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Abstract—This paper develops cooperative communication
strategies based upon linear stochastic approximation algorithms
for the Gaussian relay channel with several configurations of
perfect and noisy feedback. In addition to being simple, the
strategies can be shown to provide doubly exponential error
decay in the case of perfect feedback and appealing tradeoffs
between effective transmission rate and reliability in the case
of noisy feedback. By contrast, straightforward application of
the classic Schalkwijk-Kailath schemes offer enhanced rate or
reliability in the presence of noisy feedback, but do not provide
a tradeoff between the two.

I. INTRODUCTION

Communication with feedback has long been considered an
important and challenging topic in information and communi-
cation theory. If suitably exploited, feedback enhances reliabil-
ity and decreases coding complexity or delay [1]. The simple
coding scheme proposed by Schalkwijk and Kailath in [1]
for the additive white Gaussian noise (AWGN) channel with
noiseless feedback achieves capacity, while simultaneously
achieving an error probability decay that is doubly exponential
with the coding interval (compared to merely exponential for
one-way schemes) [1]. A large body of work has looked
at extending the Schalkwijk-Kailath (SK) scheme to more
general cases, e.g., [2]-[4].

In this paper, we present and analyze feedback coding
schemes for two different configurations of a three node
network - a cascade of two point-to-point channels and a
Gaussian relay channel [5]. A Gaussian relay channel with
destination-source feedback is considered in [6]. By contrast,
in this work we consider destination-source and destination-
relay feedback. In addition, we also look into noisy feedback
scenarios.

Our schemes are based on mapping the data to be transmit-
ted by the source to a real number and allowing the nodes to
run a distributed stochastic approximation (DSA) algorithm.
As the algorithm evolves, both the relay and destination
converge to the message point. In addition to being simple, the
schemes provide a doubly exponential error decay in the case
of perfect feedback and tradeoffs between mean squared error
(MSE) and transmission rates in the case of noisy feedback
(similar to the ones in [7] for the point-to-point case). We
concentrate on discussing the perfect feedback scenarios in
this paper. Noisy feedback is only briefly discussed and more
details can be found in [8].
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Fig. 1. Block diagram for a network of 3 nodes.

II. SYSTEM MODEL

Consider a source that needs to transmit data to a des-
tination with the assistance of a relay as shown in Fig. 1.
We adopt the notation that nodes 1,2, 3 are the source, relay
and destination, respectively. We assume that the forward and
feedback communication takes place over orthogonal channels
so that they do not interfere with each other. As in [1], to
obtain a discrete-time equivalent, we assume that the messages
are pulse-amplitude modulated. X; (resp. Y;) represents the
input (resp. observation) at node 7. Note that we use a double
subscript notation for inputs, observations, and noises at the
relay because it is the only node that sends and receives signals
through both forward and feedback communication. Hence for
the relay, X5 ;, j = 1,3 represents the input from node 2 to
node j and Y; > represents the observation at node 2 for input
from node j. We make the following further assumptions:

o The forward and feedback links (if noisy) are modeled
by zero-mean AWGN channels. We model the noises on
the links to be mutually independent and white.

o The signal from node 7 to node j is scaled by a distance-
dependent attenuation factor g; ; that depends on the
distance d; ; between nodes ¢ and j as

n/2
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where 7 is the path loss exponent (typically taking values
between 2 and 4), and b is a constant. To simplify our
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analysis, we will assume b = 1. A different choice
of b will only result in scaling of the received power
identically for all schemes and hence would not affect
the performance comparison between them. Every node
knows the distance of the other two nodes from itself and
hence knows the attenuation factors. If there is no link
from node ¢ to node j, then g; ; = 0. The observation
vectors for the forward and feedback communication can

be written as
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o The transmitted signals on the forward links must satisfy
a total average power constraint P,,. This power is
distributed between the two transmitting nodes with the
source using a fraction « of the total average power, that
is, Pyy,1 = KFPy,. Note that no constraints are imposed
on the bandwidth or peak power.

e The source maps the message to one of M disjoint,
equal-length subintervals of the interval [0, 1] on the real
line. The message to be transmitted corresponds to the
midpoint W of a particular message interval.

 Each node ¢ updates and stores a “state” value .S;(k) and
an estimate W; (k) recursively.

III. DISTRIBUTED STOCHASTIC APPROXIMATION (DSA)

A DSA algorithm can be used to calculate the zeros of a
vector function f : R™ — R™. The zero of the i-th component
of the function, f; can be calculated using noisy observations
fi(k) = fi(k) + Z;(k) by running an iteration of the form:

Si(k) = Si(k — 1) — (k) fi(k), &)

where €(k) is ©(1/k) and S;(0) can be arbitrarily assumed to
be 1/2 [9]. Now consider a function f : R3 — R3, the i-th
component of which is given by

fi(S1,82,88) =i Y fi;(85,8), i=23 ()

J:95,i#0

where f; (S, S;) = (S; —S;); f1 =0 and p; is a constant.
Let variable S; be associated with node i. The value S, is
assumed to be fixed at the message W. Thus, the zero of the
function f is attained by all variables S;’s equal to W. We
can arbitrarily assume the initial values S2(0) and S3(1) to be
1/2, which is known to all the nodes. As we will see, if we
run a DSA on the nodes with e(k) = 1/kpu;, both the relay
and the destination converge to the message point.

IV. A CASCADE OF POINT-TO-POINT CHANNELS

Consider a cascade of two point-to-point channels with
feedback, ie., g13 = g3,1 = 0. We know that the capacity
of a memoryless noisy channel is not increased by noiseless
feedback [10]. Thus, the wideband capacity C; ;41 of a

forward link from node 7 to ¢ + 1 corrupted by AWGN is
given by
91'2,1‘+1P av,i
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Ciiv1 = nats/second,
where P, ; is the average power constraint at node i. The
capacity C' of the cascade is given by the max-flow min-cut
bound [11],

C= min{Clyg, 0273}. (6)

We begin by considering a scenario in which the feedback
links are noiseless, i.e., 021 = o032 = 0. For this case,
Wi(k) = Si(k). At each time step, each transmitting node
Jj transmits f; ;(.S;, S;) from (5) on the forward link. Specifi-
cally, the nodes transmit as follows:

o Forward: At time k, the source and relay transmit X (k)

and X5 3(k), respectively, given by

X1(k) = o <Y1(k) —W), k> 1, (7)
92,1

Xo5(k) = as (Y“(k) — Walk — 1)) k>2. (8
93,2

where Y1(1)/g21 = S2(0) and Y32(2)/g32 = Ss(1).
The relay does not transmit at time step k = 1 because
it has no information about W at that instant.

« Feedback: At time k, the relay and destination send back
their respective state value on the feedback link, i.e.,

Xoq(k) = Sa(k—1), k>2, ©)
Xs(k) = Ss(k—1), k>3 (10)

Note that we assume a unit time step of delay in feedback
to preserve causality.
Node 7 has access to the state value S; 1 (k) through the signal
received along the feedback link from node 7 + 1. The state
values S;(k) are updated along the lines of (4), specifically

Y 2(k
Sz(k)_sg(k—1)—kolfél)2, k> 1. (11)
Y3(k

A. Analysis: MSE and Rate Performance

We can recursively expand (11) with (2) and (3) to yield
the following relation for S2(n) after n iterations:

n

1
So(n) =W — Z19(k). (13)
2(n) nalgl,zg 1,2(k)
Hence, the conditional distribution of Sa(n) given W is
So(n)|W ~ N [ W, otz (14)
n ~ L — .
’ naigs

Similarly, we can obtain the conditional distribution of
S3(n + 1) given W:

o2 0'%2 L 1
S W ~ W, —2 : m—y —|].
s(n+1)] N( " na2g? +n20é%9%,2 " Z k
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For the perfect feedback case, Ws(n) = Ss(n). Since the
conditional variance does not depend on W, the unconditional
mean-squared error o2(n) = E(|]Ws(n) — W|?) approaches
zero as O(1/n). The probability of error is the probability
that W5(n) lies outside the message interval, which is given

by P, = 2erfc (m) . However if we do not increase M
with the signaling interval 7', and hence with the number of
iterations, the signaling rate R = ln M /T will approach zero.
If we increase M as M = n'/2(1=¢) for small ¢, we can make
the probability of error to go to zero while simultaneously
ensuring a non-zero rate. The probability of error would hence
be given by

P, :2erfc( (16)

1
2n5(1_‘)0(n)> .
It can be seen that P. — 0 as n — oo only if € > 0. The
critical rate is defined as

In M Inn
R. = [ T L . =37 nats/second,
which also specifies how the number of iterations n increases
with 7.

Since the feedback link is noiseless, the distribution of
Yi(n+1)/ga,1 is the same as the distribution of Sy(n). Let
P,,.1(n) be the average power transmitted by the source at
time instant n, given by

a7
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The second inequality follows from assuming a uniform prior
distribution of the message point W such that we have

E(S2(0) — W)2 = 1/12 for the first term and using (14) for
the second term. Taking the limit of (18) as n — oo, we have
2
o
Py i= lim Py, (n) = = (19)
n— oo 91’2

Now, let P,, 2(n) be the average power transmitted by the
relay at time instant n. Following similar steps as above, we

obtain
0.2 a2 2
1272 L %) (0
91 207 92 3

From (19) and (20), we can find an expression for the critical

rate:
Pav 1 Pav 2

R, = = .
¢ 2(‘7%,2) 2(”12 2 U§ )
97 - 9% 207 93,3
The capacity C' of the cascade can be easily proved to be C 2
for any choice of r, specifically

Pan = lim Pav?( ):2Rc

n—oo

2y

Py Pav P,
01’2 = 0%71 - T1,2% ) 2 S 0;2 = 02’3
> —-3
2(9%,2) 2(912 f+923) 2(93,3)
=C=C2=R.. (22)

Thus, our scheme achieves capacity and provides a doubly
exponential error decay (see (16)).

Note that we have not yet discussed how to choose the
different parameters o, ao, < and r. We know that P, ; =
KPyy and P,y o = (1—K)Py,. Substituting into (21) and using
(1), we obtain the following constraint equation which helps
us choose the various parameters related to our algorithm:

o2
(1= k)o?or" = Ko 51" <a > +Kko3(D—7)".  (23)
1
Here, oy and s can be chosen to minimize the probability
of error at the destination (similar to the optimization in [1]).
Then we can choose the remaining two parameters, x and 7
in accordance with the above relation.

We will close this discussion by deriving a condition that
must be satisfied for the cascade to have higher achievable
rates than a point-to-point channel from the source to destina-
tion. The capacity of the cascade is given by

kP,
C=C1y=—52" 24
1,2 20%27,777 (24)
so that, the achievable rate is increased if and only if
2
0712 ( T )”
= (=) . 25
(5 (25)

Thus, having a relay under a total average power constraint on
the nodes leads to a better transmission rate performance if and
only if condition (25) is satisfied. If we have individual power
constraints on the radios, then the capacity of the cascade is
always greater than that of the point-to-point channel, if the
relay lies between the source and destination.

B. Special Cases

Fix the path loss exponent n = 2, noise variances o%z =

2 and parameters a; = oy, which need not be

0'273 - 02,
optimal.

Special Case IV.1. It is possible to find optimum values of v
and K, so that the capacity of the cascade is maximized. Let
7 =r/D. Solving for k, we obtain

2
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The critical rate expression is given by
P,,D2
R.(7) = (26)

202 ((1—7)2 +272)
Maximizing the critical rate is equivalent to minimizing the
denominator, which is minimized for 7 = 1/3. Hence,
3P,,D?
n}iX R. = Tz
Special Case IV.2. Given the value of n, we can find a range

of values of T for which (25) is satisfied. Using (26), we can
say that we gain in terms of transmission rates if and only if

2
(1—?)2+2f2<1:0<f<§.

Thus, only if we place the relay at any distance r < 2D /3,
we have a better transmission rate performance.



V. RELAY CHANNEL
Consider a relay channel with destination-relay and
destination-source feedback, but no feedback from the relay
to the source, i.e.,, g21 = 0. The capacity of a discrete
memoryless relay channel with such feedback is [5]

C: (Sllp )min{]I(Xl;Y3,Y1’2|X2),H(X17X2;Y3)}.
P(x1,z2

27)

For the Gaussian relay channel with feedback and infi-
nite bandwidth, the capacity can be expressed in terms of
the channel parameters and the power constraints as C' =
maxo<,<1 C(p), where

2 2
201’2 204

2 2
91,3 92,3
av 2 : - Pav PG’U }
2t p\/20§ 20% 1 2
(28)

The parameter p represents the correlation factor between the
source input X; and relay signal Xs.

We again begin by considering the scenario in which the
feedback links are noiseless, i.e. 032 = 031 = 0. For this
case, W; (k) = S;(k).

« Forward: At each time instant k, the signals transmitted

in the forward direction are given by

9is | 9is
C(p) = mln{(l_p2) ( S+ ) Pav,lv

2
92,3

2
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X1(/€)=0¢1 <Yi(k) —W),k21 (29)
93,1

Xos(k) = an <Y‘°’;(k) — Walk — 1)> E>2 (30)
3,2

where Y3(1)/gs.1 = S3(0).
o Feedback: At time k, the destination broadcasts its state
value S3(k) on the feedback link, that is,

X3(k) = S5k —1),  k>2. 31)

We assume a unit time step of delay in feedback to
preserve causality.
For the relay channel, we assume a1 = a/g1,3 and ay =
af 93,2, where o > 0, which need not be optimal. We now
explain how the state values (and therefore estimates) are
calculated at the relay and destination.

e Relay : The relay requires fy; to calculate its own
estimate. However, the source transmits f3 ;. The relay
knows S5 through the feedback from node 3. Hence, from
a noisy version of f3; and S3, it can calculate a noisy
version of fa ;. At time k = 1,2, ..., the relay updates
its state value Sy(k) as

. 2(k) + ag1,2(S2(k—1)—Y3,2(k))

SQ(k) = SQ(k - 1) - g1 .2 71,58
91,3
(32)
o Destination : Attime k = 1, 2, .. ., the destination updates
its state value S3(k) as
Ys(k
Sy(k) = S3(k —1) — Ys(k). (33)

ko

A. Analysis: MSE and Rate Performance

Following similar steps as for the cascade, we can find the
conditional distribution of Sy(n) given W:

2 2
So(n)|W ~ N (W 01,291,3) .

2,2
nosgy o

(34)

Similarly, given W, S3(n) has a Gaussian distribution with
mean and variance given by

E [S3(n)|W] = W. (35)
Zé, n=1
var[S3(n)|W] = . L\ 2
e haT (ZT?) ol to3), n>2

For the perfect feedback case, W3(n) = S3(n). The uncon-

ditional mean-squared error o2(n) = E(|Ws(n) — W|?) ap-

proaches zero as ©(1/n). The probability of error expression

is identical to (16) with o?(n) given by the variance of S3(n).
We again define the critical rate R, as

1
R, := % nats/sec.

Let P,,,1 and P,,» be the average power transmitted by
the source and relay, respectively. Following similar steps as
before, we obtain

(36)

2R, g 2
Pup1:= lim Py, 1(n) = c <13) o2, +o? ,
et (n) 39%73 ( 1.2 12703
(37)
. 2R, 91,3 2 2 2
Pup2:= lim Pyya(n) = < oioto3 |,
n—oo ( ) 39573 < 9172 1,2 3
(33)
o 3Pav,1g%3 o 3Pav,29%,3
- 2 - 2 ’
2((2) otwret) 2((82) ctret)
(39

This equation in turn specifies a constraint for allocation of
power:

P:=Poy19i3 = Pav2s3 (40)

=)
= == .
11—k r

Now, let us calculate the capacity of the relay channel if
condition (40) is satisfied. Using (28), we can write

(41)

9ia | 9is P
= in{ (1 —p*P : : 1 .
C'= jmax minq (1-4°) 207, 202 ,(1+p) o7

It can be seen that the solution of this optimization problem is
obtained by solving for p for which the two mutual information
terms are equal. This yields the capacity expression of the relay
channel under the given set of assumptions:

C = 2Pav,lg%,3 o 2Pav,2.g§,3

2 2 ’
() otaw02)  ((22) ota3)

(42)
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Fig. 2. Performance comparisons of our two schemes with perfect feedback:
(a) Mean Squared Error versus r/D, and (b) Critical rate, R, versus r/D.

From (39) and (42), we can see that our scheme achieves rates
upto %C’. Using (1) and (39), the critical rate can be written
as

3kP,,D™"
2((2) " 02, +03)

R. =

Next, we consider a special case in which we calculate
the maximum rate that can be achieved using our scheme
as described in this section and compare with the maximum
achievable rate of the previous section.

B. A Special Case

Special Case V.1. Fix 0, = 03 = o> and n = 2 for this
special case. Let T = r/D. Solving for k from (43) yields

B 1
1+ (1-7)2
Substituting this in (43), we obtain an expression of R, in
terms of :

K (44)

B 3P,,D?
2021+ (1—-7)2)(r2+ 1)
Maximizing the critical rate is equivalent to minimizing the
denominator, which is minimized for 7 = 1/2.
24P,,D?

2502

This rate is strictly better than the rate obtained by a cascade
of two channels as described in Special Case IV.1.

R.(7) (45)

max R, =

K

For comparison between the two schemes we plot the MSE
at T = 2 seconds as a function of r/D for perfect feedback
(Fig. 2(a)). We also plot the critical rate R, as a function of
r/D for the two schemes (Fig. 2(b)). It can be seen that our
scheme for the relay channel outperforms the scheme for the
cascade. For both these plots we assume that all noises have
the same variance 02 = 0.1 and P,,D~2/20% = 1.

VI. Noisy FEEDBACK

The above algorithms above depend critically on feedback
being noiseless and break down if the feedback links are noisy.
Similar to our earlier results for the point-to-point channel [7],
we modify our schemes using techniques from [9] to deal with
noisy feedback. In particular, a transmitting node scales its

Fig. 3. (a) MSE versus time and (b) Relative Rate vs time with noisy
feedback for two schemes for different values of . Dashed curves correspond
to a cascade of point-to-point channels, and the solid curves correspond to a
relay channel.

signal by 1/k7, where v € [0, 1]. The relay and the destination
use additional smoothing of a second-order filter to update
their estimates. Let P(k) be right hand side of a state update
equation (see (11), (12), (32) and (33)). Specifically, the new
estimate update for the i-th node is given by the following set
of equations.

p
Si(k) = P(R)KY + =
1

Wi = (1= ) Wilk = 1)+ 150,

where P(k) = S;(k — 1) — e(k)f;(k) and 8 € [0,1]. Fig. 3
illustrates the predicted performance by plotting the MSE
and the rates (both normalized by the capacity of a cascade)
under similar channel conditions. We assume all noises to
have a variance o2 = 0.1; distances D 1,r = 0.5;
P,,D~2/20% = 1; and parameters 3 = 0.4, o = 2, which
need not be optimal. These results suggest that it is beneficial
to exploit the transmission from the source at the destination.
It leads to a better rate as well as better MSE performance.

(Witk=1) = Si(k = 1)), ¢0)

(47)
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