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STATE-DEPENDENT NETWORKS WITH

SIDE INFORMATION AND PARTIAL STATE RECOVERY

Abstract

by

Shiva Prasad Kotagiri

In many communication scenarios, the communicating parties typically have

some knowledge or attempt to learn about the time-varying environment or the

channel over which communication takes place. To understand these models, it is

important to study the fundamental performance limits of state-dependent channels

whose probabilistic input-output relationship depends on a time-varying random pa-

rameter called channel state. This channel state could be either fading in a wireless

environment, interference, or host signal in information embedding, etc. In this

thesis, we focus on studying state-dependent network models from an information

theoretic perspective when the side information is available at some encoders and

state recovery is considered at some decoders. In general, the side information could

be either exact channel state, noisy channel state, or channel output feedback. In

this thesis, we assume that the side information is exact channel state. We study

single-user state-dependent models and multi-user state-dependent models such as

multiple access channels (MAC) and broadcast channels (BC).

For the state-dependent MAC with non-causal side information at some encoders

and without state recovery at the decoder, we study bounds on the capacity region

in the case of independent messages and derive the capacity region in the case of
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dependent or degraded messages. For the Gaussian case, we develop a coding scheme

based on both dirty paper coding and state cancellation to obtain the inner bound

on the capacity region.

For the state-dependent MAC with different non-causal side information at dif-

ferent encoders, we derive inner bounds on the capacity region for the case of no

state recovery at the decoder and the case of some, but not all, state recovery at the

decoder. For this model, we also study bounds on the capacity region for the case of

all state recovery at the decoder. It turns out that the inner and outer bounds meet

if all state signals are independent. Consequently, we obtain the capacity region for

this case.

For the state-dependent BC with non-causal encoder side information, we con-

sider lossless state recovery at some decoders. In the two decoder model, we study

bounds on the capacity region in the case of state recovery at only the better de-

coder. We also study the capacity region for the case of state recovery at all decoders

and the case of state recovery at only the worse decoder. Finally, we consider lossy

or partial state recovery in single-user state-dependent models without side informa-

tion and study bounds on the capacity region for a given state-recovery distortion

constraint.
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CHAPTER 1

INTRODUCTION

In many communication models, the communicating parties typically have some

knowledge or attempt to learn about the time-varying environment or the chan-

nel over which communication takes place. To understand such scenarios, it is

important to study the fundamental performance limits of channels whose prob-

abilistic input-output relationship depends on a time-varying random parameter

called the channel state. The study of state-dependent single-user channel models

was initiated by Shannon [38]. Several groups of researchers study single-user state-

dependent models [38, 2, 37, 30, 19, 48, 9, 17, 10]. Although much is known about

single-user state-dependent models, the theory is less well developed for multi-user

state-dependent models. In the following sections, we discuss several interesting

state-dependent network models under various scenarios, and highlight important

issues arising in these models.

1.1 General State-Dependent Network Model

A state-dependent multi-terminal network is shown in Figure 1.1. There are

m nodes in the network. In this network, node i has an associated transmitted

vector Xn
i and a received vector Yn

i , where i ∈ {1, 2, . . . ,m} 1. Node i wants

1X is random variable whose alphabet is X and sample value is x. Xn
i denotes as

{Xi,1,Xi,2, . . . ,Xi,n}

1



to send messages Wi = {Wi,1, . . . ,Wi,m} to the remaining nodes, where Wi,j ∈

Wi,j is the message intended for node j with Wi,j = {1, 2, . . . , ⌈2nRi,j⌉} and rate

Ri,j. The state-dependent channel is represented by a conditional probability law

p(y1,y2, . . . ,ym|x1, x2, . . . , xm, s). This probability transition function captures the

effects of propagation, interference, and noise in the network. In this model, the

channel outputs (Yn
1 ,Yn

2 , . . . ,Yn
m) are controlled by a random parameter or channel

state sequence Sn along with the channel inputs (Xn
1 ,X

n
2 , . . . ,X

n
m). This random

parameter or channel state sequence captures fading in a wireless environment, in-

terference from other users [3], or the host sequence in information embedding and

data hiding applications [5, 6, 34, 8, 21]. In these models, we assume that the side

information Tn
i about the channel is either causally or non-causally known at node

i. This side information could be the exact channel state, noisy channel state, or

some form of feedback. If there is no side information at node i, i.e., Tn
i = ∅, then

node i is called uninformed node. If the side information Tn
i 6= ∅ is available at node

i, then node i is called informed node.

If it is informed, node i generates Xi,k at time instant k from the available mes-

sages Wi, the side information, and the past received symbols (Yi,1,Yi,2, . . . ,Yi,k−1).

Otherwise, node i ignores the side information while encoding its messages. Node

i decodes the messages Ŵi intended for it from the channel observation Yn
i and the

side information Tn
i if it is an informed node. Otherwise, node i may attempt to es-

timate the state Ŝn
i satisfying a given distortion constraint according to a prescribed

distortion measure. From the point of view of encoding, the informed nodes can

help the uninformed nodes in terms of the communication rates and channel estima-

tion using the available side information. But, from the point of view of decoding,

the informed nodes view the side information as another channel observation. It is

interesting to study these models from the point of view of encoding with the side

2
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Figure 1.1. Block diagram for a state-dependent network

information and from the point of view of the channel estimation at the decoders.

To understand these models, it is important to study the fundamental performance

limits of these models such as achievable communications rates from an information

theoretic perspective.

In this thesis, we focus mainly on studying communication models containing

nodes that can either transmit or receive the information. We call the nodes that

can only transmit encoders and the nodes that can only receive decoders. We also

assume that the side information Tn
i is either the channel state Sn or ∅. From

the above general state-dependent network model, we can derive state-dependent

communication models containing encoders and decoders in the following situations.

• The side information is known only at the encoders [38, 30, 19, 48, 9, 46, 45,

23, 18, 24, 25, 27, 28, 17].

• The side information is known only at decoders.

3



• The side information is known at the encoders and the decoders [2, 37, 10].

• The side information is known neither at the encoders nor at the decoders.

1.2 Key Issues

In the state-dependent models, the following issues are very important to be

considered.

• Encoding of the message using side information at the informed encoders in

the presence of some uninformed encoders and uninformed decoders in the

model.

• Recovery or estimation of the channel state at the uninformed decoders in the

presence of informed encoders, uninformed encoders, and informed decoders.

State recovery could be either lossless or lossy. In lossless recovery case, the

state estimate should be exactly same as the actual channel state. In lossy recovery

case, the state estimate at the decoder should be “close” to the actual channel state

according to some distortion measure d(·, ·). To make the estimate “close” to the

actual channel state, per-letter average distortion between the estimate and the

actual channel state should satisfy a given distortion constraint ∆. This distortion

constraint determines how close the estimate should be with the actual channel

state.

In this thesis, we consider state-dependent models with non-causal side informa-

tion at some encoders. The state-dependent models with encoder side information

can be used to model information embedding, data hiding, memories with defects,

and related models [5, 6, 34, 8]. In the state-dependent models with some informed

encoders, it is very challenging for the informed encoders to exploit the available

4



side information for removing the effect of channel state on their message transmis-

sion and uninformed encoder’s message transmission, and helping the uninformed

decoder in terms of channel state estimation or recovery. Under these constraints,

single user models are studied in [38, 2, 37, 30, 19, 48, 9, 17, 10, 40] and multi-user

models are studied in [46, 45, 23, 18, 24, 25, 27, 28, 48].

For some of the models considered in this thesis, lossless state recovery is con-

sidered along with the decoding of messages at the uninformed decoders. Lossless

recovery of the channel state can not be accomplished in some channel models

even with side information available to the encoders, because the uncertainty of the

channel state exceeds the channel capacity. Lossless recovery is also not possible

for channel states with continuous alphabet. To overcome both difficulties, it is im-

portant to consider lossy recovery of the channel state at the uninformed decoders

because the partial knowledge about the channel state at the uninformed decoders

could be helpful or required in some scenarios. Lossy recovery at the decoders is

considered in [48, 11, 7].

In models with side information known neither at the encoders nor at the de-

coders, lossless state recovery can not be accomplished in most of the non-trivial

models. In theses scenarios, the decoders consider lossy state recovery so that the

coherent coding techniques can be used for communication using the channel state

estimate [50, 35, 50]. In general, information transmission and channel estimation

are done in time-division mode. But, it is important to study the trade-off between

the information transmission rate and the state-recovery distortion to understand re-

source overhead required for channel estimation. The estimated channel can also be

fed back to the uninformed encoders so that they can adapt their encoding schemes

suitable for the state of the channel.

5



Table 1.1

VARIOUS IMPORTANT ISSUES CONSIDERED IN SINGLE-USER AND

MULTI-USER STATE-DEPENDENT MODELS SUCH AS MULTIPLE ACCESS

CHANNELS AND BROADCAST CHANNELS.

Single-User MAC BC
Causal SI [38, 2] [40] [40]
at all encoders
Non-causal SI (NC-SI) [17, 9] [18, 24] [18, 24]
at all encoders
NC-SI at some (not all) [39] In this thesis [12]
encoders
NC-SI at all encoders [53] In this thesis In this thesis
& lossless state recovery
NC-SI at some (not all) encoders N/A In this thesis N/A
& lossless state recovery
NC-SI at some (not all) encoders In this thesis Not considered Not considered
& lossy state recovery

In Table 1.2, various important issues for single-user state-dependent models,

state-dependent multiple access channels, and state-dependent broadcast channels

are presented; the problems that have already been considered, the problems that

are considered in this thesis, the problems that have not been considered so far are

mentioned.

1.3 Outline

An outline for the remainder of the thesis is as follows. Chapter 2 discusses

single-user state-dependent models in various cases that have already been studied,

presenting important results, random coding techniques, and their applications.

Chapter 3 summarizes history of multi-user state-dependent models such as multiple

access channels, broadcast channels, and so forth, highlighting important cases,

6



important results, and random coding techniques.

Chapter 4 focuses on studying a state-dependent multiple access channel (MAC)

with side information available at some encoders and without state recovery at

the decoder in the discrete memoryless case and the Gaussian memoryless case.

Section 4.1 and Section 4.2 focus on studying the model in the case of independent

messages and in the case of degraded messages, respectively. In Section 4.1, we

derive inner and outer bounds for the capacity region of the discrete memoryless

model, specialize the inner bound for binary noiseless case, and also obtain inner and

outer bounds for the capacity region of the Gaussian memoryless model. Finally, in

Section 4.2, we obtain the capacity region for the discrete memoryless model with

degraded messages.

Chapter 5 focuses on studying a state-dependent MAC with different side infor-

mation at different encoders and lossless recovery of some states at the decoder. In

Section 5.1 and Section 5.2, we derive inner bounds for the capacity region in the

case of no state recovery and the case of one state recovery, respectively. In Sec-

tion 5.3, we derive inner and outer bounds for the capacity region and also obtain

the capacity region in a special case in which side information sequences at different

encoders are independent.

Chapter 6 focuses on studying a degraded broadcast channel with side informa-

tion available at the encoder and lossless recovery of state at some decoders. In

Section 6.1, we derive inner and outer bounds for the capacity region when state

recovery is not considered at all decoders. In Section 6.2, we also obtain inner and

outer bounds for the capacity region when state recovery is considered only at the

better decoder. We derive the capacity region for this model in the case of state

recovery at all decoders and in the case of state recovery only at the worse decoder

in Section 6.3 and Section 6.4, respectively.
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Chapter 7 discusses few extensions such as lossy state recovery in state-dependent

models without side information, and state-dependent models with side information

partially correlated to the channel state. Finally, Chapter 8 concludes the thesis,

highlighting contributions and future directions.
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CHAPTER 2

SINGLE-USER STATE-DEPENDENT MODELS

In this chapter, we present background material on single-user state-dependent

models, and discuss some important results and random coding schemes. We do

not give converse proofs for capacity theorems here because converse proofs do not

give any insight about encoding and decoding schemes. But, the converse shows the

optimality of rates achieved using the encoding and decoding schemes proposed in

achievability proof.

Figure 2.1 illustrates a state-dependent model in which X ∈ X is the channel

input, S ∈ S is the channel state, and Y ∈ Y is the channel output which is controlled

by X and S according to a memoryless probability law 1 p(y|s, x). It is also assumed

that the channel state is memoryless and drawn with probability law p(s). The

encoder wants to reliably transmit a message W ∈ W = {1, 2, . . . , ⌈2nR⌉} to the

decoder in n channel uses, where R is the rate of transmission. It is also assumed

that W is independent of the channel state S. The decoder forms an estimate Ŵ of

the message Ŵ from the channel output Yn.

An important case to which we will often specialize is the additive state-dependent

Gaussian model whose output is given as 2

Yn = Xn + Sn + Zn, (2.1)

1Calligraphic letters are used to denote the random variables alphabet set, e.g., X ∈ X.
2Addition in Yn = Xn + Sn + Zn is element wise addition.
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where the channel input Xn should satisfy the average power constraint 1
n

∑n

j=1 X2
j ≤

P ; the channel state Sn is zero mean Gaussian vector with covariance matrix3 QIn;

and the noise Zn is zero mean Gaussian with covariance matrix NIn. The noise Zn

and the channel state Sn are mutually independent. All alphabets are discrete and

continuous in discrete and Gaussian cases, respectively. Unless indicated otherwise,

results in the discrete memoryless (DM) case can readily be extended to memoryless

models with discrete time and continuous alphabets using standard techniques [16].

A B

Xn

Sn

W g(Yn)

State Source

Encoder Decoderp(y|x, s)
Yn

Figure 2.1. State-dependent single-user model.

2.1 State Neither at the Encoder Nor at the Decoder

In this case, switches A and B are open in Figure 2.1. For this model, the encoder

is a function fn : W → Xn and the decoder is a function gn : Yn → W. For the DM

case, the capacity 4 is given by 5 [39]

C = max
p(x)

I(X; Y).

The following simple random coding technique is used to prove existence of codes

that achieve the capacity:

3
In denotes an identity matrix of size n.

4The capacity is defined in Appendix A for single-user models in various cases.
5
I(·; ·) denotes the mutual information and H(·) denotes the entropy; I(·; ·) and H(·) are defined

in Appendix A.
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• For each message m ∈ W, generate random codeword Xn(m) whose elements

are independently drawn with probability law p(x). The codebook is revealed

to both the encoder and the decoder.

• The encoder chooses the codeword Xn(W) to transmit the message W.

• The decoder looks for a codeword Xn(m), m ∈ W that is jointly typical 6

with the channel output Yn. If such a codeword exists and is unique, then

the decoder declares its index as an estimate of the transmitted message.

Otherwise, the decoder declares an error. The probability of decoding error

goes to zero as n → ∞ provided R < I(X; Y).

The capacity of the additive state-dependent Gaussian model is given as7

C =
1

2
log

(

1 +
P

Q + N

)

.

In this case, since the knowledge of channel state is known neither at the encoder

nor at the decoder, then the additive channel state S is treated simply as noise

in encoding and decoding the message. For each message m ∈ W, the encoder

generates the codeword Xn whose elements are independently drawn according to

probability distribution 8 N(0, P ). The decoder applies minimum Euclidean-distance

decoding to obtain the message from the channel output Yn, i.e., it chooses the

codeword Xn(m), m ∈ W that is closest to Yn in the sense of Euclidean distance.

In the above model, the decoder only considers recovery of the message, but, in

many communication models, the decoder may also want to estimate the channel

state for a variety of reasons. If the decoder must also partially recover the channel

state according to a prescribed distortion measure, there is trade-off between the

6Typicality is formally defined in Appendix A.4.
7log is logarithm with base 2.
8N(0, P ) is Gaussian distribution with zero mean and variance P.
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message transmission rate from the encoder and the state-recovery distortion con-

straint with which the channel state is estimated or recovered at the decoder. We

study the optimal trade-off between the message transmission rate and the state-

recovery distortion in Chapter 7.

2.2 State only at the Decoder

In this case, switch A is open, and switch B is closed in Figure 2.1. For this

model, the encoder is a function fn : W → Xn and the decoder is a function

gn : Yn × Sn → W. In the DM case, the capacity is given by

C = max
p(x)

I(X; Y,S).

Encoding is identical to that in Section 2.1 for the previous case. In terms of

decoding, the only difference between the previous case and this case is that the

decoder views the available channel state Sn as another channel observation along

with the channel output Yn, i.e., the effective channel output is the pair (Yn,Sn).

In the simple Gaussian case given in (2.1), the decoder removes the effect of Sn

from Yn and then decodes the message from Yn − Sn. For this model, the channel

capacity is given by

C =
1

2
log

(

1 +
P

N

)

. (2.2)

Thus, it can be observed that the effect of channel state can be completely removed

if the channel state is additive and known at the decoder. In general, the effect of

channel state can not be completely removed for all models even though the channel

state is available at the decoder. We also note that causality is irrelevant for block

decoding techniques in the case of decoder side information.

12



2.3 State only at the Encoder

In this case, switch A is closed and switch B is open in Figure 2.1. The channel

state can be either causally or non-causally known at the encoder.

2.3.1 Causal Case

For this case, the encoder is a sequence of functions fi : W × Si → X for

i = 1, 2, . . . , n and the decoder is a function gn : Yn → W. For the DM case, the

capacity is given by [38, 2]

C = max
p(u)

I(U; Y), (2.3)

where U ∈ U, and U is the set of random vectors of length |S| with elements in X

with |U| = |X||S|. The random coding scheme that achieves the capacity for this

model is a set of n length vectors from alphabet U.

• For each message m ∈ W, the encoder generates the codeword Un(m) whose

elements are independently drawn according to p(u). This codebook is re-

vealed to both the encoder and the decoder.

• The encoder wants to send the message W. The encoder, provided with Si

at time i, chooses Ui(W,Si) as the channel input at time instant i, where

Ui(W,Si) is the Sith element of the vector Ui(W).

• The decoder looks for a codeword Un(m), m ∈ W, that is jointly typical

with the channel output Yn. If such a codeword exists and is unique, then

the decoder declares the index of codeword as estimate of the transmitted

message.

Shannon’s proof technique for the discrete case leading to (2.3) does not offer much

insight for more general channels, including the simple Gaussian case. We also

13



observe that the state-dependent models with causal encoder side information and

recovery of state at the decoder has not been considered.

2.3.2 Non-Causal Case

For these models, the decoder may or may not consider the channel state recov-

ery. In the next sections, we discuss these models without state recovery and with

state recovery.

No State Recovery

For this case, the encoder is a function fn : W × Sn → Xn and the decoder is a

function gn : Yn → W. For the DM case, the capacity is given by [17]

C = max
p(u|s), h:U×S→X

[I(U; Y) − I(U; S)], (2.4)

where |U| ≤ |S||X|, and if x = h(u, s), p(s,u, x,y) = p(s)p(u|s)p(y|s, x), otherwise,

it is zero.

The above result and coding scheme to achieve it are very important to un-

derstand most of the problems we study. Let us discuss the random coding scheme

used to achieve (2.4) [17]. We call this coding scheme Gel’fand-Pinsker (GP) coding

throughout the thesis.

• For each message m ∈ W, generate a bin of ⌈2nR0⌉ codewords Un(m, j) whose

elements are generated according to distribution p(u), where

j ∈ {1, 2, . . . , ⌈2nR0⌉} as shown in Figure 2.2. This codebook is revealed

to both the encoder and the decoder. In this case, there is more than one

codeword for each message. The available channel state Sn determines which

codeword should be chosen for a given message.

• Given the message W ∈ W and the channel state Sn, the encoder finds the

codeword Un(W, j) in bin W that is jointly typical with Sn. If no such j

14



replacemen
Bin 1 Bin 2 Bin 3

. . . . . .. . .

Bin ⌈2nR⌉

⌈2nR0⌉⌈2nR0⌉⌈2nR0⌉⌈2nR0⌉

Total number of codewords = ⌈2nR⌉⌈2nR0⌉

UnUnUnUn

Figure 2.2. Illustration of Gel’fand-Pinsker codebooks.

exists, then the encoder declares an error. Otherwise, the encoder generates

the channel input Xn = hn(Un(W, j),Sn) 9. The probability of encoding error

goes to zero as n → ∞ provided R0 > I(U; S).

• The decoder finds Un(m, j) that is jointly typical with the channel output Yn,

where m ∈ W and j ∈ {1, 2, . . . , ⌈2nR0⌉}. If such a sequence Un exists and is

unique, the decoder declares its bin index as the estimate for the transmitted

message; otherwise, the decoder declares an error. The probability of decoding

error goes to zero as n → ∞ provided R + R0 < I(U; Y). Thus, the overall

probability of error goes to zero as n → ∞ provided R < I(U; Y) − I(U; S).

For the state-dependent Gaussian model (2.1) with non-causal encoder side in-

formation, the capacity is given by [9]

C =
1

2
log

(

1 +
P

N

)

, (2.5)

which is same as the capacity if the channel state is known at the decoder. Interest-

ingly, the encoder does not use its transmit power to explicitly cancel the channel

state in order to achieve (2.5). Encoding and decoding are similar to those of the

9hn(Un(W, j),Sn) = {h(U1(W, j),S1), h(U2(W, j),S2), . . . , h(Un(W, j),Sn)}.
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DM case. The new observation by Costa in [9] is an auxiliary random variable that

achieves the capacity in (2.4); specifically, the optimal auxiliary random variable

is U = X + αS, where X is zero mean Gaussian with variance P and independent

of S, and α is a real parameter. Using this choice of auxiliary random variable,

I(U; Y) − I(U; S) is computed and optimized over α. It turns out that the optimal

choice yielding (2.5) is α∗ = P
P+N

. The GP coding scheme with the above mentioned

U is often called dirty paper coding (DPC).

DPC can be explained with the help of Figure 2.3. In this figure, four possible

messages are represented by four different symbols, and each symbol represents

an auxiliary codeword Un. For each message, there are more than one auxiliary

codeword. These auxiliary codewords are spread over the entire Sn space. For

a given message W and channel state Sn, the channel input Xn is chosen as the

minimum difference between all auxiliary codewords representing the message W

and αSn. We should choose these auxiliary codewords such that Xn satisfies the

average power constraint P for all Sn and all messages W ∈ W. The existence of

such a codebook is shown using typicality and random coding arguments.

For this model, no additional converse proof is needed because an obvious outer

bound for the capacity is (2.2), and the inner bound for the capacity meets this

obvious outer bound. It is very rare for such obvious outer bounds to be tight, as

we will see throughout the thesis. Single-user state-dependent models with partial

state at the encoder is considered in [36].

State Recovery

In this case, the decoder must recover the state as well as decode the message.

State recovery could be either lossless or lossy. In this case, the encoder is a function

fn : W × Sn → Xn and the decoder is a function gn : Yn → W × Ŝn.
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Figure 2.3. Illustration of dirty paper coding.

We first focus on lossless recovery of the channel state at the decoder. In lossless

recovery case, alphabet Ŝ should be same as alphabet S. For the DM models, then

the capacity is given by [53]

C = max
p(x|s)

[I(X,S; Y) − H(S)]. (2.6)

Encoding and decoding schemes used to achieve (2.6) are quite different from GP

coding. For this model, the following superposition coding scheme is used to achieve

(2.6).

• Generate codewords Xn(Sn,m) according to p(x|s) for each typical Sn and all
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m ∈ W. The codebooks are revealed to both the encoder and the decoder

• The encoder, provided with Sn, sends Xn(Sn,W) to transmit the message W.

• The decoder looks for Xn(Ŝn, Ŵ) that is jointly typical with Yn for all Ŵ ∈

W and typical sequences Ŝn. If such a sequence exists and is unique, then

the estimates of message and the host sequence are Ŵ and Ŝn, respectively.

Otherwise, the decoder declares an error. The probability of decoding error

goes to zero as n → ∞ provided R < I(S,X; Y) − H(S).

If the state source p(s) is such that (2.6) becomes negative, then lossless state

recovery is impossible, because the state source entropy exceeds the channel capac-

ity. In such scenarios, lossy state recovery would be useful to have partial knowledge

about the channel state and reduce the constraints in the problem. In lossy recov-

ery case, the decoder estimates the channel state Ŝn according to some distortion

measure d(·, ·) satisfying a given distortion constraint ∆, i.e., E(d(Sn, Ŝn)) ≤ ∆.

In lossy state recovery case, the capacity is not known for the DM models with

encoder side information. Although the capacity C(∆) is in general not known, it

satisfies [7]

C(∆) ≥ max
p(s,u,x,y,ŝ)∈Pi(∆)

[I(U; Y) − I(U; S)], (2.7)

where, Pi(∆) is the set of distribution functions p(s,u, v, x,y, ŝ) satisfying the fol-

lowing conditions

a) p(s,u, x,y, ŝ) = p(s)p(u|s)p(x|s,u)p(y|s, x)p(ŝ|u,y),

b) Ed(S, Ŝ) ≤ ∆.

For state-dependent additive Gaussian models with non-causal encoder side in-

formation, [48] obtains the capacity-distortion function C(∆) for lossy state recovery
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subject to mean-square error distortion, specifically the capacity C(∆) is given by

C(∆) =
1

2
log

(

1 +
γmaxP

N

)

for ∆ ≥ Q
P + N

(
√

P +
√

Q)2 + N
, (2.8)

where

γmax = max
γ











γ ∈ [0, 1] : Q
γP + N

(

√

(1 − γ)P +
√

Q
)2

+ γP + N
≤ ∆











.

The distortion constraint ∆ < Q P+N

(
√

P+
√

Q)2+N
is not achievable for any rate of mes-

sage transmission. From (2.8), the capacity C(∆) increases as ∆. In random coding

that achieves the above capacity, the channel input Xn is decomposed into two

parts, namely Xn
w and Xn

s with average power constraints γP and (1− γ)P , respec-

tively, for fixed γ ∈ [0, 1]. Xn
s is generated from the available channel state Sn, i.e.,

Xn
s =

√

(1−γ)P
Q

Sn. Then, the channel output can be written as

Yn = Xn
w + Xn

s + Sn + Zn = Xn
w +

(

1 +

√

(1 − γ)P

Q

)

Sn + Zn.

From the available state Sn and W, the encoder generates Xn
w using DPC with

α = γP

γP+N
. The decoder estimates the message as in DPC and generates the state

estimate as the minimum mean square error (MMSE) estimate of Sn from Yn.

2.4 State at the Encoder and the Decoder

In this case, switches A and B are closed in Figure 2.1. In these models, the side

information, fully correlated to channel state, is causally or non-causally available

at the encoder and is also known at the decoder.

For the discrete memoryless case with causal encoder side information, the ca-

pacity is given by [37, 2]

C = max
p(u)

I(U; Y|S), (2.9)
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where U ∈ U = X|S|. The encoding scheme used to achieve (2.9) is similar to the

encoding scheme with causal side information available only at the encoder. The

decoding scheme is similar to that in the case of decoder side information

If the channel state is non-causally known at the encoder and the alphabets are

finite, the capacity of this model is given by [10]

C = max
p(x|s)

I(X; Y|S).

The above capacity region can be obtained by using codebooks in superposition

coding scheme. The decoding scheme is similar to that in the case of state only at

the decoder.

When the channel state is either non-causally or causally known at the encoder,

the capacity of the additive Gaussian model is given as

C =
1

2
log

(

1 +
P

N

)

.

The state-dependent models would be more interesting if the channel state is

multiplicative rather than additive. For state-dependent fading models with encoder

side information, it is very challenging to obtain an auxiliary random variable that

maximize (2.4). DPC for fading scenarios is considered in [59].

2.5 Applications

The channel models with random parameters or channel state and non-causal

channel state at the encoder can be used to study computer memories with defects.

In the context of computer memories with defects, these models are also studied in

[30, 19].

The channel models with random parameters or the channel state non-causally

known at the encoder can be used to model information embedding or data hiding

[5, 6, 34, 8]. Information embedding (IE) is a recent area of digital media research
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with many applications, including: passive and active copyright protection (digi-

tal watermarking); embedding important control, descriptive, reference information

into a given signal; steganography; backward-compatible digital upgrades of commu-

nications infrastructure; and covert communications [49, 1]. Figure 2.1 with switch

A closed shows the block diagram of IE or data hiding.

In IE, the message W is embedded in to a host signal Sn (digital audio, video or

images) in a manner that is essentially transparent to a conventional decoder. Thus,

the embedded signal Xn should be close to the host data Sn under some prescribed

distortion measure d(·, ·), i.e., E[d(Sn,Xn)] ≤ ∆. In IE, the existence of the message

in the host signal should be unknown to the conventional decoder, so the distortion

constraint ∆ is kept small.

Based on the recovery, in the sense of probability of error going to zero, of the

message embedded in the host sequence as well as the host sequence, there are two

important types of IE. They are irreversible IE and reversible IE.

• Irreversible Information Embedding:

In this case, the decoder is concerned with decoding only the message embed-

ded in the host sequence from the channel output Yn, i.e., g(Yn) = Ŵ. The

irreversible information embedding capacity is given by [34]

C = max
p(u|s), f :U×S→X:E[d(S,X)]≤∆

[I(U; Y) − I(U; S)], (2.10)

where |U| ≤ |S||X|, and if x = f(u, s), p(s,u, x,y) = p(s)p(u|s)p(y|s, x),

otherwise, it is zero. If we compare (2.4) and (2.10), they differ only in the set

of distributions over which the maximization takes place. Indeed, encoding

and decoding used to achieve (2.10) are similar to the encoding and decoding

used to achieve (2.4).

• Reversible Information Embedding :
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In this case, the decoder is concerned with the lossless recovery of the host se-

quence along with the decoding of the message embedded in the host sequence

from the channel output Yn i.e., g(Yn) = (Ŵ, Ŝn). The reversible information

embedding capacity is given by [53]

C = max
p(x|s):E[d(S,X)]≤∆

[I(S,X; Y) − H(S)]. (2.11)

For this model, distortion-constrained superposition coding is used to achieve

(2.11). If we compare (2.6) and (2.11), they differ only in the set of distribu-

tions over which the maximization takes place. Indeed, encoding and decoding

used to achieve (2.11) are similar to the encoding and decoding used to achieve

(2.6).

Information theoretic study of single-user public and private watermarking sys-

tems is considered in [41, 42, 43]. Joint IE and lossy compression is studied in

[31, 32] and joint watermarking and encryption is studied in [33].

In some applications, the message embedded in the host signal should also be

protected from unintended users. If unintended users know the existence of the

message embedded in the host signal, they can attempt to decode the message. To

protect the message from the unintended users, it is better to incorporate a secrecy

constraint on the message embedded in the host sequence. Communication models

with secrecy constraints are studied in [54, 13]. The capacity is not known for IE

model with secrecy constraints in the DM case.

2.6 Summary

In this chapter, we briefly summarized a variety of results and coding schemes for

single-user, state-dependent models. In most of the interesting cases, the capacity

for these models is known. However, partial or lossy state recovery is one important
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direction that is not fully understood. Though much is known about single-user

models, comparatively less theory has been developed for multi-user state-dependent

models, as we will see in the next chapter.
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CHAPTER 3

MULTI-USER STATE-DEPENDENT MODELS

In this chapter, we present background material on some multi-user state-dependent

models, and discuss some important results and random coding schemes. We focus

mainly on state-dependent multiple access channel (MAC) and broadcast channel

(BC) in various interesting scenarios.

3.1 Multiple Access Channel

Figure 3.1 illustrates a state-dependent MAC in which X1 ∈ X1 and X2 ∈ X2

are the channel inputs from Encoder 1 and Encoder 2, respectively, S ∈ S is the

channel state, and Y ∈ Y is the channel output. The channel output Y is controlled

by X1, X2, and S according to a memoryless probability law p(y|s, x1, x2). It is also

assumed that the channel state is memoryless and drawn with probability law p(s).

Encoder i wants to reliably transmit a message Wi ∈ W = {1, 2, . . . , ⌈2nRi⌉} to the

decoder, where Ri is the rate of transmission, for i = 1, 2. It is also assumed that the

W1, W2, and S are independent. The decoder estimates the message pair (Ŵ1, Ŵ2)

from the channel output Yn.

An additive state-dependent Gaussian MAC is a channel model whose output is

given as

Yn = Xn
1 + Xn

2 + Sn + Zn, (3.1)
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Figure 3.1. Block diagram of a state-dependent multiple access channel

where: the channel inputs Xn
1 and Xn

2 should satisfy the average power constraint

1
n

∑n

j=1 X2
1,j ≤ P1 and 1

n

∑n

j=1 X2
2,j ≤ P2, respectively; the channel state Sn is zero

mean Gaussian vector with covariance matrix QIn; and the noise Zn is zero mean

Gaussian with covariance matrix NIn. The noise Zn and the channel state Sn are

mutually independent.

3.1.1 State Neither at the Encoders Nor at the Decoder

In this case, switches A and B are open in Figure 3.1. The encoding functions at

Encoder 1 and Encoder 2 are fn
1 : W1 → Xn

1 and fn
2 : W2 → Xn

2 , respectively, and

the decoding function is gn : Yn → (W1,W2). For the discrete memoryless (DM)

case, the capacity region 1 is closure of the set of rate pairs (R1, R2) satisfying [12]

R1 ≤ I(X1; Y|X2,Q), (3.2a)

R2 ≤ I(X2; Y|X1,Q), (3.2b)

1The capacity region for multiple access channel is defined in Appendix A.
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R1 + R2 ≤ I(X1,X2; Y|Q), (3.2c)

for some distribution of the form

p(q)p(s)p(x1|q)p(x2|q)p(y|s, x1, x2),

where Q ∈ Q is a time-sharing auxiliary random variable with |Q| ≤ 4. Since the

time-sharing random variable captures time sharing of different codebooks, it can

assumed that the time-sharing sequence Qn is available at the encoders and the

decoder. For this case, the following simple random coding scheme achieves the

above capacity region.

• For each message mi ∈ Wi and each time sharing sequence qn ∈ Qn, generate

codewords Xn
i (mi,q

n) whose elements are independently drawn with probabil-

ity law p(xi|q), for i = 1, 2. These codebooks are revealed to both the encoders

and the decoder.

• The time-sharing sequence Qn = qn whose elements are independently drawn

with probability law p(q) is available at the encoders and the decoders.

• Encoder i chooses the codeword Xn
i (Wi,Q

n) to transmit the message Wi, for

i = 1, 2.

• The decoder looks for a codeword pair (Xn
1 (m1,Q

n),Xn
2 (m2,Q

n)) that is jointly

typical with the channel output Yn and Qn. If such a codeword pair exists and

is unique, then the decoder declares it to be the estimate of the transmitted

message pair. Otherwise, the decoder declares an error. The probability of

decoding error goes to zero as n → ∞ provided (R1, R2) satisfies (3.2) with

strict inequalities.
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For the additive state-dependent Gaussian MAC, the capacity region is the set

of rate pairs (R1, R2) satisfying [12]

R1 ≤
1

2
log

(

1 +
P1

Q + N

)

, (3.3a)

R2 ≤
1

2
log

(

1 +
P2

Q + N

)

, (3.3b)

R1 + R2 ≤
1

2
log

(

1 +
P1 + P2

Q + N

)

. (3.3c)

In this case, since the channel state is known neither at the encoders nor at the

decoder, then the channel state S is simply treated as noise in the encoding and

decoding process. For each message mi ∈ Wi, the encoder generates the codeword

Xn
i whose elements are independently drawn according to probability distribution

N(0, Pi) for i = 1, 2. The decoder applies minimum Euclidean distance decoding to

the channel output Yn, i.e., choosing the codeword sum Xn(m1)+Xn(m2), m1 ∈ W1,

m2 ∈ W2 that is closest to Yn in the sense of Euclidean distance. In the above

model, as in the single-user case, it can be practically useful to incorporate channel

state estimation at the decoder. Lossy state recovery at the decoder for the state-

dependent MAC will be discussed in detail in Chapter 7.

3.1.2 State only at the Decoder

In this case, switch A is open, and switch B is closed in Figure 3.1. For this

model, the encoding functions at Encoder 1 and Encoder 2 are fn
1 : W1 → Xn

1 and

fn
2 : W2 → Xn

2 , respectively, and the decoding function is gn : Yn × Sn → (W1,W2).

The capacity region for the DM models is closure of the set of rate pairs (R1, R2)

satisfying

R1 ≤ I(X1; Y,S|X2,Q), (3.4a)

R2 ≤ I(X2; Y,S|X1,Q), (3.4b)

R1 + R2 ≤ I(X1,X2; Y,S|Q), (3.4c)
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for some distribution of the form

p(q)p(s)p(x1|q)p(x2|q)p(y|s, x1, x2),

where Q ∈ Q is a time-sharing auxiliary random variable with |Q| ≤ 4. Encoding

schemes are similar to that in the previous case. The decoder views the available

channel state Sn as another channel observation along with the channel output Yn.

In the additive state-dependent Gaussian MAC, the decoder removes the effect

of Sn from Yn and then decodes the messages from Yn − Sn. For this model, the

capacity region is the set of rate pairs (R1, R2) satisfying

R1 ≤
1

2
log

(

1 +
P1

N

)

, (3.5a)

R2 ≤
1

2
log

(

1 +
P2

N

)

, (3.5b)

R1 + R2 ≤
1

2
log

(

1 +
P1 + P2

N

)

. (3.5c)

As in single-user models, the effect of the channel state can be completely removed

when the channel state is additive and known at the decoder. Again, causality is

irrelevant for block coding techniques.

3.1.3 State only at the Encoders

In this case, switch A is closed and switch B is open in Figure 3.1. As in single-

user case, the channel state is either causally or non-causally known at all encoders.

Causal Case

For this case, the sequences of encoding functions at Encoder 1 and Encoder 2

are f1,i : W1 ×Si → X1 and f2,i : W2 ×Si → X2, respectively, for i = 1, 2, . . . , n, and

the decoding function is gn : Yn → (W1,W2).

For the discrete model, an inner bound for the capacity region is convex hull of
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the set of rate pairs (R1, R2) satisfying [40]

R1 < I(U1; Y|U2), (3.6a)

R2 < I(U2; Y|U1), (3.6b)

R1 + R2 < I(U1,U2; Y), (3.6c)

for some distribution of the form p(u1)p(u2), X1 = h1(U1,S), X2 = h1(U2,S). Let

us discuss the random coding scheme that achieves the inner bound.

• For each message mi ∈ Wi, generate codewords Un
i (mi) whose elements are

independently drawn with probability law p(ui), for i = 1, 2. These codebooks

are revealed to both the encoders and the decoder.

• Encoder i, provided with Wi and Sj, chooses the channel input Xj = hi(Uj(Wi),Sj)

at time instant j.

• The decoder looks for a codeword pair (Un
1 (m1),U

n
2 (m2)) that is jointly typical

with the channel output Yn. If such a codeword pair exists and is unique, then

the decoder declares it to be the estimate of the transmitted message pair.

Otherwise, the decoder declares an error. The probability of decoding error

goes to zero as n → ∞ provided (R1, R2) satisfy (3.6).

For the DM model, an outer bound for the capacity region is convex hull of the

set of rate pairs (R1, R2) satisfying [40]

R1 < I(U1; Y|U2), (3.7a)

R2 < I(U2; Y|U1), (3.7b)

R1 + R2 < I(U1,U2; Y), (3.7c)

for some distribution of the form p(u1,u2), X1 = h1(U1,S), X2 = h1(U2,S). Since

the above inner and outer bounds differ in distributions considered, the capacity

region is still not known.
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Non-Causal Case

For this case, the encoding functions at Encoder 1 and Encoder 2 are fn
1 :

W1 × Sn → Xn
1 and fn

2 : W2 × Sn → Xn
2 , respectively, and the decoding function is

gn : Yn → (W1,W2).

In the DM case, the capacity region is not known. An inner bound for the

capacity region is the set of rate pairs (R1, R2) satisfying [24]

R1 ≤I(U1; Y|U2,Q) − I(U1; S|U2,Q), (3.8a)

R2 ≤I(U2; Y|U1,Q) − I(U2; S|U1,Q), (3.8b)

R1 + R2 ≤I(U1,U2; Y|Q) − I(U1,U2; S|Q) (3.8c)

for some distribution of the form

p(q)p(s)p(u1, x1|s,q)p(u2, x2|s,q)p(y|s, x1, x2),

where U1 and U2 are auxiliary random variables, and Q ∈ Q is a time-sharing

auxiliary random variable with |Q| ≤ 4. The inner bound (3.8) can be obtained by

applying GP coding at both encoders and joint decoding at the decoder.

For an additive state-dependent Gaussian MAC with side information at all

encoders, the capacity region is the set of rate pairs (R1, R2) satisfying [18, 24]

R1 ≤
1

2
log

(

1 +
P1

N

)

, (3.9a)

R2 ≤
1

2
log

(

1 +
P2

N

)

, (3.9b)

R1 + R2 ≤
1

2
log

(

1 +
P1 + P2

N

)

, (3.9c)

which is same as the capacity region of models in which the channel state is known

at only the decoder. Similar to the single-user additive state-dependent Gaussian

models with non-causal encoder side information, DPC at both the encoders achieves

(3.9), and state cancellation is not optimal in terms of the capacity region.
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Let us discuss DPC in this model to achieve the capacity region, focusing on

successive decoding. The capacity region for this model is shown in Figure 3.2.

Assume that one message is decoded first by treating the input from the other

encoder as noise and then the other message is decoded with knowledge of the first

decoded message. At Encoder 1, codewords Xn
1 = Un

1 − α1S
n are generated using

DPC with α1 = P1

P1+P2+N
. At Encoder 2, codewords Xn

2 = Un
2 − α2S

n are generated

using DPC with α2 = P2

P2+N
. If R1 < 1

2
log
(

1 + P1

P2+N

)

, the auxiliary codeword Un
1

and W1 are reliably decoded [9]. Then, we decode the message of Encoder 2 using

Yn − Un
1 = Xn

2 + (1 − α1)S
n + Zn.

Using the same argument, if R2 < 1
2
log
(

1 + P2

N

)

, W2 can also be decoded reliably.

Thus, rate pairs (R1, R2) satisfying R1 < 1
2
log
(

1 + P1

P2+N

)

and R2 < 1
2
log
(

1 + P2

N

)

,

i.e., shaded region A in Figure 3.2, are achievable. If we change the role of the

encoders and the decoding order, rate pairs (R1, R2) satisfying R1 < 1
2
log
(

1 + P1

N

)

and R2 < 1
2
log
(

1 + P2

P1+N

)

, i.e., shaded region B in Figure 3.2, are also achievable.

Taking the convex closure of these sets of achievable rates yields (3.9).

For this model, no additional converse proof is needed because an obvious outer

bound for the capacity region is (3.5), and the inner bound for the capacity meets

this obvious outer bound. Otherwise, it is very difficult to obtain simple, tight outer

bounds in general for these models as we will see in the next chapters.

If the channel state is non-causally known at all encoders, DPC is optimal in

terms of the capacity region. The capacity region is not known when some but

not all encoders know the channel state because the encoders that are not provided

with the channel state can not apply DPC. We study state-dependent MAC with

asymmetric availability of side information at the encoders in Chapter 4.

In the above models, recovery of the channel state at the decoder is not con-

sidered. As in the single-user case, state-dependent MACs with non-causal encoder
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(
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1
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log
(
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)

1
2
log
(
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N

)

Figure 3.2. Illustration of the capacity region for the additive state-dependent Gaus-
sian multiple access channel with non-causal side information at all encoders.

side information can be used to model distributed information embedding in which

each user embeds it’s message into the provided host satisfying a distortion con-

straint and all encoders wants to communicate their embedded signals to a common

decoder. We study lossless recovery of the channel state at the decoder for state-

dependent MAC in Chapter 5 from the view of distributed information embedding.

From the view of IE, state-dependent MACs with non-causal encoder side infor-

mation is studied in [55]. Lossy recovery of the channel state at the decoder in

state-dependent MAC has not been considered.
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3.1.4 State at the Encoders and the Decoder

In this case, switches A and B are closed in Figure 3.1. In this discussion, we

focus on models in which the channel state is known non-causally at the encoders

and is also known at the decoder.

For the DM case, the capacity region is closure of the set of rate pairs (R1, R2)

satisfying

R1 ≤I(X1; Y,S|X2,Q), (3.10a)

R2 ≤I(X2; Y,S|X1,Q), (3.10b)

R1 + R2 ≤I(X1,X2; Y,S|Q), (3.10c)

for some distribution of the form

p(q)p(s)p(x1|s,q)p(x2|s,q)p(y|s, x1, x2),

where Q ∈ Q is time-sharing auxiliary random variable with |Q| ≤ 4. The above

capacity region can be obtained using superposition coding at both the encoders.

The decoding scheme is similar to that in the case of decoder side information.

In this case, the capacity region for additive state-dependent Gaussian MAC is

the set of rate pairs (R1, R2) satisfying

R1 ≤
1

2
log

(

1 +
P1

N

)

, (3.11a)

R2 ≤
1

2
log

(

1 +
P1

N

)

, (3.11b)

R1 + R2 ≤
1

2
log

(

1 +
P1 + P2

N

)

. (3.11c)

Cemal and Steinberg study state-dependent MAC with rate-constrained channel

state known at the encoders and the channel state known at the decoder [4]. Jafar

also study state-dependent MAC with encoder side information and decoder side

information in [20].
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3.2 Broadcast Channel

In this section, let us focus on state-dependent broadcast models in various inter-

esting scenarios. Figure 3.3 illustrates a state-dependent broadcast channel (BC) in

which X ∈ X is the channel input, S ∈ S is the channel state, and Y ∈ Y and Z ∈ Z

are the channel outputs for Decoder 1 and Decoder 2, respectively. In this model,

the channel outputs (Y,Z) are controlled by X and S according to a memoryless

probability law p(y, z|s, x). It is also assumed that the channel state is memoryless

and drawn with probability law p(s). The encoder wants to reliably transmit mes-

sages W1 ∈ W1 = {1, 2, . . . , ⌈2nR1⌉} and W2 ∈ W2 = {1, 2, . . . , ⌈2nR2⌉} to Decoder 1

and Decoder 2, respectively, in n channel uses, where Ri is the rate of transmission,

for i = 1, 2. It is also assumed that W1, W2, and S are independent. The decoders

estimate the messages intended for them from their respective channel outputs.

In this chapter, we focus on broadcast channels that are physically degraded i.e.,

p(y, z|s, x) = p(y|s, x)p(z|y), in the DM case.

An additive state-dependent Gaussian BC is a channel model whose outputs are

given as

Yn = Xn + Sn + Zn
1 and Zn = Xn + Sn + Zn

2 ,

where Xn should satisfy the average power constraint 1
n

∑n

j=1 X2
j ≤ P ; Sn is zero

mean Gaussian vector with covariance matrix QIn; Zn
1 is zero mean Gaussian with

covariance matrix N1In; and Zn
2 is zero mean Gaussian with covariance matrix N2In.

We assume that Zn
1 and Zn

2 are independent and (Zn
1 ,Z

n
2 ) is independent of Sn. We

assume that N2 > N1. This Gaussian model is not necessarily physically degraded.

But, by a similar argument to [12, Problem 14.10], it suffices to consider instead the

following physically degraded, state-dependent broadcast channels with the same
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A B

Encoder

State Source

Decoder 2

Decoder 1

p(y, z|x, s)
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Xn
Yn

Zn

(W1,W2)

g1(Y
n)

g2(Z
n)

Figure 3.3. Block diagram of a state-dependent broadcast channel.

capacity region:

Yn = Xn + Sn + Zn
1 and Zn = Yn + Z̃n

2 ,

where the channel input has average power constraint 1
n

∑n

j=1 X2
j ≤ P ; and zero

mean Gaussian vectors Sn, Zn
1 , and Z̃n

2 are independent of each other and have

covariance matrix QIn, N1In, and (N2 − N1)In, respectively.

3.2.1 State Neither at the Encoder Nor at the Decoders

In this case, switches A and B are open in Figure 3.3. The encoding function at

the encoder is fn : W1 × W2 → Xn, and the decoding functions at the Decoder 1

and Decoder 2 are gn
1 : Yn → W1 and gn

2 : Zn → W2, respectively.

For the DM case, the capacity region 2 is the closure of all rate pairs (R1, R2)

satisfying [12]

R1 ≤I(X; Y|U), (3.12a)

R2 ≤I(U; Z), (3.12b)

2The capacity region for broadcast channel is defined in Appendix A.
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for some distribution of the form p(s)p(u)p(x|u)p(y|s, x)p(z|y), where U ∈ U is an

auxiliary random variable with |U| ≤ |X||S|. The following simple random coding

technique is used to achieve the above capacity region.

• For each message m2 ∈ W2, generate codewords Un(m2) whose elements are

independently drawn with probability law p(u). For each Un(m2), m2 ∈ W2,

generate codewords Xn(m1,m2), m1 ∈ W1, whose elements are independently

drawn with probability law p(x|u). The codebooks are revealed to the encoder

and both decoders.

• Encoder chooses the codeword Xn(W1,W2) to send the message pair (W1,W2).

• Decoder 2 looks for codeword Un(m2) that is jointly typical with Zn, for

m2 ∈ W2. If such a codeword exists and is unique, then the decoder declares

its index to be the estimate of the message W2. Otherwise, the decoder declares

an error. The probability of decoding error goes to zero as n → ∞ provided

R2 < I(U; Z).

• Decoder 1 also looks for codeword Un(m2) that is jointly typical with Yn, for

m2 ∈ W2. If such a codeword exists and is unique, then Decoder 1 declares

its index to be the estimate Ŵ2 of the message W2. Otherwise, the decoder

declares an error. The probability of decoding error goes to zero as n → ∞

provided R2 < I(U; Y). Decoder 2 then looks for a codeword Xn(m1, Ŵ2)

that is jointly typical with Yn, for m1 ∈ W1. If such a codeword exists and

is unique, then the decoder declares its first index to be the estimate Ŵ1 of

the message W1. Otherwise, Decoder 2 declares an error. The probability of

decoding error goes to zero as n → ∞ provided R1 < I(X; Y|Z) .

For the additive state-dependent Gaussian BC, the capacity region is the set of
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rate pairs (R1, R2) satisfying [12]

R1 ≤
1

2
log

(

1 +
γP

Q + N1

)

, (3.13a)

R2 ≤
1

2
log

(

1 +
(1 − γ)P

γP + Q + N2

)

, (3.13b)

for some γ ∈ [0, 1]. Since the channel state is known neither at the encoder nor at

the decoders, then the channel state S is simply treated as noise in the encoding

and decoding process. Encoding and decoding at both the decoders are identical to

that of DM case. But, the codewords are Xn = Xn
1 + Xn

2 , where Xn
1 and Xn

2 carry

messages W1 and W2, respectively, Xn
1 is drawn with N(0, γP ), Xn

2 is drawn with

N(0, (1 − γP )), and Xn
1 and Xn

2 are independent of each other.

In the above model, the decoders consider only recovering the messages intended

for them. Partial recovery of channel state at the decoders for state-dependent BC

is considered in Chapter 7.

3.2.2 State only at the Decoders

In this case, switch A is open, and switch B is closed in Figure 3.3. The encoding

function at the encoder is fn : W1 × W2 → Xn, and the decoding functions at the

Decoder 1 and Decoder 2 are gn
1 : Yn×Sn → W1 and gn

2 : Zn×Sn → W2, respectively.

For the DM case, the capacity region is the closure of all rate pairs (R1, R2)

satisfying [12]

R1 ≤I(X; Y,S|U), (3.14a)

R2 ≤I(U; Z,S), (3.14b)

for some distribution of the form p(s)p(u)p(x|u)p(y|s, x)p(z|y), where U ∈ U is an

auxiliary random variable with |U| ≤ |X||S|. The encoding scheme is similar to

that in previous case. In terms of decoding, the difference between the case of side
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information neither at the encoder nor at the decoders and this case is that the

decoders view the available channel state Sn as another channel observation along

with their respective channel outputs.

In the additive state-dependent Gaussian BC, the decoders remove the effect

of Sn from from their respective channel outputs and then decode the messages

intended for them. The capacity region is the set of rate pairs (R1, R2) satisfying

R1 ≤
1

2
log

(

1 +
γP

N1

)

, (3.15a)

R2 ≤
1

2
log

(

1 +
(1 − γ)P

γP + N2

)

, (3.15b)

for some γ ∈ [0, 1]. As in single-user models, the effect of the channel state can be

completely removed if the channel state is additive and known at the decoder.

3.2.3 State only at the Encoder

In this case, switch A is closed and switch B is open in Figure 3.3. As before,

the channel state can be either causally or non-causally known at the encoder.

Causal Case

For the causal case, the sequence of encoding functions is fi : W1×W2×Si → X,

for i = 1, 2, . . . , n, and the decoding functions at Decoder 1 and Decoder 2 are

gn
1 : Yn → W1 and gn

2 : Zn → W2, respectively.

For the DM case, the capacity region is the closure of set of rate pairs (R1, R2)

satisfying [40]

R1 ≤I(U1; Y|U2), (3.16a)

R2 ≤I(U2; Z), (3.16b)

for some p(u1,u2), and X = h(U1,U2,S). Let us discuss the capacity achieving

random coding scheme.
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• For each message m2 ∈ W2, generate codewords Un
2 (m2) whose elements are

independently drawn with probability law p(u2). For each Un
1 (m2), m2 ∈ W2,

generate codewords Un
1 (m1,m2), m1 ∈ W1, whose elements are drawn with

probability law p(u1|u2). The codebooks are revealed to the encoder and both

decoders.

• At time instant i, the encoder, provided with (W1,W2) and Si, chooses Xi =

h(U1,i(W1,W2),U2,i(W2),Si).

• Decoding procedures at both decoders are similar to those in the case of side

information neither at the encoder nor at the decoders. The messages W1 and

W2 are decoded reliably provided (R1, R2) satisfies (3.16).

Non-Causal Case

For the non-causal case, the encoding function is fn : W1 × W2 × Sn → Xn,

and the decoding functions at Decoder 1 and Decoder 2 are gn
1 : Yn → W1 and

gn
2 : Zn → W2, respectively.

In the DM case, the capacity region is still not known. An inner bound for the

capacity region is the set of rate pairs (R1, R2) satisfying [24, 45]

R1 ≤I(U1; Y|U2) − I(U1; S|U2), (3.17a)

R2 ≤I(U2; Z) − I(U2; S), (3.17b)

for some distribution of the form

p(s)p(u1,u2, x|s)p(y|x, s)p(z|y),

where U1 and U2 are auxiliary random variables. The inner bound (3.17) can be

obtained by combining superposition coding and GP coding.
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In the DM case, an outer bound for the capacity region is the set of rate pairs

(R1, R2) satisfying [45]

R1 ≤ I(U1; Y|U2,U3) − I(U1; S|U2,U3), (3.18a)

R2 ≤ I(U2; Z) − I(U2; S), (3.18b)

R1 + R2 ≤ I(U1,U2,U3; Y) − I(U1,U2,U3; S), (3.18c)

for some distribution of the form

p(s)p(u1,u2,u3, x|s)p(y|x, s)p(z|y),

where U1, U2, and U3 are auxiliary random variables.

For the additive state-dependent Gaussian BC, the capacity region is the set of

rate pairs (R1, R2) satisfying

R1 ≤
1

2
log

(

1 +
γP

N1

)

, (3.19a)

R2 ≤
1

2
log

(

1 +
(1 − γ)P

γP + N2

)

, (3.19b)

for some γ ∈ [0, 1]. The capacity region is same as that of models when the channel

state is known at only the decoder, and can be obtained using DPC.

Let us discuss the capacity achieving coding scheme. We decompose the input

signal Xn into two parts Xn
1 and Xn

2 with average power constraints γP and (1−γ)P ,

and carrying independent messages W1 and W2, respectively. For the worse decoder,

the channel output is Zn = Xn
2 + Sn + (Xn

1 + Zn
2 ). Using DPC with α2 = (1−γ)P

P+N2
,

Xn
2 = Un

2 − α2S
n is generated. Then, W2 and auxiliary codeword Un

2 are reliably

decoded at Decoder 2 if R2 < 1
2
log
(

1 + (1−γ)P
γP+N2

)

[9]. Decoder 1 can decode Un
2

as well because the channel output of Decoder 2 is a degraded version of that of

Decoder 1. Then Decoder 1 can remove Un
2 = Xn

2 + α2S
n from Yn to make the

channel output equivalent to

Ỹn = Yn − Un
2 = Xn

1 + (1 − α2)S
n + Zn

1 .
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Using DPC with α1 = γP

γP+N1
, Xn

1 = Un
1 − α1S

n is generated, and W1 is reliably

decoded at Decoder 1 if R1 < 1
2
log
(

1 + γP

N1

)

[9].

In the above models, recovery of the channel state at the decoders is not con-

sidered. We study lossless recovery of the channel state at some decoders for state-

dependent BC in Chapter 6. Lossy recovery of the channel state at the decoders in

state-dependent BC will be discussed in 7.

In our summary here, we have focused on degraded state-dependent broadcast

channels. The general state-dependent BC with non-causal encoder side informa-

tion is studied in [46]. State-dependent Gaussian BC with non-causal encoder side

information from the view of multi-casting, i.e., W1 = W2, is considered in [23].

3.2.4 State at the Encoder and the Decoders

In this case, switches A and B are closed in Figure 3.3. We again focus on the

case of channel state is non-causally known at the encoder and is also known at the

decoders.

For the DM case, the capacity region is the closure of all rate pairs (R1, R2)

satisfying [12]

R1 ≤I(X; Y|U,S), (3.20a)

R2 ≤I(U; Z|S), (3.20b)

for some distribution of the form p(s)p(u|s)p(x|s,u)p(y|s, x)p(z|y), where U ∈ U is

an auxiliary random variable with |U| ≤ |X||S| + 2.

For the state-dependent Gaussian BC, the capacity region is the set of rate pairs

(R1, R2) satisfying [12]

R1 ≤
1

2
log

(

1 +
γP

N1

)

, (3.21a)

R2 ≤
1

2
log

(

1 +
(1 − γ)P

γP + N2

)

, (3.21b)
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for some γ ∈ [0, 1].

3.3 Other Models

State-dependent degraded relay channels with non-causal side information at the

encoder and the relay are considered in [24]; the capacity is found in the Gaussian

case, and DPC is optimal and removes the effect of the channel state on the capacity.

State-dependent relay broadcast channels with symmetric or asymmetric non-causal

side information are considered in [57]. From the view of information embedding,

the state-dependent relay channels are also studied in [56].

3.4 Summary

In this chapter, we have briefly summarized a variety of existing results and

coding schemes for state-dependent MAC and BC. We have also identified several

interesting scenarios in which theory is less well developed. In the forthcoming

chapters, we focus on studying some of the interesting scenarios discussed in this

chapter for state-dependent MACs and BCs. In the next chapter, we focus on

studying state-dependent MAC with asymmetric encoder side information.
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CHAPTER 4

STATE-DEPENDENT MULTIPLE ACCESS CHANNELS WITH

SIDE INFORMATION AT SOME ENCODERS

In this chapter, we consider a state-dependent multiple access channel (MAC)

with side information fully correlated to the channel state non-causally known only

at some encoders. The simplest example of a communication system under inves-

tigation is shown in Figure 4.1, in which two encoders communicate to a single

decoder through a MAC p(y|s, x1, x2), where S ∼ S is the channel state, X1 ∈ X1

and X2 ∈ X2 are the channel inputs from the two encoders, Y ∈ Y is the channel

output. These alphabet sets are discrete sets and the set of real numbers for dis-

crete models and Gaussian models, respectively. The results can in principle be

extended to any number of encoders with a subset of them being informed of the

side information. We assume that the channel state Si are independent and identi-

cally distributed (i.i.d.) random variables drawn according to p(s), i = 1, 2, . . . , n,

and one of the encoders has non-causal side information. The side information

Ti ∈ T is correlated to the channel state Si through a memoryless probability

law p(ti|si), i = 1, 2, . . . , n. The informed encoder, provided with the messages

W0 ∈ {1, 2, . . . ,M0}, W1 ∈ {1, 2, . . . ,M1}, and the side information Tn, generates

the codeword Xn
1 . The uninformed encoder, provided only with the messages W0

and W2 ∈ {1, 2, . . . ,M2}, generates the codeword Xn
2 . The decoder, upon receiving

the channel output Yn, estimates all messages (W0,W1,W2) from Yn. We assume
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that all messages are independent and probability of each of message Wi = wi is

given by 1
Mi

, for i = 0, 1, 2.

Informed  Encoder
  

    

Uninformed  Encoder

Multiple Access

Channel

State Generator

Decoder

Xn
1

Tn

W1

W0

W2

Xn
2

Sn

Yn

(Ŵ0, Ŵ1, Ŵ2)

p(y|s, x1, x2)

Figure 4.1. Block diagram of a state-dependent multiple access channel with asym-
metric encoder side information.

Definition 1 A (⌈2nR0⌉, ⌈2nR1⌉, ⌈2nR2⌉, n) code consists of encoding functions

fn
1 : Tn × W0 × W1 → Xn

1 and fn
2 : W0 × W2 → Xn

2

at the informed encoder and the uninformed encoder, respectively, and a decoding
function

gn : Yn → W0 × W1 × W2,

where Wi = {1, 2, . . . , ⌈2nRi⌉} for i = 1, 2.

From a (⌈2nR0⌉, ⌈2nR1⌉, ⌈2nR2⌉, n) code, the sequences Xn
1 and Xn

2 from the in-

formed encoder and the uninformed encoder, respectively, are transmitted across a

state-dependent MAC without feedback modeled as a discrete memoryless condi-

tional probability distribution p(y|s, x1, x2), so that

Pr(Yn = yn|sn, xn
1 , x

n
2 ) =

n
∏

j=1

p(yj|sj, x1,j, x2,j). (4.1)

The decoder, upon receiving the channel output Yn, reconstructs the messages. The

average probability of error is defined as P n
e = P[g(Yn) 6= (W0,W1,W2)].
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Definition 2 A rate triple (R0, R1, R2) is said to be achievable if there exists a
sequence of (⌈2nR0⌉, ⌈2nR1⌉, ⌈2nR2⌉, n) codes (fn

1 , fn
2 , gn) with limn→∞ P n

e = 0.

Definition 3 The capacity region C is the closure of the set of achievable rate triple
(R0, R1, R2).

In this chapter, our goal is to study the capacity region of the model shown in

Figure 4.1 when the side information is perfectly correlated to the channel state

information (CSI) i.e., T = S. Results of this chapter are presented in [26, 25, 29]

4.1 Independent Messages

In this section, we consider the general model shown in Figure 4.1 with common

message rate R0 being zero (no common message case, W0 = ∅).

4.1.1 Discrete Memoryless Case

In this section, we derive inner and outer bounds for the capacity region of

discrete memoryless (DM) state-dependent MAC with one encoder being informed,

and specialize the inner bound to a binary noiseless MAC. In this section, we consider

X1, X2, S, and Y to all be discrete and finite alphabets; and all probability laws are

to be interpreted as probability mass functions.

Definition 4 For given distributions p(s) and p(y|s, x1, x2), let Pi be the collection
of random variables (Q,S,U1,X1,X2,Y) with

p(q, s,u1, x1, x2,y) = p(q)p(s)p(u1|q, s)p(x1|q, s,u1)p(x2|q)p(y|s, x1, x2),

where Q and U1 are auxiliary random variables.

Inner Bound for the Capacity Region

The following theorem provides an inner bound for the DM MAC with CSI

non-causally known at one encoder.
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Theorem 1 Let Ri be the closure of the set of rate pairs (R1, R2) satisfying

R1 < I(U1; Y|X2,Q) − I(U1; S|Q) (4.2a)

R2 < I(X2; Y|U1,Q) (4.2b)

R1 + R2 < I(U1,X2; Y|Q) − I(U1; S|Q), (4.2c)

for some random vector (Q,S,U1,X1,X2,Y) ∈ Pi. Then, the capacity region C of
DM MAC with one informed encoder satisfies Ri ⊆ C.

Proof: The informed encoder applies Gel’fand-Pinsker coding [17] to encode its

messages using available state and the uninformed encoder encodes its message in

the same way as for a regular DM MAC [12]. The decoder uses joint decoding of

messages from both the encoders. In this inner bound, the random variable Q takes

care of time-sharing of different codebooks. A formal proof for the above theorem

considering all error events is given in Appendix B.1.

Remarks:

• The region Ri in Theorem 1 is convex due to the auxiliary time-sharing random

variable Q.

• Since the region is convex in p(x1|u1, s,q), it is sufficient to take X1 to be a

deterministic function of (S,U1,Q).

• To compute Ri in Theorem 1, it is sufficient to restrict random variables Q ∈ Q

and U1 ∈ U1 to alphabet sizes |Q| ≤ 4 and |U1| ≤ |X1||X2||S|+4, respectively.

• The inner bound Ri of Theorem 1 uses joint decoding of both encoders’ mes-

sages. Let us also discuss successive decoding, i.e., decoding one encoder’s

message first and use the decoded codeword and the channel output to de-

code the other encoder’s message. First, consider decoding the message of

the informed encoder. Following [17], if R1 < I(U1; Y) − I(U1; S), we can

decode the codeword Un
1 of the informed encoder with arbitrarily low prob-

ability of error. Now, we use Un
1 along with Yn to decode Xn

2 . Under these
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conditions, if R2 < I(X2; Y|U1), then we can decode the message of the un-

informed encoder with arbitrarily low probability of error. If we change the

decoding order of the two messages, the constraints are R2 < I(X2; Y) and

R1 < I(U1; Y|X2) − I(U1; S).

Outer bound for the Capacity Region

In this section, we present two outer bounds for the capacity region of the DM

MAC with one informed encoder as shown in Figure 4.1. We present two outer

bounds here because we do not know which one of the following outer bounds is

better at this point.

Definition 5 For given distributions p(s) and p(y|s, x1, x2), let Po
1 be the collection

of random variables (Q,S,U1,U2,V ,X1,X2,Y) with

p(q, s,u1,u2, v, x1, x2,y) =p(q)p(s)p(u1|q, s)p(u2|q)p(v|q, s,u1,u2)

× p(x1, x2|q, s,u1,u2, v)p(y|s, x1, x2),

where Q, U1, U2 and V are auxiliary random variables.

Theorem 2 Let Ro
1 be the set of all (R1, R2) satisfying

R1 ≤I(U1; Y|V ,U2,Q) − I(U1; S|V ,U2,Q) (4.3a)

R2 ≤I(U2; Y|V ,U1,Q) − I(U2; S|V ,U1,Q) (4.3b)

R1 + R2 ≤I(U1,U2; Y|V ,Q) − I(U1,U2; S|V ,Q) (4.3c)

for some (Q,S,U1,U2,V ,X1,X2,Y) ∈ Po
1. Then, the capacity region C of the DM

MAC with one informed encoder satisfies

C ⊆ Ro
1.

Proof: A proof of this theorem is given in Appendix B.2.

Definition 6 For given distributions p(s) and p(y|s, x1, x2), let Po
2 be the collection

of random variables (Q,S,U1,U2,X1,X2,Y) with

p(q, s,u1,u2, x1, x2,y) = p(q)p(s)p(u2|q)p(u1|q, s,u2)p(x1, x2|q, s,u1,u2)p(y|s, x1, x2),

where Q, U1, and U2 are auxiliary random variables.
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Theorem 3 Let Ro
2 be the set of all (R1, R2) satisfying

R1 ≤I(U1; Y|U2,Q) − I(U1; S|U2,Q) (4.4a)

R2 ≤I(U2; Y|U1,Q) (4.4b)

R1 + R2 ≤I(U1,U2; Y|Q) − I(U1; S|Q) (4.4c)

for some (Q,S,U1,U2,X1,X2,Y) ∈ Po
2. Then, the capacity region C of the DM MAC

with one encoder satisfies
C ⊆ Ro

2.

Proof: We do not give the proof of this theorem because it is similar to the proof

of Theorem 2.

Remarks:

• We note that for Ro
1 and Ro

2 to be computable, we would also need to provide

cardinality bounds on the auxiliary random variables. To compute Ro
1 in

Theorem 2, it is sufficient to restrict to Q ∈ Q with |Q| ≤ 4 and V ∈ V with

|V| ≤ 4. To compute Ro
2 in Theorem 3, it is sufficient to restrict to Q ∈ Q with

|Q| ≤ 4. In either case, we do not have the cardinality bounds on the alphabet

of auxiliary random variables U1 and U2. So, these two outer bounds can not

be computable.

• In the region Ro
1, we can also combine V and Q in (2). In that case, U1 and

U2 are not conditionally independent given (V ,Q). The common information

is captured in the random variable V .

• Region Ro
1 in Theorem 2 and Ro

2 in Theorem 3 are convex due to the auxiliary

time-sharing random variable Q.

• Since (Q,S, (U1,V),U2,X1,X2,Y) ∈ Po
2, it can be easily verified that Po

1 ⊆ Po
2.

If we are able to show that the rate bounds in Ro
1 are less than or equal to the

corresponding rate bounds in Ro
2, then we can conclude that Ro

1 ⊆ Ro
2. The rate

bounds in Ro
1 are less than or equal to the corresponding rate bounds in Ro

2 if
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I(V ; S|U2,Q) − I(V ; Y|U2,Q) ≥ 0 for every (Q,S, (U1,V),U2,X1,X2,Y) ∈ Po
1.

In this case, Ro
1 ⊆ Ro

2. Otherwise, it is not trivial to compare Ro
1 and Ro

2.

Binary Noiseless Example

In this section, we specialize Theorem 1 to a binary noiseless MAC with CSI Yn =

Xn
1 ⊕Xn

2 ⊕Sn, where : Xn
1 and Xn

2 are channel inputs with constraints
∑n

i=1 X1,i ≤ np1

and
∑n

i=1 X2,i ≤ np2, respectively; Sn is the memoryless CSI vector whose elements

are non-causally known at one encoder and are i.i.d. Bernoulli(q) random variables;

and ⊕ represents modulo-2 addition.

To obtain an inner bound for the capacity region of the binary noiseless MAC,

the informed encoder applies a slightly generalized binary DPC. In the generalized

binary DPC, the informed encoder uses auxiliary random variable U1 = X1 ⊕ S in

which the channel input X1 and the channel state S are correlated. The following

defintion is obtained by computing the inner bound in Theorem 1 using U1 = X1⊕S

with X1 and S being correlated and X2 ∼ Bernoulli(p2).

Definition 7 Let Ri(a10, a01) be the set of all rate pairs (R1, R2) satisfying

R1 ≤Hb(a10) + q[Hb(a01) − Hb(a10)] (4.5a)

R2 ≤Hb(p2) (4.5b)

R1 + R2 ≤Hb(p2 ∗ [qa01 + (1 − q)a10]) + Hb(a10)

+ q[Hb(a01) − Hb(a10)] − Hb(qa01 + (1 − q)a10), (4.5c)

for (a10, a01) ∈ A, where

A := {(x, y) : 0 ≤ x, y ≤ 1, and (1 − q)x + q(1 − y) ≤ p1},

and Hb(γ) := −γ log2(γ)− (1− γ) log2(1− γ), and x ∗ y := x(1− y) + y(1− x). Let

Ri
BIN := cl{co{∪(a10,a01)∈ARi(a10, a01)}}.

The following corollary gives an inner bound for the capacity region of the binary

noiseless MAC.
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Corollary 1 The capacity region CBIN for the binary noiseless MAC with CSI
known at one encoder satisfies Ri

BIN ⊆ CBIN.

Proof: Encoding and decoding are similar to encoding and decoding explained for

the general discrete memoryless case above. The informed encoder uses generalized

binary dirty paper coding (DPC) which allows arbitrary correlation between the

codeword and the known CSI. We consider U1 = X1 ⊕ S and X2 ∼ Bernoulli(p2),

where: S ∼ Bernoulli(q); X1 is related to S by a01 := P (X1 = 0|S = 1) and

a10 := P (X1 = 1|S = 0) with a01 and a10 chosen such that P (X1 = 1) ≤ p1. We

compute the region Ri(a10, a01) defined in (1) using the probability mass function of

X2 and the auxiliary random variable U1 for all (a10, a01) ∈ A to obtain the region

Ri
BIN in (7).

The following proposition provides an outer bound for the capacity region of

the binary noiseless MAC with one informed encoder. We do not provide a proof

of the following proposition because it is same as the capacity region of the binary

noiseless MAC with CSI known at the decoder.

Proposition 1 Let Ro
BIN be the set of all rate pairs (R1, R2) satisfying

R1 ≤Hb(p1) (4.6a)

R2 ≤Hb(p2) (4.6b)

R1 + R2 ≤
{

Hb(p1 + p2) if 0 ≤ p1 + p2 < 0.5
1 if 0.5 ≤ p1 + p2 ≤ 1

(4.6c)

Then, the capacity region CBIN for the binary noiseless MAC with one informed
encoder satisfies CBIN ⊆ Ro

BIN.

Numerical Example:

Figure 4.2 depicts the inner bound using the generalized binary DPC specified in

Corollary 1 and the outer bound specified in Proposition 1 for the case in which

p1 = 0.1, p2 = 0.4, and q = 0.2. Also shown for comparison are the following: an

inner bound using binary DPC alone, or the generalized DPC with a10 = p1 and
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Figure 4.2. A numerical example for the binary noiseless multiple access channel
with p1 = 0.1, p2 = 0.4, q = 0.2.

a01 = 1 − p1; and the capacity region for the case in which the channel state is

known at neither the encoders nor the decoder.

These results show that the inner bound obtained by using generalized binary

DPC is larger than that obtained using binary DPC [58]. These results suggest that

the informed encoder can help the uninformed encoder using binary DPC as well as

generalized binary DPC. Even though CSI is known at only one encoder, both the

encoders can benefit in terms of achievable rates compared to the case in which CSI

is available nowhere. However, it does not appear that the region achieved by an

informed decoder is achievable with only one informed encoder, in contrast to the

single-user case.
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Figure 4.3. Gaussian multiple access channel with channel state information known
at one encoder.

4.1.2 Gaussian Memoryless Case

In this section, we develop inner and outer bounds for the memoryless Gaussian

case. The additive Gaussian MAC with one informed encoder is shown in Figure

4.3. The output of the channel is Yn = Xn
1 +Xn

2 +Sn +Zn, where: Xn
1 and Xn

2 are the

channel inputs with average power constraints
∑n

i=1 X2
1,i ≤ nP1 and

∑n

i=1 X2
2,i ≤ nP2

with probability one, respectively; Sn is the memoryless channel state vector whose

elements are zero-mean Gaussian random variables with variance Q; and Zn is the

memoryless additive noise vector whose elements are zero-mean Gaussian random

variables with variance N and are independent of the channel inputs and the channel

state.

The following theorem gives an inner bound for the Gaussian MAC with one

informed encoder. To obtain the inner bound for this case, we apply a slightly

generalized DPC at the informed encoder in which the channel input X1 and the

channel state S are negatively correlated.
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Definition 8 Let

r1(ρ, α) :=
1

2
log

(

P1(1 − ρ2)(P1 + Q + 2ρ
√

P1Q + N)

P1Q(1 − ρ2)(1 − α)2 + N(P1 + α2Q + 2αρ
√

P1Q)

)

(4.7a)

r2(ρ, α) :=
1

2
log



1 +
P2

N + P1Q(1−ρ2)(1−α)2

(P1+α2Q+2αρ
√

P1Q)



 (4.7b)

r3(ρ, α) :=
1

2
log

(

P1(1 − ρ2)(P1 + P2 + Q + 2ρ
√

P1Q + N)

P1Q(1 − ρ2)(1 − α)2 + N(P1 + α2Q + 2αρ
√

P1Q)

)

(4.7c)

for a given −1 ≤ ρ ≤ 0, and a given α ∈ A(ρ), where

A(ρ) = {x ∈ R : r1(ρ, x) ≥ 0, r2(ρ, x) ≥ 0, r3(ρ, x) ≥ 0}.

Theorem 4 Let Ri(ρ, α) be the set of all rate pairs (R1, R2) satisfying R1 ≤ r1(ρ, α),
R2 ≤ r2(ρ, α), and R1 + R2 ≤ r3(ρ, α) for given −1 ≤ ρ ≤ 0 and α ∈ A(ρ). Let

Ri
GAUS = cl{co{∪−1≤ρ≤0, α∈A(ρ)R

i(ρ, α)}}. (4.8)

Then, the capacity region CGAUS of the Gaussian MAC with one informed encoder
satisfies Ri

GAUS ⊆ CGAUS.

Proof: Our results for the DM MAC can readily be extended to memoryless chan-

nels with discrete time and continuous alphabets using standard techniques [16]. The

informed encoder uses generalized DPC that allows arbitrary correlation between

the codeword Xn
1 and the known CSI Sn. Fix a correlation parameter −1 ≤ ρ ≤ 0.

We then consider the auxiliary random variable U1 = X1 + αS, where α is a real

number whose range will be discussed later, X1 and S are correlated with correlation

coefficient ρ, X1 ∼ N(0, P1), and S ∼ N(0, Q). We consider X2 ∼ N(0, P2). Encod-

ing and decoding are done similar to the those for the discrete memoryless case. We

evaluate (4.2) using the jointly Gaussian distribution of random variables S, X1, U1,

X2, Z, and Y for a given (ρ, α) and obtain Ri(ρ, α). Also note that we restrict α to

A(ρ) = {α : α ∈ R, r1(ρ, α) ≥ 0, r2(ρ, α) ≥ 0, r3(ρ, α) ≥ 0} for a given ρ. By varying

ρ and α, we obtain different achievable rate regions Ri(ρ, α). The union of regions

Ri(ρ, α) obtained by varying ρ and α gives an inner bound for the Gaussian MAC.

Finally taking the closure and the convex hull operations completes the proof.
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The following proposition gives an outer bound for the capacity region of the

Gaussian MAC with one informed encoder. We do not provide a proof because this

bound is same as the capacity region of the additive white Gaussian MAC with all

informed encoders [18, 24] as well as the the capacity region of the additive white

Gaussian MAC with CSI known at the decoder.

Proposition 2 Let Ro
GAUS be the set of all rate pairs (R1, R2) satisfying

R1 ≤
1

2
log

(

1 +
P1

N

)

(4.9a)

R2 ≤
1

2
log

(

1 +
P2

N

)

(4.9b)

R1 + R2 ≤
1

2
log

(

1 +
P1 + P2

N

)

. (4.9c)

Then, the capacity region CGAUS for the Gaussian MAC with one informed encoder
satisfies CGAUS ⊆ Ro

GAUS.

Numerical Example

Let us consider a numerical example with P2 = 50, Q = 20, and N = 60 for

two interesting cases (P1 < Q and P1 = Q). Figure 4.4 and Figure 4.5 depict both

the inner bound using generalized DPC given in Theorem 4 and the outer bound

specified in Proposition 2 for the cases P1 = 15 (P1 < Q) and P2 = 20 (P1 = Q),

respectively. In both cases, also shown for comparison are the following: an inner

bound using DPC alone, or the generalized DPC with ρ = 0 and α as parameter

at the informed encoder; and the capacity region for the case in which the CSI is

known at neither the encoders nor the decoder.

These results suggest that the informed encoder can help the uninformed encoder

using DPC as well as generalized DPC. Even though the CSI is known only at

one encoder, both the encoders benefit from this situation by allowing negative

correlation between the channel input X1 and the CSI S at the informed encoder

since the negative correlation allows the informed encoder to partially cancel the
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CSI. The achievable rate region Ri(0, α) obtained by applying DPC [9] with α as

parameter is always contained in Ri
GAUS in (4.8). In contrast to the case of CSI

available to both the encoders [18, 24], DPC alone is insufficient.

Asymptotic Analysis

In this section, we discuss the inner bound in Theorem 4 as Q → ∞.

Definition 9 Let Ri(ρ, α) be the set of all rate pairs (R1, R2) satisfying R1 ≤
limQ→∞ r1(ρ, α), R2 ≤ limQ→∞ r2(ρ, α), and R1 + R2 ≤ limQ→∞ r3(ρ, α) for a given

−1 ≤ ρ ≤ 0 and α ∈ A(ρ) = {x ∈ R : 0 ≤ x ≤ 2P1(1−ρ2)
P1(1−ρ2)+N

}, where

lim
Q→∞

r1(ρ, α) :=
1

2
log

(

P1(1 − ρ2)

P1(1 − ρ2)(1 − α)2 + α2N

)

(4.10a)

lim
Q→∞

r2(ρ, α) :=
1

2
log

(

1 +
P2

N + P1(1−ρ2)(1−α)2

α2

)

(4.10b)

lim
Q→∞

r3(ρ, α) :=
1

2
log

(

P1(1 − ρ2)

P1(1 − ρ2)(1 − α)2 + α2N

)

. (4.10c)

As the variance of the CSI becomes very large, i.e., Q → ∞, the inner bound in

Theorem 4 becomes

Ri
GAUS = cl{co{∪−1≤ρ≤0, α∈A(ρ)R

i(ρ, α)}}.

Let us investigate how the uninformed encoder can benefit from the informed

encoder’s actions even as Q → ∞. For this discussion, consider successive decoding

in which the auxiliary codeword Un
1 of the informed encoder is decoded first using

the channel output Yn and then the codeword Xn
2 of the uninformed encoder is

decoded using Yn and Un
1 . In the limit as Q → ∞, Un

1 can be decoded first with

arbitrary low probability of error if R1 satisfies

R1 ≤
1

2
log

(

P1(1 − ρ2)

P1(1 − ρ2)(1 − α)2 + α2(P2 + N)

)

, (4.11)

where ρ ∈ [−1, 0] and 0 ≤ α ≤ 2P1(1−ρ2)
P1(1−ρ2)+P2+N

. The right hand side of (4.11) is

obtained by calculating the expression I(U1; Y) − (U1,S) for the assumed jointly
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Figure 4.4. An achievable region for Gaussian multiple access channel with P1 = 15,
P2 = 50, Q = 20, and N = 60.
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Gaussian distribution and letting Q → ∞. The channel output can be written as

Yi = U1,i + X2,i + (1− α)Si + Zi because U1,i = X1,i + αSi for i ∈ {1, 2, . . . , n}. The

estimate of (1 − α)Si using U1,i is denoted as Ŝi for i ∈ {1, 2, . . . , n}. Using Ŝn and

Un
1 , we can generate a new channel output for decoding Xn

2 as

Ỹi = Yi − U1,i − Ŝi = X2,i + Zi + ((1 − α)Si − Ŝi)

for i ∈ {1, 2, . . . , n}. Since all random variables are identical, we omit the sub-

script i for further discussion. Then, the variance of total noise present in elements

of Ỹn for decoding Xn
2 is N + P1(1−ρ2)(1−α)2

α2 , where N is the variance of Z, and

P1(1−ρ2)(1−α)2

α2 is the error of estimating (1 − α)S from U1. Then the message of

the uninformed encoder can be decoded with arbitrarily low probability of error if

R2 ≤ limQ→∞ r2(ρ, α) for given ρ ∈ [−1, 0] and 0 ≤ α ≤ 2P1(1−ρ2)
P1(1−ρ2)+P2+N

. Even if

the variance of the additive CSI becomes infinite, nonzero rate for the uninformed

encoder can be achieved because the estimation error is finite for ρ ∈ [−1, 0] due to

the increase of the variance of U1 with the increase of the CSI variance.

Our aim is to minimize the variance of the estimation error ((1 − α)S − Ŝ) to

maximize r2(ρ, α) over ρ and α. Since the right hand side of (4.11) becomes non-

negative for 0 ≤ α ≤ 2P1(1−ρ2)
P1(1−ρ2)+P2+N

and ρ ∈ [−1, 0], we consider only these values.

The variance of the estimation error is decreasing in both ρ ∈ [−1, 0] and α ∈ [0, 1]

and is increasing in the remaining range of α. Then, r2(ρ, α) achieves its maximum

at ρ = 0 and α = min{1, 2P1

P1+P2+N
}. If P1 ≥ P2 +N , so that R1 is nonnegative, then

R2 ≤
1

2
log

(

1 +
P2

N

)

is achievable. In this case, the uninformed encoder fully benefits from CSI at the

informed encoder even though the interfering CSI is very large. If P1 < P2 + N ,

then R2 ≤ limQ→∞ r2(0, α
∗) is achievable where α∗ = 2P1

P1+P2+N
. In both the cases,

the generalized DPC with ρ = 0 is optimal in terms of assisting the uninformed
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encoder, contrary to the finite CSI variance case. This makes sense because, if the

CSI has infinite variance, then it is impossible for the informed encoder to explicitly

cancel it with finite power.

Now consider successive decoding in the reverse order in which Xn
2 is decoded

first using Yn and then Un
1 is decoded using Yn and Xn

2 . As Q → ∞, Xn
2 can be

decoded with arbitrary low probability of error if R2 ≤ limQ→∞ I(X2,Y) = 0. This

means that only R2 = 0 is achievable. Then, R1 ≤ 1
2
log
(

1 + P1

N

)

is achievable with

ρ = 0 and α = P1

P1+N
.

4.2 Dependent or Degraded Messages

In this section, we study the capacity region for the general model shown in

Figure 4.1 with rate R2 being zero (no private message of uninformed encoder, W2 =

∅). In this case, we consider X1, X2, S, and Y to all be discrete and finite alphabets;

and all probability laws are to be interpreted as probability mass functions. This

model is considered for the Gaussian case in [44].

The Capacity Region

The following theorem presents the capacity region for the model considered in

this section.

Theorem 5 The capacity region C for the model considered in this section is the
closure of all rate pairs (R1, R2) satisfying

R1 < I(U; Y|X2,Q) − I(U; S|X2,Q) (4.12a)

R1 + R0 < I(U,X2; Y|Q) − I(U; S|X2,Q) (4.12b)

for some random variables (Q,S,U,X1,X2,Y) whose distribution is of the form

p(q)p(s)p(x2|q)p(u, x1|s, x2,q)p(y|s, x1, x2),

where, U is an auxiliary random variable, and Q is a time-sharing auxiliary random
variable.
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Proof: A proof of the above theorem is given in Appendix B.3.

Remarks:

• To compute the region in the above theorem, it is sufficient to consider the

auxiliary random variables U and Q with |U| ≤ |X1||X2||S| and |Q| ≤ 3,

respectively.

4.3 Summary

In the independent messages case, we derived inner and outer bounds for the

capacity region in DM case and Gaussian memoryless case. Since there is gap

between the inner bound and outer bounds for the capacity region, the capacity

region is still not known in either the discrete memoryless case or the Gaussian

case. For Gaussian models, we proposed the generalized DPC in which the channel

input and the channel state are correlated. Our results suggest that DPC is not

optimal in terms of the capacity region in contrast to the single-user model with

CSI known at the encoder and MAC with CSI known at all encoders. However,

in one case of degraded messages, we derived the capacity region for the discrete

memoryless MAC with asymmetric encoder state.

The coding schemes, generalized DPC, and other observations made in the chap-

ter can also be applied to understand other multi-user models with asymmetric en-

coder side information such as interference channels, relay channels, and so forth.

In this chapter, the side information available at the encoders is fully correlated to

the channel state. These models can be extended by considering the side informa-

tion at the encoders partially correlated to the channel state. In this chapter, the

decoder is concerned with the decoding of only the messages. In the next chapter,

we consider MAC with encoder side information in which the decoder is concerned

with not only decoding of messages but also recovering the channel state.
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CHAPTER 5

STATE-DEPENDENT MULTIPLE ACCESS CHANNELS WITH

ENCODER SIDE INFORMATION AND RECOVERY OF SOME STATES

In this chapter, we consider a state-dependent multiple access channel (MAC)

with different side information available at different encoders and lossless recovery of

some states at the decoder. As shown in Figure 5.1, we consider a state-dependent

MAC whose output Y controlled by a state pair (S1,S2) ∈ S1 × S2, the channel

inputs X1 ∈ X1 and X2 ∈ X2 from two encoders through a memoryless probability

law p(y|x1, s1, x2, s2). In this thesis, we consider two encoder model but the results

can be extended to any number of users. Encoder i, provided with Wi and the

channel state Sn
i , generates Xn

i such that the average per-letter distortion between

Sn
i and Xn

i is less than ∆i according to a given bounded distortion measure di(·, ·),

i = 1, 2. 1. This encoder constraint captures power constraints in some applications,

and distortion constraints in information embedding (IE) applications.

For this model, we consider the following three cases in recovering, in the sense

of probability of error going to zero, the messages and the state sequences at the

decoder.

• CaseA, Recovery of Neither State: The decoder recovers (W1,W2) from

Yn.

1Sn
i = {Si,1,Si,2, . . . ,Si,n} and Xn

i = {Xi,1,Xi,2, . . . ,Xi,n}
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Host Source 1

Host Source 2

Encoder 1

Encoder 2
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MAC

p(y|x1, s1, x2, s2)

Sn
1
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2

Xn
1

Xn
2

Yn

W1

W2

g(Yn)

Figure 5.1. Block diagram of state-dependent multiple access channel with two
components of state.

• CaseB, Recovery of One State : The decoder recovers (W1,W2) alongwith

the one state sequence from Yn. Without loss of generality, we can assume

that the state available at Encoder 2 is recovered at the decoder.

• CaseC, Recovery of Both States: The decoder recovers (W1,W2) and

(Sn
1 ,S

n
2 ) from Yn.

As in the single-user case, the model considered in this chapter is also closely

related to IE in MAC in which each user provided with the host sequence wants to

embed its message into the host sequence such that the per-letter distortion between

the host sequence and the embedded sequences satisfies a distortion constraint.

From the view of distributed IE, the state signal in the above model is the host

signal. In this chapter, we study the capacity region of the model shown in Figure 5.1

in various decoding scenarios from the view of MAC IE. So, we use the term “host

signal” for the term “state”, the term “embedded signal” for the term “channel

inputs” .

Since our model shown in Figure 5.1 considers scenarios in which the MAC
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output potentially depends on both the embedded signals and the host signals. The

model considered in the paper specializes to various distributed RIE channel models

with lossless state or host signal recovery at the decoder, including

1. A discrete memoryless multi-user version of the single-user data hiding model

considered in [21, 22].

2. A discrete memoryless multi-user version of the single-user information em-

bedding model considered in [6, 8].

Let us now formally discuss the model shown in Figure 5.1. The host source i

generates a sequence Sn
i = {Si,1,Si,2, . . . ,Si,n} of symbols from the discrete alphabet

Si, where i = 1, 2. We assume that the host sequence pair (Sn
1 ,S

n
2 ) is generated by

repeated independent drawings of a pair of discrete random variables (S1,S2) from

a given joint distribution p(s1, s2). The host sequence Sn
i is non-causally known at

Encoder i, for i = 1, 2. The message source at Encoder i produces the message index

Wi ∈ Wi = {1, 2, . . . ,Mi} with equal probability 1/Mi, for i = 1, 2. The message

index at any encoder is independent of all host sequences and also independent of

the messages at all other encoders. The rate at Encoder i, in bits per channel use,

is defined as Ri = (1/n) log2(Mi). In this chapter, the channel input alphabets X1

and X2, and the channel output alphabet Y are discrete.

Definition 10 A (M1,M2, D
(n)
1 , D

(n)
2 , n) MAC IE code consists of sequences of

encoding functions at Encoder 1 and Encoder 2,

fn
1 : W1 × Sn

1 → Xn
1 , and fn

2 : W2 × Sn
2 → Xn

2 ,

respectively, and a sequence of decoding functions,

• Case A, Recovery of Neither Host or State gn
A : Yn → (W1,W2)

• Case B, Recovery of One Host or State gn
B : Yn → (W1,W2, S

n
2 )

• Case C, Recovery of Both Hosts or States gn
C : Yn → (W1, S

n
1 ,W2, S

n
2 )
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The distortions associated with MAC IE code are defined as D
(n)
i = Edi(S

n
i ,Xn

i ) for
the additive distortion function

di(S
n
i ,X

n
i ) =

1

n

n
∑

j=1

di(Sij,Xij)

for some non-negative, bounded distortion functions di(Sij,Xij), where i = 1, 2.

The embedded signals Xn
1 and Xn

2 from Encoder 1 and Encoder 2, respectively,

are transmitted across a MAC p(y|x1, s1, x2, s2) without feedback modeled as a mem-

oryless conditional probability distribution

Pr(yn = yn|xn
1 , s

n
1 , x

n
2 , s

n
2 ) =

n
∏

j=1

p(yj|x1j, s1j, x2j, s2j). (5.1)

Definition 11 A rate pair (R1, R2) for a given distortion pair (∆1, ∆2) is said to be

MAC IE achievable if there exists a sequence of (⌈2nR1⌉, ⌈2nR2⌉, D(n)
1 , D

(n)
2 , n) MAC

IE codes (fn
1 , fn

2 , gn) with limn→∞ D
(n)
i ≤ ∆i, for i = 1, 2, and limn→∞ P n

e = 0,
where P n

e is the probability of error defined appropriately for each case in the sequel
of this section.

Definition 12 The MAC IE capacity region is the closure of the convex hull of the
set of MAC IE achievable (R1, R2) rate pairs for a given distortion pair (∆1, ∆2).

Definition 13 For given p(s1, s2) and p(y|x1, s1, x2, s2), let Pi
MAC(∆1, ∆2) be the

set of all random variable tuples (Q,S1,S2, (U1,X1), (U2,X2),Y) taking values in
finite alphabets Q, S, U1 × X1, U2 × X2, and Y, respectively, with joint distribution
satisfying the conditions

a)
∑

q,(u1,x1),(u2,x2),y p(q, s1, s2, (u1, x1), (u2, x2),y) = p(s1, s2),

b)

p(q, s1, s2, (u1, x1), (u2, x2),y) =p(q)p(s1, s2)p(u1, x1|s1,q)p(u2, x2|s2,q)

× p(y|x1, s1, x2, s2)

c) Edi(Si,Xi) ≤ ∆i, for i = 1, 2.

Definition 14 For given p(s1, s2) and p(y|x1, s1, x2, x2), let Po
MAC(∆1, ∆2) be the set

of all random variable tuples (Q,S1,S2,X1,X2,Y) taking values in finite alphabets Q,
S, X1, X2, and Y, respectively, with distribution satisfying the conditions

a)
∑

q,x1,x2,y p(q, s1, s2, x1, x2,y) = p(s1, s2),

b) p(q, s1, s2,X1, x2,y) = p(q)p(s1, s2)p(x1, x2|s1, s2,q)p(y|x1, s1, x2, s2),

c) Edi(Si,Xi) ≤ ∆i, for i = 1, 2.
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5.1 Recovery of Neither Host or State

In this section, we derive an inner bound on the MAC IE capacity region for

Case A, in which the decoder recovers only (W1,W2) from Yn. We define the MAC

IE capacity region CMAC,A(∆1, ∆2) as the closure of the set of all achievable rates

(R1, R2) with P
(n)
e := P[(gn

A(Yn) 6= (W1,W2)] → 0 as n → ∞. The following

theorem provides an inner bound on the capacity region.

Proposition 3 Let Ri
MAC,A(∆1, ∆2) be the closure of the set of all rate pairs (R1, R2)

such that

R1 ≤ I(U1; U2,Y|Q) − I(U1; S1|Q), (5.2a)

R2 ≤ I(U2; U1,Y|Q) − I(U2; S2|Q), (5.2b)

R1 + R2 ≤ I(U1,U2; Y|Q) − I(U1,U2; S1,S2|Q) (5.2c)

for some (Q,S1,S2, (U1,X1), (U2,X2),Y) ∈ Pi
MAC(∆1, ∆2), where U1 and U2 are

auxiliary random variables. Then, Ri
MAC,A(∆) ⊆ CMAC,A.

Remarks

• The inner bound in Proposition 3 is similar to that in [47], which considers a

Gaussian MAC with no host recovery, but the result here is for the discrete

memoryless case. Because the coding procedures, and error events in [47]

apply, we do not provide a proof here.

• To achieve the inner bound, distortion-constrained Gel’fand-Pinsker codes can

be used to embed W1 and W2 into the host sequences Sn
1 and Sn

2 such that the

distortion constraints ∆1 and ∆2 are met, respectively.

5.2 Recovery of One Host or State

In this section, we derive inner and outer bounds on the MAC IE capacity

region for Case B, in which the decoder recovers (W1,W2,S
n
2 ) from Yn. We define

the MAC IE capacity region CMAC,B(∆1, ∆2) as the closure of the set of all MAC IE
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achievable rates (R1, R2) with P
(n)
e := P[(gn

B(Yn) 6= (W1,W2,S
n
2 )] → 0 as n → ∞.

The following theorem provides an inner bound for the capacity region.

Proposition 4 Let Ri
MAC,B(∆1, ∆2) be the closure of the set of all rate pairs (R1, R2)

such that

R1 ≤ I(U1; Y|X2,S2,Q) − I(U1; S1|X2,S2,Q), (5.3a)

R2 ≤ I(X2,S2; Y|U1,Q) − H(S2|U1,Q), (5.3b)

R1 + R2 ≤ I(U1,X2,S2; Y|Q) − H(S2) − I(U1; S1|X2,S2,Q) (5.3c)

for some (Q,S1,S2, (U1,X1), (X2,X2),Y) ∈ Pi
MAC(∆1, ∆2), where U1 and Q are aux-

iliary random variables. Then, Ri
MAC,B(∆1, ∆2) ⊆ CMAC,B(∆1, ∆2)

Remarks

• The inner bound in Proposition 4 is a special case of an inner bound in [25],

which considers the state-dependent MAC with state known at one encoder

and recovery of only messages at the decoder. To obtain the inner bound in

Proposition 4, substitute (X2,S2) in place of X2 into the inner bound in [25].

• To achieve the inner bound, distortion constrained Gel’fand-Pinsker coding

is used to embed W1 into the host sequence Sn
1 , and distortion-constrained

superposition coding is used to embed W2 into the host sequence Sn
2 .

• If we choose U2 = (X2,S2) int Proposition 3, we obtain the inner bound in

Proposition 4. Thus, Ri
MAC,B(∆1, ∆2) ⊆ Ri

MAC,A(∆1, ∆2).

5.3 Recovery of Both Hosts or States

In this section, we derive inner and outer bounds on the MAC IE capacity region

for Case C, in which the decoder recovers (W1,S
n
1 ,W2,S

n
2 ) from Yn. We define

the MAC IE capacity region CMAC,C(∆1, ∆2) as the closure of all achievable rates

(R1, R2) with P
(n)
e := P[(g(Yn) 6= (W1,S

n
1 ,W2,S

n
2 )] → 0 as n → ∞. The following

theorem obtains an inner bound for the capacity region.
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Theorem 6 Let Ri
MAC,C(∆1, ∆2) be the set of all rate pairs (R1, R2) such that

R1 < [I(X1,S1; Y|X2,S2,Q) − H(S1|S2)], (5.4a)

R2 < [I(X2,S2; Y|X1,S1,Q) − H(S2|S1)], (5.4b)

R1 + R2 < [I(X1,S1,X2,S2; Y|Q) − H(S1,S2)], (5.4c)

for some (Q,S1,S2, (X1,X1), (X2,X2),Y) ∈ Pi
MAC(∆1, ∆2). Then,

Ri
MAC,C(∆1, ∆2) ⊆ CMAC,C(∆1, ∆2).

Proof: See Appendix C.1

The following theorem gives an outer bound for the capacity region if S1 and S2

are correlated.

Theorem 7 Let Ro
MAC,C(∆1, ∆2) be the set of all rate pairs (R1, R2) such that

R1 < [I(X1,S1; Y|X2,S2,Q) − H(S1|S2)], (5.5a)

R2 < [I(X2,S2; Y|X1,S1,Q) − H(S2|S1)], (5.5b)

R1 + R2 < [I(X1,S1,X2,S2; Y|Q) − H(S1,S2)], (5.5c)

for some (Q,S1,S2,X1,X2,Y) ∈ Po
MAC(∆1, ∆2). If the host random variables S1 and

S2 are correlated, then

CMAC,C(∆1, ∆2) ⊆ Ro
MAC,C(∆1, ∆2).

If the host random variables S1 and S2 are independent, then

CMAC,C(∆1, ∆2) ⊆ Ri
MAC,C(∆1, ∆2).

Proof: See Appendix C.2

The following corollary of Theorem 6 and Theorem 7 states the MAC IE capacity

region for a given pair of distortion constraints (∆1, ∆2) if the host random variables

S1 and S2 are independent.

Corollary 2 If the host random variables S1 and S2 are independent, then the ca-
pacity region CMAC,C(∆1, ∆2) is the closure of the set of all rate pairs (R1, R2) such
that

R1 < [I(X1,S1; Y|X2,S2,Q) − H(S1|S2)], (5.6a)

R2 < [I(X2,S2; Y|X1,S1,Q) − H(S2|S1)], (5.6b)

R1 + R2 < [I(X1,S1,X2,S2; Y|Q) − H(S1,S2)], (5.6c)

for some (Q,S1,S2, (X1,X1), (X2,X2),Y) ∈ Pi
MAC(∆1, ∆2).
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Remarks

• To compute either (5.4) or (5.5), it is sufficient to consider time-sharing random

variable Q with |Q| ≤ 4 by Caratheodory’s theorem [12].

• In most communication scenarios, message transmission rates of zero are

achievable. However, in this model, message transmission rates of zero can

be unachievable if the host source pair p(s1, s2) is such that the upper bounds

on R1, R2 and R1 + R2 in (5.6) are negative. This is because we require host

recovery at the decoder as well.

5.4 Summary

In this chapter, we considered the state-dependent MAC with recovery of some

states at the decoder or MAC IE with recovery of some hosts. We derived inner

and outer bounds for the capacity region when all states or hosts are recovered at

the decoder. These inner and outer bounds coincide when all states of the channel

or all hosts are independent. We derived inner bounds for the model considered in

this chapter when some, but not all, hosts are recovered at the decoder.

In this chapter, we considered the model in which the decoder considers the

lossless recovery of the host sequences. This model is suitable for applications with

discrete alphabets. Since lossless recovery is not applicable for models with contin-

uous alphabets, it is important to consider partial state recovery in such models.
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CHAPTER 6

STATE-DEPENDENT BROADCAST CHANNELS WITH ENCODER SIDE

INFORMATION AND STATE RECOVERY AT SOME DECODERS

In this chapter, we consider a state-dependent broadcast channel with non-causal

encoder side information at the encoder and lossless recovery of state at some de-

coders. As shown in Figure 6.1, we consider a state-dependent broadcast channel

whose outputs Y for Decoder 1 and Z for Decoder 2 are controlled by the channel

state S ∈ S and the channel input X ∈ X through a memoryless probability law

p(y, z|s, x). In this chapter, some decoders are concerned with recovering the chan-

nel state alongwith the decoding messages intendend for them. We develop results

for two decoder model but, in principle, results can be extended to any number of

decoders. In this model, the encoder, provided with message pair (W1,W2) and

the state Sn, generates Xn such that per-letter distortion between the state Sn and

the channel input Xn satisfies a given constraint ∆ according to a given bounded

measure d(·, ·) 1. This encoder constraint on the channel input captures power con-

straint in some applications, and distortion constraint between the host and the

embedded signal in information embedding (IE) applications.

For this model, we consider the following four cases in recovering, in the sense

of probability of error going to zero, the messages and the host sequences at the

decoders

1Sn = {S1,S2, . . . ,Sn} and Xn = {X1,X2, . . . ,Xn}
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Encoder

State source

Decoder 2

Decoder 1

p(y, z|x, s)

Sn

Xn
Yn

Zn

Ed(Sn,Xn) ≤ ∆

(W1,W2)

g1(Y
n)

g2(Z
n)

Figure 6.1. Block diagram for state-dependent broadcast channel.

• Case A, No State Recovery: Decoder 1 recovers (W1,W2) from Yn;

Decoder 2 recovers W2 from Zn.

• Case B, State Recovery at Decoder 1: Decoder 1 recovers (W1,W2) and

Sn from Yn; Decoder 2 recovers W2 from Zn.

• Case C, State Recovery at Both Decoders: Decoder 1 recovers (W1,W2)

and Sn from Yn; Decoder 2 recovers W2 and Sn from Zn.

• Case D, State Recovery at Decoder 2: Decoder 1 recovers (W1,W2) from

Yn; Decoder 2 recovers W2 and Sn from Zn.

As in the single-user case, the model considered in this chapter is also closely

related to broadcast IE in which the encoder embeds information into the provided

host Sn such that the distortion between the host Sn and the embedded signal

Xn satisfies a given distortion constraint, each decoder is provided with the noisy

version of the embedded signal. Depending on application, some decoders consider

reversibility of the host along with the messages intended for them. From the view of
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broadcast IE, the state signal S in the above model is the host signal. In this chapter,

we study the capacity region of the model shown in Figure 5.1 in various scenarios

from the view of broadcast IE. So, we use the term “host” for the term “state”, the

term “embedded signal” for the term “channel input”. In this chapter, we restrict

broadcast probability laws to only physically degraded broadcast probability laws,

i.e., one channel output is degraded or noisy version of the other channel output.

Formally speaking, this means that p(y, z|x, s) = p(y|x, s)p(z|y), i.e., Z is degraded

versions of Y. We assume that all alphabets are discrete. Since Decoder 1 receives

the better channel output Y and Decoder 2 receives the worse channel output Z, we

call Decoder 1 and Decoder 2 as better decoder and worse decoder, respectively.

Let us now formally define broadcast IE model shown in Figure 6.1. A host

sequence Sn = (S1,S2, . . . ,Sn) is an independent and identically distributed (i.i.d.)

discrete random sequence whose elements are drawn with probability mass function

p(s), s ∈ S. We assume that the host sequence Sn is non-causally known at the

encoder. The encoder embeds a message pair (W1,W2) into the host sequence

Sn such that the average distortion between Sn and the embedded sequence Xn

satisfies a given distortion constraint ∆. The messages W1 ∈ {1, 2, . . . ,M1} and

W2 ∈ {1, 2, . . . ,M2} are drawn equally likely with probabilities 1/M1 and 1/M2,

respectively. Then the rate of message Wi is given by Ri = (1/n) log2 Mi bits per

channel use, for i = 1, 2. It is also assumed that the message Wi is independent

of the other message and the host sequence for i = 1, 2. In this chapter, the host

alphabet S, the channel input alphabet X, and the channel output alphabets Y and

Z are discrete.

Definition 15 A (M1,M2, D
(n), n) broadcast IE code consists of a sequence of en-

coding functions at the encoder

fn : W1 × W2 × Sn → Xn,

and a sequence of decoding functions at Decoder 1 and Decoder 2
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• Case A, No State or Host Recovery gn
1,A : Yn → (W1,W2) and gn

2,A :
Zn → W2

• Case B, State or Host Recovery at the Better Decoder gn
1,B : Yn →

(W1,W2, S
n) and gn

2,B : Zn → W2

• Case C, State or Host Recovery at Both Decoders gn
1,C : Yn →

(W1,W2, S
n) and gn

2,C : Zn → (W2, S
n)

• Case D, State or Host Recovery at the Worse Decoder gn
1,D : Yn →

(W1,W2) and gn
2,D : Zn → (W2, S

n),

respectively. The associated distortion is defined as D(n) = Ed(Sn,Xn), where d(Sn,Xn) =
(1/n)

∑n

j=1 d(Sj,Xj) for given non-negative bounded distortion measure d(·, ·).

The embedded signal Xn is transmitted across a discrete memoryless degraded

broadcast channel (DM-DBC) with state, p(y|x, s)p(z|y), modeled as a memoryless

conditional probability distribution

Pr(Yn = yn,Zn = zn|xn, sn) =
n
∏

j=1

p(yj|xj, sj)p(zj|yj). (6.1)

Definition 16 A broadcast IE rate pair (R1, R2) for a given distortion ∆ is said to
be achievable if there exists a sequence of (⌈2nR1⌉, ⌈2nR2⌉, D(n), n) broadcast IE codes
(fn, gn

1 , gn
2 ) with limn→∞ D(n) ≤ ∆ and limn→∞ P n

e = 0, where P n
e is the probability

of error defined appropriately for each case in the sequel.

Definition 17 For a given p(s) and p(y|x, s)p(z|y), let P(∆) be the collection of
random variables (T ,S,X,Y,Z) with joint probability mass function satisfying the
following conditions

a) p(t, s, x,y, z) = p(t, s, x)p(y|x, s)p(z|y)

b)
∑

t∈T,x∈X
p(t, x, s) = p(s)

c) Ed(S,X) ≤ ∆,

where T is an auxiliary random variable.
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6.1 No State or Host Recovery

In this section, we state inner and outer bounds for the broadcast IE capacity

region in Case A, in which Decoder 1 recovers (W1,W2) from Yn and Decoder 2

recovers W2 from Zn. The broadcast IE capacity region CA(∆) is the closure of

all achievable rates (R1, R2) with P
(n)
e := Pr[(gn

1,A(Yn) 6= (W1,W2) or gn
2,A(Zn) 6=

W2] → 0 as n → ∞.

Proposition 5 Let Ri
A(∆) be the closure of the set of all rate pairs (R1, R2) such

that

R1 ≤ I(V ; Y|U) − I(V ; S|U), (6.2a)

R2 ≤ I(U; Z) − I(U; S), (6.2b)

for some ((U,V),S,X,Y,Z) ∈ P(∆), where U and V are auxiliary random variables
with alphabet sizes satisfying |U| ≤ |X||S|+1 and |V| ≤ |X||S|(|X||S|+1), respectively.
Let Ro

A(∆) be the closure of the set of all rate pairs (R1, R2) such that

R1 ≤ I(V ; Y|U,W) − I(V ; S|U,W), (6.3a)

R2 ≤ I(U; Z) − I(U; S), (6.3b)

R1 + R2 ≤ I(U,V ,W; Y) − I(U,V ,W; S), (6.3c)

for some ((U,V ,W),S,X,Y,Z) ∈ P(∆), where U, W, and W are auxiliary random
variables with alphabet sizes satisfying |U| ≤ |X||S|+ 2, |V| ≤ |X||S|(|X||S|+ 2) + 1,
and W ≤ (|X||S|(|X||S|+ 2) + 1)(|X||S|+ 2)|X||S|+ 1, respectively. Then, Ri

A(∆) ⊆
CA(∆) ⊆ Ro

A(∆).

Remarks

The inner and outer bounds in Proposition 5 are slightly different from those in

[45], which does not consider an encoder distortion constraint. Although essentially

the same proofs in [45] apply, here there is an additional constraint on the joint

probability mass functions P(∆) to limit the average distortion between the host S

and the channel input X to be at most ∆. To achieve the inner bound, Gel’fand-

Pinsker codes can be used to embed the messages (W1,W2) into the host sequence

Sn.
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6.2 State or Host Recovery at the Better Decoder

In this section, we derive inner and outer bounds on the broadcast IE capac-

ity region in Case B, in which Decoder 1 recovers (W1,W2) and Sn from Yn and

Decoder 2 recovers only W2 from Zn. We define the broadcast IE capacity region

CB(∆) as the closure of all achievable rates (R1, R2) with P
(n)
e := Pr[(g1,B(Yn) 6=

(W1,W2, Ŝ
n) or g2,B(Zn) 6= W2] → 0 as n → ∞. The following two theorems give

inner and outer bounds for the capacity region in this case.

Theorem 8 Let Ri
B(∆) be the closure of the set of all rate pairs (R1, R2) such that

R1 ≤ I(X,S; Y|U) − H(S|U), (6.4a)

R2 ≤ I(U; Z) − I(U; S), (6.4b)

for some (U,S,X,Y,Z) ∈ P(∆), where U is an auxiliary random variable with al-
phabet size satisfying |U| ≤ |X||S| + 1. Then Ri

B(∆) ⊆ CB(∆).

Proof: See Appendix D.1 .

Theorem 9 Let Ro
B(∆) be the closure of the set of all rate pairs (R1, R2) such that

R1 ≤ I(X,S; Y|U) − H(S|U), (6.5a)

R2 ≤ I(U,V ; Z) − I(U,V ; S), (6.5b)

for some ((U,V),S,X,Y,Z) ∈ P(∆), where U and V are auxiliary random variables
with alphabet sizes satisfying |U| ≤ |X||S|+1 and |V| ≤ |X||S|(|X||S|+1), respectively.
Then CB(∆) ⊆ Ro

B(∆).

Proof: See Appendix D.2.

Remarks

To obtain the above inner bound, the message W2 is embedded into the host se-

quence Sn using Gel’fand-Pinsker coding, and the message W1 is embedded into

the host sequence using superposition coding such that the distortion constraint is

satisfied. The above inner and outer bounds are already convex regions. So, there
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is no need to introduce time-sharing auxiliary random variables. Let us write the

constraint on R2 in the outer bound given in (6.5) as follows

I(U,V ; Z) − I(U,V ; S) = I(U; Z) − I(U; S) + {I(V ; Z|U) − I(V ; S|U)}.

This term I(V ; Z|U)−I(V ; S|U) is the difference between the inner and outer bounds.

If V is a deterministic function of U, both inner and outer bounds coincide. This

clearly shows that Ri
B(∆) ⊆ Ro

B(∆).

6.3 State or Host Recovery at Both Decoders

This section derives the broadcast IE capacity region in Case C, in which De-

coder 1 recovers (W1,W2) and Sn from Yn and Decoder 2 recovers W2 and Sn from

Zn. We define the broadcast IE capacity region CC(∆) as the closure of all achievable

rates (R1, R2) with P
(n)
e := Pr[(gn

1,C(Yn) 6= (W1,W2,S
n) or g2,C(Zn) 6= (W2,S

n)] → 0

as n → ∞.

Theorem 10 CC(∆) is the closure of the set of all rate pairs (R1, R2) such that

R1 ≤ I(X; Y|U,S), (6.6a)

R2 ≤ I(X,S; Z) − H(S), (6.6b)

for some (U,S,X,Y,Z) ∈ P(∆), where U is an auxiliary random variable with |U| ≤
|X||S|.

Proof: See Appendix D.3

Remarks

To achieve the broadcast IE capacity region, the messages (W1,W2) are embed-

ded into the host sequence using distortion-constrained superposition coding as in

the previous cases because lossless recovery i.e., reversible embedding, of the host

sequence Sn is required in Case C.
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6.4 State or Host Recovery at the Worse Decoder

This section derives the broadcast IE capacity region in Case D, in which De-

coder 1 recovers (W1,W2) from Yn and Decoder 2 recovers W2 and Sn from Zn.

We define the broadcast IE capacity region CD(∆) as the closure of all achievable

rates (R1, R2) with P
(n)
e := Pr[(gn

1,D(Yn) 6= (W1,W2) or gn
2,D(Zn) 6= (W2,S

n)] → 0

as n → ∞.

Corollary 3 CD(∆) = CC(∆).

Proof: Since Zn is a degraded version of Yn, and (W2,S
n) must be reliably decoded

from Zn, (W2,S
n) can also be decoded from Yn. This implies that the broadcast IE

capacity region in Case D is the same as in Case C.

6.5 Summary

We considered IE in degraded broadcast channels. We derive inner and outer

bounds for the case of no host recovery at both the decoders and no host recovery

at the worse decoder. We derived the capacity region when the host recovery is

considered at both the decoders and the host recovery is considered at the worse

decoder. We also considered lossless state or host recovery at some decoders. If we

consider partial state recovery of host or state, then this model can also be extended

to continuous alphabet models such as Gaussian models.
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CHAPTER 7

MODEL EXTENSIONS

In this chapter, we discuss some interesting extensions such as partial state

recovery in single-user state-dependent models without side information and models

with two-sided side information. Since these directions are very challenging, we focus

more on single-user models in this chapter to keep development as simple as possible.

7.1 Partial State Recovery in State-Dependent Models

In some scenarios of communication over state-dependent channels, the com-

municating parties may want to estimate the channel state with some allowable

distortion. In many cases, availability of the channel state at the decoders allows

the use of less complex coding schemes for reliable communication. To obtain the

channel state at the decoder, we usually allocate resources for training, but often,

the resource overhead for estimating the channel state is not taken into account. To

understand the resource overhead for estimating the channel, we study the trade-

off between information transmission rate and distortion with which the channel

state is estimated at the decoder. We present some preliminary results in the case

of single-user models and we also define some multi-user problems that might be

interesting from this point of view.
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7.1.1 Single-User Models

In this section, we consider the communication system shown in Figure 7.1. In

this model, the channel output Y ∈ Y is controlled by the channel state S ∈ S and the

input X ∈ X through a probability law p(y|s, x). The encoder sends message W ∈ W

to the decoder by transmitting the codeword Xn, where W = {1, 2, . . . ,M}. We

define the transmission rate as R = (1/n) log2 M bits per channel use. The decoder,

upon receiving the channel output Yn, recovers W in the sense of probability of error

going to zero as n goes to infinity and estimates the channel state such that the

distortion between the channel state estimate and the actual channel state satisfies

the distortion constraint ∆ as n goes infinity.

For scenarios in which the channel state is available at the encoder, i.e., switch

A in Figure 7.1 is closed, [7] and [48] study the problem in the discrete memoryless

case and the Gaussian memoryless cases, respectively. We study the rate-distortion

(R, ∆) region for scenarios in which the channel state is available at neither the

encoder nor the decoder, i.e., switch A in Figure 7.1 is open. This model is also

considered in [52].

w

A

Encoder Decoder

State Source

p(y|x, s)

Sn

Xn Yn

Ed(Sn, Ŝn) ≤ ∆

(Ŵ, Ŝn)

Figure 7.1. Block diagram of single-user state-dependent model.
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Gaussian Case

To motivate the issues in information transmission and estimation of the channel

state, let us first consider a Gaussian channel model, i.e., the channel output is given

by Y = X + S + Z, where X is the channel input with average power constraint P ,

S is a zero mean Gaussian with variance Q, and Z is a zero mean Gaussian with

variance N . In this model, the decoder estimates the channel state according to

squared-error distortion criterion, i.e., d(S, Ŝ) = (S− Ŝ)2. This model can be viewed

as Gaussian MAC in which one input is coded and one input is uncoded.

Let us discuss successive decoding in which the decoder first estimates the chan-

nel and then decodes the message with the help of the channel state estimate. In this

case, the encoder transmits its message using average power γP , where γ ∈ [0, 1].

The decoder forms an estimate according to minimum mean squared error criterion

and then decodes the message. In this case, (R, ∆) pairs are achievable if they

satisfy the conditions

∆ ≥ Q

[

γP + N

γP + Q + N

]

(7.1)

R ≤ 1

2
log

(

1 +
γP

Q + N

)

, (7.2)

where γ ∈ [0, 1].

On the other hand, suppose the decoder first decodes the message and then

estimates the channel state by removing the effect of the decoded codeword from

the channel output. In this case, (R, ∆) pairs are achievable if they satisfy the

conditions

∆ ≥ Q
N

Q + N
(7.3)

R ≤ 1

2
log

(

1 +
P

Q + N

)

. (7.4)

The rate-distortion pairs (R, ∆) achieved by the above successive schemes are
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plotted in Figure 7.2 for P = 1, Q = 1, and N = 1. These results suggest that, for

a given distortion constraint ∆, we can achieve better rates by first decoding the

message and using it to estimate the channel than by first estimating the channel and

using it to decode the message. This example suggests that, for a given distortion

constraint, there is some penalty in terms of transmission rates in estimating the

channel state first and then decoding the message. This observation is important,

because, in many practical communication systems, the channel state is estimated

first and then the estimated channel state is used to decode the message, e.g.,

enabling “coherent” coding techniques.
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Decoding first
Estimating first

Figure 7.2. Information rate-distortion trade-off for P = 1, Q = 1 and N = 1
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Formal Definitions

Let us now define the problem more formally and study bounds on the trade-off

between information transmission rate R and state-recovery distortion constraint

∆.

Definition 18 An (M,n,D(n)) transmission-estimation code consists of a message
W uniform on {1, 2, . . . ,M}, a sequence of encoding functions

fn : {1, 2, . . . ,M} → Xn,

and a sequence of decoding functions

gn : Yn → (W, Ŝn)

where Ŝ is the reconstruction alphabet of the state. The associated message error
probability is P n

e := Pr[Ŵ 6= W] and associated distortion is defined as D(n) =
E[d(Sn, Ŝn)], where d(Sn, Ŝn) = 1

n

∑n

i=1 d(Si, Ŝi) for some non-negative bounded dis-
tortion function d(·, ·).

Definition 19 A rate-distortion pair (R, ∆) is said to be achievable if there exists a
sequence of (⌈2nR⌉, n,D(n)) transmission-estimation codes (fn, gn) with limn→∞ P n

e =
0, and limn→∞ D(n) ≤ ∆.

Definition 20 The feasible set D of distortion constraints is the set of all achievable
∆ for all R ≥ 0.

Definition 21 The capacity C(∆) for a given achievable distortion ∆ ∈ D is de-
fined as the supremum of all achievable rates R such that (R, ∆) is achievable.

The point (0, ∆min) corresponds to full training, i.e., no information transmission,

where ∆min := inf D. If we want to estimate the channel state to within distortion

∆ ∈ D, we can find the maximum achievable rate for ∆.

Inner and Outer Bounds for C(∆)

In this section, we assume that all alphabets are discrete and develop inner and

outer bounds.

Definition 22 For a given p(s) and p(y|s, x), let us define the set PRD(∆) as the
set of distribution functions p(s, x,y, ŝ) satisfying the following conditions
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1. p(s, x,y, ŝ) = p(s)p(x)p(y|x, s)p(ŝ|y, x),

2. Ed(S, Ŝ) ≤ ∆.

Let us define D as
D := sup{∆ : PRD(∆) 6= ∅}

The following theorem gives an inner bound for C(∆) for ∆ ∈ D.

Theorem 11 Let
Ri(∆) := sup

p(s,x,y,ŝ)∈PRD(∆)

I(X; Y)

for ∆ ∈ D. Then,
Ri(∆) ≤ C(∆). (7.5)

Remarks:

• Ri(∆) is a non-decreasing function of ∆.

• R < Ri(∆) is achievable by jointly estimating the channel state and decoding

the message.

• R < Ri(∆) is also achievable by first decoding the message and then estimating

the channel state.

• First estimating the channel state and then decoding the message,

R < max
p(s)p(x)p(y|x,s)p(ŝ|y): Ed(S,Ŝ)≤∆

I(X; Y)

is achievable for a given distortion constraint ∆. In this case, the maximum

achievable rate is less than that achieved by joint estimation and decoding

because the set of distributions is more restrictive in this case.

Proof: Fix p(s, x,y, ŝ) ∈ PRD(∆) and n.

• Codebook Generation: Generate codewords Xn(m) whose elements are in-

dependently drawn according to p(x) for each m ∈ {1, 2, . . . , ⌈2nR⌉}. Generate
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quantized codewords Ŝn(j) whose elements are independently drawn according

to p(ŝ) for each j ∈ {1, 2, . . . , ⌈2nR0⌉}. These codebooks are revealed to both

the encoder and the decoder.

• Encoding & Decoding: To send the message W, Xn(W) is transmitted from

the encoder. The decoder, upon receiving Yn, looks for (Xn(m), Ŝn(j)) that is

jointly typical with Yn. If such a pair exists and is unique, then the decoder

declares that the estimate of message is m and the estimate of the channel

state sequence is Ŝn(j). Otherwise, the decoder declares an error.

• Probability of Error: Without loss of generality, it can be assumed that

codeword Xn(1) is transmitted.

– According to the strong asymptotic equipartition property (AEP) [12],

Xn(1) is jointly typical with Yn with high probability for sufficiently large

n.

– An error occurs if there is no Ŝn(j) that is jointly typical with (Xn(1),Yn).

The probability of this event can be made arbitrarily small if R0 >

I(Ŝ; X,Y) for sufficiently large n.

– An error also occurs if (Xn(m), Ŝn(j),Yn) is jointly typical for m 6= 1 and

for some j. The probability of this event can be made arbitrarily small

if R + R0 < I(Ŝ; Y) + I(X; Ŝ,Y) for sufficiently large n.

– An error also occurs if there no Ŝn(j) that is jointly typical with typical

pair (Xn(m),Yn) for m 6= 1. The probability of this event can be made

arbitrarily small if R0 > I(Ŝ; X,Y) for sufficiently large n.

Finally, the probability of error can be written as the probability of the union

of the above error events. Using the union bound, it can be concluded that
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the probability of error can be made arbitrarily small for sufficiently large n

if R < I(X; Y) and R0 > I(Ŝ; X,Y).

• Average distortion: With high probability, (Xn(1), Ŝn(j),Yn) is jointly typi-

cal for some j. According to strong AEP, (Xn(1),Sn,Yn) is jointly typical with

high probability. According to Markov lemma [12], Sn and Ŝn(j) are jointly

typical with high probability. It can be concluded that the distortion between

Sn and Ŝn(j) satisfies a distortion constraint ∆ with high probability.

The following theorem gives an outer bound for C(∆).

Theorem 12 Let

Ro(∆) := max
p(s)p(x)p(y|x,s)p(ŝ|y,x,s): Ed(S,Ŝ)≤∆

I(X; Y).

Then, Ro(∆) ≥ C(∆).

The above outer bound Ro(∆) is different from the inner bound Ri(∆) because

the distributions are more restrictive in the inner bound.

7.1.2 Multi-User Models

In this section, we extend the framework of transmission rate and distortion

trade-off to multi-user models. We define some multi-user problems that might be

interesting from this point of view.

Multiple Access Channel

Consider a multiple access channel (MAC) as shown in Figure 7.3 that generates

the output Y ∈ Y which is controlled by the state pair (S1,S2) ∈ S1 × S2 and the

input pair (X1,X2) ∈ X1×X2 from two encoders. Here, we consider a model with two

encoders, but, in principle, the definitions and results can be extended to any number

of encoders. We assume that the channel state is known at neither the encoders
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nor the decoder. As shown in Figure 4.1, Encoder i sends message Wi ∈ Wi to the

decoder by transmitting the codeword Xn
i , where Wi = {1, 2, . . . ,Mi} for i = 1, 2.

As usual, we define the transmission rate as Ri = (1/n) log2 Mi bits per channel

use for i = 1, 2. The decoder, upon receiving the channel output Yn, recovers the

message pair (W1,W2) in the sense of probability of error going to zero as n goes to

infinity and estimates the channel state pair such that the distortion between the

channel state estimate Ŝn
i and the actual channel state Sn

i satisfies the distortion

constraint ∆i for i = 1, 2 as n goes infinity.

Encoder 1

Encoder 2

Decoder

State Source

W1

W2

p(y|s1, x1, s2, x2)

(Sn
1 ,S

n
2 )Xn

1

Xn
2

Yn

Ed1(S
n
1 , Ŝ

n
1 ) ≤ ∆1

Ed2(S
n
2 , Ŝ

n
2 ) ≤ ∆2

(Ŵ1, Ŝ
n
1 , Ŵ2, Ŝ

n
2 )

Figure 7.3. Block diagram of state-dependent multi-access model.

Definition 23 An (M1,M2, n,D
(n)
1 , D

(n)
2 ) transmission-estimation code for the mul-

tiple access channel consists of messages Wi uniform on {1, 2, . . . ,Mi}, and sequence
of encoding functions

fn
i : {1, 2, . . . ,Mi} → Xn

i

for i = 1, 2; and a sequence of decoding functions at the decoder

gn : Yn → (W1, Ŝ
n
1 ,W2, Ŝ

n
2 )

where (Ŝ1, Ŝ2) is the reconstruction alphabet pair of the states. The associated prob-
ability of error is P n

e := Pr[(Ŵ1, Ŵ2) 6= (W1,W2)] and associated distortion is

defined as D
(n)
i = E[di(S

n
i , Ŝ

n
i )], where di(S

n
i , Ŝ

n
i ) = 1

n

∑n

j=1 d(Si,j, Ŝi,j) for some
non-negative bounded distortion function di(·, ·) for i = 1, 2.

Definition 24 A rate-distortion tuple (R1, R2, ∆1, ∆2) is said to be achievable for

the state-dependent MAC if there exists a sequence of (⌈2nR1⌉, ⌈2nR2⌉, n,D
(n)
1 , D

(n)
2 )
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transmission-estimation codes (fn
1 , fn

2 , gn) with limn→∞ P n
e = 0 and limn→∞ D

(n)
i ≤

∆i for i = 1, 2.

Broadcast Channel

Consider a broadcast channel as shown in Figure 7.4, which is controlled by the

state S ∈ S and the input X ∈ X from the encoder and generates the output pair

(Y1,Y2) ∈ (Y1,Y2). Here, we consider a model with two decoders, but, in principle,

the definitions and results can be extended to any number of decoders. We assume

that the channel state is known at neither the encoder nor the decoders. The encoder

sends messages (W1,W2) ∈ W1 ×W2 to the decoders by transmitting the codeword

Xn, where Wi = {1, 2, . . . ,Mi}, for i = 1, 2.. We define the transmission rate as

Ri = (1/n) log2 Mi bits per channel use. Decoder i, upon receiving the channel

output Yn
i , recovers Wi in the sense of probability of error going to zero as n goes to

infinity and estimates the channel state such that the distortion between the channel

state estimate and the actual channel state satisfies the distortion constraint ∆i as

n goes infinity for i = 1, 2.

W Encoder

Decoder 1

Decoder 2

State Source

p(y1,y2|x, s)

Sn

Xn

Yn
1

Yn
2

Ed1(S
n, Ŝn

1 ) ≤ ∆1

Ed2(S
n, Ŝn

2 ) ≤ ∆2

(Ŵ1, Ŝ
n
1 )

(Ŵ2, Ŝ
n
2 )

Figure 7.4. Block diagram of a state-dependent broadcast channel.

Definition 25 An (M1,M2, n,D
(n)
1 , D

(n)
2 ) transmission-estimation code for the broad-

cast model consists of messages Wi uniform on {1, 2, . . . ,Mi} for i = 1, 2 and a
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sequence of encoding functions

fn : {1, 2, . . . ,M1} × {1, 2, . . . ,M2} → Xn,

and sequences of decoding functions

gn
1 : Yn

1 → (W1, Ŝ
n
1 ) and gn

2 : Yn
2 → (W2, Ŝ

n
2 ),

at the Decoder 1 and Decoder 2, respectively, where Ŝ1 and Ŝ2 are the reconstruction
alphabets of the state at the Decoder 1 and Decoder 2, respectively. The associated
probability of error is P n

e := Pr[Ŵ1 6= W1 or Ŵ2 6= W2] and associated distortion

is defined as D
(n)
i = E[di(S

n, Ŝn
i )], where di(S

n, Ŝn) = 1
n

∑n

j=1 di(Sj, Ŝi,j) for some
non-negative bounded distortion function di(·, ·) for i = 1, 2.

Definition 26 A rate-distortion tuple (R1, R2, ∆1, ∆2) is said to be achievable if

there exists a sequence of (⌈2nR1⌉, ⌈2nR2⌉, n,D
(n)
1 , D

(n)
2 ) transmission-estimation codes

for the state-dependent broadcast channel (fn, gn
1 , gn

2 ) with limn→∞ P n
e = 0 and

limn→∞ D
(n)
i ≤ ∆i for i = 1, 2.

7.2 State-Dependnet Models with Noisy State Information

In the previous chapters, we considered several models with side information

that is identical to the channel state. Let us now consider a state-dependent model

with general encoder side information and decoder side information as shown in

Figure 7.5. In this model, the channel output Y ∈ Y is controlled by the channel

state S ∈ S and the input X ∈ X through a memoryless probability law p(y|s, x).

In Figure 7.5, the encoder side information Tn
1 and decoder side information Tn

2 are

related to the channel state Sn through a memoryless probability law p(s, t1, t2).

The encoder sends a message W ∈ W to the decoder by transmitting the codeword

Xn, where W = {1, 2, . . . ,M}. If T2 is zero with probability one, this model is

considered in [15].

Definition 27 An (M,n) code consists of message W uniform on {1, 2, . . . ,M}, a
sequence of encoding functions

fn : {1, 2, . . . ,M} × Tn
1 → Xn,

and a sequence of decoding functions

gn : Yn × Tn
2 → W.

The associated probability of error is defined as P n
e := Pr[Ŵ 6= W].
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Encoder Decoder

State Source

p(y|x, s)

Tn
1 Tn

2
Sn

W
Xn Yn

(Ŵ, Ŝn)

Figure 7.5. Block diagram of a single-user, state-dependent model with two-sided
side information.

Definition 28 A rate R is said to be achievable if there exists a sequence of (⌈2nR⌉, n)
codes (fn, gn) with limn→∞ P n

e = 0.

Definition 29 The capacity C is the supremum of all achievable rates.

The following theorem presents the capacity in the case of discrete alphabets.

Theorem 13

C = max
p(u,x|t1)

[I(U; Y, T2) − I(U; T1)]

In the above expression, the decoder side information T2 is viewed as another channel

output alongwith the usual channel output Y.

Achievability:

The following coding scheme to achieve the above capacity closely follows [17] and

[15].

• For each message m ∈ W, generate a bin of ⌈2nR0⌉ codewords Un(m, j) whose

elements are generated according to distribution p(u), where

j ∈ {1, 2, . . . , ⌈2nR0⌉}. This codebook is revealed to both the encoder and the

decoder. In this case, there is more than one codeword for each message. The

available noisy channel state Tn
1 determines which codeword should be chosen

for a given message.
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• Given the message W ∈ W and the channel state Tn
1 , the encoder finds the

codeword Un(W, j) in bin W that is jointly typical with Tn
1 . If no such j exists,

then the encoder declares an error. Otherwise, the encoder generates the

channel input Xn whose elements are independently and identically distributed

according to p(x|u, t1). The probability of encoding error goes to zero as

n → ∞ provided R0 > I(U; T1).

• The decoder finds Un(m, j) that is jointly typical with the channel output

(Yn, Tn
2 ), where m ∈ W and j ∈ {1, 2, . . . , ⌈2nR0⌉}. If such a sequence Un

exists and is unique, the decoder declares its bin index as the estimate for the

transmitted message; otherwise, the decoder declares an error. The probability

of decoding error goes to zero as n → ∞ provided R + R0 < I(U; Y, T2).

Thus, the overall probability of error goes to zero as n → ∞ as long as

R < I(U; Y, T2) − I(U; T1).

Converse : The converse proof closely follows Gel’fand-Pinsker converse [17]. In

this case, for a sequence of (⌈2nR⌉, n) codes with probability of error P n
e going to

zero as n goes to infinity, we have

R ≤ max
p(u,x|t1)p(y|s,x)

[I(U; Y, T2) − I(U; T1)].

From the given code, the distribution on (W,Sn, Tn
1 , Tn

2 ,Xn,Yn) is as follows

p(w, sn, tn
1 , t

n
2 , x

n,yn) = p(w)p(sn, tn
1 , t

n
2 )p(xn|w, tn

1 )p(yn|sn, xn),

where p(xn|w, tn
1 ) is 1 if xn = fn(w, tn

1 ) and 0 otherwise.

We can bound the rate R as follows.

nR ≤H(W)

=I(W; Yn, Tn
2,1) + H(W|Yn, Tn

2,1)
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(a)

≤I(W; Yn, Tn
2,1) + nǫn

(b)
=

n
∑

i=1

[I(W, Tn
1,i+1; Y

i, T i
2,1) − I(W, Tn

1,i; Y
i−1, T i−1

2,1 )] + nǫn

(c)
=

n
∑

i=1

[I(W, Tn
1,i+1; Yi, T2,i|Yi−1, T i−1

2,1 )

− I(T1,i; Y
i−1, T i−1

2,1 |W, Tn
1,i+1)] + nǫn

(d)

≤
n
∑

i=1

[H(Yi) − H(Yi|Yi−1, T i−1
2,1 ,W, Tn

1,i+1)

+ H(T1,i|Yi−1, T i−1
1,1 ,W, Tn

1,i+1) − H(T1,i)] + nǫn

=
n
∑

i=1

[I(W, Tn
1,i+1,Y

i−1, T i−1
2,1 ; Yi, T2,i)

− I(W, Tn
1,i+1,Y

i−1, T i−1
2,1 ; T1,i)] + nǫn

(e)

≤ n[I(W, Tn
1,k+1,Y

k−1, T k−1
2,1 ; Yk, T2,k)

− I(W, Tn
1,k+1,Y

k−1, T k−1
2,1 ; T1,k)] + nǫn (7.6)

where:

(a) follows from Fano’s inequality with ǫn → 0 as P n
e → 0,

(b) follows from I(W, Tn
1,i+1; Y

i, Tn
2,i) = I(W; Yn, Tn

2,1) for i = n;

I(W, Tn
1,i; Y

i−1, T i−1
2,1 ) = 0 for i = 1; and the sum of the remaining terms equals

to zero,

(c) follows from applying the chain rule for mutual information to

{(Yi−1, T i−1
2,1 ), (Yi, T2,i)} in the first term and to ({W, Tn

1,i+1}, T1,i) in the second

term,

(d) follows from H(Yi, T2,i) ≥ H(Yi, T2,i|Yi−1, T i−1
2,1 ) and T1,i being independent of

(Tn
1,i+1,W),
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(e) follows from the fact that

[I(W, Tn
1,i+1,Y

i−1, T i−1
2,1 ; Yi, T2,i) − I(W, Tn

1,i+1,Y
i−1, T i−1

2,1 ; T1,i)]

is maximized over all i for the value of k.

Let us define U := (W, Tn
1,k+1,Y

k−1, T k−1
2,1 ) in (7.6). As n → ∞, we obtain

R ≤ max
p(u,x|t1)

[I(U; Y, T2) − I(U; T1)].

7.3 Summary

In this chapter, we have studied two extensions of our modeling framework from

earlier chapters. We focused on the single-user state-dependent models to keep the

development as simple as possible. First, we studied bounds on the capacity region

of single-user model without encoder side information and with lossy state recovery

at the decoder. Since the inner and outer bounds on the capacity-distortion region

do not meet, we still do not know the capacity-distortion region. In this chapter,

we consider memoryless state but in practice we often see state-dependent models

in which the channel state has memory. It would be therefore useful to study state

with memory for the models considered. Second, we studied bounds on the capacity

region of single-user, state-dependent model with noisy encoder state information

and noisy decoder state information. For this model, we obtain the capacity.

In many scenarios in information theory, there is some duality between source

coding problems and channel coding problems. In this thesis, we did not focus

on source coding duals of the models we considered. But, study of such duals are

necessary for understanding source coding with side information, and could lead to

additional insights for the corresponding channel coding problems.
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CHAPTER 8

CONCLUSIONS

In the final chapter, we conclude the thesis, highlighting contributions and future

directions.

8.1 Contributions

In this thesis, we consider various state-dependent models in both single-user

and multi-user cases. We consider multi-user models with encoder side information

such as multiple access channels (MAC), and broadcast channels (BC).

For the state-dependent MAC with side information at some encoders, we dis-

cussed bounds on the capacity region. Since the inner and outer bounds do not

meet, the capacity region is still not known for this problem. We discussed how

the informed encoders exploit the known channel state to help uninformed encoders

in terms of their information rates. However, we obtained some insights about the

random coding techniques based on dirty paper coding and state cancellation at the

informed encoder.

For the state-dependent MAC with different state information available at dif-

ferent encoders, we consider lossless recovery of some state signals at the decoder.

We derived inner bounds for the case of no state recovery and the case of some,

but not all, state recovery. If all state signals are recovered at the decoder, we de-

rived inner and outer bounds for the capacity region. It turns out that the inner
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and outer bounds meet if all state signals are independent, so that we obtain the

capacity region for this case.

For the state-dependent BC with side information known at the encoder, we

considered lossless recovery of the state at some decoders. If state recovery is not

considered at any decoder, we obtained inner and outer bounds for the capacity

region, but the capacity region is still not known. If the state recovery is considered

at all decoders, we obtain the capacity region. If asymmetry in terms of lossless

state recovery at the decoders is present in the model, i.e., lossless state recovery is

considered at only the better decoder, the capacity region is still not known.

We also discussed some interesting model extensions, i.e, lossy state recovery

at the decoder in single-user state-dependent models without side information and

models with two-sided side information. In these extensions, we focused more on

single-user models to keep the development as simple as possible.

Even though we study various state-dependent models in some interesting sce-

narios very well, results and observations suggest that further study of multi-user

state-dependent models is required to understand them completely. Based on our

study of state-dependent multi-user models, we suggest some future directions in

the next section.

8.2 Future Directions

We observed that asymmetry in terms of the channel state availability at the

encoders is very interesting in MAC in terms of the capacity region. We also observed

that asymmetry in terms of lossless channel state recovery at the decoders is very

interesting in BC in terms of the capacity region. These observations suggest the

asymmetry plays a key role in making these problems interesting and challenging.

In the retrospect, the original Gel’fand-Pinsker model exhibits such asymmetry, i.e.,
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state available at the encoder but not the decoder. Further study of multi-user

state-dependent models with asymmetry such as interference channels, etc. would

be interesting and challenging.

As already mentioned in this thesis, the important issues in these state-dependent

networks are encoding with the help of available side information and estimating

the channel state at the decoders. In this thesis, we assume that the exact channel

state is available at the encoders for the most of the models. This assumption is

valid in some applications such as information embedding and data hiding. But, in

some scenarios, partial channel state or rate-constrained channel state is available

at the encoders. It is interesting to consider state-dependent models under these

assumptions to have further understanding of these models.

In the case of channel estimation at the decoders, we considered lossless recovery

of state at the decoders for models with encoder side information. But, lossless

recovery can not be required in models with continuous state alphabets and is not

possible in some channels. As we have seen that lossy recovery in single-user models

itself is very challenging, it would be even more challenging to study lossy recovery

in multi-user state-dependent models. At the end, we conclude that further study

of state-dependent models is required to understand them.
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APPENDIX A

A.1 Notation

In this section, we present notation that is used throughout the thesis. Random

variables and sample values are denoted in a special font, e.g., the random variable

X and sample value x. Alphabets are denoted in calligraphic font, e.g., X. The

shorthand Xn
1 represents the sequence X1,1,X1,2, . . . ,X1,n, and Xn

1,i represents the

sequence X1,i,X1,i+1, . . . ,X1,n. Addition in Xn + Yn is element wise addition. We

denote an identity matrix of size n × n as In, and zero mean Gaussian distribution

with variance N as N(0, N). All logarithms in this thesis are with base 2. Finally,

H(·) and I(·; ·) denote the standard information theoretic quantities of (ensemble

average) entropy and mutual information which will be defined in the next section.

A.2 Entropy and Mutual Information

In this section, we define entropy for a random variable and mutual information

between two random variables.
Definition 30 The entropy H(X) of discrete random variable X is defined as

H(X) = −
∑

x∈X

p(x) log p(x).

If (X,Y) ∼ p(x,y), the conditional entropy H(Y|X) is defined as

H(Y|X) =
∑

x∈X

p(x)H(Y|X = x) = −
∑

x∈X

p(x)
∑

y∈Y

p(y|x) log p(y|x).
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Definition 31 The entropy H(X) of continuous random variable X with density
function p(x) is defined as

H(X) = −
∫

X

p(x) log p(x)dx.

If X and Y are continuous random variables and (X,Y) ∼ p(x,y), the conditional
entropy H(Y|X) is defined as

H(Y|X) =

∫

X

p(x)H(Y|X = x)dx = −
∫

X

p(x)dx

∫

Y

p(y|x) log p(y|x)dy.

Definition 32 If X and Y are random variables and (X,Y) ∼ p(x,y), then the
mutual information I(X; Y) is defined as

I(X; Y) = H(X) − H(X|Y) = H(Y) − H(Y|X).

A.3 Definitions for Chapter 2 and Chapter 3.

In this section, we define the capacity for single-user models and the capacity

region for multi-user models in various scenarios. These definitions are used in the

background material presented in Chapter 2 and Chapter 3.

A.3.1 Single-User Models

Definition 33 A rate R is said to be achievable for single-user model without state
recovery if there exists a sequence of (⌈2nR⌉, n) codes (fn, gn) with limn→∞ P n

e → 0,
where P n

e = Pr[W 6= Ŵ]. The capacity C is given as the supremum of the set of
achievable rates.

Definition 34 A rate R is said to be achievable for single-user state-dependent
model with lossless state recovery if there exists a sequence of (⌈2nR⌉, n) codes (fn, gn)
with limn→∞ P n

e → 0, where P n
e = Pr[g(Yn) 6= (W,Sn)]. The capacity C is given as

the supremum of the set of achievable rates.

Definition 35 A rate R is said to be achievable for single-user models with lossy
state recovery with a given distortion constraint ∆ if there exists a sequence of
(⌈2nR⌉, n) codes (fn, gn) with limn→∞ P n

e → 0 and limn→∞ Ed(Sn, Ŝn) ≤ ∆, where
P n

e = Pr[W 6= Ŵ], and g(Yn) = (Ŵ, Ŝn). The capacity C(∆) is given as the supre-
mum of the set of achievable rates.
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A.3.2 Multiple Access Channels

Definition 36 A rate pair (R1, R2) is said to be achievable for state-dependent
multiple access channel without state recovery if there exists a sequence of
(⌈2nR1⌉, ⌈2nR2⌉, n) codes (fn

1 , fn
2 , gn) with limn→∞ P n

e → 0, where P n
e = Pr[g(Yn) 6=

(W1,W2)]. The capacity region C is given as the closure of the set of achievable rate
pair (R1, R2).

A.3.3 Broadcast Channels

Definition 37 A rate pair (R1, R2) is said to be achievable for state-dependent
broadcast channel without state recovery if there exists a sequence of (⌈2nR1⌉, ⌈2nR2⌉, n)
codes (fn, gn

1 , gn
2 ) with limn→∞ P n

e → 0, where P n
e = Pr[(W1,W2) 6= (Ŵ1, Ŵ2)],

Ŵ1 = gn
1 (Yn), and Ŵ2 = gn

2 (Zn). The capacity region C is given as the closure of
the set of achievable rate pair (R1, R2).

A.4 Strong Typicality

In this section, we present definitions on strong typicality [12, 14, 51] and state

theorems based on strong typicality which will be used to prove theorems in this

thesis.

Definition 38 A sequence xn ∈ Xn is said to be ǫ-strongly typical with respect to a
distribution p(x) on X or xn ∈ T n

ǫ (X) if
∣

∣

∣

∣

1

n
N(a|xn) − p(a)

∣

∣

∣

∣

<
ǫ

|X| ,

for all a ∈ X with p(a) > 0, and N(a|xn) = 0 for all a ∈ X with p(a) = 0, where
N(a|xn) is the number of occurrences of the symbol a in the sequence Xn.

Definition 39 A pair of sequences (xn,yn) ∈ Xn×Yn is said to be ǫ-strongly typical
with respect to a distribution p(x,y) on X × Y or (xn,yn) ∈ T n

ǫ (x,y) if
∣

∣

∣

∣

1

n
N(a,b|xn,yn) − p(a,b)

∣

∣

∣

∣

<
ǫ

|X||Y| ,

for all (a,b) ∈ X×Y with p(a,b) > 0, and N(a,b|xn,yn) = 0 for all (a,b) ∈ X×Y

with p(a,b) = 0, where N(a,b|xn,yn) is the number of occurrences of the symbol
(a,b) in the pair of sequences (xn,yn).

We state the following theorems on strong typicality without proofs. For proofs

of the following theorems using the strong typicality definitions, look at [12, 14, 51].
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Lemma 1 Suppose Xn is generated from a discrete memoryless source(DMS) p(x)
and Xn ∈ T n

ǫ (X). Then, we have the following

2−n[H(X)+ǫ1] < P n(xn) < 2−n[H(X)−ǫ1] (A.1)

(1 − ǫ2) 2n[H(X)−ǫ1] < |T n
ǫ (X)| < 2n[H(X)+ǫ1] (A.2)

(1 − ǫ2) ≤ Pr[Xn ∈ T n
ǫ (X)] ≤ 1 (A.3)

where ǫ1 → 0 as ǫ → 0, and ǫ2 → 0 as n → ∞ for fixed ǫ.

Lemma 2 Suppose (Xn,Yn) is generated from a discrete memoryless source (DMS)
p(x,y) and (xn,yn) ∈ T n

ǫ (X,Y) and Then, we have the following

2−n[H(X,Y)+ǫ′1] < P n(xn,yn) < 2−n[H(X,Y)−ǫ′1] (A.4)

(1 − ǫ′2) 2n[H(X,Y)−ǫ′1] < |T n
ǫ (X,Y)| < 2n[H(X,Y)+ǫ′1] (A.5)

(1 − ǫ′2) ≤ Pr[(Xn,Yn) ∈ T n
ǫ (X,Y)] ≤ 1 (A.6)

where ǫ′1 → 0 as ǫ → 0, and ǫ′2 → 0 as n → ∞ for fixed ǫ.

Lemma 3 Suppose (Xn,Yn) is generated from a discrete memoryless source(DMS)
p(x,y) and (Xn,Yn) ∈ T n

ǫ (X,Y). Then, we have the following

2−n[H(Y|X)+ǫ′′1 ] < P n(yn|xn) < 2−n[H(Y|X)−ǫ′′1 ] (A.7)

(1 − ǫ′′2) 2n[H(Y|X)−ǫ′1] < |T n
ǫ (X,Y|xn)| < 2n[H(Y|X)+ǫ′′1 ] (A.8)

(1 − ǫ′′2) ≤ Pr[(xn,Yn) ∈ T n
ǫ (X,Y)] ≤ 1 (A.9)

where ǫ′′1 → 0 as ǫ → 0, and ǫ′′2 → 0 as n → ∞ for fixed ǫ, and T n
ǫ (X,Y|xn) = {yn :

(xn,yn) ∈ T n
ǫ (X,Y)}.
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APPENDIX B

B.1 Proof of Theorem 1

In this section, we construct a sequence of codes (⌈2nR1⌉, ⌈2nR2⌉, n) with P n
e → 0

as n → ∞ if (R1, R2) satisfies Equation (4.2). The proof closely follows the proofs

in [17, 10]. Fix ǫ > 0 and take (Q,S,U1,X1,X2,Y) ∈ Pi, where Pi is defined in

Definition 4.

• Encoding: The encoding strategy at the two encoders is as follows. Let

M1 = 2n(R1−4ǫ), M2 = 2n(R2−2ǫ), and J = 2n(I(U1;S|Q)+2ǫ). At the informed

encoder, where the CSI is available, generate JM1 sequences Un
1 (qn,m1, j),

whose elements are drawn i.i.d. with p(u1|q), for each time sharing random

sequence Qn, where 1 ≤ m1 ≤ M1, and 1 ≤ j ≤ J . Here, m1 indexes bins and j

indexes sequences within a particular bin m1. For encoding, given CSI Sn = sn,

time sharing sequence Qn = qn and message W1 ∈ {1, 2, . . . ,M1}, look in

bin W1 for a sequence Un
1 (qn,W1, j), 1 ≤ j ≤ J , such that Un

1 (qn,W1, j) ∈

T n
ǫ [Q,U,S|qn, sn]. Then, the informed encoder chooses Xn

1 , whose elements

are given by deterministic function X1i = f(si,qi,U1i) for i = 1, 2, . . . , n.

At the uninformed encoder, sequences Xn
2 (qn,m2), whose elements are drawn

i.i.d. with p(x2|q), are generated for each time sharing sequence Qn = qn,

where 1 ≤ m2 ≤ M2. The uninformed encoder chooses Xn
2 (qn,W2) to send

the message W2 ∈ {1, 2, . . . ,M2} for a given time-sharing sequence Qn = qn
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and sends the codeword Xn
2 .

Given the inputs and the CSI, the decoder receives Yn according to condi-

tional probability distribution
∏

i p(yi|si, x1,i, x2,i). It is assumed that the

time-sharing sequence Qn = qn is non-causally known at both the encoders

and the decoder.

• Decoding: The decoder, upon receiving the sequence Yn, chooses a pair

(Un
1 (qn,m1, j),X

n
2 (m2)), 1 ≤ m1 ≤ M1, 1 ≤ j ≤ J , and 1 ≤ m2 ≤ M2 such

that (Un
1 (qn,m1, j),X

n
2 (qn,m2)) ∈ T n

ǫ [Q,U1,X2,Y|qn,Yn]. If such a pair exists

and is unique, the decoder declares that (Ŵ1, Ŵ2) = (m1,m2). Otherwise, the

decoder declares an error.

• Analysis of Probability of Error: The average probability of error is given

by

P n
e =

∑

sn∈Sn,qn∈Qn

p(sn)p(qn)Pr[error|sn,qn]

≤
∑

sn 6∈T n
ǫ [S]

p(sn) +
∑

qn 6∈T n
ǫ [Q]

p(qn)

+
∑

sn∈T n
ǫ [S],qn∈T n

ǫ [Q]

p(qn)Pr[error|sn,qn]. (B.1)

The first term, Pr[sn 6∈ T n
ǫ [S]], and the second term, Pr[qn 6∈ T n

ǫ [Q]], in

the right hand side expression of (B.1) go to zero as n → ∞ by the strong

asymptotic equipartition property (AEP) [12].

Without loss of generality, we can assume that (W1,W2) = (1, 1) is sent, time

sharing sequence is Qn = qn, and state realization is Sn = sn. The probability

of error is given by the conditional probability of error given (W1,W2) = (1, 1),

Qn = qn ∈ T n
ǫ [Q], and Sn = sn ∈ T n

ǫ [S].
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Let E1 be the event that there is no sequence Un
1 (qn,W1, j) such that

Un
1 (qn, 1, j) ∈ T n

ǫ [Q,U1,S|qn, sn]

. For any Un
1 (qn, 1, j) and Sn = sn generated independently according to

∏

p(u1i|qi) and
∏

p(si), respectively, the probability that there exists at

least one j such that Un
1 (qn, 1, j) ∈ T n

ǫ [Q,U,S|qn, sn] is greater than (1 −

ǫ)2−n(I(U1;S|Q)+ǫ) for n sufficiently large. There are J number of such Un
1 ’s in

each bin. The probability of event E1, the probability that there is no Un
1 for

a given sn in a particular bin, is therefore bounded by

Pr[E1] ≤ [1 − (1 − ǫ)2−n(I(U1;S|Q)+ǫ)]2
n(I(U1;S|Q)+2ǫ)

. (B.2)

Taking the natural logarithm on both sides of (B.2), we obtain

ln(Pr[E1]) ≤ 2n(I(U1;S|Q)+2ǫ) ln[1 − (1 − ǫ)2−n(I(U1;S|Q)+ǫ)]

(a)

≤ −2n(I(U1;S|Q)+2ǫ)(1 − ǫ)2−n(I(U1;S|Q)+ǫ)

= −(1 − ǫ)2nǫ, (B.3)

where (a) follows from the inequality ln(q) ≤ (q − 1). From (B.3), Pr[E1] → 0

as n → ∞.

Under the event Ec
1, we can also assume that a particular sequence Un

1 (qn, 1, 1)

in bin 1 is jointly strongly typical with Sn = sn. Thus, codewords Xn
1 corre-

sponding to the pair (Un
1 (qn, 1, 1), sn) and Xn

2 corresponding to Xn
2 (qn, 1) are

sent from the informed and the uninformed encoders, respectively.

Let E2 be the event that (Un
1 (qn, 1, 1),Xn

2 (qn, 1),Yn) 6∈ T n
ǫ [Q,U1,X2,Y|qn].

The Markov lemma [12] ensures jointly strong typicality of

(qn, sn,Un
1 (qn, 1, 1),Xn

2 (qn, 1), ,Yn)
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with high probability if (qn, sn,Un
1 (qn, 1, 1),Xn

1 ) is jointly strongly typical and

(qn,Xn
2 (1)) is jointly strongly typical. We can conclude that Pr[E2|Ec

1] → 0 as

n → ∞.

Let E3 be the event that Un
1 (qn,m1, j) ∈ T n

ǫ [Q,U1,X2,Y|qn,Yn,Xn
2 (qn, 1)].

The probability that

Un
1 (qn,m1, j) ∈ T n

ǫ [Q,U1,X2,Y|qn,Yn,Xn
2 (qn, 1)]

for m1 6= 1, 1 ≤ j ≤ J , is less than 2−n(I(U1;Y|X2,Q)−ǫ) for sufficiently large n.

There are approximately JM1 (exactly J(M1 − 1)) such Un
1 sequences in the

codebook. Thus, the conditional probability of event E3 given Ec
1 and Ec

2 is

upper bounded by

Pr[E3|Ec
1, E

c
2] ≤ 2−n((I(U1;Y|X2,Q)−I(U1;S|Q))−R1)+ǫ). (B.4)

From (B.4), Pr[E3|Ec
1, E

c
2] → 0 as n → ∞ if R1 < I(U1; Y|X2,Q) − I(U1; S|Q)

and ǫ > 0.

Let E4 be the event that Xn
2 (qn,m2) ∈ T n

ǫ [Q,U1,X2,Y|qn,Yn,Un
1 (qn, 1, 1)] for

m2 6= 1. The probability that Xn
2 (qn,m2) ∈ T n

ǫ [Q,U1,X2,Y|qn,Yn,Un
1 (qn, 1, 1)]

for m2 6= 1 is less than 2−n(I(X2;Y|U1,Q)−ǫ) for sufficiently large n. There are ap-

proximately M2 = 2n(R2−2ǫ) such Xn
2 sequences in the codebook. Thus, the

conditional probability of event E4 given Ec
1 and Ec

2 is upper bounded by

Pr[E4|Ec
1, E

c
2] ≤ 2−n(I(X2;Y|U1,Q)−R2+ǫ). (B.5)

From (B.5), the Pr[E4|Ec
1, E

c
2] → 0 as n → ∞ if R2 < I(X2; Y|U1,Q).

Finally, let E5 be the event that

(Un
1 (qn,m1, j),X

n
2 (qn,m2)) ∈ T n

ǫ [Q,U1,X2,Y|qn,Yn]
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for m1 6= 1, 1 ≤ j ≤ J , and m2 6= 1. The probability that

(Un
1 (qn,m1, j),X

n
2 (qn,m2)) ∈ T n

ǫ [Q,U1,X2,Y|qn,Yn]

for m1 6= 1, 1 ≤ j ≤ J , and m2 6= 1 is less than 2−n(I(U1,X2;Y|Q)−ǫ), for suffi-

ciently large n. There are approximately JM1 sequences Un
1 and M2 sequences

Un
2 in the codebook. Thus, the conditional probability of event E5 given Ec

1

and Ec
2 is upper bounded by

Pr[E5|Ec
1, E

c
2] ≤ 2−n((I(U1,X2;Y|Q)−I(U1;S|Q))−(R1+R2)+3ǫ). (B.6)

From (B.6), the Pr[E5|Ec
1, E

c
2] → 0 as n → ∞ if R2 + R2 < I(U1,X2; Y|Q) −

I(U1; S|Q).

In terms of these events, Pr[error|sn,qn] in (B.1) can be upper-bounded via

the union bound, and the fact that probabilities are less than one, as

Pr[error|sn,qn] ≤Pr[E1] + Pr[E2|Ec
1] + Pr[E3|Ec

1, E
c
2]

+ Pr[E4|Ec
1, E

c
2] + Pr[E5|Ec

1, E
c
2]. (B.7)

From Equation (B.7), it can be easily seen that Pr[error|sn,qn] → 0 as n → ∞.

Therefore, the probability of error goes to zero as n → ∞ and completes the

proof.

B.2 Proof of Theorem 2

We prove that, for any sequence of (⌈2nR1⌉, ⌈2nR2⌉, n) codes with P n
e → 0 as

n → ∞, the rate pair (R1, R2) must satisfy (4.3). Fix n and consider a given code

of block length n. The joint distribution of random variables W1, W2, Sn,Xn
1 and

Xn
2 is given by

p(sn,w1,w2, x
n
1 , x

n
2 ,Y

n) =
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1

2n(R1+R2)
p(sn)p(xn

1 |w1, s
n)p(xn

2 |w2)
n
∏

j=1

p(yj|sj, x1j, x2j)

where, p(xn
1 |w1, s

n) is 1 if Xn
1 = fn

1 (W1,S
n) and 0 otherwise, and p(xn

2 |w2) is 1 if

Xn
2 = fn

2 (W2) and 0 otherwise. Using given code sequence, it is possible to estimate

(W1,W2) from the received sequence Yn with arbitrarily low probability of error as

n → ∞. Hence, the conditional entropy of (W1,W2) given Yn must be small. By

Fano’s inequality,

H(W1|W2,Y
n) ≤ H(W1,W2|Yn) ≤ nǫn, (B.8)

H(W2|W1,Y
n) ≤ H(W1,W2|Yn) ≤ nǫn, (B.9)

where, ǫn → 0 as P n
e → 0.

We can bound the rate R1 as

nR1 =H(W1)

=H(W1|W2)

=I(W1; Y
n|W2) + H(W1|W2,Y

n)

(a)

≤I(W1; Y
n|W2) + nǫn

(b)
=

n
∑

i=1

I(W1,S
n
i+1; Y

i|W2) − I(W1,S
n
i ; Yi−1|W2) + nǫn

(c)
=

n
∑

i=1

I(W1,S
n
i+1; Yi|W2,Y

i−1) − I(Si; Y
i−1|W1,S

n
i+1,W2) + nǫn

=
n
∑

i=1

H(Yi|W2,Y
i−1) − H(Yi|W2,Y

i−1,W1,S
n
i+1)

− H(Si|W1,S
n
i+1,W2) + H(Si|W1,S

n
i+1,Y

i−1,W2) + nǫn

(d)

≤
n
∑

i=1

H(Yi|W2,Y
i−1) − H(Yi|W2,Y

i−1,W1,S
n
i+1)

− H(Si|W2,Y
i−1) + H(Si|W2,Y

i−1,W1,S
n
i+1) + nǫn, (B.10)

where,
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(a) follows from Fano’s inequality

(b) follows from : I(W1,S
n
i+1; Y

i|W2) = I(W1; Y
n|W2) for i = n; I(W1,S

n
i ; Yi−1|W2) =

0 for i = 1; and the sum of remaining terms equals to zero

(c) follows from applying chain rule for mutual information to {Yi−1,Yi} in the first

term and to {{W1,S
n
i+1},Si} in the second term

(d) follows from H(Si|W1,S
n
i+1,W2) = H(Si|W2) ≥ H(Si|W2,Y

i−1).

Then the rate R2 can also be bounded as .

nR2 =H(W2)

=H(W2|W1)

=I(W2; Y
n|W1) + H(W2|W1,Y

n)

(a)

≤I(W2; Y
n|W1) + nǫn

(b)
=

n
∑

i=1

I(W2; Y
i|W1,S

n
i+1) − I(W2; Y

i−1|W1,S
n
i ) + nǫn

(c)
=

n
∑

i=1

I(W2; Y
i−1|W1,S

n
i+1) + I(W2; Yi|W1,S

n
i+1,Y

i−1)

− I(W2; Y
i−1|W1,S

n
i ) + nǫn

(d)
=

n
∑

i=1

I(W2; Yi|W1,S
n
i+1,Y

i−1) − I(W2; Si|W1,S
n
i+1,Y

i−1) + nǫn, (B.11)

where:

(a) follows from Fano’s inequality

(b) follows from : I(W2; Y
i|W1,S

n
i+1) = I(W2; Y

n|W2) for i = n; I(W2; Y
i−1|W1,S

n
i ) =

0 for i = 1; and the sum of remaining terms equals zero

(c) follows from applying chain rule for mutual information to {Yi−1,Yi} in the first

term.

(d) follows from I(W2; Y
i−1|W1,S

n
i+1)−I(W2; Y

i−1|W1,S
n
i ) = −I(W2; Si|W1,S

n
i+1,Y

i−1).
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Finally, the sum rate R1 + R2 can be upper bounded as

n(R1 + R2) =H(W1,W2)

=I(W1,W2; Y
n) + H(W1,W2|Yn)

(a)

≤I(W1,W2; Y
n) + nǫn

(b)
=

n
∑

i=1

I(W1,W2,S
n
i+1; Y

i) − I(W1,W2,S
n
i ; Yi−1) + nǫn

(c)
=

n
∑

i=1

I(W1,W2,S
n
i+1; Yi|Yi−1) − I(Si; Y

i−1|W1,S
n
i+1,W2) + nǫn

=
n
∑

i=1

I(W1,W2,S
n
i+1; Yi|Yi−1)

− H(Si|W1,S
n
i+1,W2) + H(Si|W1,S

n
i+1,Y

i−1,W2) + nǫn

(d)

≤
n
∑

i=1

I(W1,W2,S
n
i+1; Yi|Yi−1)

− H(Si|Yi−1) + H(Si|W1,S
n
i+1,Y

i−1,W2) + nǫn, (B.12)

where:

(a) follows from Fano’s inequality

(b) follows from : I(W1,W2,S
n
i+1; Y

i) = I(W1,W2; Y
n) for i = n; I(W1,W2,S

n
i ; Yi−1) =

0 for i = 1; and the sum of remaining terms equals to zero

(c) follows from applying chain rule for mutual information to {Yi−1,Yi} in the first

term and to {{W1,S
n
i+1,W2}, Si} in the second term.

(d) follows from H(Si|W1,S
n
i+1,W2) = H(Si) ≥ H(Si|Yi−1).

Let V(i) := {Yi−1}, U1(i) := {W1,S
n
i+1}, and U2(i) := {W2} for i ∈ {1, 2, . . . , n}.

We can then write (B.10)-(B.12) more compactly as

R1 ≤
1

n

n
∑

i=1

[I(U1(i); Yi|V(i),U2(i)) − I(U1(i); Si|V(i),U2(i))] + ǫn (B.13a)
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R2 ≤
1

n

n
∑

i=1

[I(U2(i); Yi|V(i),U1(i)) − I(U2(i); Si|V(i),U1(i))] + ǫn (B.13b)

R1 + R2 ≤
1

n

n
∑

i=1

[I(U1(i),U2(i); Si|V(i)) − I(U1(i),U2(i); Si|V(i))] + ǫn. (B.13c)

Let us also define random variable Q to uniformly take value in the set Q =

{1, 2, . . . , n}. Then (B.13a) can be written as

R1 ≤
1

n

n
∑

i=1

[I(U1(i); Yi|V(i),U2(i),Q = i) − I(U1(i); Si|V ,U2,Q = i)] + ǫn

= I(U1(Q); YQ|V(Q),U2(Q),Q) − I(U1(Q); SQ|Q) + ǫn

= I(U1; Y|V ,U2,Q) − I(U1; S|V ,U2Q) + ǫn, (B.14)

Similarly, (B.13a) and (B.13b) can be written as

R2 ≤I(U2; Y|V ,U1,Q) − I(U2; S|V ,U1,Q) + ǫn (B.15a)

R1 + R2 ≤I(U1,U2; S|V ,Q) − I(U1,U2; S|V ,Q)] + ǫn. (B.15b)

where, (Q,S,U1,U2,X1,X2,Y) ∈ Po, where Po
1 is defined in Definition 5.

Hence, taking the limit as n → 0, P n
e → 0, (B.14), (B.15a), and (B.15b) become

(4.3a), (4.3b), and (4.3c), respectively.

B.3 Proof of Theorem 5

B.3.1 Achievability

We denote by T n
ǫ [X,Y] the set of jointly strongly typical sequences [12, 14] with

distribution p(x,y). Let T n
ǫ [X,Y|xn] := {yn : (xn,yn) ∈ T n

ǫ [X,Y]}. In this section,

we construct a sequence of (⌈2nR1⌉, ⌈2nR2⌉, n) codes with P n
e → 0 as n → ∞ if

(R1, R2) satisfies (4.12). Fix ǫ > 0 and a distribution p(q)p(s)p(x2|q)p(u, x1|q, s, x2)

on (Q,S,U,X1,X2). In this case, Q is a time-sharing random variable. Generate

the time-sharing sequence Qn = qn according to
∏

p(qi). Without loss generality,
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it is assumed that the time-sharing sequence is non-causally known at the encoders

and the decoder.

Encoding

The encoding strategy at the two encoders is as follows. Let M1 = 2n(R1−4ǫ),

M2 = 2n(R2−2ǫ), and J = 2n(I(U;S|Q,X2)+2ǫ). At the uninformed encoder, generate

the sequences Xn
2 , according to

∏

p(x2,i|qi), where 1 ≤ m2 ≤ M2. The uninformed

encoder sends the codeword Xn
2 (qn,w2) to send the message W2 ∈ {1, 2, . . . ,M2}

for a given time-sharing sequence Qn = qn.

At the informed encoder, generate JM1 sequences Un(qn,m1,m2, j), with

∏

p(ui|qi, x2,i(q,m2)), where 1 ≤ m1 ≤ M1, 1 ≤ m2 ≤ M2 and 1 ≤ j ≤ J . Here,

(m1,m2) indexes bins and j indexes sequences within a particular bin (m1,m2).

To encode the message (W1,W2) ∈ {1, 2, . . . ,M1} × {1, 2, . . . ,M2} given Sn =

sn and Qn = qn, the informed encoder looks in bin (W1,W2) for a sequence

Un(qn,w1,w2, j), 1 ≤ j ≤ J , such that

Un(qn,w1,w2, j) ∈ T n
ǫ [Q,U,S,X2|qn, sn,Xn

2 (w2)].

Then, the informed encoder generates Xn
1 with

∏

p(x1,i|qi, si,ui(q
n,w1,w2, j), x2,i(q

n,w2)).

Given (Sn,Xn
1 ,X

n
2 ), the channel generates the output Yn according to conditional

probability distribution
∏

i p(yi|si, x1,i, x2,i).

Decoding

The decoder chooses a pair (Un(qn,m1,m2, j),X
n
2 (m2)), 1 ≤ m1 ≤ M1, 1 ≤ j ≤

J , and 1 ≤ m2 ≤ M2 such that (Un(qn,m1,m2, j),X
n
2 (qn,m2)) ∈ T n

ǫ [Q,U,X2,Y|qn,Yn].

If such a pair exists and is unique, the decoder declares that (Ŵ1, Ŵ2) = (m1,m2).

Otherwise, the decoder declares an error.
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Analysis of Probability of Error

The average probability of error is given by

P n
e =

∑

sn∈Sn,qn∈Qn

p(sn)p(qn)Pr[error|sn,qn]

≤
∑

sn 6∈T n
ǫ [S]

p(sn) +
∑

qn 6∈T n
ǫ [Q]

p(qn)

+
∑

sn∈T n
ǫ [S],qn∈T n

ǫ [Q]

p(sn)p(qn)Pr[error|sn,qn]. (B.16)

The first term, Pr[sn 6∈ T n
ǫ [S]], and the second term, Pr[qn 6∈ T n

ǫ [Q]], in the right

hand side of (B.16) go to zero as n → ∞ by the strong asymptotic equipartition

property (AEP) [12].

Without loss of generality, we can assume that (W1,W2) = (1, 1) is sent, the

time sharing sequence is Qn = qn, and the channel state realization is Sn = sn.

Then Pr[error|sn,qn] is the conditional probability of error given (W1,W2) = (1, 1),

Qn = qn ∈ T n
ǫ [Q], and Sn = sn ∈ T n

ǫ [S].

• Let E1 be the event that there is no sequence Un(qn, 1, 1, j) such that

Un(qn, 1, 1, j) ∈ T n
ǫ [Q,U,S,X2|qn, sn,Xn

2 (qn, 1)]

. Since Un(qn, 1, 1, j) and Sn = sn are generated independently according to

∏

p(ui|qi, x2,i(q
n, 1)) and

∏

p(si), respectively; and there are J sequences in

each bin, the probability of event E1 goes to zero as n → ∞.

Under the event Ec
1, we can also assume that a particular sequence Un(qn, 1, 1, 1)

in bin (1, 1) is jointly strongly typical with (sn,qn,Xn
2 (qn, 1)). Thus, Xn

1 corre-

sponding to (Un(qn, 1, 1, 1), sn,qn,Xn
2 (qn, 1)) and Xn

2 (qn, 1) are sent from the

informed and the uninformed encoders, respectively.

• Let E2 be the event that (Un(qn, 1, 1, 1),Xn
2 (qn, 1),Yn) 6∈ T n

ǫ [Q,U,X2,Y|qn].

According to the Markov lemma [12], Pr[E2|Ec
1] → 0 as n → ∞. Let E3 be

109



the event that Un(qn,m1, 1, j) ∈ T n
ǫ [Q,U,X2,Y|qn,Yn,Xn

2 (qn, 1)] for m1 6= 1

and j 6= 1. Using properties of strongly typical sequences [12], it can be easily

shown that Pr[E3|Ec
1, E

c
2] → 0 as n → ∞ if R1 < I(U; Y|Q,X2)−I(U; S|Q,X2).

• Finally, let E4 be the event that

(Un
1 (qn,m1,m2, j),X

n
2 (qn,m2)) ∈ T n

ǫ [Q,U,X2,Y|qn,Yn] for m1 6= 1, 1 ≤ j ≤

J , and m2 6= 1. Using the properties of strongly typical sequences, it can be

shown that the Pr[E5|Ec
1, E

c
2] → 0 as n → ∞ if R2 + R2 < I(U,X2; Y|Q) −

I(U; S|Q,X2).

In terms of these events, Pr[error|sn,qn] in (B.16) can be upper-bounded via the

union bound, and the fact that probabilities are less than one, as

Pr[error|sn,qn] ≤Pr[E1] + Pr[E2|Ec
1] + Pr[E3|Ec

1, E
c
2]

+ Pr[E4|Ec
1, E

c
2]. (B.17)

From (B.17) and the above limiting arguments, we have Pr[error|sn,qn] → 0 as

n → ∞. Therefore, the average probability of error P n
e → 0 as n → ∞, completing

the proof.

B.3.2 Converse

First, we prove that, for any sequence of (⌈2nR1⌉, ⌈2nR2⌉, n) codes with P n
e → 0

as n → ∞, the rate pair (R1, R2) ∈ C. Fix n and consider a given code of block

length n. The joint distribution of random variables W1, W2, Sn, Xn
1 , and Xn

2 is

given by

p(sn,w1,w2, x
n
1 , x

n
2 ,y

n) =

1

⌈2nR1⌉⌈2nR2⌉p(sn)p(xn
1 |w1,w2, s

n)p(xn
2 |w2)

×p(yn|sn, xn
1 , x

n
2 )

110



where, p(xn
1 |w1,w2, s

n) is 1 if xn
1 = fn

1 (w1,w2, s
n) and 0 otherwise, and p(xn

2 |w2) is

1 if xn
2 = fn

2 (w2) and 0 otherwise.

We can bound the rate R1 as

nR1 ≤H(W1)

=H(W1|W2)

=I(W1; Y
n|W2) + H(W1|W2,Y

n)

(a)

≤I(W1; Y
n|W2) + nǫn

(b)
=

n
∑

i=1

[I(W1,S
n
i+1; Y

i|W2) − I(W1,S
n
i ; Yi−1|W2)] + nǫn

(c)
=

n
∑

i=1

[I(W1,S
n
i+1; Yi|W2,Y

i−1)

− I(Si; Y
i−1|W1,S

n
i+1,W2)] + nǫn

(d)
=

n
∑

i=1

[I(W1,S
n
i+1; Yi|W2,Y

i−1,X2,i)

− I(Si; Y
i−1|W1,S

n
i+1,W2,X2,i)] + nǫn

(e)

≤
n
∑

i=1

[H(Yi|X2,i) − H(Yi|W2,Y
i−1,W1,S

n
i+1,X2,i)

+ H(Si|W2,Y
i−1,W1,S

n
i+1,X2,i)

− H(Si|X2,i)] + nǫn

=
n
∑

i=1

[I(W1,W2,S
n
i+1,Y

i−1; Yi|X2,i)

− I(W1,W2,S
n
i+1,Y

i−1; Si|X2,i)] + nǫn (B.18)

where:

(a) follows from Fano’s inequality with ǫn → 0 as P n
e → 0,

(b) follows from I(W1,S
n
i+1; Y

i|W2) = I(W1; Y
n|W2) for i = n; I(W1,S

n
i ; Yi−1|W2) =

0 for i = 1; and the sum of the remaining terms equals to zero,
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(c) follows from applying the chain rule for mutual information to (Yi−1,Yi) in the

first term and to ({W1,S
n
i+1},Si) in the second term,

(d) follows from X2,i is a deterministic function of W2 for i = {1, 2, . . . , n},

(e) follows from H(Yi|X2,i) ≥ H(Yi|W2,Y
i−1,X2,i) and Si being independent of

(Sn
i+1,W1,W2).

Finally, the sum rate R1 + R2 can be upper bounded as

n(R1 + R2) =H(W1,W2)

=I(W1,W2; Y
n) + H(W1,W2|Yn)

(a)

≤I(W1,W2; Y
n) + nǫn

(b)
=

n
∑

i=1

I(W1,W2,S
n
i+1; Y

i)

− I(W1,W2,S
n
i ; Yi−1) + nǫn

(c)
=

n
∑

i=1

I(W1,W2,S
n
i+1; Yi|Yi−1)

− I(Si; Y
i−1|W1,S

n
i+1,W2) + nǫn

=
n
∑

i=1

I(W1,W2,S
n
i+1; Yi|Yi−1)

− H(Si|W1,S
n
i+1,W2)

+ H(Si|W1,S
n
i+1,Y

i−1,W2) + nǫn

≤
n
∑

i=1

I(W1,W2,S
n
i+1,Y

i−1; Yi)

− H(Si) + H(Si|W1,S
n
i+1,Y

i−1,W2) + nǫn,

(d)
=

n
∑

i=1

I(W1,W2,S
n
i+1,Y

i−1,X2,i; Yi)

− I(W1,W2,S
n
i+1,Y

i−1,X2,i; Si),

112



(e)
=

n
∑

i=1

I(W1,W2,S
n
i+1,Y

i−1,X2,i; Yi)

− I(W1,W2,S
n
i+1,Y

i−1; Si|X2,i), (B.19)

where:

(a) follows from Fano’s inequality with ǫn → 0 as P n
e → 0,

(b) follows from I(W1,W2,S
n
i+1; Y

i) = I(W1,W2; Y
n) for i = n; I(W1,W2,S

n
i ; Yi−1) =

0 for i = 1; and the sum of remaining terms equals zero,

(c) follows from applying the chain rule for mutual information to (Yi−1,Yi) in the

first term and to ({W1,S
n
i+1,W2}, Si) in the second term,

(d) follows from X2,i being a deterministic function of W2 for i = {1, 2, . . . , n}.

Let us define U(i) := (W1,W2,S
n
i+1,Y

i−1) and Q to take values uniformly in the

set Q = {1, 2, . . . , n}. As n → ∞, we obtain (R1, R2) ∈ C from (B.18) and (B.19)

where the distribution on (Q,S,X2,X1,U,Y) is

p(s)p(q)p(x2,q|q)p(uq, x1,q|q)p(y|s, x1,q, x2,q).
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APPENDIX C

C.1 Proof of Theorem 6

In this section, we demonstrate existence of a sequence of MAC IE codes

(⌈2nR1⌉, ⌈2nR2⌉, D(n)
1 , D

(n)
2 , n) with limn→∞ P n

e = 0, and limn→∞ D
(n)
i ≤ ∆i for i =

1, 2 if the rate pair (R1, R2) satisfying (5.4). Fix (Q,S1,S2, (X1,X1), (X2,X2),Y) ∈

Pi
MAC(∆1, ∆2) and n. We construct a MAC IE code (⌈2nR1⌉, ⌈2nR2⌉, D(n)

1 , D
(n)
2 , n)

as follows.

• Code construction: Throughout the achievability proof, let i ∈ I = {1, 2}.

Generate time sharing sequence Qn = (Q1,Q2, . . . ,Qn) whose elements are

i.i.d. with distribution p(q). At Encoder i, for each sn
i ∈ Sn

i , generate

2nRi Xn
i sequence drawn according to

∏n

j=1 p(xij|sij,qj). Call these sequences

Xn
i (Qn,Sn

i ,mi) where mi ∈ {1, 2, . . . , 2nRi}, i = 1, 2. In this way, the code-

books are generated at each encoder and revealed to the decoder.

Since the sequence Qn serves as time sharing sequence, it can be assumed that

the sequence Qn is known at both the encoders and at the decoder without

loss of generality.

• Encoding: Encoder i, upon observing Sn
i at the output of host source i and

time sharing random sequence Qn, sends message Wi ∈ {1, 2, . . . , ⌈2nRi⌉} by

transmitting the codeword Xn
i (Qn,Sn

i ,Wi). In this way, the codeword Xn
i is

chosen and transmitted from Encoder i for a given time sharing sequence Qn,
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a given host sequence Sn
i , and a message Wi.

• Decoding: Fix 0 < ǫ1 < ǫ. Since the decoder knows the time sharing sequence

Qn = qn, the decoder, upon receiving the channel output Yn, looks for a tuple

(Xn
1 (qn, sn

1 ,m1),X
n
2 (qn, sn

2 ,m2)) such that (Xn
1 (qn, sn

1 ,m1),X
n
2 (qn, sn

2 ,m2),Y
n) ∈

T n
ǫ [Q,S1,S2,X1,X2,Y|qn, sn

1 , s
n
2 ] for all (sn

1 , s
n
2 ) ∈ T n

ǫ1
[S1,S2]. If a unique vector

of sequences exists, the decoder declares that (Ŵ1, Ŵ2, Ŝ
n
1 , Ŝ

n
2 ) = (m1,m2, s

n
1 , s

n
2 ).

Otherwise, the decoder declares an error. In this way, the messages and the

host sequences are decoded at the decoder.

• Probability of error: The average probability of error is given by the fol-

lowing

P n
e =

∑

(sn
1 ,sn

2 ,qn)∈Sn
1×Sn

2×Qn

p(qn)p(sn
1 , s

n
2 )Pr[error|(sn

1 , s
n
2 ,q

n)]

≤
∑

(qn,sn
1 ,sn

2 ) 6∈T n
ǫ1

[Q,S1,S2]

p(qn)p(sn
1 , s

n
2 )

+
∑

(qn,sn
1 ,sn

2 )∈T n
ǫ1

[Q,S1,S2]

p(sn
1 , s

n
2 )p(qn)Pr[error|(sn

1 , s
n
2 ,q

n)] (C.1)

The first term, Pr[(qn, sn
1 , s

n
2 ) 6∈ T n

ǫ1
[Q,S1,S2]], in the right hand side expres-

sion of (C.1) goes to zero as n → ∞ by Lemma 2.

Without loss of generality, it can be assumed that the time-sharing sequence is

qn, the output of the host source i is s̃n
i , and Wi = 1 is being transmitted from

Encoder i. Hence, the codeword Xn
i (qn, s̃n

i , 1) is transmitted from Encoder i.

It is also assumed that the time-sharing random sequence Qn = qn is known

at both the encoders and the decoder. Let F be the event that (s̃n
1 , s̃

n
2 ) and qn

are the output of the host source pair and time sharing sequence, respectively

and (qn, sn
1 , s

n
2 ) ∈ T n

ǫ1
[Q,S1,S2].
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The following error events are considered to compute Pr[error|F ] and can be

made to approach zero as n → ∞.

1. E1: (Xn
1 (qn, s̃n

1 , 1),Xn
2 (qn, s̃n

2 , 1),Yn) 6∈ T n
ǫ [Q,S1,S2,X1,X2,Y|qn, s̃n

1 , s̃
n
2 ] un-

der the event F . By using Lemma 2, we can show that Pr[E1|F ] → 0 as

n → ∞.

2. E2:(X
n
1 (qn, s̃n

1 ,m1),X
n
2 (qn, s̃n

2 , 1),Yn) ∈ T n
ǫ [Q,S1,S2,X1,X2,Y|qn, s̃n

1 , s̃
n
2 ] un-

der the event F for all m1 6= 1. It can be shown that Pr(E2|F ) → 0 as

n → ∞ by using Lemma 2 and Lemma 3 if 0 ≤ R1 < I(X1; Y|S1,S2,X2,Q).

3. E3:(X
n
1 (qn, sn

1 ,m1),X
n
2 (qn, s̃n

2 , 1),Yn) ∈ T n
ǫ [Q,S1,S2,X1,X2,Y|qn, sn

1 , s̃
n
2 ] un-

der the event F for all m1 ∈ M1 and for all sn
1 6= s̃n

1 and sn
1 ∈ T n

ǫ1
[S1,S2|s̃n

2 ].

It can be shown that Pr(E3|F ) → 0 as n → ∞ by using Lemma 2 and

Lemma 3 if 0 ≤ R1 < I(S1,X1; Y|S2,X2,Q) − H(S1|S2).

4. E4 : (Xn
1 (qn, s̃n

1 , 1),Xn
2 (qn, s̃n

2 ,m2),Y
n) ∈ T n

ǫ [Q,S1,S2,X1,X2,Y|qn, s̃n
1 , s̃

n
2 ]

under the event F for all m2 6= 1. It can be shown that Pr(E4|F ) → 0 as

n → ∞ by using Lemma 2 and Lemma 3 if 0 ≤ R2 < I(X2; Y|S1,X1,S2,Q).

5. E5 :(Xn
1 (qn, s̃n

1 , 1),Xn
2 (qn, sn

2 ,m2),Y
n) ∈ T n

ǫ [Q,S1,S2,X1,X2,Y|qn, s̃n
1 , s

n
2 ]

under the event F for all m2 ∈ M2, sn
2 6= s̃n

2 , and sn
2 ∈ T n

ǫ1
[S1,S2|s̃n

1 ]. It

can be shown that Pr(E5|F ) → 0 as n → ∞ by using Lemma 2 and

Lemma 3 if 0 ≤ R2 < I(X2,S2; Y|S1,X1,S2,Q) − H(S2|S1).

6. E6 :(Xn
1 (qn, s̃n

1 ,m1),X
n
2 (qn, sn

2 ,m2),Y
n) ∈ T n

ǫ [Q,S1,S2,X1,X2,Y|qn, s̃n
1 , s

n
2 ]

under the event F for all m1 ∈ M1, m2 ∈ M2, sn
2 6= s̃n

2 and sn
2 ∈

T n
ǫ1

[S1,S2|s̃n
1 ]. It can be shown that Pr(E6|F ) → 0 as n → ∞ by us-

ing Lemma 2 and Lemma 3 if R1 +R2 < I(X1,S2,X2; Y|S1,Q)−H(S2|S1).

7. E7 :(Xn
1 (qn, sn

1 ,m1),X
n
2 (qn, sn

2 ,m2),Y
n) ∈ T n

ǫ [Q,S1,S2,X1,X2,Y|qn, s̃n
1 , s

n
2 ]

under the event F for all m1 ∈ M1, m2 ∈ M2, (sn
1 , s

n
2 ) 6= (s̃n

1 , s̃
n
2 ), and
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(sn
1 , s

n
2 ) ∈ T n

ǫ1
[S1,S2]. It can be shown that Pr(E7|F ) → 0 as n → ∞ by

using Lemma 2 and Lemma 3 if 0 ≤ R1 + R2 < I(S1,X1,S2,X2; Y|Q) −

H(S1,S2).

8. E8 :(Xn
1 (qn, sn

1 ,m1),X
n
2 (qn, s̃n

2 ,m2),Y
n) ∈ T n

ǫ [Q,S1,X1,S2,X2,Y|qn, sn
1 , s̃

n
2 ]

under the event F for all m1 6= 1, m2 ∈ M2, sn
1 6= s̃n

1 , and sn
1 ∈

T n
ǫ1

[S1,S2|s̃n
2 ]. It can be shown that Pr(E8|F ) → 0 as n → ∞ by using

Lemma 2 and Lemma 3 if 0 ≤ R1+R2 < I(S1,X1,X2; Y|S2,Q)−H(S1|S2).

9. E9 :(Xn
1 (qn, s̃n

1 ,m1),X
n
2 (qn, s̃n

2 ,m2),Y
n) ∈ T n

ǫ [Q,S1,S2,X1,X2,Y|qn, s̃n
1 , s̃

n
2 ]

under the event F for all m1 6= 1, and m2 6= M2. It can be shown

that Pr(E9|F ) → 0 as n → ∞ by using Lemma 2 and Lemma 3 if

0 ≤ R1 + R2 < I(X1,X2; Y|S1,S2,Q).

Then by using the union bound, Pr[error|F ] ≤ ∑9
j=1 Pr[Ej|F ]. Pr[error|F ]

goes to zero as n → ∞ since Pr(Ej) → 0, where j = 1 to 9, as n → ∞ if rate

pair (R1, R2) satisfies (5.4). It can be concluded that P n
e → 0 as n → 0 if rate

pair (R1, R2) satisfies (5.4).

• Average distortions: We consider two cases in calculating the average dis-

tortion between the host sequence Sn
i and the codeword Xn

i for any given

message mi and qn ∈ T n
ǫ [Q]. If Xn

i (qn,Sn
i ,mi)) ∈ T n

ǫ (Xi|qn,Sn
i ) for any

(qn,Sn
1 ,S

n
2 ) ∈ T n

ǫ1
[Q,S1,S2], then the distortion between Sn

i and Xn
i is given by

di(S
n
i ,X

n
i ) =

1

n

∑

xi,si

N(xi, si|Sn
i ,Xn

i )di(si, xi),

≤
∑

xi,si

p(si, xi)di(si, xi) + ǫdi,max

≤ ∆ + ǫdi,max (C.2)

where di,max is the maximum distortion over the set Si×Xi. If Xn
i (qn,Sn

i ,mi)) ∈

T n
ǫ (Xi|qn, sn

i ) for any (qn,Sn
1 ,S

n
2 ) ∈ T n

ǫ1
[Q,S1,S2], the distortion di(S

n
i ,X

n
i ) can
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be upper bounded by di,max. From error event E1 given F , we can show that

Pr[Xn
i (qn,Sn

i ,mi)) ∈ T n
ǫ (Xi|qn,Sn

i )] goes to zero as n → ∞. We can then

conclude that limn→∞ Edi(S
n
i , f

n(Sn
i ,Wi)) ≤ ∆i by letting ǫ → 0 and n → ∞.

This concludes that Ri
MAC,C(∆1, ∆2) ⊆ CMAC,C(∆1, ∆2).

C.2 Proof of Theorem 7

We prove the following lemmas which will be used in the proof of Theorem 7.

Lemma 4 Let (Qj,S1,S2, (X1j,X1j), (X2j,X2j),Yj) ∈ Pi
MAC(∆1j, ∆2j), let

∑n

j=1 λj =
1, λj > 0 for j ∈ {1, 2, . . . , n}, and let ∆i =

∑n

j=1 λj∆ij for i ∈ {1, 2}. Then, there
exists

(Q,S1,S2, (X1,X1), (X2,X2),Y) ∈ Pi
MAC(∆1, ∆2)

such that

n
∑

j=1

λj[I(S1,X1j; Yj|X2j,S2,Qj)] = I(S1,X1; Y|X2,S2,Q) (C.3a)

n
∑

j=1

λj[I(S2,X2j; Yj|S1,X1j,Qj)] = I(S2,X2; Y|X1,S1,Q) (C.3b)

n
∑

j=1

λj[I(S1,X1j,S2,X2j; Yj|Qj)] = I(S1,X1,S2,X2; Y|Q) (C.3c)

Proof: If we prove the lemma for n = 2, then we can easily extend it to any

value of n. Let n = 2 and let λ1 + λ2 = 1, λj > 0 for j = 1, 2. Let β be a binary

random variable such that Pr(Z = j) = λj for j = 1, 2. Let

(Q,S1,S2, (X1,X1), (X2,X2),Y) = ((Qz,Z),S1,S2, (X1z,X1z), (X2z,X2z),Yz).

(Q,S1,S2, (X1,X1), (X2,X2),Y) =















((Q1, 1),S1,S2, (X11,X11), (X21,X21),Y1) if Z = 1

((Q2, 2),S1,S2, (X12,X12), (X22,X22),Y2) if Z = 2

To show that (Q,S1,S2, (X1,X1), (X2,X2),Y) ∈ Pi
MAC(∆1, ∆2), we have to check the

conditions in Definition (13). We can easily show that (Q,S1,S2, (X1,X1), (X2,X2),Y)

satisfies the first condition. To check the second condition, we observe that the
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X1 ↔ (S1,S2,Q) ↔ X2 follows as consequence of

I(X1,X2|S1,S2,Q) = λ1I(X11,X21|S1,S2,Q1) + λ2I(X12,X22|S1,S2,Q2) = 0

Similarly, X1 ↔ (S1,Q) ↔ S2 and S1 ↔ (S2,Q) ↔ X2. We can easily verify that

Edi(Si,Xi) < λ1∆i1 + λ2∆i2, for i = 1, 2 using the distribution on

(Q,S1,S2, (X1,X1), (X2,X2),Y). Since the distribution on (Q,S1,S2, (X1,X1), (X2,X2),Y)

satisfies the conditions in Definition (13), we can conclude that

(Q,S1,S2, (X1,X1), (X2,X2),Y) ∈ Pi
MAC(∆1, ∆2).

We can easily derive the equations (C.3) using the distribution on

(Q,S1,S2, (X1,X1), (X2,X2),Y). This completes the proof of Lemma.

Lemma 5 Let (Qj,S1,S2,X1j,X2j,Yj) ∈ Po
MAC(∆1j, ∆2j), let

∑n

j=1 λj = 1, λj > 0
for j ∈ {1, 2, . . . , n}, and let ∆i =

∑n

j=1 λj∆ij for i ∈ {1, 2}. Then, there exists

(Q,S1,S2,X1,X2,Y) ∈ Po
MAC(∆1, ∆2)

such that
n
∑

j=1

λj[I(X1j,S1; Yj|X2j,S2,Qj)] = I(X1,S1; Y|X2,S2,Q) (C.4a)

n
∑

j=1

λj[I(X2j,S2j; Yj|X1j,S1j,Qj)] = I(X2,S2; Y|X1,S1,Q) (C.4b)

n
∑

j=1

λj[I(X1j,S1j,X2j,S2j; Yj|Qj)] = [I(X1,S1,X2,S2; Y|Q)] (C.4c)

Proof: We do not prove the lemma because proof is similar to the proof of Lemma 4.

Lemma 6 Ri
MAC,C(∆1, ∆2) ⊆ Ri

MAC,C(∆′
1, ∆

′
2) and Ro

MAC,C(∆1, ∆2) ⊆ Ro
MAC,C(∆′

1, ∆
′
2)

for any ∆1 ≤ ∆′
1 and ∆′

2 ≤ ∆′
2.

Proof: This lemma can be directly proved from the fact that Pi
MAC(∆1, ∆2) ⊆

Pi
MAC(∆′

1, ∆
′
2) and Po

MAC(∆1, ∆2) ⊆ Po
MAC(∆′

1, ∆
′
2).

We are now ready to prove the Theorem 7, i.e., prove that for any sequence of

MAC IE codes (⌈2nR1⌉, ⌈2nR2⌉, D(n)
1 , D

(n)
2 , n) with limn→∞ P n

e = 0 and limn→∞ D
(n)
i ≤

∆i, for i = 1, 2, the rates must satisfy (5.6).
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Consider a given code of block length n. The joint distribution on W1 × W2 ×

Sn
1 × Sn

2 × Xn
1 × Xn

2 × Yn is given by

p(w1,w2, s
n
1 , s

n
2 , x

n
1 , x

n
2 ,y

n) =

1

2nR1

1

2nR2

(

n
∏

j=1

p(s1j, s2j)

)

p(xn
1 |w1, s

n
1 )p(xn

2 |w2, s
n
2 )

n
∏

i=1

p(yj|x1j, x2j, s1j, s2j),

where, p(xn
i |wi, s

n
i ) is 1 if xn

i = fn
i (wi, s

n
i ) and 0 otherwise, for i = 1, 2. By Fano’s

inequality [12], the conditional entropy of (W1,W2,S
n
1 ,S

n
2 ) given Yn is bounded as

H(W1,W2,S
n
1 ,S

n
2 |Yn) ≤ n(R1 + R2 + log2(|S1||S2|))P n

e + 1
△
= nǫn, (C.5)

for i = 1, 2, where ǫn → 0 as P n
e → 0. We can now bound the rate R1 as

nR1 ≤ H(W1) = H(W1|W2)

(a)
= H(W1,S

n
1 |W2,S

n
2 ) − H(Sn

1 |Sn
2 )

= H(W1,S
n
1 |W2,S

n
2 ) − H(W1,S

n
1 |W2,S

n
2 ,Y

n)

+ H(W1,S
n
1 |W2,S

n
2Y

n) − H(Sn
1 |Sn

2 )

(b)

≤ H(W1,S
n
1 |W2,S

n
2 ) − H(W1,S

n
1 |W2,S

n
2 ,Y

n) − H(Sn
1 |Sn

2 ) + nǫn

(c)
= H(W1,S

n
1 |W2,X

n
2 ,S

n
2 ) − H(W1,S

n
1 |Yn,W2,X

n
2 ,S

n
2 ) − H(Sn

1 |Sn
2 ) + nǫn

= I(W1,S
n
1 ; Yn|W2,X

n
2 ,S

n
2 ) − H(Sn

1 |Sn
2 ) + nǫn

= H(Yn|W2,X
n
2 ,S

n
2 ) − H(Yn|W2,X

n
2 ,S

n
2 ,W1,S

n
1 ) − H(Sn

1 |Sn
2 ) + nǫn

(d)
= H(Yn|W2,X

n
2 ,S

n
2 ) − H(Yn|W2,X

n
2 ,S

n
2 ,W1,S

n
1 ,X

n
1 ) − H(Sn

1 |Sn
2 ) + nǫn

(e)
=

n
∑

j=1

[H(Yj|W2,X
n
2 ,S

n
2 ,Y

j−1) − H(Yj|W2,X
n
2 ,S

n
2 ,W1,S

n
1 ,X

n
1 ,Y

j−1)

− H(S1j|Sn
2 ,S

j−1
1 )] + nǫn

(f)
=

n
∑

j=1

[H(Yj|W2,X
n
2 ,S

n
2 ,Y

j−1) − H(Yj|X1j,S1j,X2j,S2j)

− H(S1j|S2j)] + nǫn
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(g)

≤
n
∑

j=1

[H(Yj|X2j,S2j) − H(Yj|X1j,S1j,X2j,S2j) − H(S1j|S2j)] + nǫn

=
n
∑

j=1

[I(X1j,S1j; Yj|X2j,S2j) − H(S1j|S2j)] + nǫn,

where:

(a) follows from the fact that W1 is independent of each other; and (W1,W2) is

independent of (Sn
1 ,S

n
2 ).

(b) follows from Fano’s inequality,

(c) follows from the fact that Xn
2 is a function of (W1,S

n
1 ),

(d) follows from the fact that Xn
1 is a function of (W1,S

n
1 ),

(e) follows from the chain rule of mutual information and entropy,

(f) follows from the fact that Yj depends only on X1j, X2j, S1j, and S2j by the

memoryless property of the channel and S1j ↔ S2j ↔ (Sj−1
1 ,Sj−1

2 ,Sn
2,j+1),

(g) follows from removing conditioning.

Hence, we have

R1 ≤
1

n

n
∑

j=1

[I(X1j,S1; Yj|X2j,S2)] − H(S1|S2)] + ǫn

Similarly, we can bound R2 and R1 + R2 as

R2 ≤
1

n

n
∑

j=1

[I(X2j,S2; Yj|X1j,S1)] − H(S1|S2) + ǫn,

R1 + R2 ≤
1

n

n
∑

j=1

[I(X1j,S1j,X2j,S2; Yj)] − H(S1|S2) + ǫn.

If the host random variables S1 and S2 are correlated, we can clearly see that

the random vector (Qj,S1,S2,X1j,X2j,Yj) with p(qj = j) = 1 belongs to set

Po
MAC(E[d1(S1j,X1j)], E[d2(S2j,X1j])) for j ∈ {1, 2, . . . , n}. According to Lemma 5,

there exists a random vector

(Q,S1,S2, X̃1, X̃2, Ỹ) ∈ Po
MAC(

1

n

n
∑

j=1

E[d1(S1j,X1j)],
1

n

n
∑

j=1

E[d2(S1j,X1j)])
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such that the following is true

1

n

n
∑

j=1

[I(X1j,S1; Yj|X2j,S2)] = I(X̃1,S1; Ỹ|X̃2,S2,Q)

1

n

n
∑

j=1

[I(X2j,S2; Yj|X1j,S1)] = I(X̃2,S2; Ỹ|X̃1,S1,Q)

1

n

n
∑

j=1

[I(X1j,S1j,X2j,S2; Yj)] = I(X̃1,S1, X̃2,S2; Ỹ|Q)

As n → ∞, we can conclude the following

CMAC,C(∆1, ∆2) ⊆ Ro
MAC,C

(

lim
n→∞

1

n

n
∑

j=1

E[d1(S1j,X1j)], lim
n→∞

1

n

n
∑

j=1

E[d2(S1j,X1j)]

)

(a)

⊆ Ro
MAC,C(∆1, ∆2) (C.8)

where (a) follows from the Lemma 6.

If the host random variables S1 and S1 are independent, we can obtain the

following from the condition that the messages W1 and W2 are independent.

p(x1j, x2j|s1j, s2j) = p(x1j|s1j)p(x2j|s2j).

Then we can clearly see that the random variable tuple

(Qj,S1,S2, (X1j,X1j), (X2j,X2j),Yj)

with p(qj = j) = 1 belongs to set

Pi
MAC(E[d1(S1j,X1j)], E[d2(S2j,X1j)])

for j ∈ {1, 2, . . . , n}. According to Lemma 4, there exists a random vector

(Q,S1,S2, (X̃1, X̃1), (X̃2, X̃2), Ỹ) ∈ Pi
MAC(

1

n

n
∑

j=1

E[d1(S1j,X1j)],
1

n

n
∑

j=1

E[d2(S1j,X1j)])

such that (C.7) is true. As n → ∞, we can conclude the following

CMAC,C(∆1, ∆2) ⊆ Ri
MAC,C

(

lim
n→∞

1

n

n
∑

j=1

E[d1(S1j,X1j)], lim
n→∞

1

n

n
∑

j=1

E[d2(S1j,X1j)]

)
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(a)

⊆ Ri
MAC,C(∆1, ∆2) (C.9)

where (a) follows from the Lemma 6. This completes the proof of Theorem 7.
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APPENDIX D

D.1 Proof of Theorem 8

In this section, we show that Ri
B(∆) ⊆ CB(∆). Fix the random vector

(U,S,X,Y,Z) ∈ P(∆)

. For each n, we construct a (⌈2nR1⌉, ⌈2nR2⌉, D(n), n) broadcast IE code as follows.

• Code construction : Generate ⌈2nR2⌉2n(I(U;S)+ǫ) Un sequences drawn ac-

cording to
∏n

j=1 p(uj). Distribute these sequences randomly into ⌈2nR2⌉ bins

such that each bin has 2n(I(U;S)+ǫ) sequences. Label all sequences Un in bin

m2 ∈ {1, 2, . . . , ⌈2nR2⌉} as Un
1 (m2). For each (Sn,Un) ∈ T n

ǫ [S,U], generate

⌈2nR1⌉ Xn sequences according to
∏n

j=1 p(xj|uj, sj). Label these sequences as

Xn(Sn,Un,m1), where (Sn,Un) ∈ T n
ǫ [S,U] and m1 ∈ {1, 2, . . . , ⌈2nR1⌉}. These

codebooks are revealed to the encoder and both the decoders.

• Encoder : The encoder, upon observing Sn ∈ T n
ǫ [S] at the output of the

host source, embeds message W2 ∈ {1, 2, . . . , ⌈2nR2⌉} into the host sequence

by looking for a Un in bin W2 such that Un(W2) ∈ T n
ǫ [S,U|Sn]. If such a

sequence Un(W2) does not exist, the encoder declares an error; otherwise, the

encoder embeds message W1 ∈ {1, 2, . . . , ⌈2nR1⌉} into the host sequence Sn by

choosing the codeword Xn(Sn,Un(W2),W1).

• Decoder 1: Decoder 1, upon receiving Yn, which is a distorted or attacked
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version of the embedded sequence Xn, looks for Un(m2), m2 ∈ {1, 2, . . . , ⌈2nR2⌉}

such that (Un(m2),Y
n) ∈ T n

ǫ [U,Y]. If a unique codeword Un(m2) does not ex-

ist, Decoder 1 declares an error; otherwise, Decoder 1 declares that Ŵ2 = m2.

Upon decoding the sequence Un(Ŵ2), Decoder 1 looks for Xn(sn,Un(Ŵ2),m1)

such that (Xn(sn,Un(Ŵ2),m1),Y
n) ∈ T n

ǫ [S,U,X,Y|sn,Un(Ŵ2)] for each sn ∈

T n
ǫ [U,S|Un(Ŵ2)] and m1 ∈ {1, 2, . . . , ⌈2nR1⌉}. If a unique codeword

Xn(sn,Un(Ŵ2),m1) exists, Decoder 1 declares that (Ŵ1, Ŝ
n
2 ) = (m1, s

n); oth-

erwise, it declares an error.

• Decoder 2: Decoder 2, up on receiving Zn, which is a degraded version

of Yn, looks for Un(m2), m2 ∈ {1, 2, . . . , ⌈2nR2⌉} such that (Un(m2),Z
n) ∈

T n
ǫ [U,Z]. If a unique codeword Un(m2) exists, Decoder 2 declares that Ŵ2 =

m2; otherwise, Decoder 2 declares an error.

• Probability of error: The average probability of error is given by

P n
e =

∑

sn∈Sn

p(sn)Pr[error|sn]

≤
∑

sn 6∈T n
ǫ [S]

p(sn) +
∑

sn∈T n
ǫ [S]

p(sn)Pr[error|sn], (D.1)

where the first term, Pr[sn 6∈ T n
ǫ [S]], goes to zero as n → ∞ by the strong

asymptotic equipartition property (AEP). Without loss of generality, it can

be assumed that the output of the host source is s̃n, and the message pair

(W1,W2) = (1, 1) is to be embedded in to the host sequence s̃n. Let F be the

event that the host source output is s̃n. To compute Pr[error|F ], let us write

the error event as E0 ∪ E1 ∪ E2 ∪ E3, where:

1. E0 is the event that there is no Un(1) such that Un(1) ∈ T n
ǫ [U,S|s̃n].

Using well-known rate-distortion arguments, the probability of this event
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approaches zero as n goes to infinity since each bin has 2n(I(U;S)+ǫ) Un

sequences.

Conditioned on the event F ∩ Ec
0, it can also be assumed that Ũn(1) is

jointly strongly typical with the host sequence s̃n. Hence, the embedded

sequence Xn(s̃n, Ũn(1), 1) is generated and transmitted from the encoder.

2. E1 is the event that

(Ũn(1),Xn(s̃n, Ũn(1), 1),Yn,Zn) 6∈T n
ǫ [S,U,X,Y,Z|s̃n].

By the strong AEP, we can show that Pr[E1|F ∩ Ec
0] → 0 as n → ∞.

3. E2 := E2,1∪(Ec
2,1∩E2,2), where E2,1 is the event that (Un,Yn) ∈ T n

ǫ [U,Y]

for Un 6= Ũn(1), and E2,2 is the event that (Xn(sn, Ũn(1),m1),Y
n) ∈

T n
ǫ [S,U,X,Y|Sn, Ũn(1)] for m1 6= 1 or

sn ∈ {sn : sn 6= s̃n, sn ∈ T n
ǫ [U,S|Ũn(1)]}.

It can be shown that Pr[E2,1|F ∩ Ec
0] → 0 as n → ∞ if R2 ≤ I(U; Y) −

I(U; S) and that Pr(E2,2|F∩Ec
0∩Ec

2,1) → 0 as n → ∞ if R1 ≤ I(S,X; Y|U)−

H(S|U).

4. E3 is the event that (Un,Zn) ∈ T n
ǫ [U,Z] for Un 6= Ũn(1). Using Gel’fand-

Pinsker arguments, it can be shown that Pr[E3|F ∩Ec
0] → 0 as n → ∞ if

R2 ≤ I(U; Z) − I(U; S). Because the broadcast channel is degraded, this

constraint on R2 is more restrictive than the previous constraint.

Thus, by the union bound, it can be shown that P n
e goes to zero as n → ∞ if

(R1, R2) ∈ Ri
B.

• Average distortion: Since (Xn, s̃n) is jointly strongly typical with high prob-

ability and the distribution belongs to P(∆), it can be shown that the average
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distortion D(n) associated with the generated code satisfies the distortion con-

straint ∆ as n → ∞ as i n the Proof of Theorem 6.

D.2 Proof of Theorem 9

In this section, we show that CB(∆) ⊆ Ro
B(∆). If we are given a sequence

of (⌈2nR1⌉, ⌈2nR2⌉, D(n), n) broadcast IE codes, i.e., Xn = f(W1,W2,S
n), gn

1 (Yn) =

(Ŵ1, Ŵ2, Ŝ
n), and gn

2 (Zn) = Ŵ2, with limn→∞ P n
e = 0 and limn→∞ D(n) ≤ ∆, then

we show that the rate pair (R1, R2) must satisfy (6.5) for some ((U,V),S,X,Y,Z) ∈

P(∆). Consider a given code of block length n. The joint distribution on W1 ×

W2 × Sn × Xn × Yn × Zn induced by the code is given by

p(w1,w2, s
n, xn,yn, zn) =

1

⌈2nR1⌉⌈2nR2⌉p(sn)p(xn|w1,w2, s
n)

×
n
∏

i=1

p(yj|xj, sj)p(zj|yj),

where, p(xn|w1,w2, s
n) is 1 if xn = fn(w1,w2, s

n) and 0 otherwise. We can bound

the rate R1 as follows:

nR1 ≤H(W1)

(a)
=H(W1,S

n|W2) − H(Sn|W2)

=H(W1,S
n|W2) − H(W1,S

n|W2,Y
n)

+ H(W1,S
n|W2,Y

n) − H(Sn|W2)

(b)

≤I(W1,S
n; Yn|W2) − H(Sn|W2) + nǫn

(c)
=

n
∑

j=1

[I(W1,S
n; Yj|W2,Y

j−1) − H(Sj|W2)] + nǫn

(d)
=

n
∑

j=1

[H(Yj|W2,Y
j−1) − H(Yj|W2,Y

j−1,W1,S
n,Xn)

− H(Sj|W2)] + nǫn
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(e)
=

n
∑

j=1

[H(Yj|W2,Y
j−1,Zj−1) − H(Yj|Sj,Xj)

− H(Sj|W2)] + nǫn

(f)

≤
n
∑

j=1

[H(Yj|W2,Z
j−1) − H(Yj|Sj,Xj,W2,Z

j−1)

− H(Sj|W2,Z
j−1)] + nǫn

=
n
∑

j=1

I(Sj,Xj; Yj|W2,Z
j−1) − H(Sj|W2,Z

j−1) + nǫn (D.2)

where, ǫn → 0 as n → ∞, and

(a) follows from the fact that W1, W2 and Sn are mutually independent,

(b) follows from Fano’s inequality,

(c) follows from the chain rule and the fact that Sn is i.i.d. and independent of W2,

(d) follows from the fact that Xn is a deterministic function of (W1,W2,S
n),

(e) follows from degraded and memoryless properties of the broadcast channel, and

(f) follows from removing conditioning in the positive term and introducing condi-

tioning in the negative term.

We can also bound the rate R2 as follows:

nR2 ≤H(W2)

(a)

≤I(W2; Z
n) + nǫn

=
n
∑

j=1

[I(W2,S
n
j+1; Z

j) − I(W2,S
n
j ; Zj−1)] + nǫn

(b)

≤
n
∑

j=1

[I(W2,S
n
j+1; Z

j−1) + I(W2,S
n
j+1; Zj|Zj−1)

− I(W2,S
n
j+1; Z

j−1) − I(Sj; Z
j−1|W2,S

n
j+1)] + nǫn

=
n
∑

j=1

[I(W2,S
n
j+1; Zj|Zj−1) − I(Sj; Z

j−1|W2,S
n
j+1)] + nǫn
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=
n
∑

j=1

[H(Zj|Zj−1) − H(Zj|W2,Z
j−1,Sn

j+1)

− H(Sj|W2,S
n
j+1) + H(Sj|W2,Z

j−1,Sn
j+1)] + nǫn

(c)

≤
n
∑

j=1

[H(Zj) − H(Zj|W2,Z
j−1,Sn

j+1)

− H(Sj) + H(Sj|W2,Z
j−1,Sn

j+1)] + nǫn

=
n
∑

j=1

[I(W2,Z
j−1,Sn

j+1; Zj) − I(W2,Z
j−1,Sn

j+1; Sj)] + nǫn (D.3)

where, ǫn → 0 as n → ∞, and

(a) follows from Fano’s inequality,

(b) follows from applying the chain rule on (Zj−1,Zj) and (Sn
j+1,Sj) in the first and

second mutual information expressions, respectively, and

(c) follows from removing conditioning and the fact that Sn is i.i.d. and independent

of W2.

Let Ũj := {W2,Z
j−1} and Vj := {Sn

j+1} for j = 1, 2, . . . , n. We can then write

(D.2) and (D.3) as

R1 ≤I(S,X; Y|Q, Ũ) − H(S|Q, Ũ) + ǫn, (D.4a)

R2 ≤I(Ũ,V ; Z|Q) − I(Ũ,V ; S|Q)] + ǫn, (D.4b)

where Q takes values in the set Q ∈ {1, 2, . . . , n} with equal probability and the

joint probability distribution on (S,Q, Ũ,V ,X,Y,Z) is p(S = s,Q = q, Ũ = ũ,V =

v,X = x)p(y|x, s)p(z|y), with

p(S = s,Q = q, Ũ = ũ,V = v,X = x) =

p(s)p(q)p(Uq = ũ,Vq = v|s,q)p(Xq = x|s,q, ũ, v).

Finally, we can write (D.4) as

R1 ≤I(S,X; Y|U) − H(S|U) + nǫn,
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R2 ≤I(U,V ; Z) − I(U,V ; S) + nǫn,

where U := (Q, Ũ), since I(Ũ,V ; Z|Q) ≤ I(Q, Ũ,V ; Z) and I(Q; S) = 0.

Given any δ > 0, the associated distortion D(n), for sufficiently large n, satisfies

∆ + δ ≥D(n)

=Ed(Xn,Sn)

=
1

n

n
∑

j=1

∑

x,s

p(Xj = x,Sj = s)d(x, s)

=
∑

x,s

p(X = x,S = s)d(x, s)

=Ed(X,S).

As n → ∞ and δ → 0, ((U,V),S,X,Y,Z) ∈ P(∆) and (R1, R2) ∈ Ro
B. Thus,

CB(∆) ⊆ Ro
B.

D.3 Proof of Theorem 10

Achievability

In this section, we show that Ri
C(∆) ⊆ CC(∆). Fix the random vector

(U,S,X,Y,Z) ∈ P(∆)

. For each n, we construct a (⌈2nR1⌉, ⌈2nR2⌉, D(n), n) broadcast IE code as follows.

• Code construction: At the encoder, for each sn ∈ Sn, generate 2nR2 Un se-

quences drawn according to
∏n

j=1 p(uj|sj). Denote these sequences as Un(sn,m2),

where m2 ∈ {1, 2, . . . , 2nR2} For each pair (sn,Un), generate 2nR1 Xn
1 sequences

drawn according to
∏n

j=1 p(xj|uj, sj). Call these sequences Xn(Sn,m1,m2)

where m1 ∈ {1, 2, . . . , 2nR1}. In this way, the codebook is generated at the

encoder and revealed to both the decoders.

130



• Encoding: The encoder, upon observing sn at the output of host source, sends

messages W1 ∈ {1, 2, . . . , 2nR1} and W2 ∈ {1, 2, . . . , 2nR2} by transmitting

the codeword Xn(sn,W1,W2). In this way, the codeword Xn is chosen and

transmitted from the encoder for a given host sequence Sn, and a given message

pair (W1,W2).

• Decoding at Decoder 1: Decoder 1, up on receiving the channel out-

put Yn, looks for Un(sn,m2) such that (Un(sn
1 ,m2),Y

n) ∈ T n
ǫ [U,Y|sn] for all

sn ∈ T n
ǫ1

[S]. If a unique codeword Un(sn,m2) exists, Decoder 1 again looks

for Xn(sn,m1,m2) such that (Xn(sn,m1,m2),Y
n) ∈ T n

ǫ [X,Y|sn,Un(sn,m2)]. If

a unique codeword Xn(sn,m1,m2) exists, Decoder 1 declares that (Ŵ1, Ŝ
n
2 ) =

(m1, s
n). In this way, the message intended for Decoder 1 and the host se-

quences are decoded at Decoder 1.

• Decoding at Decoder 2: Decoder 2, up on receiving the channel output

Zn, looks for Un(sn,m2) such that (Un(sn
1 ,m2),Z

n) ∈ T n
ǫ [U,Z|sn] for all sn ∈

T n
ǫ1

[S]. If a unique codeword Un(sn,m2) codeword exists, Decoder 2 declares

that (Ŵ2, Ŝ
n
1 ) = (m2, s

n). Otherwise, Decoder 2 declares an error. In this way,

the message intended for Decoder 2 and the host sequences are decoded at

Decoder 2.

• Probability of error: The average probability of error is given by the fol-

lowing

P n
e =

∑

(sn)∈Sn

p(sn)Pr[error|sn]

≤
∑

sn 6∈T n
ǫ1

[S]

p(sn) +
∑

sn∈T n
ǫ1

[S]

p(sn)Pr[error|sn],

=
∑

sn 6∈T n
ǫ1

[S]

p(sn) +
∑

sn∈T n
ǫ1

[S]

p(sn)Pr[E(1) ∪ E((2)|sn], (D.5)
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where E(i) is the event that the error is made at Decoder i, for i = 1, 2. The

first term, Pr[sn 6∈ T n
ǫ1

[S]], in the right hand side expression of (D.5) goes to

zero as n → ∞ by Lemma 2.

Without loss of generality, it can be assumed that the output of the host source

is s̃n, and (W1,W2) = (1, 1) is being transmitted from the encoder. Hence,

the codeword Xn(s̃n, 1, 1) is transmitted from the encoder. Let F1 be the event

that s̃n ∈ T n
ǫ1

[S] is output of the host source.

The following error events are considered to compute Pr[E(2)|F ] and can be

made to approach zero as n → ∞.

1. E1: (Un(s̃n, 1),Xn(s̃n, 1, 1),Yn,Zn) 6∈ T n
ǫ [S,U,X,Y,Z|s̃n] under the event

F . By using Lemma 2, we can show that Pr[E1|F ] → 0 as n → ∞.

2. E2: (Un(s̃n,m2),Y
n) ∈ T n

ǫ [S,U,Z|s̃n] under the event F ∩ Ec
1 for all

m2 6= 1. It can be shown that Pr(E2|F ) → 0 as n → ∞ by using

Lemma 2 and Lemma 3 if 0 ≤ R2 < I(U; Z|S).

3. E3: (Un(sn,m2),Y
n) ∈ T n

ǫ [S,U,Z|sn] under the event F ∩ Ec
1 for all m1

and sn 6= s̃n. It can be shown that Pr(E3|F ) → 0 as n → ∞ by using

Lemma 2 and Lemma 3 if 0 ≤ R2 < I(U,S; Z) − H(S).

From the all above error events, it can be concluded that Pr[E(1)|F ] → 0 as

n → ∞ if 0 ≤ R2 < I(U,S; Z)−H(S). The following error events are considered

to compute Pr[E(1)|F ] and can be made to approach zero as n → ∞.

1. E4:(U
n(sn,m2),Y

n) ∈ T n
ǫ [S,U,Y|sn] for m1 6= 1 or sn 6= s̃n. By con-

sidering the error events similar to E2 and E3, it can be shown that

Pr(E4|F,Ec
1) → 0 as n → ∞ if 0 ≤ R2 < I(U,S; Y) − H(S).
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2. E5:(X
n(s̃n,m1, 1),Yn) ∈ T n

ǫ [S,U,X,Y|s̃n,Un(s̃n, 1)] for m1 6= 1. It can be

shown that Pr(E5|F,Ec
1, E

c
4) → 0 as n → ∞ if 0 ≤ R1 < I(X; Y|S,U).

Then by using the union bound, Pr[E(1) ∪ E(2)|F ] goes to zero as n → ∞ if

rate pair (R1, R2) satisfies (6.6). It can be concluded that P n
e → 0 as n → 0

if rate pair (R1, R2) satisfies (6.6).

• Average distortions: Since (Xn, s̃n) is jointly strongly typical with high

probability and the distribution belongs to P(∆), it can be shown that the av-

erage distortion D(n) associated with the generated code satisfies the distortion

constraint ∆ as n → ∞ as in the Proof of Theorem 6.

Converse

We show that any sequence of (⌈2nR1⌉, ⌈2nR2⌉, D(n), n) codes, i.e., Xn = f(W1,W2,S
n),

gn
1 (Yn) = (Ŵ1, Ŵ2, Ŝ

n), and gn
2 (Zn) = (Ŵ2, Ŝ

n), with limn→∞ P n
e = 0 and limn→∞ D(n) ≤

∆, the rate pair (R1, R2) must satisfy (6.6) for some (U,S,X,Y,Z) ∈ P(∆). Consider

a given code of block length n. The joint distribution on W1×W2×Sn×Xn×Yn×Zn

induced by the code is given by

p(w1,w2, s
n, xn,yn, zn) =

1

⌈2nR1⌉⌈2nR2⌉p(sn)p(xn|w1,w2, s
n)

×
n
∏

i=1

p(yj|xj, sj)p(zj|yj),

where, p(xn|w1,w2, s
n) is 1 if xn = fn(w1,w2, s

n) and 0 otherwise.

We can bound the rate R1 as follows:

nR1 ≤H(W1)

(a)
=H(W1|W2,S

n)

=H(W1|W2,S
n) − H(W1|W2,S

n,Yn) + H(W1|W2,S
n,Yn)
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(b)

≤I(W1; Y
n|W2,S

n) + nǫn

=
n
∑

j=1

I(W1; Yj|W2,S
n,Yj−1) + nǫn

=
n
∑

j=1

[H(Yj|W2,S
n,Yj−1) − H(Yj|W1,W2,S

n,Yj−1)] + nǫn

(c)
=

n
∑

j=1

[H(Yj|W2,S
n,Yj−1,Zj−1) − H(Yj|W1,W2,S

n,Yj−1,Zj−1)] + nǫn

(d)

≤
n
∑

j=1

[H(Yj|W2,S
n,Zj−1) − H(Yj|W1,W2,S

n,Yj−1,Zj−1,Xn)] + nǫn

(e)
=

n
∑

j=1

[H(Yj|W2,S
n,Zj−1) − H(Yj|Xj,Sj)] + nǫn

(f)
=

n
∑

j=1

[H(Yj|Sj, Ũj) − H(Yj|Xj,Sj)] + nǫn

=
n
∑

j=1

I(Xj; Yj|Sj, Ũj) + nǫn, (D.6)

where,

(a) follows from the fact that W1, W2 and Sn are mutually independent,

(b) follows from Fano’s inequality and ǫn → 0 as n → ∞,

(c) follows from Yj ↔ (W2,S
n,Yj−1) ↔ Zj−1 and Yj ↔ (W1,W2,S

n,Yj−1) ↔ Zj−1,

(d) follows from H(Yj|W2,S
n,Yj−1,Zj−1) ≤ H(Yj|W2,S

n,Zj−1), and Xn is a deter-

ministic function of (W1,W2,S
n),

(e) follows from memoryless properties of the broadcast channel, and

(f) follows from Ũj := {W2,S
j−1
1 ,Sn

j+1}.

We can also bound the rate R2 as follows:

nR2 ≤H(W2)

(a)

≤H(W2,S
n) − H(Sn)

(b)

≤I(W2,S
n; Zn) − H(Sn) + nǫn
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=
n
∑

j=1

[I(W2,S
n; Zj|Zj−1) − H(Sj|Sj−1)] + nǫn

(c)
=

n
∑

j=1

[H(Zj|Zj−1) − H(Zj|W2,S
n,Zj−1) − H(Sj)] + nǫn

(d)

≤
n
∑

j=1

[H(Zj) − H(Zj|Ũj,Sj) − H(Sj)] + nǫn

=
n
∑

j=1

[I(Ũj,Sj; Zj) − H(Sj)] + nǫn

where,

(a) follows from the fact that W1, W2 and Sn are mutually independent,

(b) follows from Fano’s inequality and ǫn → 0 as n → ∞,

(c) follows from the fact that Sn is an i.i.d. random vector,

(d) follows from H(Zj|Zj−1) ≤ H(Zj), and Ũj := {W2,S
j−1
1 ,Sn

j+1}.

We can then write (D.6) and (D.7a) as

R1 ≤I(X; Y|Q,S, Ũ) + ǫn, (D.7a)

R2 ≤I(Ũ,S; Z|Q) − H(S) + ǫn, (D.7b)

where Q takes values in the set Q ∈ {1, 2, . . . , n} with equal probability and the

joint probability distribution on (S,Q, Ũ,X,Y,Z) is p(S = s,Q = q, Ũ = ũ,X =

x)p(y|x, s)p(z|y), with

p(S = s,Q = q, Ũ = ũ,X = x) =

p(s)p(q)p(Uq = ũ|s,q)p(Xq = x|s,q, ũ).

Finally, we can write (D.7) as

R1 ≤I(X; Y|U,S) + nǫn,

R2 ≤I(U,S; Z) − H(S) + nǫn,

where U := (Q, Ũ), since I(Ũ,S; Z|Q) ≤ I(Q, Ũ,S; Z).
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Given any δ > 0, the associated distortion D(n), for sufficiently large n, satisfies

∆ + δ ≥D(n)

=Ed(Xn,Sn)

=
1

n

n
∑

j=1

∑

x,s

p(Xj = x,Sj = s)d(x, s)

=
∑

x,s

p(X = x,S = s)d(x, s)

=Ed(X,S).

As n → ∞ and δ → 0, (U,S,X,Y,Z) ∈ P(∆) and (R1, R2) ∈ CC .
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