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NETWORK COMMUNICATIONS WITH FEEDBACK

VIA STOCHASTIC APPROXIMATION

Abstract

by

Utsaw Kumar

It is known that noiseless feedback does not increase the capacity of memoryless

point-to-point channels. However, such feedback can considerably increase the

reliability or reduce the coding complexity of schemes that approach capacity.

This thesis ¯rst develops a new class of coding schemes for additive white noise

channels with feedback corrupted by additive noise, focusingmuch of the results

and discussions on additive white Gaussian noise channels. These schemes are

variants of the well-known Schalkwijk-Kailath coding scheme and are based upon

techniques from stochastic approximation. The resulting schemes enable a tradeo®

between transmission rate and mean-square error performance inthe presence of

noisy feedback. By contrast, straightforward application of the classic Schalkwijk-

Kailath schemes o®er enhanced rate or reliability in the presence of noisy feedback,

but do not provide a trade-o® between the two.

This thesis also develops cooperative communication strategies based upon dis-

tributed stochastic approximation algorithms for the Gaussianrelay channel with

several con¯gurations of perfect and noisy feedback. In addition to being simple,

the strategies can be shown to provide doubly exponential error decay in the case

of noiseless feedback and appealing tradeo®s between e®ective transmission rate

and reliability in the case of noisy feedback.
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3.2.4 Non-zerō . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.4 Non-Gaussian Noise . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

iii



CHAPTER 4: A CASCADE OF POINT-TO-POINT CHANNELS . . . . 41
4.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.2 Communication Schemes with Perfect Feedback . . . . . . . . .. 45

4.2.1 Description of Our Scheme . . . . . . . . . . . . . . . . . . 46
4.2.2 Connections with Consensus . . . . . . . . . . . . . . . . . 49
4.2.3 Analysis: MSE and Rate Performance . . . . . . . . . . . 49
4.2.4 Some Special Cases . . . . . . . . . . . . . . . . . . . . . . 55

4.3 Communication Schemes with Noisy Feedback . . . . . . . . . . . 57
4.4 Numerical Results for Noisy Feedback . . . . . . . . . . . . . . . . 62
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

CHAPTER 5: RELAY CHANNEL . . . . . . . . . . . . . . . . . . . . . . 65
5.1 System model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.2 Communication Schemes with Perfect Feedback . . . . . . . . .. 69

5.2.1 Description of Our Scheme . . . . . . . . . . . . . . . . . . 69
5.2.2 Connections with Consensus . . . . . . . . . . . . . . . . . 71
5.2.3 Analysis: MSE and Rate Performance . . . . . . . . . . . 71

5.3 Communication Schemes with Noisy Feedback . . . . . . . . . . . 76
5.4 Numerical Results for Noisy Feedback . . . . . . . . . . . . . . . . 80
5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

CHAPTER 6: CONCLUSIONS AND FUTURE WORK . . . . . . . . . . 84

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

iv



FIGURES

1.1 Summary of our work. . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Block Diagram of a Point-to-point channel with Feedback. . . . . 3

1.3 Binary Erasure Channel. . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Block Diagram of a Relay Channel with Feedback. . . . . . . . .. 6

1.5 Robbins-Munro stochastic approximation algorithm. . . . . .. . . 7

2.1 Model for an additive noise channel. . . . . . . . . . . . . . . . . . 11

2.2 Communication over a additive noise channel with perfectfeedback. 12

3.1 Block diagram for the AWGN channel with feedback corrupted by
AWGN. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.2 Mean-squared error versus Time for AWGN with noisy feedback
for di®erent schemes; successively higher intermediate curves cor-
respond to our scheme with° = 0:4, 0:5, 0:6, and 0:7, all for ® = 2.
Dashed curves correspond to additional averaging of the estimates
with ¯ = 0:4, and the dash-dotted curves correspond to no addi-
tional averaging, i.e.,¯ = 0. . . . . . . . . . . . . . . . . . . . . . 35

3.3 Relative transmission rate versus Time for AWGN with noisy feed-
back for di®erent schemes; successively higher intermediate curves
correspond to our scheme with° = 0:4, 0:5, 0:6, and 0:7, all for
® = 2. Dashed curves correspond to additional averaging of the
estimates with ¯ = 0:4, and the dash-dotted curves correspond to
no additional averaging, i.e.,̄ = 0. . . . . . . . . . . . . . . . . . 36

3.4 Mean-squared error versus standard deviation of the feedback noise
for AWGN with noisy feedback for di®erent schemes. . . . . . . . 37

3.5 Relative transmission rate versus standard deviation of the feedback
noise for AWGN with noisy feedback for di®erent schemes. . . . . 38

4.1 Model for communication over a cascade of two point-to-point chan-
nels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

v



4.2 Performance comparisons for point-to-point and cascade channels
for perfect feedback: Mean Squared Error versusr=D. . . . . . . . 58

4.3 Performance comparisons for point-to-point and cascade channels
for perfect feedback: Capacity (or critical rateRc) versusr=D. . . 59

4.4 Mean-squared error versus time for AWGN with noisy feedback
for di®erent schemes; successively higher intermediate curves cor-
respond to our scheme with° = 0:4, 0:5, 0:6, and 0:7, all for ® = 2.
Dashed-dotted curves correspond to the no relay scenario, and the
dashed curves correspond to having a relay atr = D=2 distance
from the source. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.5 Relative Rate versus time for AWGN with noisy feedback for di®er-
ent schemes; successively higher intermediate curves correspondto
our scheme with° = 0:4, 0:5, 0:6, and 0:7, all for ® = 2. Dashed-
dotted curves correspond to the no relay scenario, and the dashed
curves correspond to having a relay atr = D=2 distance from the
source. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.1 Model for communication over a relay channel. . . . . . . . . .. . 67

5.2 Performance comparisons of the schemes with perfect feedback:
Mean Squared Error versusr=D. . . . . . . . . . . . . . . . . . . 77

5.3 Performance comparisons of the schemes with perfect feedback:
Critical rate Rc versusr=D. . . . . . . . . . . . . . . . . . . . . . 78

5.4 Relative Rate vs time with noisy feedback for two schemes for dif-
ferent values of° . Dashed curves correspond to a cascade of point-
to-point channels, and the solid curves correspond to a relay channel. 81

5.5 MSE versus time with noisy feedback for two schemes for di®erent
values of° . Dashed curves correspond to a cascade of point-to-point
channels, and the solid curves correspond to a relay channel. . .. 82

vi



ACKNOWLEDGMENTS

Foremost, I would like to express my sincere gratitude to my advisor Dr. J.

Nicholas Laneman for his continuous support, patience, motivation, enthusiasm,

and immense knowledge. His guidance helped me a lot in research and writing

of this thesis. I have bene¯ted a lot from numerous discussions andinteractions

with him. With the independence he gives his students in research, research life

becomes a really enjoyable experience.

A lot of credit for this thesis also goes to my co-advisor Dr. VijayGupta. His

insights to distributed estimation and consensus have been tremendously impor-

tant during the course of my research. He is always accessible and willing to help

students with their research.

I have been lucky to have a lot of friends and colleagues making my stay

at Notre Dame really enjoyable. In particular, I would like to thank Matthieu

Bloch, Brian Dunn, Michael Dickens, Glenn Bradford, EbrahimMolavianJazi and

Zhanwei Sun for the numerous fruitful technical discussions. This thesis would

not have been possible without the support and company of my friends: Aditi

Gupta, Punit Bandi and Ankit Rohatgi to just name a few.

My deepest gratitude goes to my parents for their love, supportand encourage-

ment throughout my life. This thesis would be simply impossible without them.

A special mention has to go to the most special gifts of God to me, my brother

Ujwal Kumar, who has been a constant source of encouragement andcare to me.

vii



viii



CHAPTER 1

INTRODUCTION

In certain communication scenarios, we might have the possibility of using a

feedback channel (possibly noisy)to improve communication over a noisy forward

link. Communication over channels with feedback has long been studied in the

information theory community. Shannon [29] proved that thechannel capacity of

a memoryless noisy channel is, somewhat surprisingly, not increased by noiseless

feedback. However, feedback is still useful in a number of ways. Speci¯cally,

feedback can help enormously in simplyfying the encoding and decoding over a

communication channel.

This thesis combines tools and concepts fromfeedback communication, partic-

ularly the classic and extended Schalkwijk-Kailath (SK) coding scheme [28] and

more recentconsensus algorithms, and views them both as special cases of more

generalstochastic approximation algorithms. In particular, using averaging with

and without feedbacktechniques from stochastic approximation, we present coding

schemes that are variants of the SK scheme for point-to-point channels with noisy

feedback. By using a distributed approach to stochastic approximation, we extend

the SK scheme to a cascade of two point-to-point channels and a relay channel.

We also develop coding schemes for noisy feedback scenarios in cascade and re-

lay channels by combining the distributed and averaging concepts from stochastic

approximation. A topical summary of our work is given in Fig. 1.1.
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Figure 1.1. Summary of our work.

2



Encoder DecoderChannel
X Y

ŴW
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Figure 1.2. Block Diagram of a Point-to-point channel with Feedback.

1.1 Point-to-point Channels with Feedback

Consider a point-to-point channel with perfect feedback as shown in Fig. 1.2.

The source needs to communicate a messageW to the destination over a memo-

ryless noisy channel. The decoder calculates an estimatêW of the message. The

observation at the decoder is known at the encoder with a unit time step of delay

to preserve causality. As mentioned earlier, Shannon [29] proved that the capac-

ity 1 of such a channel is not increased by causal feedback. However, feedback can

really help in developing low-complexity schemes for such a channel.

To illustrate some of the advantages of feedback, consider an example of a

binary erasure channel as shown in Fig. 1.3. The capacity of theerasure channel

with or without feedback isC = 1¡ ®bits per channel use. The capacity expression

is intuitive in the sense that, since the proportion® of the bits are lost, one can

recover at most the proportion 1¡ ® of the bits. However, a speci¯c coding scheme

that achieves this rate is not obvious. If the transmitter obtains perfect feedback

of the channel output from the receiver, then it is easy to see how we can achieve

capacity. If a bit is erased, retransmit it until it is successfully received. Since

the probability of successful transmission is 1¡ ®, we achieve a rate of 1¡ ® bits

1Capacity is the highest rate in bits per channel use at which information can be sent with
arbitrarily low probability of error.
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Figure 1.3. Binary Erasure Channel.

per channel use. Thus, we see that feedback helps in developing alow-complexity

encoding and decoding scheme.

Similar advantages arise for an additive white Gaussian noise (AWGN) chan-

nel with perfect feedback. Schalkwijk and Kailath [28] showed that the delay and

complexity of capacity-approaching schemes for the AWGN channel can be dra-

matically reduced with noiseless feedback. They proposed a linear iterative cod-

ing scheme based on the Robbins-Munro stochastic approximation technique [24].

The encoder has causal access to the output of the forward channel. They showed

that for their scheme, the error probability decays doubly exponentially with time

compared to just exponentially for one-way schemes. A good example of such a

scenario is communication with a space satellite, where the power from the earth

station to satellite is much larger than the satellite to grounddirection, a fortiori

the former channel can be considered to be noiseless. In general,the reliability

function of the channel, which is a measure of the rate at whichthe probability

of error decays, increases with feedback [34].

SK like schemes have been extended to consider an imperfect feedback link.

Unfortunately, SK and related schemes depend critically on the absence of noise

4



in the feedback link and are not robust to non-ideal feedback,e.g., AWGN in the

feedback path [6, 28]. As discussed in Chapter 2, a general scheme that works well

for the case of noisy feedback is still unknown. In this thesis, we develop a new

class of coding schemes for additive white noise channels with feedback corrupted

by noise. These schemes are variants of the SK coding scheme and are based

upon simple techniques ofaveraging with and without feedback from stochastic

approximation. Our schemes enable better trade-o®s between the transmission

rate and the error performance than straightforward application of the SK scheme.

1.2 Relay Channel with Feedback

Extending coding schemes that utilize feedback is particularly challenging for

a network of more than two nodes. Although the ¯eld of network information

theory has provided insights, a full understanding of how to exploit the availability

of feedback links is missing. Studies of relaying and cooperative communications,

e.g., [4, 13, 16], have pointed to additional capacity and diversity bene¯ts of such

architectural elements; however, aside from a few exceptions(like [12]), feedback

has only been partially addressed.

Consider the relay channel with feedback as shown in Fig. 1.4. In [4], Cover

and El Gamal give the capacity expression for the relay channelwith feedback.

They propose coding schemes based on the Block-Markov superposition encoding,

which achieve capacity. The relay here functions in full-duplex mode and feedback

is over orthogonal channels. However, Block-Markov coding schemes are highly

complex, and do not scale well with the number of nodes. In this thesis, we present

and analyze feedback coding schemes for two di®erent con¯gurations of a three

node network - a cascade of two Gaussian point-to-point channels and a Gaussian

5
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Figure 1.4. Block Diagram of a Relay Channel with Feedback.

relay channel. A Gaussian relay channel with destination-source feedback was

considered in [2]. By contrast, in this work we consider destination-source and

destination-relay feedback. In addition, we also look into noisy feedback scenar-

ios. Our schemes are based on allowing the nodes to run adistributed stochastic

approximation algorithm.

1.3 Tools and Techniques

This thesis is largely inspired by an interpretation of the SK scheme as a

stochastic approximation algorithm, speci¯cally theRobbins-Munroalgorithm [24].

This algorithm can be used to estimate the zero of a continuous function f (¢),

where the function is not known, but an \oracle" provides theexperimenter with

\noisy measurements"Y(k) = f (S(k ¡ 1))+ Z(k) at any desired value ofS(k ¡ 1),

as illustrated in Fig. 1.5. The basic recursive equation for theestimate of the zero

evolves as

S(k) = S(k ¡ 1) + ²(k)Y(k);

6



Oracle

current guess
S(k � 1)

Y(k) = f (S(k � 1)) + Z(k)

Figure 1.5. Robbins-Munro stochastic approximation algorithm.

whereY(k) is the noisy measurement of the function atS(k ¡ 1) and the step size

²(k) is small and usually approaches zero ask ! 1 .

Another class of closely-related algorithms areconsensus algorithms, which

are very popular in the distributed systems community. Considermultiple nodes

interconnected according to a given topology that need to calculate a function of

initial values held by each node. Consensus algorithms de¯ne the linear iterations

to be carried out by individual nodes that solve this problem in a distributed and

scalable fashion (e.g., see [9, 25, 32] and the references therein). These iterations

are topology-independent, and their rate of convergence can be analytically char-

acterized. They exhibit robustness in that they can function in the presence of

noise, data loss, quantization, and uncertain and time-varying topology. However,

the utility of such schemes for data transmission from one node to another is not

well-understood. For the work proposed in this thesis, a special class of consensus

algorithms called theleader-followeralgorithms will be more useful, in which the

objective is for all nodes to converge to the value of theleadernode.

In this thesis, we use more general techniques from the stochasticapproxima-

tion literature [14] to develop a class of SK-like schemes for di®erent con¯gurations

7



of perfect and noisy feedback. Certain insights from consensus are very important

in this regard.

1.4 Outline and Contributions

The remainder of the thesis is organized as follows. Chapter 2 presents a litera-

ture survey of stochastic approximation algorithms, the SK scheme, and consensus

algorithms. It also provides the motivation behind exploringmore general feed-

back schemes. In Chapter 3, we take a fresh look at the problem of communicating

across point-to-point links with noisy feedback. We focus on an AWGN link with

feedback corrupted by AWGN. In Chapter 4, we use adistributed approach to

stochastic approximation to develop feedback schemes for a cascade of two point-

to-point channels. Using ideas from Chapter 3, we generalize the scheme for the

case of noisy feedback. In Chapter 5, we propose schemes for a relay channel, that

uses destination-relay and destination-transmitter feedback.

The main contributions of this thesis can be summarized as follows:

² We develop a new class of coding schemes for additive white noisechan-

nels with feedback corrupted by noise. These schemes are variants of the

SK coding scheme and are based upon averaging with and without feed-

back techniques from stochastic approximation. Our schemes enable better

trade-o®s between the transmission rate and the error performance than

straighforward application of the SK scheme.

² We present communication strategies based on linear stochastic approxima-

tion algorithms for a cascade of two point-to-point channels.The strategies

are shown to provide a doubly exponential error decay in the case of noise-

less feedback and trade-o®s between transmission rate and errorin the case

8



of noisy feedback.

² We propose a scheme for a relay channel with destination-relay and destination-

transmitter feedback. We evaluate the performance metrics by assuming

that the relay is placed on the line joining the source and destination for

comparison with the results for a cascade. Our scheme is simple andis

shown to provide a doubly exponential error decay for the case of perfect

feedback and tradeo®s similar to the previous cases for noisy feedback.

² Conditions are also presented for determining whether a relayis bene¯cial

in terms of achievable rates as compared to a point-to-pointchannel under

similar channel conditions and power constraints.

² We compare the performances of the schemes proposed for the cascade and

relay channel. Analytical and numerical analysis show that ourscheme for

the relay channel outperforms our scheme for the cascade channel in terms

of both error and achievable rates.

² By interpreting our schemes as leader-follower consensus algorithms, we

show connections to the consensus problem. Speci¯cally, we showhow the

iterations for consensus updates are similar to the estimate update equations

for our schemes. We also highlight the di®erences between our schemes and

the consensus schemes.

² By showing similarities between a consensus algorithm and a distributed

stochastic approximation algorithm, we formally show that consensus algo-

rithms are special cases of stochastic approximation algorithms for certain

choices of some vector-valued functionsf .

9



CHAPTER 2

BACKGROUND

This chapter provides a survey of existing literature and techniques used in

later chapters. We present a modulation scheme for converting acontinuous-

time channel to its discrete-time equivalent for the purpose of applying stochastic

approximation techniques to communication channels. We describe a scheme pro-

posed in [28], which uses stochastic approximation algorithms to communicate over

a noisy channel with perfect feedback. We then give a brief overview of stochastic

approximation algorithms. We also describe a class of algorithms called consen-

sus algorithms, in which a number of nodes in a network try to converge to a

common value, while simultaneously showing connections between consensus and

stochastic approximation algorithms.

2.1 Equivalent Discrete-Time Model

As in [28], to apply stochastic approximation algorithms to communication

channels, we need to obtain a discrete-time equivalent of the additive white Gaus-

sian noise (AWGN) channel shown in Fig. 2.1. We assume that information is

transmitted by modulating the amplitude of a known waveform,s(t), which is of

unit energy and is orthogonal for integer shifts of ¢> 0, i.e.,

Z
s(t ¡ k¢) s(t ¡ j ¢) dt = ±kj :

10



s(t)

X (k) Y(k)Matched Filter

Z(t)

Transmit Filter

h(t)

Y(t)X (t)

Figure 2.1. Model for an additive noise channel.

Assume that the sequence of numbersf X (k)g needs to be transmitted over the

channel. The transmitted signal will then be

X (t) =
X

k

X (k)s(t ¡ k¢) ; k = 0; 1; : : :

The transmitted energy is therefore equal to
P

k X 2(k). A matched ¯lter, h(t) =

s(¡ t), is used at the receiver to obtain a sequencef Y(k) = X (k) + Z(k)g, where

Z(k) =
Z

Z(t)s(t ¡ k¢) dt:

If Z (t) is zero-mean, Gaussian and white with power spectral density¾2, f Z (k)g

will also be zero-mean, Gaussian and white with

E [Z (k)Z (j )] = ¾2±kj :

The output of a matched ¯lter for Gaussian noise channels is a su±cient statistic

and therefore preserves all the information that is relevantto decision making.

Hence, for the Gaussian channel, it can be seen that the discrete-time channel

thus obtained, where a sequenceX (k) is transmitted and the sequenceY(k) =

11



Encoder Decoder

Oracle

Perfect Feedback

Z(k)

S(k)

Y(k)X (k) = f (S(k))

Figure 2.2. Communication over a additive noise channel withperfect
feedback.

X (k) + Z(k) is received, is equivalent to the original continuous-timechannel.

2.2 Schalkwijk Kailath Scheme and Extensions

The SK scheme with perfect feedback is a Robbins-Monro stochastic approx-

imation algorithm [28]. This scheme can be employed for communication over a

point-to-point channel with perfect feedback, as shown in Fig. 2.2. The forward

channel from the source to destination is corrupted by AWGN, whereas the feed-

back link is modeled as noiseless. The signals transmitted on the forward link have

an average power constraintPav. The scheme for no bandwidth constraint pro-

ceeds as follows. The encoder maps the message to one ofM disjoint, equal-length

subintervals of the interval [0; 1] on the real line. The message to be transmitted

corresponds to the midpointW of a particular message interval.

12



The transmitted signal X (k) over the forward link at time step k is given by

X (k) = ®(S(k ¡ 1) ¡ W) ; k = 0; 1; 2; : : : ; (2.1)

where S(k ¡ 1) is the decoder's estimate at timek ¡ 1, S(0) = 0 :5 and ® is a

constant known to both encoder and decoder. The noise corrupted signalY(k) =

X (k) + Z(k) is received at the decoder, whereZ(k) is the AWGN with variance

¾2 introduced by the channel. The decoder, updates its estimateas

S(k) = S(k ¡ 1) ¡
1

k®
Y(k)

= S(k ¡ 1) ¡
1

k®
(X (k) + Z(k)); (2.2)

which is the maximum likelihood estimate ofW, given Y(1); : : : ; Y(k). The de-

coder then transmits the estimateS(k) on the feedback link to the encoder. The

mean-squared errorE(jS(n) ¡ Wj2) approaches zero as £(1=n). Given a rate

requirement for ¯nite n, the parameter ® can be chosen so as to minimize the

probability of error [28]. This feedback coding scheme based on stochastic ap-

proximation has been shown to achieve ratesR = (1 ¡ ²)C, whereC = Pav=2¾2 is

the wideband capacity of the channel and 0< ² < 1 [28]. The number of iterations

n is related to the coding intervalT as n = exp(2CT) (for further details, the

reader is referred to Chapter 3). As long as the mean-squared error decreases as

£(1 =n), it has been shown in [28] that the probability of error is given by:

Pe ¼
exp

³
¡ 3C exp(2( C¡ R)T )

2R

´

³
6¼Cexp(2( C¡ R)T )

R

´ 1=2
; (2.3)

which has a doubly exponential decay in the coding intervalT. Schalkwijk also

13



extended this scheme for a channel with a bandwidth constraint[27].

Motivated by the advantages of feedback, a large body of workhas looked at

extending the Schalkwijk-Kailath (SK) scheme to more general cases. Ozarow

extended the SK scheme to the two-user multiple access channel [21] and the

broadcast channel [20]. Kramer extended these to interference networks [12].

Merhav and Weissman [18] have extended the \dirty-paper" coding scheme to the

case of feedback. More general channels than an AWGN channel have also been

considered. Shayevitz and Feder [30, 31] recently provided an interpretation of

the SK scheme that allows construction of related schemes for arbitrary channels.

In particular, it uni¯es the classic scheme of Horstein [7] for binary symmetric

channels and the SK scheme for AWGN channels.

For the feedback link corrupted by AWGN, [28] discuss two possibleapproaches

when the feedback link is noisy. In the ¯rst strategy, the decoder transmits its

estimateŴ on the feedback link. Although the probability of error at thedecoder

decreases to zero, the rate relative to the capacity of the channel approaches zero

simultaneously. In the second strategy, the decoder transmits the output Y(k)

of the forward channel on the feedback link. In this case, while the relative rate

approaches unity, the mean square error does not reduce to zero. In fact, as [10]

shows, as long as the encoding scheme is linear, feeding back theoutput of the

channel cannot result in positive achievable rates with a vanishing probability of

error. The recent work in [17] extends the SK scheme to handle feedback noise

of ¯nite support, (e.g., quantization noise) by utilizing someideas from the Wit-

senhausen counterexample in distributed control [33]. In particular, their modi¯-

cation of the Schalkwijk-Kailath scheme provides a positive rate and a vanishing

probability of error, in spite of the noise in the feedback link.
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2.3 Stochastic Approximation

Having reviewed an important connection between feedback communication

and stochastic approximation, this section reviews stochastic approximation in

more detail. Stochastic approximation algorithms have a long history [1, 14]. We

will concentrate our discussion on a particular algorithm, thecelebrated Robbins-

Munro stochastic approximation algorithm [24]. This algorithm can be used to

obtain the zero (sayW) of an unknown function f . Let S(k) be the estimate of

the zero of the function for thek-th iteration. As shown in Fig. 1.5, an oracle

(or a black box) provides the value of the functionf (S(k)) evaluated at the point

S(k), possibly corrupted by a noise componentZ (k). The algorithm consists of

an iteration of the form

S(k) = S(k ¡ 1) ¡ ²(k) ( f (S(k ¡ 1)) + Z(k)) ; (2.4)

S(0) = 0 :5;

where²(k) is the step size applied at timek satisfying the following set of condi-

tions:

²(k) > 0; ²(k) ! 0;
X

k

²(k) = 1 : (2.5)

It can be proven that S(k) converges almost surely to a zero of the function

f as k ! 1 , provided the function f and noiseZ(k) satis¯es the following

conditions [14, 28]:

1. f (x) ? 0 according tox ? W.

2. inffj f (x)j : ² < jx ¡ Wj < 1=²g > 0 for all 0 < ² < 1.

3. jf (x)j · K 1jx ¡ Wj + K 2 whereK 1 and K 2 are positive constants.
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4. supk> 0 E [Z 2(k)] < 1 .

The SK scheme described in Section 2.2 maps directly to the Robbins-Munro

stochastic approximation algorithm with f (x) = ®(x ¡ W) and ²(k) = 1 =(k®).

2.3.1 Averaging with and without Feedback

The step sizes are generally chosen so that an appropriate measureof the rate of

convergence is maximized. Under appropriate conditions (see(2.5) and conditions

on f described earlier) (S(k) ¡ W)=
p

²(k) converges in distribution to a normally

distributed random variable with zero mean and a positive variance ³ 2, which

is considered to be a measure of the rate of convergence [14, Chapter 11]. The

variance ³ 2 in turn depends on the functionf and step sizes²(k). In this sense,

the best form of²(k) satisfying (2.5) is O(1=k) since (S(k) ¡ W) » N (0; ³ 2²(k)).

Accordingly, let the step size²(k) = A=k, whereA is a constant. However, to get

the best asymptotic rate of convergence, one needs to ¯nd the corresponding best

A. Let the normalized covariance corresponding to the best possible A be ¹³ 2, such

that
p

k(S(k) ¡ W) » N (0; ¹³ 2).

Suppose²(k) ! 0 slower than O(1=k), i.e., k²(k) ! 1 , then the rate of

convergence of the averaged sequenceŴ(k) given by

Ŵ(k) =
kX

j =1

S(j )=k; (2.6)

is nearly optimal in the following sense. The sequence
p

k(Ŵ(k) ¡ W) converges

in distribution to a normally distributed random variable wit h zero mean and

variance ¹³ 2, which is optimal because it corresponds to the normalized asymptotic

variance of the stochastic approximation carried out with²(k) = A=k with the
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best possibleA [14]. Kushner refers to the procedure (2.6) as \averaging" [14].

Thus, to get the best possible convergence rate, we do not need to know the value

of the constantA, which maybe very di±cult to obtain. In addition, the stochastic

approximation algorithm tends to be more robust with a largerstep size and has

faster initial convergence. The estimation (2.4) and (2.6) can be written as:

2

6
4

S(k)

Ŵ(k)

3

7
5 =

2

6
4

1 0

1
k 1 ¡ 1

k

3

7
5

2

6
4

S(k ¡ 1)

Ŵ (k ¡ 1)

3

7
5 +

2

6
4

¡ ²(k)

0

3

7
5 Y(k):

The averaging described above is \o®-line" in the sense that̂W(k) is not used

to update S(k) in (2.4). It can be shown that usingŴ(k¡ 1) in place ofS(k¡ 1) in

(2.4) will eliminate the advantages of averaging. Now, let usrede¯ne the iteration

(2.4) as

S(k) = S(k ¡ 1) ¡ ²(k) ( f (S(k ¡ 1)) + Z(k))

+ ¯² (k)
³

Ŵ (k ¡ 1) ¡ S(k ¡ 1)
´

; (2.7)

Ŵ (k) =
kX

j =1

S(j )
k

; (2.8)

where ¯ 2 [0; 1]. Kushner refers to the second term in (2.7) as \averaging with

feedback" term. If ¯ is chosen appropriately, averaging with feedback would im-

prove the performance of the stochastic approximation algorithm in terms of the

mean squared error [14]. The estimation (2.7) and (2.8) can be written as:

2

6
4

S(k)

Ŵ (k)

3

7
5 =

2

6
4

1 ¡ ¯² (k) ¯² (k)

1
k 1 ¡ 1

k

3

7
5

2

6
4

S(k ¡ 1)

Ŵ (k ¡ 1)

3

7
5 +

2

6
4

¡ ²(k)

0

3

7
5 Y(k):
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Note that this is now a second-order system instead of the ¯rst-order system

we saw earlier for the Robbins-Munro algorithm. Chapter 3 uses the ideas of

averaging with and without feedback to extend the SK-scheme for the case of

noisy feedback.

2.3.2 Distributed Stochastic Approximation

For a vector function f : Rm ! Rm , the stochastic approximation algorithm

can bedistributed, so that we do not require inputs from all the components off

to calculate the zero of any component off [1]. Let Si (k) represent the estimate

of the zero off i (S1; S2; : : : ; Sm ), the i -th component off at time step k. Let Z i (k)

represent the noise that corrupts the value off i (S1; S2; : : : ; Sm ) evaluated atS(k).

To estimate the zero off i (S1; S2; : : : ; Sm ), we can perform iterations of the form

Si (k) = Si (k ¡ 1) ¡ ²(k) ( f i (S(k ¡ 1)) + Z i (k)) ; i = 1; 2; : : : ; m

Si (0) = 0 :5; (2.9)

with a proper choice of the step sizes²(k) again leading to the vectorS(k) =

[S1(k) S2(k) : : : SN (k)]> converging to a zero of the functionf = [ f 1 f 2 : : : f N ]> .

We use this distributed approach to stochastic approximation toextend the SK-

scheme to a cascade of point-to-point channels and a relay channel in Chapters 4

and 5, respectively.

2.4 Consensus

Consensus algorithms are distributed algorithms in which manynodes ex-

change messages with only their neighbors to reach agreement on a value. The
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¯nal consensus value is usually a function of the initial data held by each node.

Early interest in such algorithms was sparked in the distributedcomputation

community, e.g., in load sharing or shared memory access problems. Algorithms

ranging from simple (e.g., polling) to complicated [15] wereproposed. Such al-

gorithms have also been looked at by the dynamic systems community [3, 9, 32].

Most such algorithms are iterative, in which every nodei at time k updates its

(possibly vector) valueSi (k) as Si (k) = g(Si (k ¡ 1); Sj (k ¡ 1)), whereSj (k ¡ 1) is

the information received from other nodes that are its neighbors according to some

speci¯ed communication graph, andg is a function speci¯ed by the designer. Such

iterative algorithms can be analyzed using well-developed tools from systems the-

ory. Communication graph topologies that ensure that the algorithms converge,

update rulesg that ensure convergence to speci¯c functions of the initial data,

rate of convergence, and the e®ect of additive noise have now been fairly well

characterized [11, 19].

A typical consensus algorithm as proposed, e.g., in [25], involves N nodes

converging to the average
P

i Si (0)=N of the initial values Si (0). Furthermore,

the solution can be approached in a distributed fashion throughthe iteration

Si (k) = Si (k ¡ 1) ¡ ±
X

j :j 2N i

(Si (k ¡ 1) ¡ Sj (k ¡ 1)) ; (2.10)

where± is a small positive constant to ensure convergence andN i is the neighbor

set of nodei . If the communication graph is balanced (i.e., every node has equal

in-degree and out-degree), it can be proven that the consensussolution is reached

in the limit as k ! 1 [25].

For the work proposed in this thesis, a variation of this algorithm known as

the leader-follower algorithm will be more relevant. In this version, the object is
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for all the nodes to converge to the value of aleadernode (denoted without loss

of generality by node 1) whose value is held constant atW. It turns out that the

iteration (2.10) can also be used to solve this problem with the only di®erence

that for the leader nodel, sl (k) = sl (0). It can be proved using the tools of [23]

that the desired solution will be reached if the communicationgraph is such that

there is a path from the leader node to every other node.

In much of the initial work on consensus, the communication links between

nodes were assumed to provide in¯nite capacity and permit error free transmission.

Recently, works have dealth with convergence if the channels are digital noiseless

channels or AWGN channels. If there is a noise component that isintroduced at

every iteration of the node values of the form (2.10), the evolution of the node

values can be described by a random walk. Thus, the variance of the values

increases without bound as time progresses. To address this issue, aweighting

factor ²(k) has been introduced in [8, 22], so that the node values evolveas

Si (k) = Si (k ¡ 1) ¡ ²(k)
X

j :j 2N i

(Si (k ¡ 1) ¡ Sj (k ¡ 1) + Z j;i (k)) ; (2.11)

where Z j;i (k) is the noise introduced by the communication channel from the j -

th node to the i -th node. If the weighting factor ²(k) evolves as £(1=k), the

convergence of the node values can be achieved in spite of the noisesZ j;i (k)'s.

Now, consider a distributed stochastic approximation algorithmbeing used to

calculate the zeros of the vector functionf : RN ! RN , the i -th component of

which is given by

f i (S1; S2; ¢ ¢ ¢; SN ) =
X

j :j 2N i

(Si ¡ Sj ) ; (2.12)

for i = 2; 3; : : : ; N and f 1 = 0. The value S1 is assumed to be ¯xed at a constant

20



value, sayW. Thus, the zero of the functionf is attained by all variables Si 's

being equal toW. This function satis¯es the technical constraints required bythe

Robbins-Munro stochastic approximation algorithm.

The zero of thei -th component of the functionf i can be calculated using noisy

observations ~f i (S(k)) = f i (S(k)) + Z i (k) by running an iteration of the form:

Si (k) = Si (k ¡ 1) ¡ ²(k) ~f i (S(k))

= Si (k ¡ 1) ¡ ²(k)( f i (S(k)) + Z i (k))

= Si (k ¡ 1) ¡ ²(k)

Ã
X

j :j 2N i

(Si (k ¡ 1) ¡ Sj (k ¡ 1)) + Z i (k)

!

; (2.13)

where²(k) is the step size andSi (0) can be arbitrarily assumed to be 1=2. Let the

variable Si be associated with thei -th node for a network ofN nodes. We note

that (2.11) and (2.13) are formally identical forZ i (k) :=
P

j :j 2N i
Z j;i (k). Thus,

we observe that theconsensus algorithm is a distributed stochastic approximation

algorithm for a particular choice of the functionf .
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CHAPTER 3

POINT-TO-POINT CHANNELS WITH NOISY FEEDBACK

As discussed brie°y in Chapter 2, SK and related schemes generallyappear to

depend critically on the absence of noise in the feedback link and are not robust

to non-ideal feedback, e.g., AWGN in the feedback path [6, 28]. Little is known

about feedback schemes when the feedback noise has in¯nite support, e.g. AWGN.

In the following sections, we take a fresh look at the problem of communi-

cating across links with noisy feedback. In these initial results, we mainly focus

on an AWGN link with feedback corrupted by AWGN. Inspired by thestochastic

approximation based interpretation of the SK scheme, we present a generalization

of the scheme for a point-to-point additive noise channel withnoisy feedback. We

employ \averaging" and \averaging with feedback" techniques from the stochastic

approximation literature [14] to develop a class of SK-like schemes that enable a

trade-o® between the transmission rate and the error performance even as the

number of iterations grows large. Although our schemes do not simultaneously

achieve capacity with vanishing probability of error, they permit tuning the per-

formance with respect to the two metrics. We illustrate the performance of our

algorithm with the help of a few numerical results.

We show how our algorithm reduces to the SK scheme [28] for a special choice

of parameters. We discuss in detail the two possible approaches suggested by

Schalkwijk and Kailath for dealing with the feedback noise. In the ¯rst strategy,
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the decoder transmits its estimate on the feedback link. Although the probability

of error at the decoder decreases to zero, the rate relative tothe capacity of

the channel approaches zero simultaneously. In the second strategy, the decoder

transmits the output of the forward channel on the feedback link. In this case,

although the relative rate approaches unity, the mean-squared error does not decay

to zero.

The remainder of this chapter is organized as follows. We discuss the channel

model in Section 3.1. We present our scheme, a few special cases, and their analysis

in Section 3.2. In Section 3.3 we present our numerical results.We brie°y discuss

the performance of our scheme in the presence of non-Gaussian noise channels in

Section 3.4. We present a brief summary of the chapter in Section 3.5.

3.1 Channel Model

Consider the case of point-to-point communication across a continuous-time

AWGN channel with feedback corrupted by AWGN. The transmittedsignal must

satisfy an average power constraintPav, but no constraints are imposed on its

bandwidth, peak power or power on the feedback link. The noisein the forward

link and the noise in the feedback link are mutually independent, white and with

two-sided power spectral densities¾2
2 and ¾2

1, respectively. Since the capacity

of a memoryless noisy channel is not increased by noiseless feedback, it cannot

be increased by noisy feedback; thus, the capacity of such a channel would be

C = Pav=2¾2
2 nats/second.

As we discussed in Chapter 2, we work with a discrete-time equivalent model

in which messages are pulse-amplitude modulated with symbol period ¢; T, an

integer multiple of ¢, is the coding interval of a message. The discrete-time
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Y2(k) Ŵ2(k)

X 2(k)

Z1(k)

Y1(k)

S2(k)

Z2(k)

X 1(k)W
Encoder

Figure 3.1. Block diagram for the AWGN channel with feedback
corrupted by AWGN.

equivalent of the channel is illustrated in Fig. 3.1. We adoptthe following

notation throughout the chapter: node 1 is the transmitter and node 2 is the

intended receiver;Yi represents the observations at nodei = 1; 2, respectively.

Node i stores and recursively updates a \state" valueSi , which we de¯ne in

Section 3.2. Ŵ2(k) represents the estimate at the receiver. The noise in the

forward link f Z2(k)g1
k=1 and the noise in the feedback linkf Z1(k)g1

k=1 are mutually

independent, white and with distributions N (0; ¾2
2) and N (0; ¾2

1), respectively.

The transmitter maps the message to one ofM disjoint, equal-length subintervals

of the interval [0; 1] on the real line. The message to be transmitted corresponds to

the midpoint W of a particular message interval. In our development, the signals

transmitted over the two links are given by functions such that

X 1(k) = f (S1(k); Y1(k)) ;

X 2(k) = h(S2(k ¡ 1); Y2(k ¡ 1)): (3.1)
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We now summarize the class of encoding and decoding schemes we propose and

show how they reduce to SK for a special choice of parameters.

3.2 Feedback Communication Schemes

Our algorithm is an extension of the SK algorithm that is based on modern

stochastic approximation techniques [14]. In general, at time stepk the encoder

sends

X 1(k) = f (S1(k)) =
®
k°

(S1(k) ¡ W) ; (3.2)

where ® > 0 and ° 2 [0; 1]. The parameter® plays an identical role as in the

SK scheme, and as we will see, the parameter° prevents the feedback noise from

dominating the transmit power.

The signalY2(k) = X 1(k)+ Z2(k) is received at the decoder. The decoder uses

the following algorithm to generate the estimateŴ2(k) of the messageW at time

k :

S2(k) =

P (k)
z }| {

S2(k ¡ 1) ¡
Y2(k)
®k1¡ °

+

Q(k)
z }| {

¯
k1¡ °

³
Ŵ2(k ¡ 1) ¡ S2(k ¡ 1)

´
; (3.3)

Ŵ2(k) =
µ

1 ¡
1
k

¶
Ŵ2(k ¡ 1) +

1
k

S2(k); (3.4)

where ¯ 2 [0; 1]. The valuesX 2(k) = h(¢) = S2(k ¡ 1) are then sent back to the

encoder, which usesS1(k) = S2(k ¡ 1) + Z1(k) for the next iteration. We can

arbitrarily assume the initial values S1(1), S2(0), and Ŵ2(0) to be 1=2, which is

known to both the encoder and the decoder. The estimation can be written in a
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compact form as:
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The parameter¯ weights the \averaging with feedback" termQ(k) relative to

the \observation" term P(k), and ¯ 2 [0; 1] ensures that averaging with feedback

does not dominate [14, Sec. 3.3]. Note that throughout the chapter, we focus our

technical analysis on the case for which̄ = 0, i.e., S2(k) = P(k). We illustrate

the advantage of non-zerō in Section 3.3 with the help of numerical results. We

now show how this algorithm reduces to the SK algorithm.

3.2.1 Special Cases: Schalkwijk-Kailath Schemes

For ° = 0 and ¯ = 0, (3.2)-(3.3) reduces to the SK scheme, which for perfect

feedback is a Robbins-Monro stochastic approximation algorithm [24]. If the feed-

back is noisy, [28] discusses two possible approaches for dealing with the feedback

noise. In either case, the encoder sendsX 1(k) = ®(S1(k) ¡ W), where the initial

value S1(1) is arbitrarily set to, e.g., 1=2. At the decoder, at every time step,

Y2(k) = X 1(k) + Z2(k) is received andS2(k) = S2(k ¡ 1) ¡ ( 1
®k )Y2(k) is computed,

with S2(0) = S1(1). Note that the \averaging" in (3.4) does not a®ect the con-

vergence rate of the estimatêW2(k) if ° = 0 [14, Sec. 3.3] (as discussed in Section

2.3). Thus, averaging can be ignored in this case without loss ofoptimality, i.e.,

Ŵ2(k) = S2(k).

In the ¯rst strategy, the decoder transmitsh(¢) = S2(k ¡ 1) = Ŵ2(k ¡ 1). We
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call this scheme SK-Estimate. The scheme can be summed up as

Y2(k) = ®(S1(k) ¡ W) + Z2(k);

S2(k) = S2(k ¡ 1) ¡
1

®k
Y2(k); (3.5)

S1(k) = Y1(k) = S2(k ¡ 1) + Z1(k):

The recursive equations can be solved to yield the following relation after n iter-

ations.

Ŵ2(n) = S2(n) = W ¡
1

®n

nX

k=1

Z2(k) ¡
1
n

nX

k=2

Z1(k): (3.6)

Hence the conditional distribution ofŴ2(n) given W is

Ŵ2(n)jW » N
µ

W;
¾2

2

®2n
+

(n ¡ 1)¾2
1

n2

¶
:

The mean-squared error¾2(n) = E(jŴ2(n) ¡ Wj2) approaches zero as £(1=n).

The probability of error is the probability that Ŵ2(n) lies outside the message

interval of size 1=M, which is given by

Pe = 2 erfc
µ

1
2M¾(n)

¶
:

If we set M (n) = n1=2(1¡ ²) for small ² > 0, we can make the probability of

error go to zero while simultaneously ensuring a non-zero rate of R(n) = (1 ¡

²) ln n=(2T) nats/sec. The probability of error would hence be given by

Pe = 2 erfc

Ã
1

2n
1
2 (1¡ ²)¾(n)

!

: (3.7)
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It can be seen thatPe ! 0 asn ! 1 only if ² > 0. The critical rate is de¯ned as

Rc :=
·

ln M
T

¸

²=0

=
ln n
2T

nats/sec; (3.8)

Thus, for a non-zero asymptotic rate, we can see that the number of iterations n

increases exponentially withT, explaining the wideband assumption. To calculate

capacity, we need to compute the average transmitted power

Pav(n) =
1
T

E

Ã
nX

k=1

®2(S1(k) ¡ W)2

!

: (3.9)

We can see that

S1(n + 1) jW » N
µ

W;
¾2

2

®2n
+

(n ¡ 1)¾2
1

n2
+ ¾2

1

¶
: (3.10)

Assuming a uniform prior distribution for the message pointW, we haveE(S1(1)¡

W)2 = 1=12. The rest of the terms in (3.9) can be computed using (3.10), yielding

Pav(n) =
®2

T

Ã
1
12

+
n¡ 1X

k=1

µ
¾2

2

®2k
+

(k ¡ 1)¾2
1

k2
+ ¾2

1

¶ !

: (3.11)

Using (3.11) to compute the channel capacity, we can ¯nd the relative rate ex-

pression for this scheme as

R(n)
C

=
(1 ¡ ²) ln n

®2

12¾2
2

+
n¡ 1X

k=1

1
k

+ ®2 ¾2
1

¾2
2

Ã
n¡ 1X

k=1

k ¡ 1
k2

+ n

! : (3.12)

We see from this expression that the relative rate gradually approaches zero asn

increases. This is because the denominator increases linearly with the feedback
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noise variance while the numerator increases only logarithmically. For the special

case of perfect feedback, that is¾2
1 = 0, it can be shown that

lim
n!1

Pav(n) = 2 ¾2
2Rc ) Rc =

Pav

2¾2
2
;

which is the channel capacity of the additive white Gaussian noise channel.

In the second strategy, the observationY2(k ¡ 1) is sent back, i.e.,X 2(k) =

h(¢) = Y2(k¡ 1). We call this scheme SK-Observation. The scheme can be summed

up as

Y2(k) = ®(S1(k) ¡ W) + Z2(k);

S2(k) = S2(k ¡ 1) ¡
1

®k
Y2(k);

Y1(k) = Y2(k ¡ 1) + Z1(k); (3.13)

S1(k) = S1(k ¡ 1) ¡
1

®k
Y1(k):

Solving the recursive relations, we obtain

S1(n + 1) = W ¡
1

®n

nX

k=1

(Z2(k) + Z1(k + 1)) ;

Ŵ2(n) = S2(n) = S1(n + 1) +
1
®

nX

k=1

1
k

Z1(k):

Hence,

Ŵ2(n)jW » N

Ã

W;
¾2

2 + ¾2
1

®2n
+

¾2
1

®2

nX

k=1

µ
1
k

¶ 2
!

:

The ¯rst term in the variance goes to zero, but the second term gradually converges

to a nonzero constant. Thus, the mean-squared error¾2(n) = E(jŴ2(n) ¡ Wj2)

does not converge to zero. The probability of error expressionis identical to (3.7)

29



with ¾2(n) given by the variance ofŴ2(n). We see that

S1(n + 1) jW » N
µ

W;
¾2

2 + ¾2
1

®2n

¶
: (3.14)

We can calculate the relative rate expression for this scheme asbefore:

Pav(n) =
1
T

E

Ã
nX

k=1

®2(S1(k) ¡ W)2

!

=
®2

T

Ã
1
12

+
¾2

2 + ¾2
1

®2

n¡ 1X

k=1

1
k

!

; (3.15)

so that
R(n)

C
=

(1 ¡ ²) ln n

®2

12¾2
2

+
¾2

2 + ¾2
1

¾2
2

n¡ 1X

k=1

1
k

: (3.16)

This expression gradually approaches unity. It can be easily veri¯ed that the two

schemes are identical if the feedback link is noiseless.

3.2.2 Rate and MSE Performance for̄ =0

The last term in the variance of (3.10) adds up in (3.9) to increase the denomi-

nator in (3.12) linearly in n. Thus, a large portion of the power is spent in sending

information about the feedback noise to the decoder. To overcome this problem

we introduce° into our scheme (3.2)-(3.4). This helps keep the contribution from

feedback noise small, ensuring that the power in the forward direction does not

have a linear increase with the feedback noise variance.

Let us ¯rst consider the case in which° 6= 0 and ¯ = 0, so that S2(k) = P(k).

Since²(k) for P(k) obeys (??), we need to have the \averaging" term (3.4) for
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improving performance (see Section 2.3). It can be seen that

S2(n) = W ¡
1

®n

nX

k=1

k° Z2(k) ¡
1
n

nX

k=2

Z1(k): (3.17)

SinceZ2(k) and Z1(k) are Gaussian,

S2(n)jW » N

Ã

W;
¾2

2

®2n2

nX

k=1

k2° +
(n ¡ 1)¾2

1

n2

!

:

Knowing the distribution of S2(n), we can ¯nd the distribution for Ŵ2(n). It can

be seen from (3.4) and (3.17) that

Ŵ2(n) =
1
n

nX

k=1

S2(k)

=
1
n

nX

k=1

Ã

W ¡
1

®k

kX

j =1

j ° Z2(j ) ¡
1
k

kX

j =2

Z1(j )

!

= W ¡
1

®n

nX

j =1

j ° Z2(j )
nX

k= j

1
k

¡
1
n

nX

j =2

Z1(j )
nX

k= j

1
k

: (3.18)

Hence,Ŵ2(n)jW is also conditionally Gaussian,

Ŵ2(n)jW » N
¡
W; ¾2(n)

¢
;

where¾2(n) can be calculated as

¾2(n) =
¾2

2

®2n2

nX

j =1

j 2°

Ã
nX

k= j

1
k

! 2

| {z }
a(n)

+
¾2

1

n2

nX

j =2

Ã
nX

k= j

1
k

! 2

| {z }
b(n)

: (3.19)

The terms a(n) and b(n) above represent the contributions of the forward and
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feedback noises, respectively, to the mean-squared error.b(n) can be written as

b(n) =
¾2

1

n2

2

4
nX

j =1

Ã
nX

k= j

1
k

! 2

¡

Ã
nX

k=1

1
k

! 2
3

5 (3.20)

Expanding out the squares in the ¯rst term and simplifying, we obtain

b(n) =
¾2

1

n2

2

4
n¡ 1X

j =0

µ
2n ¡ (2j + 1)

n ¡ j

¶
¡

Ã
nX

k=1

1
k

! 2
3

5

=
¾2

1

n2

2

42n ¡
nX

k=1

1
k

¡

Ã
nX

k=1

1
k

! 2
3

5 : (3.21)

Hence,b(n) decreases to zero at least as £(1=n) irrespective of the value of° > 0,

and the mean-squared error for our scheme is more robust than theSK scheme

to the feedback noise variance¾2
1 for large n. On the other hand, it can be shown

that a(n) converges to zero, andŴ2(n) is a consistent estimator ofW, only if

° 2 [0; 1=2). The probability of error expression is identical to (3.7) with ¾2(n)

given by (3.19). We illustrate the robustness with respect to thefeedback noise

with the help of some numerical examples in Section 3.3.

The feedback noise variance¾2
1 of course a®ects the rate performance, which

we will now discuss. The average power can be calculated as:

S1(n + 1) jW » N

Ã

W;
¾2

2

®2n2

nX

k=1

k2° +
(n ¡ 1)¾2

1

n2
+ ¾2

1

!

:
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Pav(n) =
1
T

E

Ã

®2(S1(1) ¡ W)2 +
nX

k=2

®2

k2°
(S1(k) ¡ W)2

!

=
®2

T

Ã
1
12

+
nX

k=2

1
k2°

Ã
¾2

2

®2k2

k¡ 1X

j =1

j 2° +
(k ¡ 1)¾2

1

k2
+ ¾2

1

!!

: (3.22)

Using (3.22) to compute the channel capacity, we ¯nd the relative rate expression

is
R(n)

C
=

(1 ¡ ²) ln(n)

®2

12¾2
2

+
nX

k=2

®2

k2°

Ã
1

®2k2

k¡ 1X

j =1

j 2° +
(k ¡ 1)¾2

1

k2¾2
2

+
¾2

1

¾2
2

! ; (3.23)

which approaches unity only if° 2 [1=2; 1]. More generally, since (3.19) and (3.23)

are increasing in° , our algorithm allows for a tradeo® between error performance

and transmission rate.

3.2.3 Minimum Probability of Error for Finite n and ¯ = 0

The parameter ® controls the slope of the relative rate and the asymptotic

value of the mean-squared error. An optimum value of® can be found, givenR=C,

n and ° , that minimizes the probability of error Pe. Minimizing the probability

of error is equivalent to minimizing¾2(n)n¡ ² . Setting the derivative to zero, we

obtain
d

d®2

¡
¾2(n)n¡ ²

¢
= ¡

a(n)
®2

n¡ ² ¡ ¾2(n)n¡ ² ln n
d²

d®2
= 0: (3.24)

Using (3.23), we can computed²=d®2.

d²
d®2

= ¡
1

ln n

µ
R
C

¶
c(n)

z }| {Ã
1

12¾2
2

+
nX

k=2

1
k2°

µ
(k ¡ 1)¾2

1

k2¾2
2

+
¾2

1

¾2
2

¶ !

: (3.25)
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Using (3.24) and (3.25), we can now write

®2 =
µ

a(n)
a(n) + b(n)

¶ µ
C
R

¶
1

c(n)
(3.26)

3.2.4 Non-zerō

Kushner et al. [14] discuss the averaging of estimates (3.4) which is useful only

if ° > 0. As discussed in Section 2.3, the averaging term can also be fed back into

the estimate update equation ((2.7)-(2.8)). Hence, we introduce the averaging

with feedback term Q(k) in (3.3) that empirically improves the mean-squared

error E(jŴ2(n) ¡ Wj2) for appropriate choices of the parameter̄ . To this point

we have not analytically characterized performance with̄ 6= 0, but in the next

section we provide numerical results as an illustration.

3.3 Numerical Results

Figs. 3.2 and 3.3 illustrate performance by plotting the mean-squared error and

the relative transmission rate for SK-Estimate, SK-Observation, and our algorithm

for di®erent values of° and ¯ . For all algorithms, we assume: the messageW to

be uniformly distributed in [0; 1]; both the forward and backward noises to have

variance ¾2
1 = ¾2

2 = 0:1; and the parameter® = 2, which need not be optimal.

We display the curves for̄ = 0 and 0:4. The ¯gures clearly show the advantage

of additional averaging and averaging with feedback of the estimates in (3.3)-

(3.4): the mean-squared error is reduced to give better estimates while minimally

a®ecting the transmission rate performance.

Next, we illustrate the performance of our algorithm for di®erent values of the

standard deviation of the feedback noise¾1. In Figs. 3.4 and 3.5, we plot the
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Figure 3.2. Mean-squared error versus Time for AWGN with noisy
feedback for di®erent schemes; successively higher intermediate curves
correspond to our scheme with° = 0:4, 0:5, 0:6, and 0:7, all for ® = 2.
Dashed curves correspond to additional averaging of the estimates with

¯ = 0:4, and the dash-dotted curves correspond to no additional
averaging, i.e.,̄ = 0.
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mean-squared error and the relative transmission rate atn = 104 iterations for

SK-Estimate, SK-Observation, and our algorithm for di®erentvalues of¾1. For

our algorithms, we assume: the messageW to be uniformly distributed in [0; 1];

the forward noise variance¾2
2 = 0:1; and the parameters® = 2 and ¯ = 0:4, which

need not be optimal.

Fig. 3.4 a±rms an earlier claim that our algorithm is robust to feedback

noise and that the variation of¾1 has negligible e®ect on the mean squared error

performance. By contrast, the MSE of SK-observation changes drastically with
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increasing¾1. Note that for extremely low values of¾1, the performance of SK-

observation and SK-estimate is identical as expected. SK-estimate scheme also

turns out to be robust in terms of MSE performance, but the rates of transmission

are extremely low as compared to our algorithms, as illustrated in Fig. 3.5. The

rate relative to capacity of SK-estimate quickly falls down to zero with increasing

¾1.

3.4 Non-Gaussian Noise

Stochastic approximation algorithms are in general non-parametric [14, 28].

Therefore, our coding scheme also applies if the additive white noise is non-

Gaussian. Using Sacks' theorem on asymptotic distributions [26], we can say

that the estimate Ŵ2(n) is asymptotically Gaussian. So the error performance

for large values ofn would be similar to the Gaussian case. A lower bound on

channel capacity for non-Gaussian white noise channels is given by Pav=2¾2
2; thus,

the relative rate plots with respect to the lower bound would look similar to those

for the Gaussian case as well.

3.5 Summary

In this chapter, inspired by the stochastic approximation basedinterpretation

of the SK scheme, we presented some results about a generalization of the scheme

that permits us to trade-o® the relative rate with the mean-squared error for

communication over a link with noisy feedback. In particular, our algorithm allows

transmission at a positive information rate for a reasonably low mean squared

error even when the feedback link is noisy. Notice that, although we considered

a delay of one time step in the feedback link throughout the paper, even for a
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delay of d > 1 time steps, our algorithm would still converge. Moreover, it will

obtain the same mean-squared error ind additional time steps. Hence, for a large

number of iterations, the e®ect on either the rate or the mean-squared error would

be negligible. It is possible that non-linear stochastic approximation algorithms

might achieve better mean-squared error performance. The advantage of having

stochastic approximation-based estimation is that the estimation procedures do

not change if we change the driving function at the encoder, as long as the message

point remains a zero of that particular function and the function satis¯es a few

technical conditions.
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CHAPTER 4

A CASCADE OF POINT-TO-POINT CHANNELS

In this chapter, we present and analyze a feedback coding scheme for a cascade

of two point-to-point channels. Our scheme is based on mapping the data to be

transmitted by the source into a real number and allowing the nodes to run a

distributed stochastic approximationalgorithm, as discussed in Chapter 2. We

consider a path-loss model with the relay placed on the line between the source

and destination, leading to some interesting insights about relay placement. We

show how our scheme is a generalization of the SK scheme [28]. By interpreting

the scheme as a leader-follower consensus algorithm, we show connections to the

consensus problem, which has been widely studied in the distributed systems

community. In addition to being simple, the scheme has been shown to provide

a doubly exponential error decay in the case of perfect feedback and tradeo®s

similar to those in Chapter 3 between relative transmission rate and reliability

in the case of noisy feedback. As in Chapter 3, we present numerical results to

illustrate these tradeo®s.

The remainder of the chapter is organized as follows. Section4.1 presents the

system model. Section 4.2 describes our scheme in terms of the sequences to be

transmitted on the forward and feedback links and compares and contrasts the

scheme to a consensus algorithm. With perfect feedback, we show that our scheme

has error probability that decays doubly exponentially in the coding interval and
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achieves the capacity of the cascade. Section 4.3 uses the technique from Chapter 3

to extend the scheme to the case of noisy feedback. Section 4.4 presents numerical

results to illustrate the performance tradeo®s and Section 4.5 provides a brief

summary of the chapter.

4.1 System Model

Consider a source that needs to transmit data to a destination placed distance

D away. In addition, there is a relay, as shown in Fig. 4.1. The relay is placed at

distancer from the source on the line between the source and destination. Aswe

discussed in Chapter 2, we work with a discrete-time equivalent model in which

messages are pulse-amplitude modulated with symbol period ¢;T, an integer

multiple of ¢, is the coding interval of a message.

We adopt the notation that nodes 1; 2; 3 are the source, relay and destination,

respectively. Every nodei can communicate with nodei + 1 (if it exists) over a

forward link, and nodei ¡ 1 (if it exists) over a feedback link. We assume that the

forward and feedback communication takes place over orthogonal channels so that

they don't interfere with each other. X i (Yi ) represents the input (observation)

at node i . Note that we use a double subscript notation for inputs, observations,

and noises at the relay because it is the only node that sends and receives signals

through both forward and feedback communication. Hence for the relay,X 2;j , j =

1; 3 represents the input from node 2 to nodej and Yj; 2 represents the observation

at node 2 for input from nodej .

We model the system as follows.

² The forward and feedback links (if noisy) in the cascade are modelled by

zero-mean additive white Gaussian noise (AWGN) channels, with the noises
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Figure 4.1. Model for communication over a cascade of two
point-to-point channels.

on the links being independent and white.

² The observation vectors for the forward and feedback communication can

be written as

Forward:

2

6
4

Y1;2(k)

Y3(k)

3

7
5 =

2

6
4

g1;2 0

0 g2;3

3

7
5

2

6
4

X 1(k)

X 2;3(k)

3

7
5 +

2

6
4

Z1;2(k)

Z3(k)

3

7
5 ; (4.1)

Feedback:

2

6
4

Y3;2(k)

Y1(k)

3

7
5 =

2

6
4

g3;2 0

0 g2;1

3

7
5

2

6
4

X 3(k)

X 2;1(k)

3

7
5 +

2

6
4

Z3;2(k)

Z1(k)

3

7
5 ; (4.2)

wheregi;j is a distance-dependent attenuation factor. The attenuation factor
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gi;j depends on the distancedi;j between nodesi and j as

gi;j =

8
><

>:

bd¡ ´= 2
i;j ; i 6= j and there is a directed link fromi to j;

0; otherwise;
(4.3)

where ´ is the path loss exponent (typically taking values between 2 and

4), and b is a constant. To simplify our analysis, we will assumeb = 1. A

di®erent choice ofbwill only result in scaling of the received power identically

for all schemes and hence would not a®ect the performance comparison

between them.

² The transmitted signals on the forward links must satisfy a total average

power constraint Pav and again, we do not constrain the power on the

feedback links. This power is distributed between the two transmitting

nodes with the source using a fraction· of the total average power, that is,

Pav;1 = ·P av. Note that no constraints are imposed on the bandwidth or

peak power. We consider the case in which every nodei can communicate

to node i ¡ 1 over a feedback link.

² As in Chapter 3, the source maps the message to one ofM disjoint, equal-

length subintervals of the interval [0; 1]. The message to be transmitted

corresponds to the midpointW of a particular message interval.

² Each nodei updates and stores a \state" valueSi (k) and an estimateŴi (k)

recursively, which we de¯ne in Section 4.2.

We know that the capacity of a memoryless noisy channel is not increased by

noiseless feedback. Thus, the wideband capacityCi;i +1 of a forward link from node
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i to i + 1 corrupted by AWGN is given by

Ci;i +1 =
g2

i;i +1 Pav;i

2¾2
i;i +1

nats/second;

where Pav;i is the average power constraint on nodei . The capacity C of the

cascade can be found using the max-°ow min-cut bound [5] and hence is given by

C = min f C1;2; C2;3g: (4.4)

4.2 Communication Schemes with Perfect Feedback

A distributed stochastic approximation algorithm can be used tocalculate

the zeros of a vector functionf : Rm ! Rm with iterations for each component

of the zero occuring in a distributed fashion. Thei -th component of the zero

can be computed from noisy observations~f i (S(k)) = f i (S(k)) + Z i (k) of the i -th

component of the function by running an iteration of the form

Si (k) = Si (k ¡ 1) ¡ ² i (k) ~f i (S(k)); (4.5)

where ² i (k) is £(1 =k) and Si (0) can be arbitrarily assumed to be 1=2 [1]. Now

consider a functionf : R3 ! R3, the i -th component of which is given by

f i (S1; S2; S3) =

8
>><

>>:

0 for i = 1

¹ i

X

j : gj;i 6=0

f i;j (Si ; Sj ) for i = 2; 3;
(4.6)

where f i;j (Si ; Sj ) := ( Si ¡ Sj ) and ¹ i is a constant. Let variableSi be associated

with node i , with the value S1 ¯xed at the messageW. Thus, the zero of the
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function f is attained by all variablesSi 's being equal toW. We can set the initial

valuesS2(0) and S3(1) to be 1=2, which is known to all the nodes. As we will see,

if we run a distributed stochastic approximation algorithm on the nodes with ideal

feedback and with² i (k) = 1 =k¹ i , both the relay and the destination converge to

the message point.

4.2.1 Description of Our Scheme

We begin by considering a scenario in which the feedback links are noiseless,

that is ¾2;1 = ¾3;2 = 0. At each time step, each transmitting nodej transmits

f i;j (Si ; Sj ) from (4.6) to node i on the forward link. Each nodei feeds back its

own state valueSi to nodei ¡ 1. Speci¯cally, the nodes transmit signals as follows:

² Forward

{ Source: At time k, the source transmitsX 1(k), given by

X 1(k) =

8
><

>:

®1 (S2(0) ¡ W) for k = 1

®1

³
Y1 (k)
g2;1

¡ W
´

for k ¸ 2
(4.7)

{ Relay: The relay does not transmit anything at time stepk = 1 because

it has no information about the messageW at that instant. At time

k ¸ 2, the relay transmitsX 2;3(k), given by

X 2;3(k) =

8
><

>:

®2 (S3(1) ¡ S2(1)) for k = 2

®2

³
Y3;2 (k)

g3;2
¡ Ŵ2(k ¡ 1)

´
for k ¸ 3

(4.8)

² Feedback
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{ Relay : At time k = 1, the relay does not have any information about

the message, therefore it does not transmit anything on the feedback

link. At time k ¸ 2, the relay sends back its state valueS2(k ¡ 1) on

the feedback link, that is,

X 2;1(k) = S2(k ¡ 1); k ¸ 2: (4.9)

{ Destination : At time k = 1; 2, the relay does not have any informa-

tion about the message, therefore it does not transmit anythingon the

feedback link. At time k ¸ 3, the destination sends back its state value

S3(k ¡ 1) on the feedback link, that is,

X 3(k) = S3(k ¡ 1); k ¸ 3: (4.10)

We assume a unit time step of delay in feedback to preserve causality.

Note that although nodei has access to the state valueSi +1 (k) through the signal

received along the feedback link from nodei + 1, we have not yet speci¯ed how

the state valuesSi (k) are calculated.

Every nodei requires the noisy state value of its adjacent nodei ¡ 1 to calculate

its own value. We now explain how the state values and estimatesat the relay

and destination are calculated.
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¡ Relay : At time k ¸ 1, the relay updates its state valueS2(k) and estimate

Ŵ2(k) as

S2(k) = S2(k ¡ 1) ¡
Y1;2(k)
k®1g1;2

; (4.11)

Ŵ2(k) = S2(k): (4.12)

¡ Destination : The relay node starts transmitting at k = 2, thus the desti-

nation begins estimation atk = 2. At time k, the destination updates its

state valueS3(k) and estimateŴ3(k) as

S3(k) = S3(k ¡ 1) ¡
Y2;3(k)

(k ¡ 1)®2g2;3
; (4.13)

Ŵ3(k) = S3(k): (4.14)

The stochastic approximation algorithm identi¯ed here is an extension of the

Robbins-Munro algorithm used for SK scheme as discussed in Chapter2. Thus

our scheme can be viewed as an extension of SK scheme to a cascade. Note that

our scheme is di®erent from a cascade of two SK schemes because, ifwe employ

SK on both the channels, it would require the relay to convergeto the message

point W before any communication can start between the relay and destination.

This would lead to large delays in communication and the destination will require

roughly twice the number of iterations as our scheme to converge to the message

point W.
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4.2.2 Connections with Consensus

Note that the iteration carried out by every node in (4.11) and(4.13) is iden-

tical to that identi¯ed in (2.11) with N i being the setf i ¡ 1g. Thus, our scheme

can also be interpreted as a consensus algorithm. Combining this interpretation

with the one in Section 2.4, we see that the consensus algorithm is a distributed

stochastic approximation algorithm. The di®erence between our scheme and a

traditional consensus algorithm as described in Section 2.4 lies in the form of the

signals that are transmitted by the nodes. In consensus, each nodei just trans-

mits its state value Si (k) on all outgoing links, whereas in our scheme we send

an innovation on the forward link (see (4.7) and (4.8)) and thestate valueSi (k)

on the feedback link (see (4.9) and (4.10)). Although there is an edge from node

3 to node 2, we do not use the value of node 3 in our estimate updateequation

4.11) for the following reason. Node 3 is more hops from the source (which can

seen as theleader node in a consensus algorithm) than node 2 and is therefore

in some sense \degraded" relative to node 2. Hence, ifS3 is also used for the

estimate calculation of node 2, it would lead to slower convergence as compared

to the proposed scheme.

4.2.3 Analysis: MSE and Rate Performance

From (4.7), (4.1), (4.2) and (4.11), we can recursively solve to yield the follow-

ing expression forS2(n) after n iterations:

S2(n) = W ¡
1

n®1g1;2

nX

k=1

Z1;2(k): (4.15)
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Hence, the conditional distribution ofS2(n) given W is

S2(n)jW » N
µ

W;
¾2

1;2

n®2
1g2

1;2

¶
: (4.16)

Knowing the recursive relation for S2(n) (see (4.15)), we can now recursively

calculate the relation forS3(n + 1) using (4.8), (4.1), (4.2) and (4.13):

S3(n + 1) = W ¡
1

n®2g2;3

n+1X

k=2

Z2;3(k) ¡
1

n®1g1;2

nX

k=1

Ã

Z1;2(k)
nX

j = k

1
j

!

: (4.17)

Given W, the distribution of S3(n) is Gaussian with mean and variance given by

E [S3(n + 1) jW] = W; (4.18)

E
£
(S3(n + 1) ¡ W)2 jW

¤
=

¾2
2;3

n®2
2g2

2;3
+

¾2
1;2

n2®2
1g2

1;2

nX

k=1

Ã
nX

j = k

1
j

! 2

(a)
=

¾2
2;3

n®2
2g2

2;3
+

¾2
1;2

n2®2
1g2

1;2

n¡ 1X

k=0

µ
2n ¡ (2k + 1)

n ¡ k

¶

=
¾2

2;3

n®2
2g2

2;3
+

¾2
1;2

n2®2
1g2

1;2

n¡ 1X

k=0

µ
2 ¡

1
n ¡ k

¶

=
¾2

2;3

n®2
2g2

2;3
+

¾2
1;2

n2®2
1g2

1;2

Ã

2n ¡
nX

k=1

1
k

!

: (4.19)

Equality ( a) above is obtained by expanding and simplifying the squares inthe

previous equation. Hence, the conditional distribution ofŴ3(n + 1) = S3(n + 1)

given W is

Ŵ3(n + 1) jW » N

Ã

W;
¾2

2;3

n®2
2g2

2;3
+

¾2
1;2

n2®2
1g2

1;2

Ã

2n ¡
nX

k=1

1
k

!!

: (4.20)

Since the conditional variance does not depend onW, the unconditional mean-

50



squared error¾2(n) = E(jŴ3(n) ¡ Wj2) approaches zero as £(1=n). The proba-

bility of error expression is identical to (3.7) with¾2(n) given by the variance of

Ŵ3(n) given W.

As in the Chapter 3 (see (3.8)), we de¯ne the critical rateRc as:

Rc :=
ln n
2T

nats/sec; (4.21)

Since the feedback link is noiseless, the distribution ofY2;1(n + 1) would be the

same as the distribution ofS2(n). Let Pav;1(n) be the average power transmitted

by the source at time instantn, given by

Pav;1(n) =
1
T

E

"

®2
1 (S2(0) ¡ W)2 +

nX

k=2

®2
1 (Y2;1(k) ¡ W)2

#

(a)
=

1
T

Ã
®2

1

12
+ E

"
n¡ 1X

k=1

®2
1 (S2(k) ¡ W)2

#!

(b)
=

2Rc

ln n

Ã
®2

1

12
+

¾2
1;2

g2
1;2

n¡ 1X

k=1

1
k

!

: (4.22)

Equality ( a) follows from assuming a uniform prior distribution of the message

point W such that we haveE(S2(0) ¡ W)2 = 1=12 for the ¯rst term and using

(4.2), (4.7) for the second term. Equality (b) follows directly from (4.21) and

(4.16). Taking limit in (4.22) as n ! 1 , we obtain

Pav;1 := lim
n!1

Pav;1(n) = 2 Rc
¾2

1;2

g2
1;2

: (4.23)

Now, let Pav;2(n) be the average power transmitted by the relay at time instant
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n. Following similar steps as above, we obtain

Pav;2(n) =
1
T

E

"

®2
2 (S3(1) ¡ S2(1))2 +

nX

k=3

®2
2 (Y3;2(k) ¡ S2(k ¡ 1))2

#

(a)
=

®2
2

T
E

"

S2
3(1) + S2

2(1) ¡ 2S3(1)S2(1) +
nX

k=3

(S3(k ¡ 1) ¡ S2(k ¡ 1))2

#

(b)
=

2Rc®2
2

ln n

0

B
@

1
12

+
¾2

1;2

®2
1g2

1;2
+

nX

k=3

E
£
(S3(k ¡ 1) ¡ S2(k ¡ 1))2¤

| {z }
d(k¡ 1)

1

C
A : (4.24)

Here, (a) follows from (4.2), and (b) follows from (4.21) and the assumption that

W is uniformly distributed. The term d(k) above can be evaluated as:

d(k) = E
£
S2

2(k) + S2
3(k) ¡ 2S3(k)S2(k)

¤

= E
£
W 2

¤
+

¾2
1;2

k®2
1g2

1;2
+ E

£
W 2

¤
+

¾2
2;3

(k ¡ 1)®2
2g2

2;3

+
¾2

1;2

(k ¡ 1)2®2
1g2

1;2

Ã

2(k ¡ 1) ¡
k¡ 1X

j =1

1
j

!

¡ 2E [S3(k)S2(k)] : (4.25)

The second step above follows from (4.16) and (4.20). The cross termE [S3(k)S2(k)]
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can be evaluated using the recursive expressions, given in (4.15)and (4.17):

E [S3(k)S2(k)]

= E
h³

W ¡
1

(k ¡ 1)®2g2;3

kX

j =2

Z2;3(j ) ¡
1

(k ¡ 1)®1g1;2

k¡ 1X

j =1

³
Z1;2(j )

k¡ 1X

i = j

1
i

´´

³
W ¡

1
k®1g1;2

kX

j =1

Z1;2(j )
´i

(a)
= E

£
W 2

¤
+

¾2
1;2

k(k ¡ 1)®2
1g2

1;2

k¡ 1X

j =1

k¡ 1X

i = j

1
i

= E
£
W 2

¤
+

¾2
1;2

k®2
1g2

1;2
: (4.26)

The equality (a) follows from mutual independence ofZ1;2 and Z2;3, because of

which the cross terms are zero. Substituting (4.26) in (4.25),we get the expression

for d(k):

d(k) =
¾2

2;3

(k ¡ 1)®2
2g2

2;3
+

¾2
1;2

®2
1g2

1;2

Ã
2

(k ¡ 1)
¡

1
(k ¡ 1)2

k¡ 1X

j =1

1
j

¡
1
k

!

: (4.27)

Substituting (4.27) in (4.24), and taking the limit as n ! 1 , we obtain

Pav;2 := lim
n!1

Pav;2(n) = 2 Rc

µ
¾2

1;2®2
2

g2
1;2®2

1
+

¾2
2;3

g2
2;3

¶
: (4.28)

From (4.23) and (4.28), we can ¯nd an expression for the critical rate.

Rc =
Pav;1

2
³

¾2
1;2

g2
1;2

´ =
Pav;2

2
³

¾2
1;2®2

2

g2
1;2®2

1
+

¾2
2;3

g2
2;3

´ : (4.29)
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The capacity C of the cascade can be easily proved to beC1;2 for any choice ofr .

C1;2 =
Pav;1

2
³

¾2
1;2

g2
1;2

´ =
Pav;2

2
³

¾2
1;2®2

2

g2
1;2®2

1
+

¾2
2;3

g2
2;3

´

·
Pav;2

2
³

¾2
2;3

g2
2;3

´ = C2;3

) C = C1;2 = Rc: (4.30)

Thus, our scheme achieves capacity and provides a doubly exponential error decay

(see (4.20) and (2.3)).

Note that we have not yet discussed how to choose the di®erent parameters

®1, ®2, · and r . We know that Pav;1 = ·P av and Pav;2 = (1 ¡ · )Pav. Substituting

this in (4.29), we obtain

·P av

2
³

¾2
1;2

g2
1;2

´ =
(1 ¡ · )Pav

2
³

¾2
1;2®2

2

g2
1;2®2

1
+

¾2
2;3

g2
2;3

´

) (1 ¡ · )
¾2

1;2

g2
1;2

= ·
¾2

1;2®2
2

g2
1;2®2

1
+ ·

¾2
2;3

g2
2;3

: (4.31)

Using (4.3), we get the following constraint equation which helps us choose the

various parameters related to our scheme.

(1 ¡ · )¾2
1;2r ´ = ·¾2

1;2r ´

µ
®2

2

®2
1

¶
+ ·¾2

2;3(D ¡ r )´ : (4.32)

Here,®1 and ®2 can be chosen to minimize the probability of error at the destina-

tion (similar to the minimization in Chapter 3). Then we can choose the remaining

two parameters,· and r in accordance with the above relation. We discuss a few

special cases in Subsection 4.2.4 to illustrate how the various parameters can be
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chosen.

We will close this discussion by deriving a condition that must be satis¯ed for

the cascade to have higher achievable rates than a point-to-point channel from

the source to destination. The capacity of the cascade is given by

C = C1;2 =
·P av

2¾2
1;2r ´

(4.33)

Hence, the critical rateRc is increased if and only if

· >
¾2

1;2

¾2
3

³ r
D

´ ´
: (4.34)

Thus, having a relay under a total average power constraint on the nodes leads to

a better transmission rate performance if and only if condition(4.34) is satis¯ed.

For a special case in Subsection 4.2.4, we ¯nd a typical range ofr for which the

above condition is satis¯ed. If we have individual power constraints on the radios,

then the capacity of the cascade is always greater than that ofthe point-to-point

channel if the relay lies between the source and destination.

4.2.4 Some Special Cases

Fix the path loss exponent´ = 2, noise variances¾2
1;2 = ¾2

2;3 = ¾2, and

parameters®1 = ®2, which need not be optimal.

Special Case 4.2.1 Suppose we have the relay at a distance ofr = D=2 from

the source. From (4.32), we get

1 ¡ 2·
·

= 1

) · =
1
3

:
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Thus, the source and relay get one-third and two-thirds of the total average power,

respectively. Since the relay innovates with respect to a random variable, rather

than a constant message point (as the source), it requires more power to transfer

the relevant bits of information to the destination.

Special Case 4.2.2 If we know the values of®1 and ®2, it is also possible to ¯nd

optimum values ofr and · , so that the capacity of the network is maximized. Let

¹r = r=D. Solving for · from (4.32), we obtain

· =
¹r 2

(1 ¡ ¹r )2 + 2¹r 2
:

The critical rate expression is given by

Rc(¹r ) =
Pav ¹r 2

2¾2
1;2r 2 ((1 ¡ ¹r )2 + 2¹r 2)

=
PavD ¡ 2

2¾2 ((1 ¡ ¹r )2 + 2¹r 2)
: (4.35)

Maximizing the critical rate is equivalent to minimizing the denominator.

arg min
¹r

[(1 ¡ ¹r )2 + 2¹r 2] =
1
3

) max
r;·

Rc =
3PavD ¡ 2

4¾2
:

Special Case 4.2.3 Given the value of´ , we can ¯nd a range of values of¹r

for which (4.34) is satis¯ed. Using (4.35), we can say that we gain in terms of
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transmission rates if and only if

(1 ¡ ¹r )2 + 2¹r 2 < 1

) ¹r (3¹r ¡ 2) < 0

) 0 < ¹r <
2
3

:

Thus, only if we place the relay at any distancer < 2D=3, we have a better

transmission rate performance.

We plot the MSE at T = 2 as a function of r=D for perfect feedback (Fig.

4.2) for a source-destination point-to-point channel and a cascade channel under

similar channel conditions. We also plot the capacity (or critical rate Rc) as a

function of r=D for the two schemes (Fig. 4.3). For both these plots we assume

that all noises have the same variance¾2 = 0:1 and PavD ¡ 2=2¾2 = 1. It can be

seen that we get a better rate and MSE performance in the presence of a relay

for 0 · ¹r · 2=3. For the cascade, the critical rate (or capacity) is maximized for

r = D=3, as predicted.

4.3 Communication Schemes with Noisy Feedback

To extend the scheme described in the previous section to the casewhen both

the feedback links are noisy, we apply the same techniques as inChapter 3. Hence,

the signals sent on the forward link and the estimate update equation change,

whereas the feedback signals remain the same as before. We now describe our

scheme in detail. Note that the parameters̄ and ° have the same functionality

and constraints as before. The di®erence between the scheme for noisy feedback

and the noiseless counterpart lies in the signals transmitted onthe forward links
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channels for perfect feedback: Mean Squared Error versusr=D.
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and the estimation procedure. The signals transmitted on the feedback links

remain the same.

² Forward

{ Source: At time k, the source transmitsX 1(k), given by

X 1(k) =

8
><

>:

®1
k° (S2(0) ¡ W) for k = 1

®1
k°

³
Y1 (k)
g2;1

¡ W
´

for k ¸ 2
(4.36)

{ Relay: The relay does not transmit anything at time stepk = 1 because

it has no information about the messageW at that instant. At time

k ¸ 2, the relay transmitsX 2;3(k), given by

X 2;3(k) =

8
><

>:

®2
(k¡ 1)° (S3(1) ¡ S2(1)) for k = 2

®2
(k¡ 1)°

³
Y3;2 (k)

g3;2
¡ Ŵ2(k ¡ 1)

´
for k ¸ 3

(4.37)

² Feedback

{ Relay : At time k, the relay sends back its state valueS2(k ¡ 1) on the

feedback link, that is,

X 2;1(k) = S2(k ¡ 1); k ¸ 2: (4.38)

{ Destination : At time k, the destination sends back its state value

S3(k ¡ 1) on the feedback link, that is,

X 3(k) = S3(k ¡ 1); k ¸ 3: (4.39)
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As earlier, we assume a unit time step of delay in feedback to preserve

causality.

Every nodei requires the noisy state value of its adjacent nodei ¡ 1 to calculate

its own value. We now explain how our state values and estimatesare calculated.

¡ Relay : At time k ¸ 1, the relay updates its state valueS2(k) and estimate

Ŵ2(k) as

2

6
4

S2(k)

Ŵ2(k)

3

7
5 =

2

6
4

1 ¡ ¯
k1¡ °

¯
k1¡ °

1
k 1 ¡ 1

k

3

7
5

2

6
4

S2(k ¡ 1)

Ŵ2(k ¡ 1)

3

7
5 +

2

6
4

¡ 1
k1¡ ° ®1g1;2

0

3

7
5 Y1;2(k):

(4.40)

¡ Destination : At time k ¸ 2, the destination updates its state valueS3(k)

and estimateŴ3(k) as

2

6
4

S3(k)

Ŵ3(k)

3

7
5 =

2

6
4

1 ¡ ¯
(k¡ 1)1¡ °

¯
(k¡ 1)1¡ °

1
k 1 ¡ 1

k

3

7
5

2

6
4

S3(k ¡ 1)

Ŵ3(k ¡ 1)

3

7
5 (4.41)

+

2

6
4

¡ 1
(k¡ 1)1¡ ° ®2g2;3

0

3

7
5 Y2;3(k):

Analytically characterizing the performance of the point-to-point counterpart of

this problem was a di±cult task and we had illustrated the advantages of averaging

and averaging with feedback with the help of a special case and some numerical

examples. We present numerical examples in the next section to illustrate tradeo®s

in performances, that are similar to the numerical examples presented in Chapter

3.
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4.4 Numerical Results for Noisy Feedback

Figs. 4.4 and 4.5 illustrate the predicted performance by plotting the MSE

and the rates (both normalized by the capacity of a point-to-point channel) under

similar channel conditions. We assume all noises have variance¾2 = 0:1; distances

D = 1; r = 0:5; PavD ¡ 2=2¾2 = 1; and paramters ¯ = 0:4; ® = 2, which need not

be optimal. These results suggest that it is bene¯cial to have a relay node, both

in terms of error and rate performance, even when the feedback links are noisy.

4.5 Summary

Inspired by a distributed application of the stochastic approximation algo-

rithm, we present schemes for a cascade network with both perfect and noisy

feedback. Using the distributed approach, we extend the Schalkwijk-Kailath al-

gorithm for the cascade in which the relay is placed at a distance r from the

source on the line between the source and destination. Analytical and numerical

analysis show that having a node between the source and destination leads to

a faster decay of mean-square error in time for certain values of the distance r .

The critical rate or capacity of the channel is enhanced onlyif a certain condi-

tion (4.34) is satis¯ed. The noisy feedback scheme is directly derived from the

schemes proposed in Chapter 3 for the point-to-point channel.We have tradeo®s

in mean-squared error and transmission rates similar to the ones in Chapter 3.

A natural question to ask at this point is what would happen if wehave more

than one relay between the source and destination. The function de¯ned in (4.6)

is general and can be applied to any number of nodes in a network. We leave the

analytical characterization of error and rate performances for future work.
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CHAPTER 5

RELAY CHANNEL

In Chapter 4, we proposed and analyzed a scheme which used a relayto fa-

cilitate communication between a source and destination. In this chapter, we

propose another scheme for a relay channel [4], which uses destination-relay and

destination-transmitter feedback.

As in Chapter 4, the source maps the data to be transmitted to a real number

and the nodes run adistributed stochastic approximationalgorithm. Using insights

from consensus algorithms, the destination combines the signalsfrom the source

and relay to obtain an estimate of the \message point". For comparison with

our results in Chapter 4, we evaluate the performance metricsby assuming that

the relay is placed on the line joining the source and destination. Our scheme is

simple and has been shown to provide a doubly exponential errordecay for the

case of perfect feedback and tradeo®s similar to the previous chapters for the case

of noisy feedback.

The remainder of the chapter is organized as follows. Section5.1 presents the

system model. Section 5.2 describes our scheme and discusses connections with

consensus and stochastic approximation. Section 5.3 uses ideas from Chapter 3

to extend the scheme to deal with noisy feedback scenarios. Section 5.4 presents

numerical results to compare the performances of di®erent schemes.
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5.1 System model

Consider a source node 1 that wants to communicate with a destination node

3. A relay node 2 helps the source in communicating with the destination, as

shown in Fig. 5.1. The relay is placed at a distancer from the source on the line

between the source and destination. We assume that the forward and feedback

communication takes place over orthogonal channels so that they don't interfere

with each other.

X i (Yi ) represents the input (observation) at nodei . Note that we use a double

subscript notation for observations and noises at the relay because it is the only

node that receives signals through both forward and feedbackcommunication.

Hence for the relay,Yj; 2 represents the observation at node 2 for input from node

j . The source broadcasts its signalX 1 to the relay and destination. The relay

runs a stochastic approximation algorithm to estimate the message point. It then

transmits its signal X 2;3 to the destination at the next time step. The destination

broadcasts its signalX 3 to the relay and source over dedicated feedback links as

shown in Fig. 5.1. Each nodei updates and stores a \state" valueSi (k) and an

estimate Ŵi (k) recursively, which we de¯ne in Section 5.2.

We model the system as follows.

² The forward and feedback links (if noisy) are modelled by zero-mean Addi-

tive White Gaussian Noise (AWGN) channels with the noises on the links

being independent and white.

² The signal from nodei to node j is scaled by a distance dependent atten-

uation factor gi;j , same as the one described earlier in (4.3). The signals

received at the di®erent nodes during forward and feedback communication
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Figure 5.1. Model for communication over a relay channel.

are given by the following set of equations:

Forward:

2

6
4

Y1;2(k)

Y3(k)

3

7
5 =

2

6
4

g1;2 0

g1;3 g2;3

3

7
5

2

6
4

X 1(k)

X 2;3(k)

3

7
5 +

2

6
4

Z1;2(k)

Z3(k)

3

7
5 ; (5.1)

Feedback:

2

6
4

Y3;2(k)

Y1(k)

3

7
5 =

2

6
4

g3;2

g3;1

3

7
5 X 3(k) +

2

6
4

Z3;2(k)

Z1(k)

3

7
5 : (5.2)

² The transmitted signals on the forward links must satisfy a total average

power constraint Pav and again, we do not constrain the power on the

feedback links. This power is distributed between the two transmitting

nodes with the source using a fraction· of the total average power, that is,

Pav;1 = ·P av. Note that no constraints are imposed on the bandwidth or

peak power.

² Each nodei updates and stores a \state" valueSi (k) and an estimateŴi (k)
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recursively, which we de¯ne in Section 5.2.

² Each nodei updates and stores a \state" valueSi (k) and an estimateŴi (k)

recursively, which we de¯ne in Section 4.2.

The capacity of a discrete memoryless relay channel with feedback was given

in [4].

C = sup
P (X 1 ;X 2;3 )

minf I (X 1; Y3; Y1;2jX 2;3); I (X 1; X 2;3; Y3)g: (5.3)

For the Gaussian relay channel with feedback and in¯nite bandwidth, the capacity

can be expressed in terms of the channel parameters and the power constraints as

C = max0· ½· 1 C(½), where

C(½) = min
n

(1 ¡ ½2)
µ

g2
1;2

2¾2
1;2

+
g2

1;3

2¾2
3

¶
Pav;1;

g2
1;3

2¾2
3
Pav;1 +

g2
2;3

2¾2
3
Pav;2 + 2½

s
g2

1;3

2¾2
3

g2
2;3

2¾2
3
Pav;1Pav;2

o
(5.4)

The parameter½represents the correlation factor between the source inputX 1 and

relay signalX 2;3. Decreasing½increases the mutual information in the broadcast

cut channel, but decreases the mutual information in the multiple access cut.

Therefore, depending on the di®erent channel parameters and power constraints,

di®erent values of the parameter½maximizes the channel capacity.
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5.2 Communication Schemes with Perfect Feedback

For this chapter, we again consider a functionf : R3 ! R3 as de¯ned in (4.6),

the i -th component of which is given by

f i (S1; S2; S3) =

8
>><

>>:

0 for i = 1

¹ i

X

j : gj;i 6=0

f i;j (Si ; Sj ) for i = 2; 3;
(5.5)

wheref i;j (Si ; Sj ) := ( Si ¡ Sj ) and ¹ i is a constant. A di®erent set of non-zerogi;j 's

result in a di®erent functionf than in Section 4.2. Let variableSi be associated

with node i . The value S1 is assumed to be ¯xed at the messageW. Thus, the

zero of the functionf is attained by all variablesSi 's equal toW. We can set the

initial values S2(0) and S3(0) to be 1=2, which is known to all the nodes.

5.2.1 Description of Our Scheme

We begin by considering a scenario in which the feedback links are noiseless,

that is, ¾1 = ¾3;2 = 0. At each time step, each transmitting nodei transmits

innovations with respect to the state value of node 3, i.e.,f 3;i on the forward link

(note the di®erence here with respect to the scheme in Chapter 4, where nodei

sent innovations with respect to nodei + 1, i.e., f i +1 ;i on the forward link).

² Forward For the relay channel, we assume®1 = ®=g1;3 and ®2 = ®=g3;2,

where® ¸ 0, which need not be optimal.

{ Source: At time k, the source transmitsX 1(k), that is,

X 1(k) =

8
><

>:

®1 (S3(0) ¡ W) for k = 1

®1

³
Y1 (k)
g3;1

¡ W
´

for k ¸ 2
(5.6)
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{ Relay: The relay does not transmit anything at time stepk = 1 because

it does not have any information about the messageW at time instant

k = 1. At time k = 2; 3; : : :, the relay transmits X 2;3(k), that is,

X 2;3(k) = ®2

µ
Y3;2(k)

g3;2
¡ Ŵ2(k ¡ 1)

¶
; k ¸ 2: (5.7)

² Feedback

Destination : At time k, the destination broadcasts its state valueS3(k ¡ 1)

on the feedback link, that is,

X 3(k) = S3(k ¡ 1); k ¸ 2: (5.8)

We assume a unit time step of delay in feedback to preserve causality.

We now explain how the state values and estimates at the relay and destination

are calculated.

¡ Relay : The relay requiresf 2;1 to calculate its own estimate. However, the

source transmitsf 3;1. The relay knowsS3 through the feedback from node

3. Hence, from a noisy version off 3;1 and S3, it can calculate a noisy version

of f 2;1. At time k = 1; 2; : : :, the relay updates its state valueS2(k) and

estimate W2(k) as

S2(k) = S2(k ¡ 1) ¡
Y1(k) + ®g1;2

g1;3
(S2(k ¡ 1) ¡ Y3;2(k))

k®g1;2

g1;3

; (5.9)

Ŵ2(k) = S2(k); (5.10)
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¡ Destination :

At time k = 1; 2; : : :, the destination updates its state valueS3(k) and

estimate W3(k) as

S3(k) = S3(k ¡ 1) ¡
Y3(k)
k®

; (5.11)

Ŵ3(k) = S3(k); (5.12)

5.2.2 Connections with Consensus

It can be seen that if we choose the neighborhood set asN2 = f 1g and N3 =

f 1; 2g, the update equations for our scheme (see (5.9)-(5.11)) wouldbe identical to

the consensus update equation (2.11). Treating node 1 as the leader, our scheme

can be interpreted as a leader follower consensus scheme. The di®erence between

our scheme and a consensus scheme are similar to the ones in Subsection 4.2.2

and we will not repeat them.

5.2.3 Analysis: MSE and Rate Performance

Using (5.6), (5.1), (5.2) and (5.9), we can recursively solve to yield the following

expression forS2(n) after n iterations:

S2(n) = W ¡
g1;3

n®g1;2

nX

k=1

Z1;2(k): (5.13)

Hence, the conditional distribution ofS2(n) given W is

S2(n)jW » N
µ

W;
¾2

1;2g2
1;3

n®2g2
1;2

¶
: (5.14)

We can now recursively calculate the relation forS3(n) using (5.7), (5.1), (5.2)
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and (5.11):

S3(1) = W ¡
1
®

Z3(1);

For n ¸ 2;

S3(n) = S3(n ¡ 1)
µ

n ¡ 2
n

¶
+

1
n

Ã

2W ¡
g1;3

®g1;2(n ¡ 1)

n¡ 1X

k=1

Z1;2(k) ¡
Z3(n)

®

!

... (5.15)

= S3(1)
1:0

n(n ¡ 1)
+

2W
n

Ã

1 +
n¡ 2X

k=1

k
n ¡ 1

!

¡
g1;3

n(n ¡ 1)®g1;2

n¡ 1X

k=1

(n ¡ k)Z1;2(k) ¡
1

n(n ¡ 1)®

nX

k=2

(k ¡ 1)Z3(k)

= W ¡
g1;3

n(n ¡ 1)®g1;2

n¡ 1X

k=1

(n ¡ k)Z1;2(k) ¡
1

n(n ¡ 1)®

nX

k=2

(k ¡ 1)Z3(k):

(5.16)

For n ¸ 2, the variance ofS3(n) is given by

E
£
(S3(n) ¡ W)2 jW

¤
=

1
n2(n ¡ 1)2®2

n¡ 1X

k=1

k2

Ãµ
g1;3

g1;2

¶ 2

¾2
1;2 + ¾2

3

!

=
2n ¡ 1

6n(n ¡ 1)®2

Ãµ
g1;3

g1;2

¶ 2

¾2
1;2 + ¾2

3

!

: (5.17)

Hence, givenW, S3(n) has a Gaussian distribution with mean and variance given

as

E [S3(n)jW] = W: (5.18)

var[S3(n)jW] =

8
><

>:

¾2
3

®2 ; n = 1

2n¡ 1
6n(n¡ 1)®2

µ ³
g1;3

g1;2

´ 2
¾2

1;2 + ¾2
3

¶
; n ¸ 2

(5.19)
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For the perfect feedback case,̂W3(n) = S3(n). Since the conditional variance does

not depend onW, the unconditional mean-squared error¾2(n) = E(jŴ3(n) ¡ Wj2)

approaches zero as £(1=n). The probability of error expression is identical to (3.7)

with ¾2(n) given by the variance ofŴ3(n) given W.

As in the earlier chapters, (see (3.8) and (4.21)), we de¯ne the critical rate Rc

as

Rc :=
ln n
2T

nats/sec; (5.20)

Since the feedback link is noiseless,Y1(n + 1) would be the same asS3(n). Let

Pav;1 be the average power transmitted by the source at time instantn, given by

Pav;1(n) =
1
T

E

"
®2

g2
1;3

(S3(0) ¡ W)2 +
nX

k=2

®2

g2
1;3

(Y1(k) ¡ W)2

#

(a)
=

®2

Tg2
1;3

Ã
1
12

+ E

"
n¡ 1X

k=1

(S3(k) ¡ W)2

#!

(b)
=

2Rc®2

g2
1;3 ln n

0

B
B
B
B
@

1
12

+
¾2

3

®2
+

³
g1;3

g1;2

´ 2
¾2

1;2 + ¾2
3

6®2

n¡ 1X

k=2

2n ¡ 1
n(n ¡ 1)
| {z }
= 2

n + 1
n ( n ¡ 1)

1

C
C
C
C
A

: (5.21)

Equality ( a) follows from assuming a uniform prior distribution of the message

point W. Equality ( b) is obtained using (5.19). Taking limit in (5.21) asn ! 1 ,

we have

Pav;1 := lim
n!1

Pav;1(n) =
2Rc

3g2
1;3

Ãµ
g1;3

g1;2

¶ 2

¾2
1;2 + ¾2

3

!

: (5.22)

Now, let Pav;2(n) be the average power transmitted by the relay at time instant
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n. Following similar steps as above, we obtain

Pav;2(n) =
1
T

E
h ®2

g2
2;3

(S3(1) ¡ S2(1))2 +
nX

k=3

®2

g2
2;3

(Y3;2(k) ¡ S2(k ¡ 1))2
i

=
®2

Tg2
2;3

E
h

(S3(1) ¡ S2(1))2 +
nX

k=3

(S3(k ¡ 1) ¡ S2(k ¡ 1))2
i

(a)
=

®2

Tg2
2;3

E
hµ

g1;3Z1;2(1)
®g1;2

¡
Z3(1)

®

¶ 2

+
n¡ 1X

k=2

³ g1;3

k(k ¡ 1)®g1;2

kX

j =1

(j ¡ 1)Z1;2(j ) ¡
1

k(k ¡ 1)®

kX

j =1

(j ¡ 1)Z3(j )
´ 2i

=
2Rc®2

g2
2;3 ln n

h¾2
1;2g2

1;3

®2g2
1;2

+
¾2

3

®2
+

n¡ 1X

k=2

1
®2

µ
(2k ¡ 1)¾2

1;2g2
1;3

6k(k ¡ 1)g2
1;2

+
(2k ¡ 1)¾2

3

6k(k ¡ 1)

¶ i
:

(5.23)

Taking the limit as n ! 1 , we obtain

Pav;1 := lim
n!1

Pav;1(n) =
2Rc

3g2
2;3

Ãµ
g1;3

g1;2

¶ 2

¾2
1;2 + ¾2

3

!

: (5.24)

From (5.22) and (5.24), we can ¯nd an expression for the critical rate.

Rc =
3Pav;1g2

1;3

2
µ ³

g1;3

g1;2

´ 2
¾2

1;2 + ¾2
3

¶ =
3Pav;2g2

2;3

2
µ ³

g1;3

g1;2

´ 2
¾2

1;2 + ¾2
3

¶ : (5.25)

This equation in turn speci¯es a constraint equation for allocation of power.

P := Pav;1g2
1;3 = Pav;2g2

2;3 (5.26)

)
·

1 ¡ ·
=

µ
D
r

¶ ´

: (5.27)

Now, let us calculate the capacity of the relay channel when condition (5.26)
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is satis¯ed. Using (5.4), we can write

C = max
0· ½· 1

min
½

(1¡ ½2)P
µ

g2
1;2

2¾2
1;2

+
g2

1;3

2¾2
3

¶
; (1+ ½)

P
¾2

3

¾
:

(5.28)

It can be seen that the solution of this optimization problem isobtained by solving

for ½ for which the two mutual information terms are equal. This yields the

capacity expression of the relay channel under the given set of assumptions:

C =
2Pav;1g2

1;3µ ³
g1;3

g1;2

´ 2
¾2

1;2 + ¾2
3

¶ =
2Pav;2g2

2;3µ ³
g1;3

g1;2

´ 2
¾2

1;2 + ¾2
3

¶ : (5.29)

From (5.25) and (5.29), our scheme achieves rates upto 3C=4. Using (4.3) and

(5.25), the critical rate can be written as

Rc =
3·P avD ¡ ´

2
³ ¡

D
r

¢¡ ´
¾2

1;2 + ¾2
3

´ =
3(1 ¡ · )Pav(D ¡ r )¡ ´

2
³ ¡

D
r

¢¡ ´
¾2

1;2 + ¾2
3

´ : (5.30)

Next, we consider a special case in which we calculate the maximumrate that

can be achieved using our scheme as described in this chapter andcompare with

the maximum achievable rate of the previous chapter.

Special Case 5.2.1 Fix ¾2
1;2 = ¾2

3 = ¾2 and ´ = 2 for this case. Let ¹r = r=D.

Solving for · from (5.30) yields

· =
1

1 + (1 ¡ ¹r )2
: (5.31)
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Substituting this in (5.30), we obtain an expression ofRc in terms of ¹r :

Rc(¹r ) =
3PavD ¡ 2

2¾2(1 + (1 ¡ ¹r )2)(¹r 2 + 1)
: (5.32)

Maximizing the capacity is equivalent to minimizing the denominator.

arg min
¹r

[(1 + (1 ¡ ¹r )2)(¹r 2 + 1)] =
1
2

) max
r;·

Rc =
24PavD ¡ 2

25¾2
:

Hence, we see that the best performance in terms of achievable rates is obtained

when the relay is placed at a distance ofr = D=2 from the source. This rate is

strictly better than the rate obtained by a cascade of two channels as described in

Special Case 4.2.2.

For comparison between various schemes under similar channel conditions, we

plot the MSE at T = 2 as a function of r=D for perfect feedback for di®er-

ent schemes: source-destination point-to-point channel, cascade and relay chan-

nel(Fig. 5.2). We also plot the critical rateRc as a function ofr=D for the three

schemes (Fig. 5.3). For both these plots we assume that all noises have the same

variance ¾2 = 0:1 and PavD ¡ 2=2¾2 = 1. It can be seen that our scheme for the

relay channel outperforms both the other schemes in both meansquared error and

critical rate performance.

5.3 Communication Schemes with Noisy Feedback

To extend the scheme described in the previous sections to the case when both

the feedback links are noisy, we apply the same techniques as inChapter 3. Hence,

the signals sent on the forward link and the estimate update equation change,
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whereas the feedback signals remain the same as before. We now describe our

scheme in detail. Note that the parameters̄ and ° have the same functionality

and constraints as before.

² Forward

{ Source: At time k, the source transmitsX 1(k), that is,

X 1(k) =

8
><

>:

®1
k° (S3(0) ¡ W) for k = 1

®1
k°

³
Y1 (k)
g3;1

¡ W
´

for k ¸ 2
(5.33)

{ Relay : The relay does not transmit anything at time stepk = 1. At

time k = 2; 3; : : :, the relay transmits X 2;3(k), that is,

X 2;3(k) =
®2

k°

µ
Y3;2(k)

g3;2
¡ Ŵ2(k ¡ 1)

¶
; k ¸ 2: (5.34)

² Feedback

Destination : At time k, the destination broadcasts its state valueS3(k ¡ 1)

on the feedback link as before, that is,

X 3(k) = S3(k ¡ 1); k ¸ 2: (5.35)

We assume a unit time step of delay in feedback to preserve causality.

We now explain how our state values and estimates at the relay and destination

are calculated.

¡ Relay : Similar to the noiseless feedback case, the relay constructs a noisy

version of f 2;1 from f 3;1 and S3. Hence, at time k = 1; 2; : : :, the relay
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updates its state valueS2(k) and estimateŴ2(k) as

2

6
4

S3(k)

Ŵ3(k)

3

7
5 =

2

6
4

1 ¡ ¯
k1¡ ° ¡ 1

k1¡ °
¯

k1¡ °

1
k 1 ¡ 1

k

3

7
5

2

6
4

S3(k ¡ 1)

Ŵ3(k ¡ 1)

3

7
5 (5.36)

+

2

6
4

¡ g1;3

k1¡ ° ®g1;2

1
k1¡ °

0 0

3

7
5

2

6
4

Y1(k)

Y3;2(k)

3

7
5 :

¡ Destination :

At time k = 1; 2; : : :, the destination updates its state valueS3(k) and

estimate Ŵ3(k) as

2

6
4

S3(k)

Ŵ3(k)

3

7
5 =

2

6
4

1 ¡ ¯
k1¡ °

¯
k1¡ °

1
k 1 ¡ 1

k

3

7
5

2

6
4

S3(k ¡ 1)

Ŵ3(k ¡ 1)

3

7
5 +

2

6
4

¡ 1
k1¡ ° ®

0

3

7
5 Y3(k):

(5.37)

We again present numerical examples in the next section to illustrate tradeo®s in

performances, that are similar to the numerical examples presented in Chapter 3.

5.4 Numerical Results for Noisy Feedback

Figs. 5.4 and 5.5 illustrate the predicted performance by plotting the MSE

and the rates (both normalized by the capacity of a cascade) under similar channel

conditions. We assume all noises have variance¾2 = 0:1; distancesD = 1; r = 0:5;

PavD ¡ 2=2¾2 = 1; and parameters¯ = 0:4, ® = 2, which need not be optimal.

These results suggest that it is bene¯cial to exploit the transmission from the

source at the destination. It leads to a better rate as well as a better MSE

performance.
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5.5 Summary

We present schemes for a relay network with both perfect and noisy feedback

in this chapter. Connections with stochastic approximation and consensus al-

gorithms have been discussed. Analytical and numerical analysisshow that our

scheme for the relay outperforms our scheme for a cascade. The achievable rate

for this scheme is also strictly better than the achievable ratefor a cascade of

point-to-point channels. The scheme for noisy feedback is directly derived from

the scheme proposed in Chapter 3 for the point-to-point channel. We have trade-

o®s in mean-squared error and transmission rates similar to the ones in Chapter

3.

83



CHAPTER 6

CONCLUSIONS AND FUTURE WORK

The goal of this research has been to use tools and techniques from stochastic

approximation to develop new and better-performing schemesfor communication

with feedback. Speci¯cally, this thesis has proposed schemes that are extensions of

the Schalkwijk-Kailath scheme and enable a trade-o® in performance with respect

to e®ective transmission rate and error performance. We have also extended the

Schalkwijk-Kailath scheme to a cascade of point-to-point channels and a relay

channel. In addition to being simple, the schemes can be shown toprovide doubly

exponential error decay in the case of perfect feedback and trade-o®s between

e®ective transmission rate and reliability in the case of noisy feedback.

Chapter 3 develops a new class of coding schemes for additive white noise

channels with feedback corrupted by additive noise, focusingmuch of the results

and discussion on additive white Gaussian noise channels. These schemes are

variants of the SK coding scheme and are based upon averaging and averaging with

feedback techniques from stochastic approximation. Althoughour schemes do not

simultaneously achieve capacity with vanishing probability of error, they permit

appealing trade-o®s with respect to the two metrics. We show howour algorithm

reduces to the SK scheme [28] for a special choice of parameters.We discuss a

few special cases to motivate the use of di®erent parameters in our scheme and

illustrate the performance of our scheme with the help of a few numerical results.
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Chapter 4 develops communication schemes based on distributedstochastic

approximation algorithms for a cascade of two point-to-point channels. Without

feedback, the schemes have been shown to be capacity achieving, while simul-

taneously having a doubly exponential error decay. By interpreting our scheme

as a leader follower consensus algorithm, we show connections to the consensus

problem. We compare the performance of a cascade with that of apoint-to-point

channel under similar channel conditions and an equal total power constraint.

Conditions that determine whether a relay is bene¯cial in terms of mean squared

error and critical rates have been presented. We extend the ideas from Chapter 3

to generalize the scheme for the case of noisy feedback. Like Chapter 3, numerical

results have been presented to illustrate the performance of our schemes in the

presence of noisy feedback.

In Chapter 5, we propose a scheme for a relay channel, that uses destination-

relay and destination-transmitter feedback. Using insights from consensus algo-

rithms, the destination in our scheme combines the signals from the source and

relay to obtain an estimate of the message point. For comparison with our re-

sults in Chapter 4, we evaluate the performance metrics by assuming that the

relay is placed on the line joining the source and destination.Analytical and

numerical analysis show that our scheme for the relay outperforms our scheme

for the cascade. The achievable rate for the relay channel is also strictly better

than the achievable rate for a cascade of point-to-point channels. The scheme for

noisy feedback is directly derived from the scheme proposed in Chapter 3 for the

point-to-point channel.

Several other important issues have been left for future work.Generally, non-

linear stochastic approximation algorithms might achieve better mean squared
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error performance. The advantage of having stochastic approximation-based esti-

mation is that the estimation procedures do not change if we change the driving

function at the encoder, as long as the message point remains a zero of that partic-

ular function. Many of the results in this thesis can be extended to multiple relays.

Moreover, we limited ourselves to a simple path-loss exponent model in Chapters

4 and 5. More general fading models, like Rayleigh, Rician, and so forth can be

considered. Finally, we would like to extend the scheme to moregeneral channel

models (like multiple-access channels, broadcast channels, and so forth) and noise

distributions. The insights of [30, 31] and consensus schemes are expected to be

important in this regard.
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