional insight for Rician fading channels follows from inspecting the quadratic

term in (3.6.9). As dq increases from zero to infinity, the coefficient of the linear term,

"For simplicity of exposition, in the sequel we assume that the integral (1/2m) [*_S% (e/?)dS)
always exists. If it is not the case, e.g., for Clarke’s fading model, then additional care as in Section
3.5.3 should be taken.
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dq/(dq + 1), increases from zero to one, meanwhile the coefficient of the quadratic

term decreases from a certain positive value to —1/2. There exists a threshold

1 T .
@:¢%/5ﬁw%m—L (3.6.11)

For dq € [0,d}), the achievable rate R, is a locally convex function of p at p = 0;
and for dgq € (d}, 00), Ry becomes locally concave. This type of behavior resembles
that observed in [21] for memoryless Rician fading channels under different peak or
fourthegy constraints.

Finally, in parallel to the Rayleigh fading case, we have by the same developments
as in Section 3.5 that, in the wideband limit, recursive training using PSK inputs is
capacity-achieving.

Proposition 3.6.2 For the continuous-time Rician fading channel (3.6.1) with
peak envelope power P > 0, as the symbol duration T — 0, recursive training using
PSK inputs achieves the rate

m_{ 11 [

P |
1—ﬁ§_;%@+¢+ﬁ“”0“}3 (3612

Jm

which is the channel capacity in the wideband limit.

3.7 Concluding Remarks

For fading channels that exhibit temporal correlation, a key to enhancing commu-
nication performance is efficiently exploiting the implicit CSI embedded in the fading
processes. From the preceding developments in this chapter, we see that a recursive
training scheme, which performs channel estimation and demodulation/decoding in
an alternating manner, accomplishes this job reasonably well, especially when the
channel fading varies slowly. The main idea of recursive training is to repeatedly
use decisions of previous information symbols as pilots, and to ensure the reliability
of these decisions by coding over sufficiently long blocks. As such, recursive training

can be viewed as a form of a block decision-feedback receiver.

83



Throughout this chapter, we restrict the channel inputs to zero-mean PSK, which
is not optimal in general for fading channels without CSI. There are two main mo-
tivations for this choice. First, compared to other channel inputs such as circular
complex Gaussian, PSK leads to a significant simplification of the analytical de-
velopments. As we saw, recursive training using PSK converts the original fading
channel without CSI into a series of parallel sub-channels, each with estimated re-
ceive CSI but additional noise that remains circular complex white Gaussian. In this
chapter we mainly investigate the steady-state limiting channel behavior of chan-
nel prediction; however, it may worth mentioning that, using the induced channel
model presented in Section 3.3, exact evaluation of the transient channel behavior
is straightforward, with the aid of numerical methods.

Second, PSK inputs perform reasonably well in the moderate to low SNR regime.
This is due to the fact that, for fading channels with receive CSI, as SNR vanishes,
the linear leading term in the channel capacity can be asymptotically achieved by
rather general zero-mean inputs, not just circular complex Gaussian. The main
contribution of our work is that it clearly separates the effect of an input peak-power
constraint and the effect of replacing optimal peak-limited inputs with PSK, which is
non-bursty in both time and frequency. Previous results [64, 75, 50, 22] indicate that
in the low-SNR regime, requiring inputs be peak-limited drags the achievable rate
down from linear to quadratic, and it is asymptotically optimal to use vanishing duty
cycle, i.e., bursty signaling, in transmission. Our results indicate that, for slowly
time-varying fading processes, the rate loss from PSK inputs compared to bursty
signaling is essentially negligible. Furthermore, as revealed by the non-asymptotic
analysis for discrete-time Gauss-Markov fading processes, there appear to be non-
vanishing SNRs at which near-coherent performance is attainable with recursive

training and PSK.
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CHAPTER 4

EXPLOITATION OF CHANNEL SPATTAL CORRELATION IN THE
LOW-SNR REGIME

4.1 Introduction

In the previous chapter we have seen that channel temporal correlation plays a
crucial role to compensate for the absence of CSI. In this chapter, we continue to
demonstrate that spatial correlation among multiple transmit and receive antennas
also eases the detrimental effects from the lack of CSI.

The result of channel spatial correlation in this chapter is fundamentally differ-
ent from that in coherent channels at high SNR [71]. In that case, channels are
bandwidth-limited. Multiple antennas increase the spatial degrees of freedom by
exploiting the richness of the propagation environment. Channel spatial correlation
is generally detrimental as it reduces the spatial degrees of freedom [9]. By contrast,
in the non-coherent low-SNR case, channels are power-limited. Correlated antennas
become beneficial because of two separate effects. First, they increase the effective
channel SNR, through combining of the outputs of the multiple receive antennas,
and through “beamforming” across the spatially correlated transmit antennas. Sec-
ond, they reduce the requirement on peak input power, by distributing a peaky
input among spatially correlated transmit antennas, and by virtually amplifying
the received SNR at the spatially correlated receive antennas.

In addition to a study of the asymptotically achievable information rates of
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general inputs, we also analyze the behavior of OOK with symbol-by-symbol hard
decisions, and demonstrate that the corresponding channel mutual information es-
sentially exhibits the benefits of spatial correlation, even in the non-asymptotic
regime. This part of the work is mainly motivated by practice. We are often
supposed to use wide bandwidths to support correspondingly high data rates, for
which the vanishing spectral efficiency asymptotics may not be met. For example,
in the Federal Communications Commission (FCC) approved ultra wide-bandwidth
(UWB) systems (e.g., [73]), wireless transceivers operate in the 3.1 —10.6 GHz band
to communicate at data rates typically higher than 100 Mbps. Thus, even if the
whole 7.5 GHz bandwidth is occupied, the spectral efficiency is still greater than
0.01 b/s/Hz, which is small but non-vanishing. In fact, existing evidence shows
that for non-coherent fading channels, asymptotic analyses become effective only at
extremely low SNR. For example, as illustrated by numerical results [1, Figs. 2 and
7], in a scalar memoryless channel, for SNR from —20 dB to —100 dB, the peak
power of the capacity-achieving OOK grows from 6 dB to 10 dB (which should grow
unbounded as SNR vanishes), and the ratio of capacity to SNR increases from 0.45
to 0.7 (which should approach 1 as SNR vanishes). Such extremely slow growths

clearly justify the necessity of a non-asymptotic study.

4.1.1 Connections with Related Research

Channel correlation leads to dramatically different channel behavior, depending
on the regimes encountered. For coherent channels at high SNR, [9] characterizes
the effects of channel spatial correlation upon the multiplexing gain. For coherent
channels at low SNR, [41] characterizes the effects of channel spatial correlation
upon both the first derivative 1(0) and the second derivative I(0) of the mutual

information. As long as the fading process is ergodic, temporal correlation does
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not affect the ergodic capacity of coherent channels, since its effect is eliminated
by averaging over time. For non-coherent channels, however, temporal correlation
is important. At high SNR, temporal correlation directly affects the achievable
multiplexing gain of block fading channels without spatial correlation [82]. The
authors of [27] address some general issues of spatial correlation in non-coherent
block-fading channels, indicating that at least for block length one, i.e., memoryless
fading, spatial correlation is beneficial to channel capacity.

For temporally correlated scalar channels, the capacity per unit energy under a
peak input power constraint is obtained in [64]. The optimal input gradually tends
to bursts of “on” intervals sporadically inserted into the “oft” background, with the
duration of “on” intervals growing unbounded and with the ratio between “on” and
“off” intervals vanishing. In our work we consider channel spatial correlation, and
for certain cases we establish the capacity per unit energy, which is shown to be
achieved by a simple spatial power allocation strategy.

The idea of exploiting channel spatial correlation in the non-coherent low-SNR
scenario is also partially explored in [80], where the authors consider a block fading
model and investigate the low-power reliability function. Channel spatial correlation
leads to significant benefits on the low-power reliability function, for which the
maximum performance gain is achieved when the channel is fully correlated in the

spatial dimension.

4.2 Channel Model

We consider a discrete-time frequency-nonselective Rayleigh fading channel with
multiple transmit and receive antennas. Focusing on channel spatial correlation, for
simplicity we assume that there is no channel temporal correlation among adjacent

channel uses. Hence the channel is memoryless, and in the sequel we suppress the
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time indexes; the development to follow can also be directly paralleled for a block
fading model. Equipped with M transmit and N receive antennas, the channel

input-output relationship is
X' =8 Hy+ 77, (4.2.1)

where S € CM*! is the channel input, and X € CV*! is the channel output. The
additive noise Z € CV*! is a circular complex Gaussian vector with zero-mean and
identity covariance matrix, hence it is spatially white. Hy € CM*¥ is the fading
matrix, with possibly non-white covariance structure, 7.e., it is in general spatially
correlated. To be specific, we utilize the following Kronecker spatial correlation

model:
Hy=®Y” Hy - @), (4.2.2)

where the real symmetric matrices ®1 € RM*M and & € RV*Y are both positive
semi-definite, and describe the spatial correlation among the transmit antennas and
the receive antennas, respectively. We normalize @1 and Py so that their diagonal
elements are all unity. Hgqg is an M x N random matrix with i.i.d. CN(0, 1) elements.
This separable spatial correlation model is identical to that used in [9, 41, 27], and
has been validated for certain scenarios by channel measurements [33].

Remark: There exist other spatial correlation models that take into account cou-
pling between transmit and receive sides; see [77] and references therein. These more
sophisticated models may characterize realistic channels more accurately; however,
they are less tractable for the analytical approach in this chapter. We note that
numerical computation can be conducted for these more general models following
our analyses, at least in principle.

Throughout the chapter, unless otherwise stated, we assume that neither the
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transmitter nor the receiver has access to the realization of Hy, whereas the covari-
ance matrices @1 and Py are perfectly identified at both sides.

Under the Kronecker spatial correlation model (4.2.2) in the channel equation
(4.2.1), the channel output conditioned upon a given input is circular complex Gaus-

sian with conditional density
p;qs(X‘S) ~ CN (0, IN><N + (ST‘I)TS) . ‘I)R) . (423)
4.3 Asymptotic Analysis in the Low-SNR Regime: First and Second Derivatives

In this section we focus on the channel behavior at asymptotically low SNR.
Specifically, we evaluate the first and the second derivatives of the channel mutual
information at zero SNR. It is unnecessary to specify any average SNR constraint
since it is already set at zero. Instead we impose a peak SNR constraint, measured

by SNR p, per transmit antenna, i.e.,
ST S < pp, form=1,..., M,

where S,,, denotes the input at the m-th transmit antenna.
Consider OOK with an “off” signal S = 0 and a non-zero “on” signal S = s,
then from [74, (2)], the first derivative of the resulting channel mutual information

at zero SNR is

D (pxs(x[s)|lpx)s(x]0))
sts

1(0) =

Y

where D(-||-) is the relative entropy, or KL divergence. Furthermore, C, the channel
capacity per unit energy, is simply the supremum of I (0) taken over all allowable
“on” signals s.

Specializing the general results above to the channel model in this chapter, we
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find that its capacity per unit energy is

. f N Jog (14 M\, (®R) - (sTd
C'= max N.SQ’TS_ZOg( + An(®r) - (s'@rs))
sfs sfs

s:s;rnsmgpp n=1

m=1,..,M
where A\, (®r) is the nth eigenvalue of ®.

The maximization problem of finding the capacity per unit energy is finite-
dimensional, and can be solved with the aid of optimization software packages.
In general, however, little can be said about its analytical solution, because this
optimization problem lacks certain convenient properties (e.g., convexity). As the
peak SNR p, — oo, the second term in (4.3.1) vanishes compared to the first
dominating term, and we have C— N- Amax(®1). As p, decreases, the effect of the
second term cannot be ignored, and the maximization problem typically yields no
closed-form solution.

An important exception to the above general case is as follows, for which we
can evaluate C' and characterize its corresponding “on” signal s in a simple way.
We call an “on” signal s “flat” if its M elements are all with the same energy, i.e.,
st Sm = sin,sm/ for m,m’ =1,..., M. We have the following proposition.

Proposition 4.3.1 If there exists a flat signal s with s} s,, = p, form =1,..., M,
and such that

sf®rs
sfs

= Anax(PT), (4.3.2)

then OOK with the “on” signal S = s achieves the capacity per unit energy, and
(4.8.1) reduces to

N
O = N (@) = 3 8L M0 ?\;;X(‘I)T) a(®r)) (4.3.3)
p

n=1
The proof of Proposition 4.3.1 is in Appendix .5.
Next we consider 1(0), the second derivative of channel mutual information at

zero SNR, for OOK. For this purpose, we need to specify that the “on” signal S = s
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is used with probability 0 < & < 1, hence the average SNR is p = (s's) - §. By its

definition, 1(0) can be evaluated as
. I(p) — I(0) -
(0) := 2 - lim M.
p—0 P
In Appendix .6 we prove the following proposition.
Proposition 4.3.2 For a given OOK with the “on” signal S ='s,
._ — I (1= (s'@1s)? - 2(@0)) ™" — 1] /(ss)?
1(0) = if (sT®1S) - Apax (®r) < 1 : (4.3.4)

—00, otherwise

4.3.1 Interpretation of the Asymptotics

To make the following discussion concrete, let us focus on the case that there
exists a flat “on” input s that achieves C' as expressed in (4.3.3). We then introduce

the relative loss factor

1

L=
MNp, - Amax(P1

) . Zlog (1+ Mpy, - Anax(Pr) - An(Pr)) ,

and rewrite (4.3.3) as C = N - Apax (®1) - (1 — £).
The benefits of channel spatial correlation stem from the fact that, when the

channel is correlated, the sum numerator in £ may grow much slower than its

denominator M Np, - Apax(®1). We can bound L by

log(1+ M?Np,) <l < log(1+ Mp,)
MZ?Np, - Mpy, .

The upper bound is achieved when there is no spatial correlation, i.e., @1 = I« s
and ®g = Iy«n. The lower bound is achieved when there is full spatial correlation,
r.e., P = Epry and Pr = Enyn, where Ej s denotes a M x M matrix in which
all the elements are one. Compared to the case of no spatial correlation, we notice
that channel spatial correlation can virtually amplify the peak SNR by at most a
factor of M N.
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Figure 4.1. Relative loss £ vs. normalized peak SNR Mp, - Apax (@) for different
receive correlation models: the constant correlation model and the Jakes model.
The number of receive antennas is N = 10.

To illustrate the benefits of spatial correlation on £, we plot £ vs. M p,- Amax(®r)
in Figure 4.1, for two typical correlation models of ®g. In the constant correlation
model, ®g(i,j) = v if i # j; and in the Jakes model, ®r(i,j) = Jo(v - (i — j)),
where v > 0 is determined by the radio wavelength and the receive antenna spacing
[67], and Jo(+) is the zeroth-order Bessel function of the first kind. Compared to
the case of no receive correlation, the existence of correlation typically leads to a
reduction of 3 — 10 dB on the peak SNR for achieving the same L. It appears that
the constant correlation model leads to more evident reduction at lower peak SNR,
whereas for higher peak SNR the Jakes model performs more effectively.

Now let us turn to Proposition 4.3.2. For OOK channel inputs, (4.3.4) reveals an
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interesting phase transition phenomenon. For low peak SNR, T (0) is finite, hence the
channel mutual information I(p) may well be approximated by 1(0)-p+ ([ (0)/ 2) - p?
for reasonably low SNR. Once the peak SNR exceeds the threshold as given in
(4.3.4), 1(0) becomes divergent,' implying that extremely low SNR is required for
I(p)/p to approach the first derivative I(0).

To illustrate the phase transition phenomenon, we plot I(p)/p vs. p in Figure
4.2, for the scalar channel case (M = N = 1). Solid curves indicate the normal-
ized channel mutual information using OOK with different fixed peak SNR p,, and
dashed-dot horizontal lines correspond to 1(0) for the given pp. Hence as p — 0

each solid curve will eventually approach its corresponding I (0) limit. For the scalar

channel, 7(0) and 1(0) reduce to

. log(1
](0) — 1_ Og( +pp)’
Pp
. -5 ifp, <1
and 1(0) = 1=rp Fr ,
—00,  otherwise

respectively. In Figure 4.2 we notice that, for p, < 1 (e.g., —10, —3 dB), the gap
between I(p)/p and I(0) essentially vanishes below p = —20 dB; at the threshold
pp =1 (i.e., 0 dB), the gap slightly increases whereas it still becomes small below
p = —30dB; for p, > 1 (e.g., 3,10 dB), the gap becomes quite noticeable, implying
that the effect of divergent I(0) is significant for finite p.

Comparing 1(0) and I(0), we can clearly observe the key role of signal peaki-
ness. Higher peak SNR increases I(0), but it also leads to divergent (0). When
channels exhibit spatial correlation, these effects are even more significant, since
channel spatial correlation virtually amplifies the effective peak SNR. As a result,
the asymptotic analyses in this section usually are accurate only for rather low

peak SNR (such that |I(0)| < oo) or for extremely low average SNR. (such that

n other words, the wideband slope as defined in [75] vanishes.
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Figure 4.2. I(p)/p vs. p for the scalar channel case. The dashed-dot horizontal lines
indicate the corresponding /(0) limit as p — 0.
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I(p)/p ~ 1(0)); hence, they appear to be insufficient for characterizing the channel

behavior for many practical applications.

4.4  Non-Asymptotic Study of OOK with Symbol-by-Symbol Hard Decisions

In this section, we turn to a simple scheme of OOK with symbol-by-symbol hard
decisions, taking advantage of its simplicity, in order to gain more insight on the
channel behavior in the low, but non-vanishing, SNR regime.

OOK with symbol-by-symbol hard decisions is inherently sub-optimal compared
to techniques that exploit maximum-likelihood (ML) soft decoding. From a practical
perspective, this scheme incurs a minimal amount of processing complexity, thus it
is a choice especially suitable for receivers with limited resources, which is often the
case in the non-coherent scenario. As will be shown, even this particularly simple
scheme is capable of realizing many of the benefits suggested by the asymptotic
analyses in Section 4.3.

OOK inputs have been introduced in Section 4.3. The channel input is

S, wW.p.o
S =

Y

0, w.p.1—09,

where 0 < 6 < 1. For a given average SNR p, we then have
(s's) -6 = p. (4.4.1)

In this section we do not adopt a strict peak SNR constraint, instead we will compare
the peak SNR for channels with different correlation structures.

Each symbol-by-symbol hard decision is a binary detection problem, for which
the maximum a posteriori (MAP) decision rule minimizes the average probability of
decision error. Our performance metric here, however, is the mutual information of

the resulting binary discrete memoryless channel (DMC), which is not necessarily
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maximized by the MAP decision rule. Thus, we consider the general likelihood ratio

test, i.e., the Neyman-Pearson decision rule [58]:

¢ Px|s(x|S=s

) /

S, px|s(x|S=0) T

S — . Px|s(x[S=s) /
0, if px|s(x|8=0) <7

. .o Px;s(x[S=s)

arbitrary, if xs(xI5=0) = T

where 7/ > 0.2 From (4.2.3) this detector further reduces to

lf XJr _INXN — (INXN + (ST(I’TS)(I’R)_I_ X >T

)
I

if xt _IN><N — (IN><N + (ST‘I’TS)‘I)R)_I_ XxX<T

arbitrary,

if xt _INxN — (INxN + (ST‘I’TS)‘I’R)_l- X=T
where the threshold 7 > O is a system parameter subjec% to optimization in the
sequel.

After some manipulations, it can be shown that the probability that a zero input

is erroneously decided as non-zero is
a=Pr [S =s|S = O} = / PR, (T)dr, (4.4.2)

where the non-negative random variable R, corresponds to the complex Gaussian

quadratic form
-1
Ry = G [Ty = (Lysy + (5'®1s)@5) '] G,

and G ~ CN(0,Iyyy). Similarly, the probability that a non-zero input is erro-

neously decided as zero is

g =Pr [S =0|S = s] = /OTpRl(r)dr, (4.4.3)

2For this problem randomization is not necessary. Hence for the sake of simplicity, we let the
decision be “arbitrary” when the likelihood ratio equals 7’.
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w.p.1-3 "off" "off"

Figure 4.3. The binary discrete memoryless channel (DMC) resulting from symbol-
by-symbol hard decisions of on-off keying (OOK) of the original fading channel.

where
Ry = G'(s'®s)®RG,

and again, G ~ CN(0,Iyxy). To evaluate o and 3, in Appendix .7 we present
analytic expressions for the PDF and CDF of general complex Gaussian quadratic
forms with a positive semi-definite kernel matrix.

From the developments above, symbol-by-symbol hard decisions convert the orig-
inal channel into a binary DMC, with crossover probabilities a and 3, as illustrated
in Figure 4.3. The input distribution of this binary DMC is (4,1 — ¢), and the

resulting channel mutual information can be obtained as
I(p,6,7) = Hy((1=0) - a+d-(1-7)
~(1—8) - Hy(a) — 0 Hy(9), (4.4.4)
where Hy(p) = —plogp — (1 — p)log(1 — p) is the binary entropy function.

In the low-SNR regime, we are primarily interested in the maximum normalized

mutual information, i.e., the channel mutual information per unit average SNR,
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optimized over the “on” probability 0 < 0 < 1 and the decision threshold 7 > 0.

This can be written as

ax—— (4.4.5)

4.4.1 Scalar Channel

For the scalar channel case with M = N =1 and &1 = &g = 1, Ry and R;

reduce to

sts
Ry = G'G
0 sfs +1

R, = (s'5)G'G,

where G ~ CN(0,1). That is, Ry and R; are exponentially distributed, and conse-

quently a and (3 can be evaluated as

sts+1
a = exp|— s T

1
B = 1—exp <——7') .
sts

The maximum normalized mutual information I, (p) is then evaluated through a

numerical search over § and 7. Figure 4.4 displays l,om(p) and the corresponding
optimal peak SNR s's, for OOK inputs with hard decision (in solid curves) as well
as soft decision (in dashed-dot curves). For the SNR range plotted, the soft-decision
curve corresponds to the channel capacity [1]. Compared to the soft-decision curves,
we see that hard-decision OOK results in a rate loss and a penalty in the peak SNR.
The rate loss is due to the loss of information in the hard decision demodulation;
and the penalty in the peak SNR can be intuitively understood as hard-decision
OOK requiring more discrimination between the “on” and “off” inputs.

We also study the behavior of the decision threshold 7. Figure 4.5 displays the

optimal 7 vs. the average SNR p. As a comparison it also displays the threshold
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Figure 4.4. The maximum normalized mutual information and the corresponding
optimal peak SNR for the scalar channel case. The curves for OOK with hard
decisions is in solid, and those for OOK with soft decisions is in dashed-dot, as a
comparison.
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Figure 4.5. The optimal decision threshold 7 vs. p for the scalar channel case. The
dashed-dot curve is the threshold for the MAP decision rule.

corresponding to the MAP decision.®  We observe that the optimal threshold 7
maximizing the normalized mutual information is indeed different from the MAP
decision threshold. As SNR vanishes the optimal 7 grows much faster than the MAP

decision threshold.

4.4.2 Multiple Transmit Antennas and Transmit Correlation

Correlated transmit antennas lead to a relatively simple scaling effect in Iorm(p),
which corresponds to the asymptotic analyses in Section 4.3. From the definitions of
a, 3, and I(p, d,7), it is clear that an “on” signal s for the multiple-transmit channel

is equivalent to v/sT®rs for a single-transmit channel, in the sense that both lead to

3In the MAP decision we take the a priori probability & as the one that maximizes Inorm(p)-
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stdrs

= times
s!s

the same I(p, d, 7). Consequently, we find that the resulting Inom(p) is

that of the single-transmit channel evaluated at the average SNR SE’STS p. That is,

both the multiplicative rate gain as well as the peak SNR reduction are achieved,
compared to the single-transmit channel case. Figure 4.6 displays Iom(p) and the
corresponding optimal peak SNR s's for the fully correlated transmit antennas with
different M. Both the multiplicative rate gain and the peak SNR reduction are

clearly exhibited.

4.4.3 Multiple Receive Antennas and Receive Correlation

Depending upon the receive correlation matrix ®g, multiple receive antennas
lead to rather diverse behavior of I,m(p). Without loss of generality (see 4.4.2)
we let the number of transmit antennas M = 1. When the N receive antennas are
uncorrelated, i.e., ®gr = Iyyn, Ry and R; are both x? random variables with 2N

degrees of freedom, i.e.,

1 1~ .
pr,(r) = (JZ)N(N—l)!TN e <7, i=0,1, forr >0,

sts
sts+1

where of = and o7 = s's, respectively. Consequently a and 3 can be evaluated

as

1 N-1 1 k
s's+1 1 [sTs+1
oa = exp <— sTS T) ZE <73T$ T)

k=0

N-1
1 1 /7 \F
k=0
On the other hand, when the N receive antennas are fully correlated, i.e., ®r =

Exnx«n, Ry and R; reduce to exponential random variables, and consequently « and

[ can be evaluated as

Nsts+1
a = exp —WT

1
ﬂ = 1—eXp (—mT) .

101



25 T T T T T T T T

=
g
8
5
0 I I I I I I I I I
-20 -18 -16 -14 -12 -10 -8 -6 -4 -2 0
p (dB)
(a) Inorm(p) Vvs. p
10 T T T T T T T T T
8 F u
M=1
)
=
wn
"

-20 -18 -16 -14 -12 -10 -8 -6 -4 -2 0

p (dB)
(b) Optimal peak SNR s's vs. p

Figure 4.6. The maximum normalized mutual information and the corresponding
optimal peak SNR for M spatially fully correlated transmit antennas and a sin-
gle receive antenna. The curve for M = 1 also corresponds to that for M > 1

uncorrelated transmit antennas.
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Compared to the scalar channel case, it is clear that fully correlated receive antennas
effectively amplify the peak SNR (as well as the average SNR) by a factor of V.
Figure 4.7 compares I,om(p) and the corresponding optimal peak SNR sfs for the
uncorrelated and the fully correlated receive antennas. For both cases, we observe
that increasing the number of receive antennas dramatically increases Iom(p) as
well as decreases the required peak SNR. Compared to the uncorrelated case, fully
correlated receive antennas appear to be more beneficial. This is consistent with
the asymptotic analyses in Section 4.3.

When multiple receive antennas exhibit general correlation, I,om(p) and the cor-
responding optimal peak SNR can be similarly evaluated, with the aid of Appendix
7. Figure 4.8 displays the curves for N = 2. Due to non-asymptotic effects, for
the SNR range plotted, I,om(p) for moderate channel correlation (e.g., v = 0.5 and
0.9) is slightly inferior to that for the uncorrelated case (i.e., v = 0). Whereas it
can also be seen that the curve for v = 0.9 has a growth trend sharper than that for
v = 0, and in fact it will eventually outperform for certain lower SNR not plotted
in Figure 4.8(a). On the other hand, channel correlation does lead to noticeable
reduction in the required peak SNR, as shown in Figure 4.8(b).

Remarks:

(a) In the preceding analysis we treat the transmit correlation and the receive
correlation separately. It can be easily shown that they can be simultaneously
utilized by employing a multiple-input-multiple-output (MIMO) architecture.

(b) In the preceding analysis we compare the performance for a fixed number of
antennas. For practical applications a more reasonable comparison may be based
upon a fixed space constraint [57]. Given a certain physical space to locate antennas,
a system architect can choose to have fewer antennas with weaker spatial correlation,

or choose to have more antennas with stronger spatial correlation. The results in
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Figure 4.7. The maximum normalized mutual information and the corresponding
optimal peak SNR for a single transmit antenna and N receive antennas. The solid
curves correspond to the spatially fully correlated case, and the dashed-dot curves

correspond to the spatially uncorrelated case.
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Figure 4.8. The maximum normalized mutual information and the corresponding
optimal peak SNR for a single transmit antenna and N = 2 receive antennas. The
correlation coefficient is v = 0 (uncorrelated), 0.5,0.9, and 1 (fully correlated).
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this chapter suggest that for non-coherent fading channels at low SNR, the later
choice may be more favorable.?

(¢) Due to the inherent information loss in symbol-by-symbol hard decisions,
even as the average SNR p — 0, the maximum normalized mutual information
Lorm(p) in (4.4.5) cannot achieve I (0) and C derived in Section 4.3. The quantity,
lim,—o Jnorm(p), can rarely be determined analytically, and usually requires careful
numerical study. Further elaboration on this issue is beyond our scope.

(d) It can be numerically shown that  and 7 maximizing I, (p) typically lead
to a = 0 in the resulting DMC in Figure 4.3. However a direct approximation using
the “Z”-channel model (e.g., [46]) is generally not accurate. This is because the
input distribution is highly skewed, i.e., the “on” probability 6 < 1. Thus, the joint
probabilities Pr [S =0,S= S] = (1—¢)a and Pr [S =s,S= 0} = [ are typically
comparable and neither can be negligible. Such skewed inputs also pose challenges

to practical codes design, which is a potential research topic for future investigation.

4.5 Conclusion

Challenges arise when applications call for efficient communication in the low-
SNR regime with fast time-varying fading processes. It is often the case that channel
state information becomes a luxury, and communication is required to take place in a
non-coherent manner. For such scenarios, we investigate in this chapter the benefits
of spatially correlated multiple antennas. The main theme is that spatial correlation
along with multiple antennas effectively boosts the powers in the channel as well
as at the receiver, without spending additional transmit power or excess channel

bandwidth. At high SNR this effect is only marginal, and is usually ignored due to

4This observation relies on the channel model we adopt in the chapter. For very densely
packed antenna array, complicated near-field electromagnetic effects may become significant, and
the channel model in Section 4.2 will eventually collapse. Thus it remains an important problem
to characterize the ultimate benefits of packing antennas in such regimes.
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its more significant side effect — the simultaneous loss in degrees of freedom. At
low SNR, however, it turns out to be a key to improving communication efficiency.

In addition to the rate gains and peak power reductions revealed in this chapter,
other considerations make spatial correlation appealing in practice. From a system
architect’s perspective, real-world wireless channels always exhibit correlation. For
many applications the spatial dimensions are rather limited, and in that scenario
channel correlation should be viewed as a potential benefit, rather than a hindrance.
From a communication engineer’s perspective, in the proposed scheme employing
OOK with symbol-by-symbol hard decisions, the transmitter does not require so-
phisticated space-time codes. Instead, a common “on” or “oftf” signal is multiplexed
onto all the transmit antennas, perhaps with appropriate “beamforming” to maxi-
mize the effective SNR if the transmit antennas exhibit general spatial correlation.
Similarly, the receiver simply performs non-coherent energy combining followed by
threshold-based hard decisions. These characteristics suggest that schemes exploit-
ing spatially correlated antennas are particularly suitable to non-coherent low-SNR

communication systems requiring low-cost and low-complexity solutions.
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CHAPTER 5

CONCLUSION

In this thesis we investigate the role of correlation in wireless communication
systems with no channel state information. We examine three distinct scenarios,
obtaining a series of results and identifying a set of open problems for future study,
as summarized below.

For discrete-time memoryless Rayleigh fading channels, we establish an induced
additive-noise channel model so that the problem reduces to communication over
a linear channel with non-Gaussian additive noise. We obtain simple necessary
and sufficient conditions for good and asymptotically optimal performance at high
SNR, and construct continuous and discrete input signaling schemes to achieve
the performance. Our approach is easily extended to MIMO channels. We also
demonstrate that the approach leads to low-complexity and near-optimal practical
transceivers.

An open problem, as already pointed in Section 2.6, is extending the induced
additive-noise channel modeling approach to more general channels, such as MIMO
block fading channels. On one hand, the approach we take in Chapter 2 appears
like a rather ad hoc technique yielding elegant analytical results only for memoryless
Rayleigh fading. On the other hand, the strong similarity with cepstrum techniques
and homomorphic analysis of our approach definitely motivates us to extend it in

some more general way.
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For temporally correlated fading channels, we obtain a convenient lower bound of
the achievable information rate for PSK inputs, and give a recursive training scheme
interpretation for that lower bound. We then focus on the low-SNR performance,
pointing out that using PSK is usually near-optimal compared to other peak-limited
inputs. Furthermore, we show that by widening the input bandwidth, using PSK
actually achieves the wideband channel capacity under a peak power constraint.
Parallel results are also established for Rician fading channels.

An open problem is fully characterizing the behavior of the recursive training
scheme. In Section 3.3.2 we establish the achievability in a coding theoretic sense
for channels with finite memory. For general fading processes with infinite memory;,
technical difficulties prevent us from asserting that the recursive training scheme
achieves the desired information rate, and additional work is needed.

For spatially correlated fading channels, we demonstrate the potential benefits
of spatial correlation by focusing on the Kronecker correlation model. We first carry
out asymptotic analyses, evaluating the first and second derivatives of the channel
mutual information for OOK at vanishing SNR. Then we examine the behavior of
OOK with symbol-by-symbol hard decisions. Both approaches clearly indicate that
for low-SNR communication systems, employing MIMO architecture and increasing
the spatial correlation among antennas lead to sizeable performance gains compared
to single-antenna systems, in both rate gains and peak power reductions.

Two open problems are identified in Chapter 4. One is to construct codes for
realizing the benefits revealed by the information-theoretic approach. The chal-
lenge is that the channel is a highly asymmetric binary input channel, with both
skewed transition probabilities as well as skewed input probabilities, thus is rather
incompatible with conventional linear codes. The other open problem is to refine

the channel modeling. In Chapter 4 we employ a Kronecker correlation model to
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characterize the channel spatial correlation. It is important to examine more general
correlation models, in order to validate the applicability of the benefits for practical
systems. Furthermore, as the placement of antennas becomes more dense, the dis-
crete model for channel spatial correlation will collapse eventually, therefore it is of
interest to investigate the asymptotic behavior of spatial correlation as the antennas
are placed in a continuous way and their size vanishes, for which the channel model

is more sophisticated and unknown yet.
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APPENDIX

.1 A Capacity Upper Bound Revisited

In this section, we obtain a capacity upper bound from [70] using the additive-
noise perspective.

In order to apply standard maximum entropy techniques [10], a natural way is
to replace the constraint 7' = U + W by taking moments at both sides. This type
of relaxation will yield upper bounds to the channel capacity. In this section let us

consider taking their expectations, as
EIT] = E[U] + EW] = A > —%.

Here the last inequality is from U € [0, 00). On the other hand, the channel output

should have a constrained average power as given by
Elexp(2T)] = E[IX[] = p+ 1.

Thus following maximum entropy techniques, the resulting entropy-maximizing dis-

tribution of 7" should have PDF

=o)L M
fite) =2 (S5 ) e [t = s expen]

where p > 0 is determined by the equation

P(p) —log = 2X —log(p + 1),
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and ¥(u) = %logf(u) is the psi function [18]. Thus, we can treat f;(t) as the
actual output PDF to obtain an upper bound to the channel capacity as

C= sup HU;T) < h(fr(t)) = h(W)

= log () — pab(p) + p— v — 1, (-1.1)

where

log it — () =log(p+ 1) — 2. (.1.2)

To tighten the upper bound, we first notice that the right hand side of (.1.1) is
increasing with p > 0, hence the tightest upper bound is obtained when u is min-
imized. We then notice that the left hand side of (.1.2) is decreasing with u > 0,
so that the minimum allowed p is attained when A = —v/2. This capacity upper
bound is exactly the same as that obtained in [70] using variational methods. Here
we revisit it from the induced additive-noise channel model. We also note that by
introducing more moment constraints, it is possible to obtain tighter capacity upper
bounds. However, their derivation and evaluation will become much less tractable.

As a side note, a tighter capacity upper bound is obtained in [36], based upon a
dual expression of channel capacity. Such result can also be reproduced by optimiz-
ing the output PDF of the induced additive-noise channel, but this approach does

not lead to simplification compared to the original one.

.2 Proof of Proposition 2.3.7

By the definition of cutoff rate (e.g., [60]) we have

Ry, = —log/ [ —V/fw(t —1A)
o | L

2
dt.
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The inner integral can be evaluated as

+2z_: Z Vfw (= IA) fu (t — mA)} dt

L-11-1
= Iz {L—l—QZZ/ Qexp{%— (l+m)A

=0 m=0

_% exp(2t)(exp(—2lA) + exp(—QmA))} dt}

1 8 = [
= Z{l EEOZ/ zexp|—(l +m)A

—x(exp(—2lA) + exp(—2mA))]—gjdx}

B 4 exp(—(l+m)A)
N _{1+Zzzexp —2IA) + exp(—2m A)}

=0 m=0

The cutoff rate Ry then follows immediately. Q.E.D.

.3 Proof of Lemma 2.4.1

1. CDF:
Fy (w)
w 2 2N _p2wy
= esVWe™® dw1
2 e 1
_ N —wg_d
(N—1)!/0 e g,
N-1
= (N — 1)' —e ° e~mw
| >
B 1 . 2w N-1 62nw
N e~ n!’
where we use fou e M dy = unLll —e Uy o n“kH, for u > 0, Ry > 0
18, 3.351].
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2. Characteristic function:

ow (j0)

= /OO exp(j@w)ﬁe

— 00

_ 1 /oo W N1HI0/2
(N=DlJy !

1 0
= mr(NﬂLJi),

_ 2w
2Nwe 3 dw

exp(—w )dw;

where we use [ 2" exp(—px)de = ﬁf(u) for Rp > 0, Rv > 0 [18, 3.381].

3. Mean:

. dSDW(jQ)
(=9) =4

1

gW] =

0=0

= [T ep(—w) loguwd
2(N—1)!/0 w” " exp(—w) log wdw
)

1

= s TVY()

2(N — 1)

where we use fooo V1

[18, 4.352].

YN

2 Y

e~ log xdr = ﬁF(V)[qﬁ(u) —log p] for R > 0, R > 0

The maximization of fiy(w) at w = log N/2 is easily verified by taking

derivative.

4. Variance:

2

Ow

= EW? - €W}
_ Pow(0)|  Y(IN)?

e |, 1

1 2 Y(N)?
= WF(N)[@D(N) +¢(2,N)] - 1
_ ¢(@2N)

YR

where we use [[° ¥ Le " (log x)?dx = %{[@D(V) —log u)>+¢(2,v)}, for Ry >

0, Rv > 0 [18, 4.358].
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5. Differential entropy:

(W)
— _/_ ﬁexp(QNw — exp(2w))
{log ﬁ + 2Nw — exp(2w) | dw
N-1 .
— Zlogn— log2 — N -9(N)
n=1
+(N_i ] /0 w? exp(—w)du
N-1
= ) logn —log2+ N[1 —(N)].
n=1

Q.E.D.

4 Capacity per Unit Energy Under Peak Constraints for Rician Fading Channels

We evaluate the capacity per unit energy of Rician fading channels with a peak
constraint only. To this end, let us slightly modify the parametrization of channel

model (3.6.2) to

X[K] = ,/dddi _STH + dd1+ ~HARSTH + Z[K), (41)

where all the symbols represent the same quantities as in (3.6.2), except that the

channel input S[-] is now subject to a peak constraint S[-]ST[-] < p,.
The capacity per unit energy for channel (.4.1) is given by the following Propo-
sition.

Proposition .4.1 The capacity per unit enerqy of the discrete-time Rician fading
channel (.4.1), under the peak constraint

S[k)ST[k] < pp, fork=0,+1,...

18

. 11 [7 p ,
-1-—— log [ 1 P 72y ) dQ. 4.2
C Py og( +dd+1SHd(e )) (.4.2)
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4.1 Proof of Proposition .4.1

The proof is a direct application of the general formula in [64], and its main
steps are indeed the same as that for the Rayleigh fading case in [64].

In [64, Proposition 2.2, (15)] the capacity per unit energy for general fading
channels under a peak constraint is established. For channel (.4.1), it is specialized

to

D (pxs(x[so)|lpx|s(x/0))

4.3
E ’ (43)

C = lim sup
sotso[z]so[z]gpp
i=1,....,n

where S = [S,...,5,]T and X = [X;,..., X,]T are the vectorized inputs and
outputs over n channel uses, respectively.

For S = 0, the conditional output distribution is circular complex Gaussian,
with zero mean vector and identity variance matrix, i.e., X ~ CN(0,1L,,). For
S = sq, the conditional output distribution is also circular complex Gaussian, with

mean vector

and covariance matrix

Yo = Lixn 7]-_‘7
0 X +dd+1

where

T = diag {so[1], ..., so[n]} - Tn, - diag {sgm, o sg[n]} ,

and the (7, j)-th element of Xy, is Ky (|i — j|), where Ky, (-) is the autocorrelation

function of the fading process { Hqlk] : —00 < k < 00}.
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Thus, the KL distance in (.4.3) becomes [75, (59)]

D (px;s(x|so)llpx/s(x/0))

di 1 1
= | R | t | I r
dd+1soso+trace (dd—l—l ) og de ("X"+dd+1 )
1
= 2 _logdet | L,xn r
d +1 T g rpisol” —logdet { Lo+ 2=
= ||so||* — logdet ( an+ diag{|so[1]|2,...,|so[n]\2}). (4.4

That is,

D (pxs(x[so)Ipxjs(x]0))
IS0

1 1 ' , )
= 11— HSO||2 10gdet ( nxn + dd +_12Hdd1ag{|80[1]| geeey |So[’)’l,]| }) , ( 4.5

where the second term for any fixed n has been shown to be minimized by letting

|soli]|*> = pp, i = 1,...,n [64]. Hence
ap  DloxsClolexs(ci0) _y Ly (4.6)
Sozso[i]sg[i]gpp ||SO||2 npp nx d + 1 A

i=1,...,n
Finally the expression (.4.2) follows from applying the asymptotic theory of Toeplitz

matrices (e.g., [19]) to (.4.6) as n — 0.

4.2 Interpretation of Proposition .4.1 and a Related Capacity Upper Bound

For Rayleigh fading channels (d = 0), (.4.2) reduces to

. 1 1 4 )
= _—— jQ
C=1 o _Wlog (14 ppSu, (%)) de, (.4.7)

which has been obtained in [64].
Additional insight follows from considering the small-peak asymptotics of (.4.2).

A Taylor series expansion shows that

d p 1 [ _
T dg i 17 2(dg n 1)2 {%/ S%fd(em)dﬁ] +olpp), aspp—0. (48
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In fact, for all p, > 0 we have

: dq Pp 1 / 2 iQ
< — I%)d6) 4.
e A TP e {27? Sy (€7)d (4.9)

which becomes tight for small p, as shown in (.4.8).
Now let us consider that the channel (.4.1) is further subject to an average SNR,
constraint
le [zn: smsTm] <
[CO
for any given coding block length n =1, .. .. For any fixed peak SNR p,, the channel

capacity C is a concave non-decreasing function of p [64] [74], hence an upper bound

to C' can be obtained based upon the capacity per unit energy C as

: dyg )
< < e’ 4.
C_Cp_dd+1p+2dd+1 [ / Sk, (e dQ} (.4.10)

An interesting observation appears when both p and p, vanish, with their ratio

r = p,/p > 1 fixed and finite. In this case (.4.10) reduces to

C<
_dd+1

p+o(p). (.4.11)

On the other hand, even if the channel (.4.1) is memoryless, for r € [1, 00), C is still

dap/(dq + 1) [21]. Thus we conclude that

Corollary .4.2 For the discrete-time Rician fading channel (.4.1) under peak and
average SNR constraints

%5 [Zsms*m] <
: S[)STi] < py=rp, fori=1,...,

where r > 1 s fized and finite, its capacity always behaves like

=i 1p + o(p), as p — 0, (.4.12)

regardless of the channel temporal correlation.

That is, temporal correlation does not affect the first-order behavior of capacity,

which is solely determined by the direct LOS component.
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4.3 Extension to Continuous-Time Channels

We can further apply the techniques in [64] to address continuous-time Rician
fading channels. The result is as follows.

Proposition .4.3 The capacity per unit energy of the continuous-time Rician fad-
ing channel (3.6.1) under the peak envelope constraint

S(t)ST(t) < P, for —oo <t < o0,
18

. 11 [
C=1-——=— log<1+

— 00

i 1SHC (jw)) dw. (.4.13)

.5 Proof of Proposition 4.3.1

For simplicity, we may denote a = s's and d = (s'®s)/(s's). So a is solely
determined by the amplitude of s, and d is solely determined by the direction of s.

Then the function to be maximized in (4.3.1) reads as

G(a,d):N.d_zlog“*’)\n(@l{)'d-a).

a
n=1

By taking derivatives, we find that

e For fixed d, G(a,d) is monotonically increasing with a, i.e., it is maximized
when each element of s meets the peak SNR p,,.

e For fixed a, G(a,d) is monotonically increasing with d, i.e., it is maximized
when (s"®1s)/(s's) = Apax(®r).

So a flat signal s with per-antenna energy p, and satisfying (4.3.2) is a mutual maxi-

mizer of G(a, d), and (4.3.3) immediately follows after simplification of (4.3.1). Q.E.D.
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.6 Proof of Proposition 4.3.2

From the definition of 1(0), we have

[(0) = 2-1@)%

= 2-lim ~D((1~ 6) - pxis(x|S = 0) +

5 px1s(x1S = 5)[px1s(x|S = 0))/(s5)° - 6

_ —ﬁ A (pxjs(x1S = 0)[pxs(x]S = 5)

where the last equality is from [75, (162)], and A (po(x)|[pi(x)) is the Pearson’s

x-divergence defined by

o) (pl(x) - 1>2dx.

Al ) = [ i) (245

X

Then we have

A (pxis(x]S = 0)||px)s(x|S = s))
P§<|S(X|S =s)

= — = dXx
/((;le px|5<X|S = 0)
1

N det2 (INXN + (ST‘I)TS) . ‘I)R)
. /N GXp{—XT[(2 . (INXN + (ST(I’TS) . (I’R)_l
CNx1

-1

—INXN]X}dX — 1,

where the integral is finite only if (2 - (Iyxn + (sT®rps) - @)~ — INxN) is posi-
tive definite, i.e., ((s“I)Ts) Py — INxN) is negative definite, which holds only if

(sT®ps) - N, (Pr) < 1foralln=1,...,N. When the integral is finite, we have

A (pxis(x|S = 0)|lpx)s(x]S = s))
1

1,
det (Inxn — (sT®rs)? - ®%)

and (4.3.4) follows. Q.E.D.
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.7 PDF and CDF of Complex Gaussian Quadratic Forms with a Positive Semi-

Definite Kernel Matrix

Consider such a random variable as R = GTAG, where G ~ CN(0,Iy.n).
Tentatively denote the N eigenvalues of ®g by {\1, Ag,..., Ay} > 0. Since the dis-
tribution of G is invariant under unitary transformations, without loss of generality,
we may rewrite R = Gidiag(\y, ..., \v)G.

Now let us order these N eigenvalues. Suppose that they can be grouped into
K distinct non-zero eigenvalues {\q, ..., A\g}, each with multiplicity { Ny, ..., Nk}.

Thus we may further rewrite R as

For each k, Ay Y G1G, is a x? random variable with 2V, degrees of freedom [60],

hence the characteristic function of R is

. - 1
er(j0) = HW

where the coefficients {ank}ﬁz;l are uniquely determined by decomposing the prod-

uct. The PDF of R is then obtained by inverse Fourier transform, as

K N,
Qi ng—1_-—r
pr() =)D D1 e, (7.1)
k=1ni=1"k )

for r > 0; and the CDF of R is

K Nk nk—l 1 r 1
k=1 ni=1 i=0

for r > 0.
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