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NETWORK COMMUNICATIONS WITH FEEDBACK
VIA STOCHASTIC APPROXIMATION

Abstract
by
Utsaw Kumar

It is known that noiseless feedback does not increase the capaof memoryless
point-to-point channels. However, such feedback can considela increase the
reliability or reduce the coding complexity of schemes thatpproach capacity.
This thesis rst develops a new class of coding schemes for additiwhite noise
channels with feedback corrupted by additive noise, focusimguch of the results
and discussions on additive white Gaussian noise channels. These s are
variants of the well-known Schalkwijk-Kailath coding schem and are based upon
techniques from stochastic approximation. The resulting scheza enable a tradeo®
between transmission rate and mean-square error performancethe presence of
noisy feedback. By contrast, straightforward application oftie classic Schalkwijk-
Kailath schemes o®er enhanced rate or reliability in the prasee of noisy feedback,
but do not provide a trade-o® between the two.

This thesis also develops cooperative communication strategibased upon dis-
tributed stochastic approximation algorithms for the Gaussianelay channel with
several con gurations of perfect and noisy feedback. In addin to being simple,
the strategies can be shown to provide doubly exponential errdecay in the case
of noiseless feedback and appealing tradeo®s between e@ettansmission rate

and reliability in the case of noisy feedback.
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CHAPTER 1

INTRODUCTION

In certain communication scenarios, we might have the possilyliof using a
feedback channel (possibly noisy) improve communication over a noisy forward
link. Communication over channels with feedback has long be studied in the
information theory community. Shannon [29] proved that thechannel capacity of
a memoryless noisy channel is, somewhat surprisingly, not incredd®/ noiseless
feedback. However, feedback is still useful in a number of ways.pesi cally,
feedback can help enormously in simplyfying the encoding ane&abding over a
communication channel.

This thesis combines tools and concepts frofeedback communicationpartic-
ularly the classic and extended Schalkwijk-Kailath (SK) codlig scheme [28] and
more recentconsensus algorithmsand views them both as special cases of more
generalstochastic approximation algorithms In particular, using averaging with
and without feedbackechniques from stochastic approximation, we present coding
schemes that are variants of the SK scheme for point-to-poinhannels with noisy
feedback. By using a distributed approach to stochastic approxition, we extend
the SK scheme to a cascade of two point-to-point channels and elay channel.
We also develop coding schemes for noisy feedback scenarios stade and re-
lay channels by combining the distributed and averaging coepts from stochastic

approximation. A topical summary of our work is given in Fig. 11.
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Figure 1.1. Summary of our work.
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Figure 1.2. Block Diagram of a Point-to-point channel with Eedback.

1.1 Point-to-point Channels with Feedback

Consider a point-to-point channel with perfect feedback as stvn in Fig. 1.2.
The source needs to communicate a messageto the destination over a memo-
ryless noisy channel. The decoder calculates an estimafé of the message. The
observation at the decoder is known at the encoder with a uniirhe step of delay
to preserve causality. As mentioned earlier, Shannon [29] pexV that the capac-
ity ! of such a channel is not increased by causal feedback. Howevezgdback can
really help in developing low-complexity schemes for such aasinel.

To illustrate some of the advantages of feedback, consider anaexple of a
binary erasure channel as shown in Fig. 1.3. The capacity of teeasure channel
with or without feedback isC = 1 ®bits per channel use. The capacity expression
is intuitive in the sense that, since the proportion® of the bits are lost, one can
recover at most the proportion § ® of the bits. However, a speci ¢ coding scheme
that achieves this rate is not obvious. If the transmitter obtins perfect feedback
of the channel output from the receiver, then it is easy to see Wwowe can achieve
capacity. If a bit is erased, retransmit it until it is successfulf received. Since

the probability of successful transmission is {L ®, we achieve a rate of 1 ® bits

LCapacity is the highest rate in bits per channel use at which information can be ent with
arbitrarily low probability of error.



Figure 1.3. Binary Erasure Channel.

per channel use. Thus, we see that feedback helps in developirigve-complexity
encoding and decoding scheme.

Similar advantages arise for an additive white Gaussian noise\{AGN) chan-
nel with perfect feedback. Schalkwijk and Kailath [28] showkthat the delay and
complexity of capacity-approaching schemes for the AWGN chael can be dra-
matically reduced with noiseless feedback. They proposed adar iterative cod-
ing scheme based on the Robbins-Munro stochastic approximatioachnique [24].
The encoder has causal access to the output of the forward chahnThey showed
that for their scheme, the error probability decays doubly gxonentially with time
compared to just exponentially for one-way schemes. A good exale of such a
scenario is communication with a space satellite, where the pemfrom the earth
station to satellite is much larger than the satellite to grounddirection, a fortiori
the former channel can be considered to be noiseless. In genetfa, reliability
function of the channel, which is a measure of the rate at whide probability
of error decays, increases with feedback [34].

SK like schemes have been extended to consider an imperfectlbeek link.

Unfortunately, SK and related schemes depend critically on thabsence of noise



in the feedback link and are not robust to non-ideal feedback,g., AWGN in the
feedback path [6, 28]. As discussed in Chapter 2, a general schehs tworks well

for the case of noisy feedback is still unknown. In this thesis, weseklop a new
class of coding schemes for additive white noise channels wigedback corrupted
by noise. These schemes are variants of the SK coding scheme arel lzased
upon simple techniques ofaveraging with and without feedback from stochastic
approximation. Our schemes enable better trade-o®s between the transmission

rate and the error performance than straightforward applicdon of the SK scheme.

1.2 Relay Channel with Feedback

Extending coding schemes that utilize feedback is particullg challenging for
a network of more than two nodes. Although the eld of network iformation
theory has provided insights, a full understanding of how to expit the availability
of feedback links is missing. Studies of relaying and coopeavat communications,
e.g., [4, 13, 16], have pointed to additional capacity and krsity bene ts of such
architectural elements; however, aside from a few exceptiofike [12]), feedback
has only been partially addressed.

Consider the relay channel with feedback as shown in Fig. 1.4n [4], Cover
and El Gamal give the capacity expression for the relay channelith feedback.
They propose coding schemes based on the Block-Markov supergosiencoding,
which achieve capacity. The relay here functions in full-dalex mode and feedback
is over orthogonal channels. However, Block-Markov coding sshes are highly
complex, and do not scale well with the number of nodes. In thisiésis, we present
and analyze feedback coding schemes for two di®erent con afisns of a three

node network - a cascade of two Gaussian point-to-point chanseind a Gaussian
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Figure 1.4. Block Diagram of a Relay Channel with Feedback.

relay channel. A Gaussian relay channel with destination-sowegcfeedback was
considered in [2]. By contrast, in this work we consider destinan-source and
destination-relay feedback. In addition, we also look into nsy feedback scenar-
ios. Our schemes are based on allowing the nodes to rumliatributed stochastic

approximation algorithm

1.3 Tools and Techniques

This thesis is largely inspired by an interpretation of the SK deme as a
stochastic approximation algorithm, speci cally theRobbins-Munroalgorithm [24].
This algorithm can be used to estimate the zero of a continuousrfction f (¢,
where the function is not known, but an \oracle" provides theexperimenter with
\noisy measurements"Y (k) = f (S(kj 1))+ Z(k) at any desired value ofS(k; 1),
as illustrated in Fig. 1.5. The basic recursive equation for thestimate of the zero
evolves as

S(k) = S(ki 1)+ 2(k)Y (k);



Y(k) = f(S(k 1)+ Z(k)

current guess
------------------------------------- Sk 1)

Figure 1.5. Robbins-Munro stochastic approximation algoritin.

whereY (k) is the noisy measurement of the function ab(kj 1) and the step size
2(k) is small and usually approaches zero &s! 1

Another class of closely-related algorithms areonsensus algorithmswhich
are very popular in the distributed systems community. Considemultiple nodes
interconnected according to a given topology that need to taulate a function of
initial values held by each node. Consensus algorithms de nleet linear iterations
to be carried out by individual nodes that solve this problemn a distributed and
scalable fashion (e.g., see [9, 25, 32] and the references thgrd hese iterations
are topology-independent, and their rate of convergencercae analytically char-
acterized. They exhibit robustness in that they can functionn the presence of
noise, data loss, quantization, and uncertain and time-varymtopology. However,
the utility of such schemes for data transmission from one node tmather is not
well-understood. For the work proposed in this thesis, a specidhss of consensus
algorithms called theleader-followeralgorithms will be more useful, in which the
objective is for all nodes to converge to the value of tHeadernode.

In this thesis, we use more general techniques from the stochasjgproxima-

tion literature [14] to develop a class of SK-like schemes foi&brent con gurations



of perfect and noisy feedback. Certain insights from consensus aery important

in this regard.

1.4 Outline and Contributions

The remainder of the thesis is organized as follows. Chapter Bepents a litera-
ture survey of stochastic approximation algorithms, the SK schespand consensus
algorithms. It also provides the motivation behind exploringmore general feed-
back schemes. In Chapter 3, we take a fresh look at the problem ohutmunicating
across point-to-point links with noisy feedback. We focus omaAWGN link with
feedback corrupted by AWGN. In Chapter 4, we use distributed approach to
stochastic approximation to develop feedback schemes for a @a$e of two point-
to-point channels. Using ideas from Chapter 3, we generalizeetlscheme for the
case of noisy feedback. In Chapter 5, we propose schemes for grefi@nnel, that
uses destination-relay and destination-transmitter feedback

The main contributions of this thesis can be summarized as folls:

2 We develop a new class of coding schemes for additive white notban-
nels with feedback corrupted by noise. These schemes are vatsaof the
SK coding scheme and are based upon averaging with and withotetl-
back techniques from stochastic approximation. Our schemesadate better
trade-o®s between the transmission rate and the error perfornee than

straighforward application of the SK scheme.

2 We present communication strategies based on linear stochastpaoxima-
tion algorithms for a cascade of two point-to-point channelsThe strategies
are shown to provide a doubly exponential error decay in the sa of noise-

less feedback and trade-o®s between transmission rate and eimncthe case



of noisy feedback.

We propose a scheme for a relay channel with destination-relayddestination-
transmitter feedback. We evaluate the performance metricsybassuming
that the relay is placed on the line joining the source and destation for
comparison with the results for a cascade. Our scheme is simple asd
shown to provide a doubly exponential error decay for the casé perfect

feedback and tradeo®s similar to the previous cases for noisgdieack.

Conditions are also presented for determining whether a relag bene cial
in terms of achievable rates as compared to a point-to-poimhannel under

similar channel conditions and power constraints.

We compare the performances of the schemes proposed for the @adsand
relay channel. Analytical and numerical analysis show that ouscheme for
the relay channel outperforms our scheme for the cascade chahim terms

of both error and achievable rates.

By interpreting our schemes as leader-follower consensus aldons, we
show connections to the consensus problem. Speci cally, we shioow the
iterations for consensus updates are similar to the estimate ugieg equations
for our schemes. We also highlight the di®erences between oureschs and

the consensus schemes.

By showing similarities between a consensus algorithm and a distted
stochastic approximation algorithm, we formally show that cosensus algo-
rithms are special cases of stochastic approximation algorittsnfor certain

choices of some vector-valued functiorfs



CHAPTER 2

BACKGROUND

This chapter provides a survey of existing literature and teafiques used in
later chapters. We present a modulation scheme for converting @ntinuous-
time channel to its discrete-time equivalent for the purposef@pplying stochastic
approximation techniques to communication channels. We degre a scheme pro-
posed in [28], which uses stochastic approximation algorithms tommunicate over
a noisy channel with perfect feedback. We then give a brief aveew of stochastic
approximation algorithms. We also describe a class of algoritlercalled consen-
sus algorithms, in which a number of nodes in a network try to cemrge to a
common value, while simultaneously showing connections betweconsensus and

stochastic approximation algorithms.

2.1 Equivalent Discrete-Time Model

As in [28], to apply stochastic approximation algorithms to communication
channels, we need to obtain a discrete-time equivalent of thelditive white Gaus-
sian noise (AWGN) channel shown in Fig. 2.1. We assume that informanh is
transmitted by modulating the amplitude of a known waveform s(t), which is of

unit energy and is orthogonal for integer shifts of ¢> 0, i.e.,

Z
S(ti KE)s(tj j¢)dt=

10



Z(1)

X (k) Transmit Filter X (t) i Y(t) Matched Filter Y(k)
> s ’G> > h ’

Figure 2.1. Model for an additive noise channel.

Assume that the sequence of numberfsX (k)g needs to be transmitted over the

channel. The transmitted signal will then be

X
X () = X(k)s(tij ke¢); k=0;1;:::
k

P
The transmitted energy is therefore equal to , X ?(k). A matched Tter, h(t) =

s(j t), is used at the receiver to obtain a sequendey (k) = X (k) + Z(k)g, where

y
Z(K)=  Z(W)s(ti ko) dt:

If Z(t) is zero-mean, Gaussian and white with power spectral densi¥f, f Z (k)g

will also be zero-mean, Gaussian and white with
E[Z(K)Z(j)] = Ya4:

The output of a matched Tter for Gaussian noise channels is a suiant statistic
and therefore preserves all the information that is relevanto decision making.
Hence, for the Gaussian channel, it can be seen that the discretex channel

thus obtained, where a sequenck (k) is transmitted and the sequenceY (k) =

11



Oracle

Encoder . Decoder

X (9 = £ (S(K) Yo @

S

Figure 2.2. Communication over a additive noise channel witperfect
feedback.

X (k) + Z(k) is received, is equivalent to the original continuous-timehannel.

2.2 Schalkwijk Kailath Scheme and Extensions

The SK scheme with perfect feedback is a Robbins-Monro stochas#pprox-
imation algorithm [28]. This scheme can be employed for commigation over a
point-to-point channel with perfect feedback, as shown in i 2.2. The forward
channel from the source to destination is corrupted by AWGN, wheas the feed-
back link is modeled as noiseless. The signals transmitted on tloeviard link have
an average power constrainP,,. The scheme for no bandwidth constraint pro-
ceeds as follows. The encoder maps the message to orié dafisjoint, equal-length
subintervals of the interval [Q 1] on the real line. The message to be transmitted

corresponds to the midpointW of a particular message interval.

12



The transmitted signal X (k) over the forward link at time stepk is given by
X(k)=®(S(kij 1);j W); k=0;12:::; (2.1)

where S(k j 1) is the decoder's estimate at timek j 1, S(0) = 0:5 and® is a
constant known to both encoder and decoder. The noise corrupteignal Y (k) =
X (k) + Z(k) is received at the decoder, wherg (k) is the AWGN with variance

%% introduced by the channel. The decoder, updates its estimates

SK) = Ski i 5K

= S(ki i X 09+ Z(); 22)

coder then transmits the estimateS(k) on the feedback link to the encoder. The
mean-squared errorE(jS(n) | Wj?) approaches zero as £(n). Given a rate
requirement for nite n, the parameter ® can be chosen so as to minimize the
probability of error [28]. This feedback coding scheme based stochastic ap-
proximation has been shown to achieve ratd® = (1 j 2)C, whereC = P,,=2%% is
the wideband capacity of the channel and & 2 < 1 [28]. The number of iterations
n is related to the coding interval T asn = exp(2CT) (for further details, the
reader is referred to Chapter 3). As long as the mean-squared@rdecreases as

£(1 =n), it has been shown in [28] that the probability of error is gien by:

3
exp | 3Cexp(22(RCi R)T)

Pe Y -3 (2.3)

6viCexp(2(Ci R)T) Y2
R

which has a doubly exponential decay in the coding interval . Schalkwijk also

13



extended this scheme for a channel with a bandwidth constraifi27].

Motivated by the advantages of feedback, a large body of wohas looked at
extending the Schalkwijk-Kailath (SK) scheme to more genefraases. Ozarow
extended the SK scheme to the two-user multiple access chann2l][and the
broadcast channel [20]. Kramer extended these to interferenmetworks [12].
Merhav and Weissman [18] have extended the \dirty-paper" codg scheme to the
case of feedback. More general channels than an AWGN channal/é also been
considered. Shayevitz and Feder [30, 31] recently provided aterpretation of
the SK scheme that allows construction of related schemes folbérary channels.
In particular, it uni es the classic scheme of Horstein [7] for bery symmetric
channels and the SK scheme for AWGN channels.

For the feedback link corrupted by AWGN, [28] discuss two possibégproaches
when the feedback link is noisy. In the rst strategy, the decoderansmits its
estimateW on the feedback link. Although the probability of error at thedecoder
decreases to zero, the rate relative to the capacity of the aimael approaches zero
simultaneously. In the second strategy, the decoder transmits ehoutput Y (k)
of the forward channel on the feedback link. In this case, whkilthe relative rate
approaches unity, the mean square error does not reduce toaein fact, as [10]
shows, as long as the encoding scheme is linear, feeding backdbgput of the
channel cannot result in positive achievable rates with a vasiing probability of
error. The recent work in [17] extends the SK scheme to handleedback noise
of nite support, (e.g., quantization noise) by utilizing someideas from the Wit-
senhausen counterexample in distributed control [33]. In pacular, their modi -
cation of the Schalkwijk-Kailath scheme provides a positiveate and a vanishing

probability of error, in spite of the noise in the feedback link

14



2.3 Stochastic Approximation

Having reviewed an important connection between feedback mmunication
and stochastic approximation, this section reviews stochastigpproximation in
more detail. Stochastic approximation algorithms have a lanhistory [1, 14]. We
will concentrate our discussion on a particular algorithm, theelebrated Robbins-
Munro stochastic approximation algorithm [24]. This algoribm can be used to
obtain the zero (sayW) of an unknown functionf. Let S(k) be the estimate of
the zero of the function for thek-th iteration. As shown in Fig. 1.5, an oracle
(or a black box) provides the value of the functiorf (S(k)) evaluated at the point
S(k), possibly corrupted by a noise componer# (k). The algorithm consists of

an iteration of the form

S(k)= S(ki )i 2(k)(f(S(ki 1))+ Z(k)); (2.4)

S(0)=0:5

where?(Kk) is the step size applied at timek satisfying the following set of condi-
tions:
X
2(k) > 0, 2(k)! 0 2(k)=1": (2.5)
k

It can be proven that S(k) converges almost surely to a zero of the function
f ask ' 1 , provided the function f and noiseZ (k) satis es the following

conditions [14, 28]
1. f(x) ? 0 according tox ? W.
2. inffif (X)j:2< jxj Wj< 1=2g> 0 forall0<2< 1.
3. jf(X)]- Kqxi Wj+ K, whereK; and K, are positive constants.

15



4. supsoE[Z%(K)] < 1.

The SK scheme described in Section 2.2 maps directly to the Raobd&-Munro
stochastic approximation algorithm withf (x) = ®&x i W) and 2(k) = 1 =(k®).

2.3.1 Averaging with and without Feedback

The step sizes are generally chosen so that an appropriate measfrine rate of
convergence is maximized. Under appropriate conditions (s€e5) and conditions
onf described earlier) §(k) i W):IO 2(k) converges in distribution to a normally
distributed random variable with zero mean and a positive vaaince 32, which
is considered to be a measure of the rate of convergence [14, @@éall]. The
variance3? in turn depends on the functionf and step size2(k). In this sense,
the best form of2(k) satisfying (2.5) is O(1=k) since S(k) i W) » N (0;322(k)).
Accordingly, let the step size?(k) = A=k, whereA is a constant. However, to get
the best asymptotic rate of convergence, one needs to nd thermmsponding best
A. Let the normalized covariance corresponding to the best poskitA be#2, such
that pE(S(k) i W) »N (0;%2),

Suppose?(k) ! 0 slower than O(1=k), i.e., k3(k) ' 1 , then the rate of

convergence of the averaged sequenfigk) given by

X< .
W= s@)=k; (2.6)
j=1
is nearly optimal in the following sense. The sequengel?(\/\\/(k) i W) converges
in distribution to a normally distributed random variable with zero mean and
variance?2, which is optimal because it corresponds to the normalized asptotic

variance of the stochastic approximation carried out witt?(k) = A=k with the
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best possibleA [14]. Kushner refers to the procedure (2.6) as \averaging" 41

Thus, to get the best possible convergence rate, we do not need tmWw the value
of the constantA, which maybe very dixcult to obtain. In addition, the stochastic

approximation algorithm tends to be more robust with a largesstep size and has
faster initial convergence. The estimation (2.4) and (2.6) cabe written as:

2 3 2 32 3 2 3

S(k 0 S(K j i 2(k
g ()gzgl Z§ (nl)g+2|()gY(k):
W (k) o1y Wiki 1) 0

The averaging described above is \o®-line" in the sense thét (k) is not used
to update S(k) in (2.4). It can be shown that usingW (kj 1) in place ofS(kj 1) in
(2.4) will eliminate the advantages of averaging. Now, let ugde ne the iteration

(2.4) as

S(k) = S(ki 1)i 2(k)(f(S(ki 1))+ Z(k))

3

+72(k) W(ki 1)i S(ki 1) ; (2.7)

W (k) = X S0). (2.8)
j=1
where 2 [0;1]. Kushner refers to the second term in (2.7) as \averaging Wit
feedback” term. If ~ is chosen appropriately, averaging with feedback would im-
prove the performance of the stochastic approximation algdim in terms of the
mean squared error [14]. The estimation (2.7) and (2.8) can beitien as:

2 3 2 32 3 2 3

S(k 1; 2(k) 2(k S(ki 1 i 2(k
g ()gzgn (k) ()gg (ki )g+§|()gY(k):
W (k) L 1i & Wk 0
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Note that this is now a second-order system instead of the rst-ordesystem
we saw earlier for the Robbins-Munro algorithm. Chapter 3 usesé ideas of
averaging with and without feedback to extend the SK-schemeif the case of

noisy feedback.

2.3.2 Distributed Stochastic Approximation

For a vector functionf : R™ I R™, the stochastic approximation algorithm
can bedistributed, so that we do not require inputs from all the components df

to calculate the zero of any component df [1]. Let Si(k) represent the estimate

Si(k)= Si(ki 1)i 2(k)(fi(S(ki 1))+ Zi(k)); i=1;2::;m

Si(0) =0:5; (2.9)

with a proper choice of the step size3(k) again leading to the vectorS(k) =
[S1(k) Sy(k):::Sy(K)]” converging to a zero of the functiorf = [f, fo:::f\].
We use this distributed approach to stochastic approximation t@xtend the SK-
scheme to a cascade of point-to-point channels and a relay chahin Chapters 4

and 5, respectively.

2.4 Consensus

Consensus algorithms are distributed algorithms in which manyodes ex-

change messages with only their neighbors to reach agreementaovalue. The
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‘nal consensus value is usually a function of the initial data Hd by each node.
Early interest in such algorithms was sparked in the distributedcomputation
community, e.g., in load sharing or shared memory access prabke Algorithms
ranging from simple (e.g., polling) to complicated [15] werproposed. Such al-
gorithms have also been looked at by the dynamic systems commiyri3, 9, 32].
Most such algorithms are iterative, in which every node at time k updates its
(possibly vector) valueS;(k) as Si(k) = g(Si(ki 1);Sj(ki 1)), whereS;j(ki 1) is
the information received from other nodes that are its neidgfors according to some
speci ed communication graph, andy is a function speci ed by the designer. Such
iterative algorithms can be analyzed using well-developeddals from systems the-
ory. Communication graph topologies that ensure that the alyyrithms converge,
update rulesg that ensure convergence to speci ¢ functions of the initial da,
rate of convergence, and the e®ect of additive noise have noeeb fairly well
characterized [11, 19].

A typical consensus algorithm as proposed, e.g., in [25], inves N nodes
converging to the averageP  Si(0)=N of the initial values S;(0). Furthermore,

the solution can be approached in a distributed fashion througthe iteration

X
Si(k)= Si(ki 1)j = (Sitki )i Si(ki 1)), (2.10)

ji2N;
where+ is a small positive constant to ensure convergence ahg is the neighbor
set of nodei. If the communication graph is balanced (i.e., every node baequal
in-degree and out-degree), it can be proven that the consens@ution is reached
inthe limitas k!'1 [25].
For the work proposed in this thesis, a variation of this algorim known as

the leader-follower algorithm will be more relevant. In thé version, the object is
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for all the nodes to converge to the value of keadernode (denoted without loss
of generality by node 1) whose value is held constant &V. It turns out that the
iteration (2.10) can also be used to solve this problem with thenty di®erence
that for the leader nodel, s/(k) = s/(0). It can be proved using the tools of [23]
that the desired solution will be reached if the communicatiograph is such that
there is a path from the leader node to every other node.

In much of the initial work on consensus, the communication lirkk between
nodes were assumed to provide in nite capacity and permit enréree transmission.
Recently, works have dealth with convergence if the chanisehre digital noiseless
channels or AWGN channels. If there is a noise component that ilstroduced at
every iteration of the node values of the form (2.10), the elwdion of the node
values can be described by a random walk. Thus, the variance dfet values
increases without bound as time progresses. To address this issuayeaghting

factor 2(k) has been introduced in [8, 22], so that the node values evolas

Si(k) = Si(ki 1)i 2(k) : (Sitki 1i S(ki 1)+ Zji (k) ; (2.11)
2N

where Z;; (k) is the noise introduced by the communication channel from #j -
th node to the i-th node. If the weighting factor 2(k) evolves as £(¥k), the

convergence of the node values can be achieved in spite of tlsasz;; (k)'s.
Now, consider a distributed stochastic approximation algorithnibeing used to
calculate the zeros of the vector functiorf : RN | RN, the i-th component of

which is given by
fi(S1;S2;¢¢¢Sy) = 4§ (Sii S); (2.12)
J2N;

fori =2:;3;:::;N andf; =0. The value S; is assumed to be xed at a constant
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value, sayW. Thus, the zero of the functionf is attained by all variables S;'s
being equal toW. This function satis es the technical constraints required byhe
Robbins-Munro stochastic approximation algorithm.

The zero of thei-th component of the functionf; can be calculated using noisy

observationsfi(S(k)) = f;(S(k)) + Z;(k) by running an iteration of the form:

Si(k)

Siki )i 2(k)fi(S(k))

Si(ki 1)i 2(k)(g\i(s(k))+ Zi(k))

X
Si(ki 1)i 2(k) (Sitki )i ki 1))+ zi(k) ; (2.13)
Ji 2N
where?(k) is the step size ands;(0) can be arbitrarily assumed to be #2. Let the
variable S; be associated with the-th node for a network of N nodes. We note
P
that (2.11) and (2.13) are formally identical forZi(k) :=  ,,,y, Zji (k). Thus,

we observe that theconsensus algorithm is a distributed stochastic approxinmat

algorithm for a particular choice of the functionf.
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CHAPTER 3

POINT-TO-POINT CHANNELS WITH NOISY FEEDBACK

As discussed brie°y in Chapter 2, SK and related schemes generalfypear to
depend critically on the absence of noise in the feedback linkchare not robust
to non-ideal feedback, e.g., AWGN in the feedback path [6, R8Little is known
about feedback schemes when the feedback noise has in nite soppe.g. AWGN.

In the following sections, we take a fresh look at the problem obmmuni-
cating across links with noisy feedback. In these initial resudt we mainly focus
on an AWGN link with feedback corrupted by AWGN. Inspired by thestochastic
approximation based interpretation of the SK scheme, we predemgeneralization
of the scheme for a point-to-point additive noise channel withoisy feedback. We
employ \averaging" and \averaging with feedback" techniges from the stochastic
approximation literature [14] to develop a class of SK-like kemes that enable a
trade-o® between the transmission rate and the error performea even as the
number of iterations grows large. Although our schemes do notailtaneously
achieve capacity with vanishing probability of error, they grmit tuning the per-
formance with respect to the two metrics. We illustrate the pedrmance of our
algorithm with the help of a few numerical results.

We show how our algorithm reduces to the SK scheme [28] for a spéchoice
of parameters. We discuss in detail the two possible approaches gested by

Schalkwijk and Kailath for dealing with the feedback noise.nl the rst strategy,
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the decoder transmits its estimate on the feedback link. Althayh the probability
of error at the decoder decreases to zero, the rate relative tbe capacity of
the channel approaches zero simultaneously. In the second sé&gy, the decoder
transmits the output of the forward channel on the feedbacknik. In this case,
although the relative rate approaches unity, the mean-squed error does not decay
to zero.

The remainder of this chapter is organized as follows. We diszithe channel
model in Section 3.1. We present our scheme, a few special cased tlagir analysis
in Section 3.2. In Section 3.3 we present our numerical resultd/e brie°y discuss
the performance of our scheme in the presence of non-Gaussiars@ahannels in

Section 3.4. We present a brief summary of the chapter in Seati@.5.

3.1 Channel Model

Consider the case of point-to-point communication across a donous-time
AWGN channel with feedback corrupted by AWGN. The transmittedsignal must
satisfy an average power constrainP,,, but no constraints are imposed on its
bandwidth, peak power or power on the feedback link. The noise the forward
link and the noise in the feedback link are mutually independié, white and with
two-sided power spectral densitied4 and 3%, respectively. Since the capacity
of a memoryless noisy channel is not increased by noiseless feekiba cannot
be increased by noisy feedback; thus, the capacity of such a chahwould be
C = P,,=2%3 nats/second.

As we discussed in Chapter 2, we work with a discrete-time equivatemodel
in which messages are pulse-amplitude modulated with symbol ped ¢; T, an

integer multiple of ¢, is the coding interval of a message. The idcrete-time
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Za(k)

w Xa(k) i Ya(k) Wiy(k)
Encoder - Decoder
Si(k) N - Sy(K)

A
D=
Ya(k) T X2(k)

Zy(k)

Figure 3.1. Block diagram for the AWGN channel with feedback
corrupted by AWGN.

equivalent of the channel is illustrated in Fig. 3.1. We adopthe following
notation throughout the chapter: node 1 is the transmitter ad node 2 is the
intended receiver;Y; represents the observations at node = 1;2, respectively.
Node i stores and recursively updates a \state" valueS;, which we de ne in
Section 3.2. W,(k) represents the estimate at the receiver. The noise in the
forward link f Z,(k)gt_, and the noise in the feedback linkZ,(k)gt_, are mutually
independent, white and with distributions N (0;%3) and N (0;%%), respectively.
The transmitter maps the message to one &ff disjoint, equal-length subintervals
of the interval [0; 1] on the real line. The message to be transmitted corresponds to
the midpoint W of a particular message interval. In our development, the siglsa

transmitted over the two links are given by functions such that

X1(k) = f(S1(Kk); Y1(K));

X2(k) = h(Sz(ki 1) Ya(kj 1)) (3.1)
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We now summarize the class of encoding and decoding schemes vep@se and

show how they reduce to SK for a special choice of parameters.

3.2 Feedback Communication Schemes

Our algorithm is an extension of the SK algorithm that is based o modern
stochastic approximation techniques [14]. In general, at timstepk the encoder
sends

Xa(k) = f(S1(k)) = kg(sl(k)i W), (3.2)

where® > 0 and° 2 [0;1]. The parameter® plays an identical role as in the
SK scheme, and as we will see, the parametemprevents the feedback noise from
dominating the transmit power.

The signalY,(k) = X1(k)+ Z,(k) is received at the decoder. The decoder uses
the following algorithm to generate the estimataf/,(k) of the messag@V at time

k :

e e {
Sy(K) = ﬁz(ki ;I-T)l %"‘ K Waki 1)i Sx(ki 1) ; (3.3)
Wak)= 10 Woki D)+ 7Si(k); 34)

where 2 [0;1]. The valuesX,(k) = h(§ = Sy(kj 1) are then sent back to the
encoder, which use$;(k) = Sy(k i 1)+ Z;(k) for the next iteration. We can
arbitrarily assume the initial values S;(1), S,(0), and W,(0) to be 1=2, which is

known to both the encoder and the decoder. The estimation carebwritten in a
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compact form as:

2 3 2 32 3 2 3

§ 00 goght e wgg S gLl Ly

W (k) o1 b Wi 0

The parameter weights the \averaging with feedback" termQ(k) relative to
the \observation" term P(k), and 2 [0; 1] ensures that averaging with feedback
does not dominate [14, Sec. 3.3]. Note that throughout the cpter, we focus our
technical analysis on the case for which = 0, i.e., Sy(k) = P (k). We illustrate
the advantage of non-zero in Section 3.3 with the help of numerical results. We

now show how this algorithm reduces to the SK algorithm.

3.2.1 Special Cases: Schalkwijk-Kailath Schemes

For° =0and =0, (3.2)-(3.3) reduces to the SK scheme, which for perfect
feedback is a Robbins-Monro stochastic approximation algohitn [24]. If the feed-
back is noisy, [28] discusses two possible approaches for dealiitg the feedback
noise. In either case, the encoder sends (k) = ®&Si(k) i W), where the initial
value S;(1) is arbitrarily set to, e.g., 1=2. At the decoder, at every time step,
Yo(k) = X1(K)+ Z5(K) is received andS,(k) = Sy(kij 1) (&)Yz(k) IS computed,
with S,(0) = S;(1). Note that the \averaging" in (3.4) does not a®ect the con-
vergence rate of the estimat&V,(k) if °© = 0 [14, Sec. 3.3] (as discussed in Section
2.3). Thus, averaging can be ignored in this case without loss @btimality, i.e.,
Wa(k) = Sy(k).

In the Tst strategy, the decoder transmitsh(§) = Sy(k | 1) = Wy(k | 1). We
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call this scheme SK-Estimate. The scheme can be summed up as

Yao(k) = &Sa(k) i W)+ Z5(K);
1

S2(k) = Se(ki 1)i g Ya(k); (3.5)

Si(k) = Yi(k) = Sp(kj 1)+ Zy(k):

The recursive equations can be solved to yield the followinglagon after n iter-

ations.
1 X 1 X
W,(n) = Sy(n) = W ®r Z5(K) i o Zy(k): (3.6)

k=1 k=2

Hence the conditional distribution ofW,(n) given W is

u 3 ' 3 ﬂ
Womiw >N w; 2 QDA

The mean-squared errog4(n) = E(jW,(n) i Wj?) approaches zero as £(&n).
The probability of error is the probability that W,(n) lies outside the message
interval of size EM, which is given by

M 1 1 |

P, = 2erf
N YEZ (D)

If we set M (n) = n'¥™2i? for small 2 > 0, we can make the probability of
error go to zero while simultaneously ensuring a non-zero raté R(n) = (1 j

2)In n=(2T) nats/sec. The probability of error would hence be given by

~

A !
1

TIa e < 3.7
2n2(i 93/4n) (37

Pe = 2 erfc
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It can be seen thatP,! Oasn!1 onlyif 2> 0. The critical rate is de ned as

' InM Inn
R,:== — = — nats/se 3.8
c T ., 2T G (3.8)

Thus, for a non-zero asymptotic rate, we can see that the numbef iberations n
increases exponentially withl', explaining the wideband assumption. To calculate

capacity, we need to compute the average transmitted power

A !
1 X )
Pa()= 2B &(Si(k)i W) (39)
k=1
We can see that
IJ 3 . 3 ﬂ
S+1)W»N w3 4 (i 21)/‘%+3/§ : (3.10)

®?n n

Assuming a uniform prior distribution for the message poin?V, we haveE(S;(1)

W)? = 1=12. The rest of the terms in (3.9) can be computed using (3.10)igyding

A P ‘IT!
®? 1M 3@ (ki 1)3@
I 3/2 .
T 12+ ®?2k * k2 ! ' (3.11)

k=1

Pav(n) =

Using (3.11) to compute the channel capacity, we can nd the rafive rate ex-

pression for this scheme as

R(n) _ (1i 2)lgn .
C @ X'1 o % Xl
— 4+ Z+ @2 —
125k #h K

(3.12)

+n

We see from this expression that the relative rate gradually appaches zero as

increases. This is because the denominator increases linearithvihe feedback
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noise variance while the numerator increases only logarithaailly. For the special

case of perfect feedback, that i3 = 0, it can be shown that

P
H — 2 — av ,
n|||]r-'n Pa\,(n) - 23/QRC) Rc - @,
which is the channel capacity of the additive white Gaussian e channel.
In the second strategy, the observatiorY,(k j 1) is sent back, i.e.,X,(k) =
h(® = Y,(kj 1). We call this scheme SK-Observation. The scheme can be summed

up as

Yao(k) = &Sy(k) i W)+ Za(k);

SiK) = Sk )i 5 Yal)
Vilk) = o(k i 1)+ Z3(K): (313)

SiK) = Suki i g Ya(k):

Solving the recursive relations, we obtain

Si(n+1)=W —1 X (Z2(k) + Z1(k + 1))
n+1)= i + + ;
1 I @n - 2 1
1 X1
Wa(n) = Sy(n) = Sy(n+1) + ® Ezl(k):
k=1

Hence, A

Wo(n)jw » N W;

!
B+ K, RX otz
®?n ®? k '
k=1
The rst term in the variance goes to zero, but the second term gdually converges
to a nonzero constant. Thus, the mean-squared erré#(n) = E(jW,(n) i Wj?)

does not converge to zero. The probability of error expressigidentical to (3.7)
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with ¥£(n) given by the variance ofW,(n). We see that

Sy(n +1)jW » N Llw-?’/‘%J’%%ﬂ- (3.14)
1 J T &n : .
We can calculate the relative rate expression for this scheme lasfore:
A !
1 X X
Pav(n) = ?E @ (Si(k) | W)
A k=1 |
@ 1 HB+uX'
= — —+ - .
T 12 ®  k (3.15)
k=1
so that
R 1i ?)l
m_ _ @i9hn . (3.16)
C @  B+HBX'1
+ J—
12%% 7 - Kk

This expression gradually approaches unity. It can be easily weed that the two

schemes are identical if the feedback link is noiseless.

3.2.2 Rate and MSE Performance for =0

The last term in the variance of (3.10) adds up in (3.9) to incr@se the denomi-
nator in (3.12) linearly in n. Thus, a large portion of the power is spent in sending
information about the feedback noise to the decoder. To ovenme this problem
we introduce® into our scheme (3.2)-(3.4). This helps keep the contributrofrom
feedback noise small, ensuring that the power in the forward @iction does not
have a linear increase with the feedback noise variance.

Let us rst consider the case in whicl? 6§ 0 and =0, so that S,(k) = P (k).

Since?(k) for P(k) obeys (??), we need to have the \averaging" term (3.4) for
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improving performance (see Section 2.3). It can be seen that

1 X 1 X
Sam=Wi o kKZ(K)i = Za(K): (3.17)

®n k=1 k=2

SinceZ,(k) and Z,(k) are Gaussian,

!
. B e, (i DR
Sz(n)JW » N W, W . k2 + T .

Knowing the distribution of S,(n), we can nd the distribution for W,(n). It can

be seen from (3.4) and (3.17) that

1
Wo(n)= = Sy(k)
n
k=1 A I
1 X 1 X, 0 1 X ( )'
= — Wi — ] Z()i - 2
n._, ®kj=l k =2
1 X X X X
=Wi — ] Z0) i - Zi() (3.18)
®n _ k' n _k
j=1 k=j j=2 k=]j
Hence,W,(n)jW is also conditionally Gaussian,
: i ¢
Wao(n)jw » N "W;3(n) ;
where¥%(n) can be calculated as
3 X A)@ 2 7 X Axn 2
. o 1 3 1
32 - i 2 - ‘1 = .
() @2 j:]_J n " + 2 . © (3.19)
I {z o {z }
a(n) b(n)

The terms a(n) and b(n) above represent the contributions of the forward and
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feedback noises, respectively, to the mean-squared errbfn) can be written as
2 A 1, A 1,3

n X X X

"4 = " S (3.20)

|
n2 k
izl k=j k=1

b(n) =

2 1M 1 A 53
b(n)_ﬁﬁ@ ani @+ X1
e ni j : k
j=0 k=1
2 A !23
% X1 X1
= 149on: g - 5
2 2n j ) k| K (321)
k=1 k=1

Hence,b(n) decreases to zero at least as £€h) irrespective of the value of > 0,
and the mean-squared error for our scheme is more robust than tB& scheme
to the feedback noise variancé4 for largen. On the other hand, it can be shown
that a(n) converges to zero, andf/,(n) is a consistent estimator ofW, only if

° 2 [0;1=2). The probability of error expression is identical to (3.7) \th ¥%(n)
given by (3.19). We illustrate the robustness with respect to théeedback noise
with the help of some numerical examples in Section 3.3.

The feedback noise variancéf of course a®ects the rate performance, which

we will now discuss. The average power can be calculated as:

B, (i DA
2

S/
®?n?2 -1 n 1

Sin+DJW»N W,
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A !

1 ®?
Pav(n) = ?E & (Si(1) | W)+ kT(Sl(k)i w)?
A A kz; . I
@ 1 X 1 B R (ki 1)¥
== St ®2ﬁ2 2, (Ki D% Ikz) i, 93 (3.22)
k=2 j=1

Using (3.22) to compute the channel capacity, we nd the relate rate expression

is
R(n) - ’7_\‘ (1| z)ln(n) | . (323)
C @ X @ 1 X! ki V% %
% e e T e Ty
k=2 j=1

which approaches unity only if* 2 [1=2;1]. More generally, since (3.19) and (3.23)
are increasing in°, our algorithm allows for a tradeo® between error performan

and transmission rate.

3.2.3 Minimum Probability of Error for Finite n and =

The parameter ® controls the slope of the relative rate and the asymptotic
value of the mean-squared error. An optimum value @ can be found, giverR=C,

n and °, that minimizes the probability of error P.. Minimizing the probability

2

of error is equivalent to minimizing¥£(n)ni °. Setting the derivative to zero, we

obtain
Y AL SR (1) IR ST Gy
i@ va(n)n | @2 n'"i ¥(n)n'"In nd®2 0: (3.24)
Using (3.23), we can computel2=d®.
)
L —l T
d2 1 "R 1 X (ki D% %f
—— = = = —+ . : (3.25)
d@? Inn C 125 k2 we/a 3@
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Using (3.24) and (3.25), we can now write

H a(n) L
R

a(n) + b(n) o(n) (3.26)

3.2.4 Non-zero

Kushneret al. [14] discuss the averaging of estimates (3.4) which is usefulyonl
if ©> 0. As discussed in Section 2.3, the averaging term can also be fedkbiato
the estimate update equation ((2.7)-(2.8)). Hence, we intratte the averaging
with feedback term Q(k) in (3.3) that empirically improves the mean-squared
error E(jW,(n) j Wj?) for appropriate choices of the parameter. To this point
we have not analytically characterized performance with 6 0, but in the next

section we provide numerical results as an illustration.

3.3 Numerical Results

Figs. 3.2 and 3.3 illustrate performance by plotting the measguared error and
the relative transmission rate for SK-Estimate, SK-Observatiorand our algorithm
for di®erent values of and . For all algorithms, we assume: the messad¥ to
be uniformly distributed in [0; 1]; both the forward and backward noises to have
variance % = %4 = 0:1; and the parameter® = 2, which need not be optimal.
We display the curves for =0 and 0:4. The gures clearly show the advantage
of additional averaging and averaging with feedback of thestmates in (3.3)-
(3.4): the mean-squared error is reduced to give better estitea while minimally
a®ecting the transmission rate performance.

Next, we illustrate the performance of our algorithm for di®a@nt values of the

standard deviation of the feedback nois&;. In Figs. 3.4 and 3.5, we plot the
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Figure 3.2. Mean-squared error versus Time for AWNGN with noisy
feedback for di®erent schemes; successively higher intermegiairves
correspond to our scheme witlh = 0:4, G5, 0.6, and Q7, all for ® = 2.
Dashed curves correspond to additional averaging of the estitea with

~ =0:4, and the dash-dotted curves correspond to no additional
averaging, i.e., =0.
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Figure 3.3. Relative transmission rate versus Time for AWGN with
noisy feedback for di®erent schemes; successively higher intetiate
curves correspond to our scheme with = 0:4, 05, 0.6, and Q7, all for
® = 2. Dashed curves correspond to additional averaging of the
estimates with~ = 0:4, and the dash-dotted curves correspond to no
additional averaging, i.e., =0.

36



10 E T | T | T | T L |

Mean Squared Error

SK-Estimate

10° 10 10° 10° 10" 10°

Figure 3.4. Mean-squared error versus standard deviation ofeh
feedback noise for AWGN with noisy feedback for di®erent schesne

mean-squared error and the relative transmission rate at = 104 iterations for
SK-Estimate, SK-Observation, and our algorithm for di®erentvalues of%;. For
our algorithms, we assume: the messalyé to be uniformly distributed in [0O;1];
the forward noise variance/s = 0:1; and the parameters® = 2 and ~ = 0:4, which
need not be optimal.

Fig. 3.4 axrms an earlier claim that our algorithm is robust to feedback
noise and that the variation of%; has negligible e®ect on the mean squared error

performance. By contrast, the MSE of SK-observation changesadtically with
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increasing¥s;. Note that for extremely low values of%, the performance of SK-
observation and SK-estimate is identical as expected. SK-estite scheme also
turns out to be robust in terms of MSE performance, but the rate of transmission
are extremely low as compared to our algorithms, as illustragein Fig. 3.5. The

rate relative to capacity of SK-estimate quickly falls down  zero with increasing

Y.

3.4 Non-Gaussian Noise

Stochastic approximation algorithms are in general non-pametric [14, 28].
Therefore, our coding scheme also applies if the additive w&itnoise is non-
Gaussian. Using Sacks' theorem on asymptotic distributions [26],ewcan say
that the estimate W,(n) is asymptotically Gaussian. So the error performance
for large values ofn would be similar to the Gaussian case. A lower bound on
channel capacity for non-Gaussian white noise channels is givey P,,=2%3; thus,
the relative rate plots with respect to the lower bound woulddok similar to those

for the Gaussian case as well.

3.5 Summary

In this chapter, inspired by the stochastic approximation basethterpretation
of the SK scheme, we presented some results about a generalizatibthe scheme
that permits us to trade-o® the relative rate with the mean-sgared error for
communication over a link with noisy feedback. In particularour algorithm allows
transmission at a positive information rate for a reasonably low gan squared
error even when the feedback link is noisy. Notice that, althaih we considered

a delay of one time step in the feedback link throughout the pagp, even for a
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delay ofd > 1 time steps, our algorithm would still converge. Moreover, it W
obtain the same mean-squared error id additional time steps. Hence, for a large
number of iterations, the e®ect on either the rate or the measguared error would
be negligible. It is possible that non-linear stochastic appraxation algorithms
might achieve better mean-squared error performance. The\ahtage of having
stochastic approximation-based estimation is that the estimatn procedures do
not change if we change the driving function at the encodersdong as the message
point remains a zero of that particular function and the funtion satis es a few

technical conditions.
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CHAPTER 4

A CASCADE OF POINT-TO-POINT CHANNELS

In this chapter, we present and analyze a feedback coding sclhesfar a cascade
of two point-to-point channels. Our scheme is based on mappinbd data to be
transmitted by the source into a real number and allowing the ries to run a
distributed stochastic approximationalgorithm, as discussed in Chapter 2. We
consider a path-loss model with the relay placed on the line ve¢en the source
and destination, leading to some interesting insights about @ placement. We
show how our scheme is a generalization of the SK scheme [28]. Bgrpreting
the scheme as a leader-follower consensus algorithm, we showneations to the
consensus problem, which has been widely studied in the distried systems
community. In addition to being simple, the scheme has been showo provide
a doubly exponential error decay in the case of perfect feediiaand tradeo®s
similar to those in Chapter 3 between relative transmission ratend reliability
in the case of noisy feedback. As in Chapter 3, we present numelicasults to
illustrate these tradeo®s.

The remainder of the chapter is organized as follows. Sectidril presents the
system model. Section 4.2 describes our scheme in terms of the seqas to be
transmitted on the forward and feedback links and compares dncontrasts the
scheme to a consensus algorithm. With perfect feedback, we shdattour scheme

has error probability that decays doubly exponentially in he coding interval and

41



achieves the capacity of the cascade. Section 4.3 uses the mégphe from Chapter 3
to extend the scheme to the case of noisy feedback. Section 4.dgents numerical
results to illustrate the performance tradeo®s and Section54provides a brief

summary of the chapter.

4.1 System Model

Consider a source that needs to transmit data to a destination ptad distance
D away. In addition, there is a relay, as shown in Fig. 4.1. The l&y is placed at
distancer from the source on the line between the source and destination. g
discussed in Chapter 2, we work with a discrete-time equivalentadel in which
messages are pulse-amplitude modulated with symbol period @;, an integer
multiple of ¢, is the coding interval of a message.

We adopt the notation that nodes 12; 3 are the source, relay and destination,
respectively. Every node can communicate with node + 1 (if it exists) over a
forward link, and nodeij 1 (if it exists) over a feedback link. We assume that the
forward and feedback communication takes place over orthagal channels so that
they don't interfere with each other. X; (Y;) represents the input (observation)
at nodei. Note that we use a double subscript notation for inputs, observains,
and noises at the relay because it is the only node that sends areteives signals
through both forward and feedback communication. Hence fohe relay, X, | =
1; 3 represents the input from node 2 to node and Y;. , represents the observation
at node 2 for input from nodej .

We model the system as follows.

2 The forward and feedback links (if noisy) in the cascade are melted by

zero-mean additive white Gaussian noise (AWGN) channels, with ¢hnoises
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Figure 4.1. Model for communication over a cascade of two
point-to-point channels.

on the links being independent and white.

2 The observation vectors for the forward and feedback commuaition can

be written as

2 3 2 32 3 2 3
Forward: § 1200 g2§%e 07§ Xl g, g 2, g
Y3(K) 0 O3  Xza(k) Z3(k)
2 3 2 32 3 2 3
Feedback:g Y3:2(K) %: 993;2 0 gg X3(k) g . 9 Z32(k) g . (4.2)
Y1(k) 0 1 Xaa(k) Z,(k)

whereg;; is a distance-dependent attenuation factor. The attenuatiofactor
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0; depends on the distancel; between nodes and | as

8
_ 2 bd;jlzz; i 6 ) and there is a directed link fromi to j;

9 = _ (4.3)
: 0; otherwise
where " is the path loss exponent (typically taking values between 2nd
4), and b is a constant. To simplify our analysis, we will assumb=1. A
di®erent choice obwill only result in scaling of the received power identically
for all schemes and hence would not a®ect the performance canmgon

between them.

2 The transmitted signals on the forward links must satisfy a total serage
power constraint P,, and again, we do not constrain the power on the
feedback links. This power is distributed between the two trasmitting
nodes with the source using a fraction of the total average power, that is,
Pav:1 = ‘P a. Note that no constraints are imposed on the bandwidth or
peak power. We consider the case in which every nodean communicate

to nodei j 1 over a feedback link.

2 As in Chapter 3, the source maps the message to oneMf disjoint, equal-
length subintervals of the interval [Q1]. The message to be transmitted

corresponds to the midpointW of a particular message interval.

2 Each nodei updates and stores a \state" valueS; (k) and an estimateW; (k)

recursively, which we de ne in Section 4.2.

We know that the capacity of a memoryless noisy channel is notdreased by

noiseless feedback. Thus, the wideband capaciy; ., of a forward link from node
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i to i +1 corrupted by AWGN is given by

2
_ gi;i +1 I:)av;i

Cii+1 = T nats/second

where P, is the average power constraint on node The capacity C of the

cascade can be found using the max-°ow min-cut bound [5] and leenis given by
C =minfCy.y; Cyu30: (4.4)

4.2 Communication Schemes with Perfect Feedback

A distributed stochastic approximation algorithm can be used tocalculate
the zeros of a vector functionf : R™ I R™ with iterations for each component
of the zero occuring in a distributed fashion. The-th component of the zero
can be computed from noisy observation§(S(k)) = fi(S(k)) + Z;(k) of the i-th

component of the function by running an iteration of the form
Si(k) = Si(ki 1)i #((K)fi(S(k)); (4.5)

where 2;(k) is £(1=k) and S;(0) can be arbitrarily assumed to be £ [1]. Now

consider a functionf : R®! R2, the i-th component of which is given by

X 4.6
1i fi;j(Si;Sj) fOfi:2;3; ( )

j: i 60

8
5 0 fori =1
fi(S1;92: S3) = 5

wheref;; (S;;S) = (S i §)) and?; is a constant. Let variableS; be associated

with node i, with the value S; xed at the messageW. Thus, the zero of the
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function f is attained by all variablesS;'s being equal toW. We can set the initial
valuesS,(0) and S;(1) to be 1=2, which is known to all the nodes. As we will see,
if we run a distributed stochastic approximation algorithm on he nodes with ideal
feedback and with?;(k) = 1=k*;, both the relay and the destination converge to

the message point.

4.2.1 Description of Our Scheme

We begin by considering a scenario in which the feedback linkeeanoiseless,
that is %1 = ¥, = 0. At each time step, each transmitting nodej transmits
fij (Si; ;) from (4.6) to nodei on the forward link. Each nodei feeds back its

own state valueS; to nodeij 1. Speci cally, the nodes transmit signals as follows:

2 Forward

{ Source: At time k, the source transmitsX(k), given by

8
2 ® (S:(0)i W) for k=1

X1(k) = S

e 4.7)
® 2W.w  fork, 2

92;1

{ Relay: The relay does not transmit anything at time stepk = 1 because
it has no information about the messag&V at that instant. At time

k, 2, the relay transmits X ».3(k), given by

5

8
S 1) Sy(1)) for k=2
Xool)= 2 ® (S3(1) i Sx(1)) for 4.8)
® Y20 ki 1) fork, 3

03;2

2 Feedback
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{ Relay: Attime k =1, the relay does not have any information about
the message, therefore it does not transmit anything on the feleaick
link. Attime k , 2, the relay sends back its state valu&,(k j 1) on

the feedback link, that is,

X21(K) = S(ki 1); k, 2 (4.9)

{ Destination : At time k = 1;2, the relay does not have any informa-
tion about the message, therefore it does not transmit anythingn the
feedback link. Attime k , 3, the destination sends back its state value

Sz(k i 1) on the feedback link, that is,

Xa(k) = Se(ki 1); k., 3 (4.10)

We assume a unit time step of delay in feedback to preserve causalit

Note that although nodei has access to the state valu§;.; (k) through the signal
received along the feedback link from node+ 1, we have not yet speci ed how
the state valuesS;(k) are calculated.

Every nodei requires the noisy state value of its adjacent node 1 to calculate
its own value. We now explain how the state values and estimates the relay

and destination are calculated.
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i Relay: Attime k, 1, the relay updates its state values,(k) and estimate

W, (k) as

Y1;2(k) .
K@’

W, (k) = Sp(K): (4.12)

So(k) = Sp(kii 1)

(4.11)

i Destination : The relay node starts transmitting atk = 2, thus the desti-
nation begins estimation atk = 2. At time Kk, the destination updates its

state value S;(k) and estimate Ws(k) as

Y2:3(K)
(ki 1)®0:3

Wa(k) = Ss(k): (4.14)

Ss(k) = Ss(kij 1) (4.13)

The stochastic approximation algorithm identi ed here is an ¥ension of the
Robbins-Munro algorithm used for SK scheme as discussed in Chapgr Thus
our scheme can be viewed as an extension of SK scheme to a cascade tNat
our scheme is di®erent from a cascade of two SK schemes because gmploy
SK on both the channels, it would require the relay to convergm the message
point W before any communication can start between the relay and desdtion.
This would lead to large delays in communication and the destation will require
roughly twice the number of iterations as our scheme to conwg® to the message

point W.
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4.2.2 Connections with Consensus

Note that the iteration carried out by every node in (4.11) and4.13) is iden-
tical to that identi ed in (2.11) with N; being the setfi j 1g. Thus, our scheme
can also be interpreted as a consensus algorithm. Combiningghnterpretation
with the one in Section 2.4, we see that the consensus algorithma distributed
stochastic approximation algorithm. The di®erence betweerunscheme and a
traditional consensus algorithm as described in Section 2.44diin the form of the
signals that are transmitted by the nodes. In consensus, each nodpist trans-
mits its state value Sj(k) on all outgoing links, whereas in our scheme we send
an innovation on the forward link (see (4.7) and (4.8)) and thestate value S;j(k)
on the feedback link (see (4.9) and (4.10)). Although there isnaedge from node
3 to node 2, we do not use the value of node 3 in our estimate updaquation
4.11) for the following reason. Node 3 is more hops from the soar@which can
seen as thdeader node in a consensus algorithm) than node 2 and is therefore
in some sense \degraded" relative to node 2. Hence, St is also used for the
estimate calculation of node 2, it would lead to slower convezgce as compared

to the proposed scheme.

4.2.3 Analysis: MSE and Rate Performance

From (4.7), (4.1), (4.2) and (4.11), we can recursively solve yield the follow-

ing expression forS,(n) after n iterations:

1
N® 01>

e k=1

S(n) = Wi

Zy5(k): (4.15)
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Hence, the conditional distribution ofS,(n) given W is

U

S;(NW »N W,

3/%;2 ﬂ .

4.16
&, (4.16)

Knowing the recursive relation forS,(n) (see (4.15)), we can now recursively

calculate the relation forSz(n + 1) using (4.8), (4.1), (4.2) and (4.13):

1 Xt
n®%s , _,

S(n+1)= W Z23(K) i

n® G2, _,

A !
1 X X q
Z1.2(K) (4.17)

j=k !

Given W, the distribution of Sz(n) is Gaussian with mean and variance given by

E[So(n + 1)jW] = W;

£ o] 33,
E (Ss(n+1) i W?jw = s

(4.18)

~

A I,
3/%;2 X X 1

2
n®%92;3

@ %3

2 2 N
n ®Zlgl;2 k=1 j:k J

%, X HMoni @ken)!

n®§g%;3

3/‘5;3

= >
n®%92;3

?/5;3

= 2
n®%92;3

nZCRjZlgiz k=0 n l k
37%;2 N 1 “ I 1 ﬂ
nZC@zlg%;Z Eo n I | k
%, X g
' 2n j — 4.1
ey, Mk @

Equality (a) above is obtained by expanding and simplifying the squares the

previous equation. Hence, the conditional distribution of/5(n + 1) = Ss(n + 1)

given W is
A

%
Wa(n+1)jW » N W; s

?/%;2 X

2N j

n®%g§;3

2
n2®%gl;2

E
- (4.20)
k=1

Since the conditional variance does not depend oV, the unconditional mean-
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squared error¥2(n) = E(jWs(n) i Wj?) approaches zero as £(&n). The proba-
bility of error expression is identical to (3.7) with%%(n) given by the variance of
Ws(n) given W.

As in the Chapter 3 (see (3.8)), we de ne the critical ratdR, as:

Inn
R¢ = >T nats/sec (4.21)

Since the feedback link is noiseless, the distribution &.;(n + 1) would be the
same as the distribution ofS,(n). Let P,,.1(n) be the average power transmitted

by the source at time instantn, given by

" #
1 2, X 2
Pav;1(n) = T @ (S:(0) i W) + @& (Yau(k)i W)
A " =2
1 @ X
Yo LtE @S Wy
A k=1 |
3. X1 '
O R G TR L (4.22)

S nn120 g, Kk

Equality (a) follows from assuming a uniform prior distribution of the messag
point W such that we haveE(S,(0) i W)? = 1=12 for the st term and using
(4.2), (4.7) for the second term. Equality ©) follows directly from (4.21) and
(4.16). Taking limitin (4.22) asn!1 , we obtain

?/?2.;2_

== (4.23)
1,2

Now, let P,,:2(n) be the average power transmitted by the relay at time instant
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n. Following similar steps as above, we obtain

#
X0
Pacaln) = TE B(S(D) i MNP+ @ (¥salk) i Soki 1)
" k=3 #
@ @ 2 201) X , , , 2
= ?E S35(1) + S5(1) i 2S5(1)S(D)+ (Se(ki 1)i Se(ki 1))
0 k=3 1

(_L))ZRC®§ i+ ?/‘%;2 +X1 £S Ki 1) So(k: 12?' 4.24
nn O1" &g, k=3F (Ss(kj d()ilz ) 2(K ))} . (4.24)
il

Here, (@) follows from (4.2), and () follows from (4.21) and the assumption that

W is uniformly distributed. The term d(k) above can be evaluated as:

£ o
d(k) = E Si(k) + S5(k) i 2S3(k)S,(k)

£ o 3, £ @ ¥5.4
=EW?+ S +E W2+
(G i (K i 1)®§g§;3
%, A

2(ki 1) = i 2E[Ss(k)S(K)]:  (4.25)

+ ;

The second step above follows from (4.16) and (4.20). The crossh E [S3(k) S,(K)]
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can be evaluated using the recursive expressions, given in (4.26y (4.17):

E [Ss(k)S2(K)]
h? 1 X 1 )1e xtq”
“E Wi ——— Zos(i)i ————  Zw(j) =
C(Ki D@ 230D TG D&z, l'Z(J)i:j i
3 I
1 .
- Z .
i k@0 j=l 1.2(J)
ORI BN
@ | i !
£ & 3%
=E W2 + 2 . 4.26
K&Ze?, (429

The equality (a) follows from mutual independence oZ,., and Z,.3, because of
which the cross terms are zero. Substituting (4.26) in (4.25)ve get the expression
for d(k):
A !
% % Xt
s f2 2 ! J} i % : (4.27)
1

W= e, " &, i D' & i

Substituting (4.27) in (4.24), and taking the limitasn!1 , we obtain

9.5 By

Pav;2 1= r|1|!r1n Pav2(n) = 2R @ @ : (4.28)
From (4.23) and (4.28), we can nd an expression for the crititaate.
Ro= bt o g Pavz - (4.29)

9z
2 2 2 et
al;rz 91.2®1 s
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The capacity C of the cascade can be easily proved to 6&., for any choice ofr.

— ?av;lf _ Pav;2
Cre= T S me, %
al;rz 91;2@1 azrs
?av;zf —
3/43_;3 - C23
%3

Thus, our scheme achieves capacity and provides a doubly expatial error decay

(see (4.20) and (2.3)).

Note that we have not yet discussed how to choose the di®erent pakters
®;, ®, - andr. We know that Pyy.1 = ‘P 5y and P4y = (1§ - )Pa,. Substituting

this in (4.29), we obtain

épa\/, 3(:I.l ')Pa\/ ,
3/‘{2 3/‘%2®g 3/‘§;3
2 7, 2 91;2@1 * ag_a

912

Ry Ro® K
1 )22 =222, 723 4.31
L N 4-31)

Using (4.3), we get the following constraint equation which hps us choose the

various parameters related to our scheme.

qq1
Il

i-j-

Li A = Falor + Hsa(Dj 1) (4.32)

KR

Here,®, and ®, can be chosen to minimize the probability of error at the destar
tion (similar to the minimization in Chapter 3). Then we can cloose the remaining
two parameters,- andr in accordance with the above relation. We discuss a few

special cases in Subsection 4.2.4 to illustrate how the variouarameters can be
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chosen.
We will close this discussion by deriving a condition that must be §a ed for
the cascade to have higher achievable rates than a point-t@ipt channel from

the source to destination. The capacity of the cascade is giveg b

P av

C=Cjpo= —— 4.33
2 S (4.33)
Hence, the critical rateR. is increased if and only if
3/%2 ’ r B
> e .
% D (4.34)

Thus, having a relay under a total average power constraint orhé nodes leads to
a better transmission rate performance if and only if conditiori4.34) is satis ed.
For a special case in Subsection 4.2.4, we nd a typical rangerofor which the
above condition is satis ed. If we have individual power constints on the radios,
then the capacity of the cascade is always greater than that dfe point-to-point

channel if the relay lies between the source and destination.

4.2.4 Some Special Cases

Fix the path loss exponent” = 2, noise variances¥{, = ¥, = ¥, and

parameters®, = ®,, which need not be optimal.

Special Case 4.2.1 Suppose we have the relay at a distance ro= D=2 from

the source. From (4.32), we get
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Thus, the source and relay get one-third and two-thirds ofdftotal average power,
respectively. Since the relay innovates with respect to a gom variable, rather
than a constant message point (as the source), it requires ragower to transfer

the relevant bits of information to the destination.

Special Case 4.2.2 If we know the values oB®; and ®,, it is also possible to nd
optimum values ofr and -, so that the capacity of the network is maximized. Let

t = r=D. Solving for- from (4.32), we obtain

|12
T T (@ B2+ 2%2
The critical rate expression is given by
Pavt?
Re(F) =
B~ 7@ nreary
Pa D 2

(4.35)

T 2%((1; P)2+2t)

Maximizing the critical rate is equivalent to minimizing tle denominator.

argmin[(1 B)? +2¥?%) =

w Wl

PavDi 2_

) MaxRe= o

Special Case 4.2.3 Given the value of", we can nd a range of values ot

for which (4.34) is satis ed. Using (4.35), we can say that weam in terms of
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transmission rates if and only if

(1i B)?+2¥?< 1
) E@Btj 2)< 0

2
O< t< —=:
) 3

Thus, only if we place the relay at any distance < 2D=3, we have a better

transmission rate performance.

We plot the MSE at T = 2 as a function of r=D for perfect feedback (Fig.
4.2) for a source-destination point-to-point channel and a saade channel under
similar channel conditions. We also plot the capacity (or criial rate R.) as a
function of r=D for the two schemes (Fig. 4.3). For both these plots we assume
that all noises have the same varianc® = 0:1 and P,,Di 2=2%% = 1. It can be
seen that we get a better rate and MSE performance in the presenof a relay
for 0- k- 2=3. For the cascade, the critical rate (or capacity) is maximed for

r = D=3, as predicted.

4.3 Communication Schemes with Noisy Feedback

To extend the scheme described in the previous section to the cageen both
the feedback links are noisy, we apply the same techniques a€imapter 3. Hence,
the signals sent on the forward link and the estimate update egtian change,
whereas the feedback signals remain the same as before. We nescdbe our
scheme in detail. Note that the parameters and ° have the same functionality
and constraints as before. The di®erence between the schemenfosy feedback

and the noiseless counterpart lies in the signals transmitted dhe forward links
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Figure 4.2. Performance comparisons for point-to-point andascade
channels for perfect feedback: Mean Squared Error versuD .
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Figure 4.3. Performance comparisons for point-to-point andascade
channels for perfect feedback: Capacity (or critical rat®;) versusr=D.
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and the estimation procedure. The signals transmitted on the éelback links

remain the same.

2 Forward

{ Source: At time k, the source transmitsX ,(k), given by

8

R @ . -
xio= . F ($:0)i W) fork=1 036

@ Yik) .
il W fork, 2

{ Relay: The relay does not transmit anything at time stepgk = 1 because
it has no information about the messag&V at that instant. At time

k, 2, the relay transmits X .3(k), given by

5

8
< % (Se(1) | S(1) for k =
—— 3 i o ork=2
X2a(k) = _ o (4.37)
B i Wo(ki 1) fork, 3

2 Feedback

{ Relay: Attime k, the relay sends back its state valu&,(kj 1) on the

feedback link, that is,

X21(k) = S(ki 1); k, 2 (4.38)

{ Destination : At time k, the destination sends back its state value

Sz(ki 1) on the feedback link, that is,

Xa(k) = Se(ki 1); k., 3 (4.39)
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As earlier, we assume a unit time step of delay in feedback to preser

causality.

Every nodei requires the noisy state value of its adjacent node¢ 1 to calculate

its own value. We now explain how our state values and estimatese calculated.

i Relay: Attime k, 1, the relay updates its state values,(k) and estimate
W, (k) as
2 3 2 32 3 2 3

.- T . . 1
§ gt e g X LT Ly
W, (k) % 1i & Wa(ki 1) 0

k k

(4.40)

i Destination : At time k , 2, the destination updates its state valueS;(k)
and estimateW;(k) as

2 3 2 32 3

2 Ss(k) % _ gli (Ki 1_)1i (kg l_)li ’ gg Se(ki 1) g (4.41)
Wa(k) 1 1j & \é\\/s(k i 1)

k

3

. 1
+ 2 I ki p& *®202;3 ng;s(k)i
0

Analytically characterizing the performance of the point-b-point counterpart of
this problem was a dixcult task and we had illustrated the advatages of averaging
and averaging with feedback with the help of a special case andys®numerical
examples. We present numerical examples in the next section lostrate tradeo®s
in performances, that are similar to the numerical examples psented in Chapter

3.
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4.4 Numerical Results for Noisy Feedback

Figs. 4.4 and 4.5 illustrate the predicted performance by plohg the MSE
and the rates (both normalized by the capacity of a point-tgagoint channel) under
similar channel conditions. We assume all noises have variariée= 0:1; distances
D =1;r =0:5; PyDi2=2%% = 1; and paramters” = 0:4;® = 2, which need not
be optimal. These results suggest that it is bene cial to have alsy node, both

in terms of error and rate performance, even when the feedltdmnks are noisy.

4.5 Summary

Inspired by a distributed application of the stochastic approxnation algo-
rithm, we present schemes for a cascade network with both perfeand noisy
feedback. Using the distributed approach, we extend the Schalkk-Kailath al-
gorithm for the cascade in which the relay is placed at a distasa from the
source on the line between the source and destination. Analyticand numerical
analysis show that having a node between the source and destiatileads to
a faster decay of mean-square error in time for certain value$ the distancer.
The critical rate or capacity of the channel is enhanced only§ a certain condi-
tion (4.34) is satis ed. The noisy feedback scheme is directly meed from the
schemes proposed in Chapter 3 for the point-to-point channelVe have tradeo®s
in mean-squared error and transmission rates similar to the ones Chapter 3.
A natural question to ask at this point is what would happen if wehave more
than one relay between the source and destination. The functiade ned in (4.6)
is general and can be applied to any number of nodes in a netkoiVe leave the

analytical characterization of error and rate performancefor future work.
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Figure 4.4. Mean-squared error versus time for AWGN with noisy
feedback for di®erent schemes; successively higher intermesiairves
correspond to our scheme witlh = 0:4, G5, 0.6, and Q7, all for ® = 2.

Dashed-dotted curves correspond to the no relay scenario, artet
dashed curves correspond to having a relay at= D=2 distance from

the source.

63



0.9 T T T T T T

"
r'd
R
0.8 e |
r'd
r'd
0.7 -7 |
/'
S 06} d -
n: . 7’ a“’
” ” "f
" ’, - .
@ 05} e -~ =
6:5 . ”4 ’4'
, - -
P PR .-
o - : - . |
£ 047 Increasing g e =T =7
E s ;’ _&..Q:-\——'T_—F—_f—"————
603— ‘ﬁf——__:\':ﬂ‘—__‘ .
- . - =
g IO R
PN e D D e e e - T
0.2_ L 4 '\s\‘\“=' ‘‘‘‘‘‘‘ 7
v e
&
O.l',\ |
’\'
O 1 L L ; : :
0 05 1 1.5 2 2.5 3

Figure 4.5. Relative Rate versus time for AWGN with noisy feedixk for

di®erent schemes; successively higher intermediate curves egpond to

our scheme with® = 0:4, G5, 0.6, and Q7, all for ® = 2. Dashed-dotted
curves correspond to the no relay scenario, and the dashed cuwve
correspond to having a relay ar = D=2 distance from the source.
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CHAPTER 5

RELAY CHANNEL

In Chapter 4, we proposed and analyzed a scheme which used a rdtaya-
cilitate communication between a source and destination. Inhts chapter, we
propose another scheme for a relay channel [4], which uses dedton-relay and
destination-transmitter feedback.

As in Chapter 4, the source maps the data to be transmitted to a réeaumber
and the nodes run aistributed stochastic approximatioralgorithm. Using insights
from consensus algorithms, the destination combines the signélem the source
and relay to obtain an estimate of the \message point". For compeon with
our results in Chapter 4, we evaluate the performance metridcsy assuming that
the relay is placed on the line joining the source and destinati. Our scheme is
simple and has been shown to provide a doubly exponential errdecay for the
case of perfect feedback and tradeo®s similar to the previolspters for the case
of noisy feedback.

The remainder of the chapter is organized as follows. Sectibril presents the
system model. Section 5.2 describes our scheme and discusses cbhongeavith
consensus and stochastic approximation. Section 5.3 uses ideasnfChapter 3
to extend the scheme to deal with noisy feedback scenarios. Sectb.4 presents

numerical results to compare the performances of di®erent sahes.

65



5.1 System model

Consider a source node 1 that wants to communicate with a destinan node
3. A relay node 2 helps the source in communicating with the desation, as
shown in Fig. 5.1. The relay is placed at a distance from the source on the line
between the source and destination. We assume that the forward dafeedback
communication takes place over orthogonal channels so thadigy don't interfere
with each other.

Xi (;) represents the input (observation) at node. Note that we use a double
subscript notation for observations and noises at the relay bease it is the only
node that receives signals through both forward and feedbadommunication.
Hence for the relay,Yj;» represents the observation at node 2 for input from node
j. The source broadcasts its signaX,; to the relay and destination. The relay
runs a stochastic approximation algorithm to estimate the messagpoint. It then
transmits its signal X .3 to the destination at the next time step. The destination
broadcasts its signalX ; to the relay and source over dedicated feedback links as
shown in Fig. 5.1. Each node updates and stores a \state" valueS;(k) and an
estimate \f\\/i(k) recursively, which we de ne in Section 5.2.

We model the system as follows.

2 The forward and feedback links (if noisy) are modelled by zemmean Addi-
tive White Gaussian Noise (AWGN) channels with the noises on the lks

being independent and white.

2 The signal from nodei to node|j is scaled by a distance dependent atten-
uation factor g;; , same as the one described earlier in (4.3). The signals

received at the di®erent nodes during forward and feedbaaknemunication
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O1;3

Source Destination

Figure 5.1. Model for communication over a relay channel.

are given by the following set of equations:

2 3 2 32 3 2 3
Forward: 9 Y1.2(K) g: 291;2 0 gg X1(K) g N 2 Z12(k) g . (5.0)
Y3(k) O3 G2z Xz3(k) Z3(k)
3 2 3 > 3
reedback: § P2 22§ #2 Ly 49+ § 22N L. (5.2)

Y1(k) Os:1 Z1(k)

2 The transmitted signals on the forward links must satisfy a total serage
power constraint P,, and again, we do not constrain the power on the
feedback links. This power is distributed between the two trasmitting
nodes with the source using a fraction of the total average power, that is,
Pav:1 = ‘P 4. Note that no constraints are imposed on the bandwidth or

peak power.

2 Each nodei updates and stores a \state" valueS; (k) and an estimate\W; (k)
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recursively, which we de ne in Section 5.2.

2 Each nodei updates and stores a \state" valueS; (k) and an estimateW; (k)

recursively, which we de ne in Section 4.2.

The capacity of a discrete memoryless relay channel with feeaitk was given
in [4].
C= sup minfl(Xy;Ys; Yi2)X23); 1(X1; X235 Y3)0: (5.3)

P(X1:X2:3)
For the Gaussian relay channel with feedback and in nite bandidth, the capacity
can be expressed in terms of the channel parameters and the poa@nstraints as

C = maxo. 3 1 C(43, where

> 1

02 | O :
2k, 2R T

S
2 %2 0Ps 0. 0
2%’%F)av;l + ﬁpav;z +2Ys Sn Pav;1Pav:2 (54)

293 2%

n H
Ct=min (1j %)

The parameter¥arepresents the correlation factor between the source inpXt; and

relay signalX,.3. Decreasingvzincreases the mutual information in the broadcast
cut channel, but decreases the mutual information in the muiple access cut.
Therefore, depending on the di®erent channel parametersdapower constraints,

di®erent values of the paramete¥zmaximizes the channel capacity.
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5.2 Communication Schemes with Perfect Feedback

For this chapter, we again consider a functiofi : R®*! R2 as de ned in (4.6),
the i-th component of which is given by

8
5 0 fori =1

fi(SuSis)=_ X (5.5)

fi; (S;§) fori=2;3;
j:gi 60

wherefi; (S;;S) = (Sii §))and?; is a constant. A di®erent set of non-zerg; 's

result in a di®erent functionf than in Section 4.2. Let variableS; be associated

with node i. The value S; is assumed to be xed at the messag#/. Thus, the

zero of the functionf is attained by all variablesS;'s equal toW. We can set the

initial values S,(0) and S3(0) to be 1=2, which is known to all the nodes.

5.2.1 Description of Our Scheme

We begin by considering a scenario in which the feedback linkeeanoiseless,
that is, % = %, = 0. At each time step, each transmitting nodei transmits
innovations with respect to the state value of node 3, i.efz; on the forward link
(note the di®erence here with respect to the scheme in Chapterwhere nodei

sent innovations with respect to node + 1, i.e., fi;1; on the forward link).

2 Forward For the relay channel, we assum®, = ®=g.3 and ® = ®=g.,,

where® , 0, which need not be optimal.

{ Source: At time k, the source transmitsX(k), that is,

8
2 ®(Sy(0)i W) fork=1

X1(k) = S

» (5.6)
® 2O w  fork, 2

03:1
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{ Relay: The relay does not transmit anything at time stepk = 1 because
it does not have any information about the messagé®/ at time instant

k=1. Attime k =2;3;:::, the relay transmits X,.3(k), that is,

. T
Y3;2(k)i \/\\/z(ki 1) ; k., 2 (5.7)

5

X23(k) = ®

3;2

2 Feedback
Destination : At time k, the destination broadcasts its state valu&s(kj 1)

on the feedback link, that is,
X3(k) = Ss(ki 1) k, 2 (5.8)

We assume a unit time step of delay in feedback to preserve causalit

We now explain how the state values and estimates at the relay @destination

are calculated.

i Relay: The relay requiresf,.; to calculate its own estimate. However, the
source transmitsf 3.;. The relay knowsS; through the feedback from node
3. Hence, from a noisy version df;.; and S, it can calculate a noisy version
of fo1. Attime k = 1;2;:::, the relay updates its state valueS,(k) and
estimate W, (k) as

Ya(k) + @22(Sy(k i 1)i Yaa(k))
k@2 !

013

Wa(k) = Sy(K); (5.10)

Sa(k) = Sa(ki 1) (5.9)
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i Destination :
At time k = 1;2;:::, the destination updates its state valueS;z(k) and

estimate Wz(k) as

Ys(k).
k® '

Wi(k) = Ss(Kk); (5.12)

Ss(k) = Ss(ki 1) (5.11)

5.2.2 Connections with Consensus

It can be seen that if we choose the neighborhood setlds = f1g and N3 =
f 1, 29, the update equations for our scheme (see (5.9)-(5.11)) woudd identical to
the consensus update equation (2.11). Treating node 1 as thader, our scheme
can be interpreted as a leader follower consensus scheme. Tl@®edénce between
our scheme and a consensus scheme are similar to the ones in Sulusedti2.2

and we will not repeat them.

5.2.3 Analysis: MSE and Rate Performance

Using (5.6), (5.1), (5.2) and (5.9), we can recursively solve tagld the following

expression forS,(n) after n iterations:

91;3

X
roas 2l (5.13)

k=1

S(n) = W j

Hence, the conditional distribution ofS,(n) given W is

H Y%.,0% 3 f
S;(NW »N W, e,

(5.14)

We can now recursively calculate the relation fo63(n) using (5.7), (5.1), (5.2)
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and (5.11):

Si(1)= Wi =Zs(1)

Forn, 2; .
H 1 A 1 !
ni 2 1 013 X Z3(n)
S;(n)= S3(nj 1 + - 2Wi ————— Z12(K) i
o(n) = Ss(ni 1) 7 i Ggm D, 2 T
_ (5.15)
A 5 !
1:0 2W X2k
= S3(1)n(ni 1)+ . 1+k:1 —
X1 X
O1;3 1
T —— nNi KZio(kK)j ———= ki 1)Zs(k
YR I(:1( i K)Z12(K) N 1)®k:2( i 1)Z3(k)
X1 X
Oi;3 1
=W ———— ni kK)Z12(k)i ———— ki 1)Z3(k):
| AT D®as I(:l( i K)Z12(K) i ~CE l)®k:2( i 1)Z3(k)
(5.16)
For n , 2, the variance ofSz(n) is given by
£ 2000 1 Xt Auglsﬂz '
. . — 2 ) 3/2 3/2
E (Ss(n) i W)%jw w7, k ™ 2, + %%
oni 1 Akh ﬂz )
| A3 9z + 9 (5.17)

“en(nj )& g,
Hence, giverW, S3(n) has a Gaussian distribution with mean and variance given

as
E [Ss(n)jW] = W: (5.18)
8
2 % . n=1

. ®2" ,
varfSs(mjwl = K 7o T (5.19)
nj 1;3 .
©o6n(nj 1)@? O12 37%;2 + 37% , n, 2
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For the perfect feedback casafV;(n) = Ss(n). Since the conditional variance does
not depend onW, the unconditional mean-squared erro¥2(n) = E(jWs(n)i Wj?)
approaches zero as £@#n). The probability of error expression is identical to (3.7)
with %2(n) given by the variance ofWs(n) given W.

As in the earlier chapters, (see (3.8) and (4.21)), we de ne theitical rate R
as

Inn
R¢ = >T nats/sec (5.20)

Since the feedback link is noiseles¥;(n + 1) would be the same asSsz(n). Let

Pav:1 be the average power transmitted by the source at time instant, given by

! #
1_ @& X @
Pava(n) = ZE ——(Ss(0)i W)*+  ——(Va(k)i W)
T g3 oo 13
& A "X L #!
(@ 1 | W2
= T 12+ E B (Ss(k) i W)
0 1
3 ’ 2

(0 2R.®? E}i+ﬁ+ gi—;z Vi, + ¥4 X1 2N 1%_ (5.21)

#s;InnBl2 @ 6®? e lnﬁw{i_lg ' '

1
n n(nj 1)

Equality (a) follows from assuming a uniform prior distribution of the messag

point W. Equality (b) is obtained using (5.19). Taking limitin (5.21) asn!1 ,

we have A |
2 2c H 91'3ﬂ ? 2 2
P...1 = li P... = _ > ] 3 3 .
av:l - r|]|!|']'_n av;1(N) 39%;3 G /1;2 + 95 (5.22)

Now, let P,,.2(n) be the average power transmitted by the relay at time instant
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n. Following similar steps as above, we obtain

h Xn i
Pava(n) = ~E §<s3<1>i Sy(1))% + g(Ys;z(k)i So(ki 1))
T O3 =3 P:3
h Xn i
© E (Ss(1) i Sa(M)?+  (Saki 1)i Sa(ki 1))
ng;S

k=i1 ,

o @ ez Zy

Tg%;3 ®gl;2 ! ®
"ol

X 13 O1:3 X . L 1 X . L2
k(ki—1)®gL;2].:1 (i DZw2(j)i m@jﬂ (i 1zs()

k=2
R Mg, % % 1M ek Vg, ki 0%
g%;3|nn ®Zg%;2 @7 ®° 6k(ki 1)9:%;2 6k(ki 1) .

k=2

(5.23)

Taking the limitas n!1 , we obtain

SALL |
¢ L2 32+ 3% 5.24
3Bs O T2t Y4 (5.24)

n'l

From (5.22) and (5.24), we can nd an expression for the crititaate.

3P,,10% 3P,,-202
Rc - s ,av,lgl,?, q — ta ,av,292,3 ﬂ : (5.25)

2 ! 2
2 gi_z 3/‘f;Z + 3/§ 2 gi_z %;2 + S/f

This equation in turn speci es a constraint equation for alloation of power.

P = Pav;lgi3 = Pav;zg§;3 (5.26)
T ¢

Now, let us calculate the capacity of the relay channel when rdition (5.26)
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is satis ed. Using (5.4), we can write

1/2 u
C = max min (1j ¥A)P
0-% 1

1 Ya
gf;z gi3

. 1 P
%, 2 My
(5.28)

It can be seen that the solution of this optimization problem i®btained by solving
for Y for which the two mutual information terms are equal. This yelds the

capacity expression of the relay channel under the given set afsamptions:

ZPaV;lg%B q — 1. ZPaV;zgg?e’ q - (5.29)
= 3 LI *

2 ! 2
22T K B2 Kt

C=¢s

From (5.25) and (5.29), our scheme achieves rates upt€34. Using (4.3) and

(5.25), the critical rate can be written as

R = 3 3P4D' . _3(i )Pu(Di )i .
c— - .

207 Btk 2 0T e N

Next, we consider a special case in which we calculate the maximuate that
can be achieved using our scheme as described in this chapter anthpare with

the maximum achievable rate of the previous chapter.

Special Case 5.2.1 Fix ¥, = ¥4 = ¥ and” = 2 for this case. Lett = r=D.
Solving for- from (5.30) yields

1
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Substituting this in (5.30), we obtain an expression d®. in terms of ¢:

3P, Di? )
2%2(1+(1j B))(F2+1)

Re(F) = (5.32)

Maximizing the capacity is equivalent to minimizing the deminator.

argminf(1+(1 | #)*)(*+1)] =

NI

24pP,,Di 2.

) maxR.= —2

Hence, we see that the best performance in terms of achievablies is obtained
when the relay is placed at a distance of= D=2 from the source. This rate is
strictly better than the rate obtained by a cascade of two cimels as described in

Special Case 4.2.2.

For comparison between various schemes under similar channehditions, we
plot the MSE at T = 2 as a function of r=D for perfect feedback for di®er-
ent schemes: source-destination point-to-point channel, caseaand relay chan-
nel(Fig. 5.2). We also plot the critical rateR. as a function ofr=D for the three
schemes (Fig. 5.3). For both these plots we assume that all noisewé the same
variance ¥4 = 0:1 and P,,Di °=23% = 1. It can be seen that our scheme for the
relay channel outperforms both the other schemes in both meaguared error and

critical rate performance.

5.3 Communication Schemes with Noisy Feedback

To extend the scheme described in the previous sections to theseavhen both
the feedback links are noisy, we apply the same techniques a€imapter 3. Hence,

the signals sent on the forward link and the estimate update egtian change,
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Figure 5.2. Performance comparisons of the schemes with petfe
feedback: Mean Squared Error versusD.
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whereas the feedback signals remain the same as before. We nescdbe our
scheme in detail. Note that the parameters and ° have the same functionality

and constraints as before.

2 Forward

{ Source: Attime k, the source transmitsX,(k), that is,

8

X (k) = ) c §83(0)| W) for 1 (5.33)

®1 Y1(k) .
el W fork, 2

{ Relay: The relay does not transmit anything at time stepk = 1. At

time k = 2;3;:::, the relay transmits X ,.3(k), that is,

1
Woki 1) ;  k, 2 (5.34)

5

M
Ys.2(k
XaaW = & 22

2 Feedback
Destination : At time k, the destination broadcasts its state valu&z(kj 1)

on the feedback link as before, that is,

X3(k) = Sa(ki 1) k. 2 (5.35)

We assume a unit time step of delay in feedback to preserve causalit

We now explain how our state values and estimates at the relay @destination

are calculated.

i Relay: Similar to the noiseless feedback case, the relay constructs @sy

version off,; from f3; and S;. Hence, at timek = 1;2;:::, the relay
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updates its state valueS,(k) and estimate \W,(k) as

2 3 2 32 3
Ss(k i aei e Se(kij 1
g S z_ght i g ki by (5.36)
W3 (k) ‘ i ¢ Wski 1)
2 32 3
9' kl' ®912 Yi(k) g
0 0 Y3.2(k)
i Destination :
At time k = 1;2;:::, the destination updates its state valueS;(k) and
estimate W5(k) as
2 3 2 32 3 2 3
Ss(k 1i o= Sa(ki 1 -
g S0 g gl mm wmgg SETD 7 g1 Ly,
Ws (k) Lot Waki o) 0
(5.37)

We again present numerical examples in the next section to iitrate tradeo®s in

performances, that are similar to the numerical examples praged in Chapter 3.

5.4 Numerical Results for Noisy Feedback

Figs. 5.4 and 5.5 illustrate the predicted performance by plohg the MSE
and the rates (both normalized by the capacity of a cascade) dar similar channel
conditions. We assume all noises have varian¥é = 0:1; distancesD = 1;r = 0:5;
PoDi2=2%4 = 1; and parameters” = 0:4, ® = 2, which need not be optimal.
These results suggest that it is bene cial to exploit the transmissn from the
source at the destination. It leads to a better rate as well as aelter MSE

performance.
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Figure 5.4. Relative Rate vs time with noisy feedback for two kemes
for di®erent values of . Dashed curves correspond to a cascade of
point-to-point channels, and the solid curves correspond to &lay

channel.
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Relative Rate = R/C
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Figure 5.5. MSE versus time with noisy feedback for two schemes f
di®erent values of . Dashed curves correspond to a cascade of
point-to-point channels, and the solid curves correspond to &lay
channel.
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5.5 Summary

We present schemes for a relay network with both perfect and sgi feedback
in this chapter. Connections with stochastic approximation ad consensus al-
gorithms have been discussed. Analytical and numerical analyskow that our
scheme for the relay outperforms our scheme for a cascade. Thkiewable rate
for this scheme is also strictly better than the achievable ratéor a cascade of
point-to-point channels. The scheme for noisy feedback is ditey derived from
the scheme proposed in Chapter 3 for the point-to-point chanhéNe have trade-
o®s in mean-squared error and transmission rates similar to theesnin Chapter

3.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

The goal of this research has been to use tools and techniquesrrstochastic
approximation to develop new and better-performing schemésr communication
with feedback. Speci cally, this thesis has proposed scheméat are extensions of
the Schalkwijk-Kailath scheme and enable a trade-o® in perfoance with respect
to e®ective transmission rate and error performance. We havesalextended the
Schalkwijk-Kailath scheme to a cascade of point-to-point clmaels and a relay
channel. In addition to being simple, the schemes can be shownpimvide doubly
exponential error decay in the case of perfect feedback andadie-o®s between
e®ective transmission rate and reliability in the case of noisyefgback.

Chapter 3 develops a new class of coding schemes for additiveiternoise
channels with feedback corrupted by additive noise, focusimguch of the results
and discussion on additive white Gaussian noise channels. These scerare
variants of the SK coding scheme and are based upon averaging aneraging with
feedback techniques from stochastic approximation. Althougbur schemes do not
simultaneously achieve capacity with vanishing probability berror, they permit
appealing trade-o®s with respect to the two metrics. We show hawr algorithm
reduces to the SK scheme [28] for a special choice of parametafge discuss a
few special cases to motivate the use of di®erent parameters ur gcheme and

illustrate the performance of our scheme with the help of a fewumerical results.
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Chapter 4 develops communication schemes based on distributstthchastic
approximation algorithms for a cascade of two point-to-poinchannels. Without
feedback, the schemes have been shown to be capacity achievinile simul-
taneously having a doubly exponential error decay. By intengting our scheme
as a leader follower consensus algorithm, we show connectioogte consensus
problem. We compare the performance of a cascade with that ofpaint-to-point
channel under similar channel conditions and an equal totalgwer constraint.
Conditions that determine whether a relay is bene cial in tans of mean squared
error and critical rates have been presented. We extend theeids from Chapter 3
to generalize the scheme for the case of noisy feedback. Like ftea 3, numerical
results have been presented to illustrate the performance ofroschemes in the
presence of noisy feedback.

In Chapter 5, we propose a scheme for a relay channel, that usestaetion-
relay and destination-transmitter feedback. Using insights frm consensus algo-
rithms, the destination in our scheme combines the signals fronmé source and
relay to obtain an estimate of the message point. For comparisonitiv our re-
sults in Chapter 4, we evaluate the performance metrics by assing that the
relay is placed on the line joining the source and destinationAnalytical and
numerical analysis show that our scheme for the relay outperfos our scheme
for the cascade. The achievable rate for the relay channel i@ strictly better
than the achievable rate for a cascade of point-to-point chaels. The scheme for
noisy feedback is directly derived from the scheme proposed im&pter 3 for the
point-to-point channel.

Several other important issues have been left for future worlGenerally, non-

linear stochastic approximation algorithms might achieve hdt&er mean squared
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error performance. The advantage of having stochastic appiomation-based esti-
mation is that the estimation procedures do not change if we ahge the driving
function at the encoder, as long as the message point remainseazof that partic-

ular function. Many of the results in this thesis can be extendakto multiple relays.

Moreover, we limited ourselves to a simple path-loss exponenbutel in Chapters
4 and 5. More general fading models, like Rayleigh, Rician, @rso forth can be
considered. Finally, we would like to extend the scheme to mogeneral channel
models (like multiple-access channels, broadcast channelsdao forth) and noise
distributions. The insights of [30, 31] and consensus schemes axpexted to be

important in this regard.
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