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Abstract— In an effort to construct space-time codes (STC) that and Viswanath consider the problem of DMT-optimality under
enjoy both optimality with respect to the diversity-multiplexing  arbitrary fading distributions, i.e., approximately uerigal

tradeoff (DMT) and encoding simplicity, we consider linear nimajity. They show the existence of permutation codes; th
dispersion codes and establish a necessary and sufficient CON-= di llel ch | imatel timalevih
dition, in terms of the dispersion matrix, such that the resulting ' US€d In a parallel channel, are approximately optimakey

STC is DMT-optimal. We also present a simple construction @IS0 show that these codes, if used in a D-BLAST fashion in
that satisfies this condition, and is therefore DMT-optimal, for a MIMO channel, provide DMT-optimality in the limit as the
arbitrary number of transmit and receive antennas. code length grows to infinity.

One distinguishing characteristic of the Yao-Wornell con-
struction is its simplicity; however, this constructionliimited

Itis well known that multi-input multi-output (MIMO) wire- to the case of two transmit and two receive antennas. In an
less systems offer two types of enhancemeigs,throughput effort to overcome this limitation, we consider a class of
and reliability. It is also known that increased throughp@TCs called linear dispersion (LD) codes [8], and establish
comes at the price of reduced reliability, and vice versn, necessary and sufficient requirements, in terms of the the
that there exists a tradeoff between these two enhancenfrentslispersion matrix, such that the resulting STC is DMT-ojatim
the context of frequency-flat Rayleigh block-fading chdane In other words, we show that it is possible to use appropriate
this tradeoff is known as the diversity-multiplexing traffe scalar codes to independently encode a number of streams,
(DMT) originally characterized by Zheng and Tse [1]. and then mix them using a proper dispersion matrix to obtain

Since the introduction of the DMT, there has been consid-DMT-optimal code. We do not address the stream encoding
erable research activity to construct space-time code€)STissue in this paper. We also present a simple constructian th
that trade throughput and reliability in an optimal way. Fosatisfies these requirements, and is therefore DMT-optiioal
example, in [2] Yao and Wornell consider2ax 2 threaded arbitrary number of transmit and receive antennas.
STC, in which the diagonal and anti-diagonal threads are uni The rest of this paper is organized as follows. In Section I,
tary transformations of QAM vectors. They show that througive detail the modeling assumptions and the LD space-time
proper choice of the unitary transformations, the deteamin coding framework to be used. We also review in some detail
of the codeword difference matrices can be bounded awte notion of diversity-multiplexing tradeoff, which is tex-
from zero. They then use this result to prove the DMTsively used in the subsequent sections. In Section Ill, wgest
optimality of their construction. In [3], Dayal and Varanasour main result, which is a necessary and sufficient contitio
consider the same@ x 2 threaded framework; however, theyfor DMT-optimality of a LD STC. We further illustrate this
optimize the unitary transformations to get a better codingsult by an example. In Section IV, we present a simple
gain, as compared to the code of Yao and Wornell. Belfiot®nstruction for LD STCs and prove its DMT-optimality for
et al.[4] also utilize this framework and propose2ax 2 STC arbitrary number of transit and receive antennas. Finaily,
called the Golden code. The Golden code is DMT-optimal ar8kction V, we offer some concluding remarks.
exhibits very good performance in terms of codeword error Before proceeding, we summarize some of the notations
probability. used throughout the paper. As usudl,is used to denote

Although all of the works mentioned above fall within thehe set of complex numbers. Superscriptnd * denote the
category of threaded STCs, these are not the only DMffanspose and conjugate transpose operations, resgedtilie
optimal codes in the literature. We mention only a few adenotes the cardinality of set, and I,, denotes then x m
these other codes here, as they use a different methodolagpntity matrix. Finally,= denotes exponential equality, and
than the focus of this work. We refer the interested reader (@)™ denotesmax{z,0}.
[5] for a more detailed survey. In [6], EI Gemat al. use
lattice codes to construct DMT-optimal STCs, which they cal
LAST codes. In [5], Eliaet al. use cyclic division algebras to In this paper, we consider a MIMO wireless system with
construct explicit STCs that are DMT-optimal. In [7], Taldr m transmit andn receive antennas. We denote the channel’s

I. INTRODUCTION

[l. SYSTEM MODEL AND BACKGROUND



degrees of freedom by £ min{m,n}. We address a flat Ill. A NECESSARY ANDSUFFICIENT CONDITION FOR
Rayleigh block-fading setup where the path gains remain DMT-OPTIMALITY OF LD STCs

constant overl' consecutive symbol-intervals.€ a block),

but change independently from one block to another. We - "
further assume a coherent communication model resumﬁgqessary .and sufﬁment condition for a LD STC to be DMT-
from the availability of channel state information (CSljtae °Ptimal. It is very important to emphasize, however, that th

destination. Under these assumptions, the channel ingptib _cond|t|on is stated only in terms of the dispersion maMx
relation is given by i.e, we do not address the problem of stream encoding. Put

_ another wayM satisfying the condition ensures the existence
ye =+vpHx +mn, for T >t >1, (1) of stream encoders such that the STC given by (2) achieves the
optimal DMT. On the other hand, if the condition @i is not
met, then there are no stream encoders such that the optimal
DMT is achieved. We are now ready to state our result.

Theorem 2: A necessary and sufficient condition ai, for
DMT-optimality of the LD STC given by (2), is that

In this section we state our main result, which gives a

wherey; € C™", x; € C™ andn; € C™ represent the received
signal, transmitted signal, and observed (unit-variaracti-
tive white Gaussian noise, at tinterespectivelyH € C"*™
represents the channel matrix apdienotes the transmission
power at each of the transmitting antennas.

Next, we define what we mean by a LD STC. Lt; €
CT}Z_, representy independently encoded streams of sym-

bols, each of rate?/q bits per symbol and lengtli’. Also, pe 5 set of I|T linearly independent vectors i@717, with

(WMyT >t > 1,1 2§ > 1), (5)

definec,x,y andH as probability one, for any nonempty subseof {1,--- ,¢}. In
c2 ettt (5), {u;}7-, denotes a uniformly distributed set of orthogonal
ATt 1 vectors inC™.
x =[x xg ] Proof. To prove the sufficiency part, we characteri2gy,
y=lyi--yrl' and i.e., the joint ML error probability of the LD STC, averaged
HZ2 diag{fI, e 7f{}, over the ensemble of Gaussian stregag and conditioned
i on a fixed channel realizatioll = H. We then argue that
We define an LD STG as for the average error probability, (averaged with respect to
x 2 Me, ) both the code and the channel ensembles) to be DMT-optimal,

. . . P,z should be optimal with probability one.
whereM is aanXqT.compIexTr,natnx called the dispersion  To characterizeP, ;;, we split the error event into a
matrix. We define matrice§M;;}, ;—, (of dimensionm X nymper of disjoint error eventée;}, wheree; denotes the
T), such thatM = [My]. Let I be a nonempty subset ofeyent when only streaméc; }ic; are decoded in error. We

{1,---,q}. The signaturex; of streams with indices € I is an then write
given by
x; = Mjcy, 3) Pejn :;Pez\Hv or
wherec; and M; are derived front and M, respectively, by d(r) = ir}f dr(r), (6)

deleting the entries corresponding to streangsI. Matrices

{My}{Z, (of dimensionm x |I|T), are defined such thatwhered(r) and d;(r) denote the diversity gains aP. and

My = [My]. P.,, respectively. Following [1], we upper bound the pairwise
Next we give a brief introduction to the Zheng and Tse'srror probability P, , ,;; by

formulation of DMT [1]. This formulation assumes a family of

space-time codefx, } indexed by the operating SNR such

that the codex,, has rateR(p), in bits per channel use (bpcu),

and error probabilityP, (p). For this family, the multiplexing

gainr and the diversity gain are defined by

Pe;,p|H S det([nT + §szx1H*),

whereX,, denotes the covariance matrix»f. Using (3) and
recalling that the streams are encoded using an ensemble of
log P, [ )

P A lim R(p) and 42— lim 08 (p). @ Gaussian codes, we get
p—oo log p p—oo  logp . 1

The optimal DMT yields the maximum possible diversity gain e, par < det(Imr + 5pMjH"HMj),

for every value of-, and is summarized in the following result. . | T

Theorem 1 _([1]): The optimal d?versity gai_n for the cc_)her- = det(I,p + 502&' Z(uthI)*(u;Mu)L

ent block-fading MIMO channel with transmit and: receive =1 t=1

antennas, at multiplexing gain, is given byd(r) = f(r),

where f(-) is the piecewise linear function joining the pointvhere {A; > -~ > A, > 0} and {u}j_,

(k,(m—k)(n—k)) for k =0,...,q. Moreover, there exists aare the eigenvalues and eigenvectors off*H,

code that achieveg(r) for all block lengthsT" > m +n — 1. respectively. Since E‘f:’l Aj Zle(ujMﬂ)*(u;fMﬂ) and



Z?:LIHI Aj Zthl(u;fMH)*(u;Mt,) are both Hermitian and Now for I = {1},
positive definite, we can write ([9], p. 367)

11| T * _ r

—1 1 ui My = [ur(1)cosby  —ui(1)sinb, ],
< - ; p *(uf .
Py, pia < det(Lyr + 5P g Aj E (uj My)*(ujMyr)) i My = [u1(2)sin6;  u(2)cosb:],

j=1 t=1
Now since {uthI}LI:"f;tzl are linearly independent with

robability one, we can use the Gram-Schmidt orthonoy- .
P y if u1(1) =0 orwuy(2) =0, then one of the vectors vanishes).

malization process [9] to show that, with probability on - . o _
Zm A Z;.rZI(u;M“)*(u;M”) has exactlyl' eigenvalues e'I'he case off = {2} is very similar to that off = {1}. For

hich are obviously linearly independent with probabilitye

Jj=1 _
corresponding to every; for |I| > j > 1, and of the same I'=1{1,2},
exponential order. Thus
11| u1(1) cos by ¢ uz2(1) cos 6y
Popa< | [(1+p0)77, . |mui(D)singy |, | —ua(1)sinb,y
o j];[l ! M2y = u1(2) cos b u M2y = u2(2) cos o
which leads to an outage event [1] —u1(2) sin 0 —u2(2) sin 0
1] 1]
Or={al) (1—-a;* < ?R}, (7) and
j=1
where \;=p~*/. Recalling that the outage set for a standard u1(2) sin 61 ’ u2(2) sin 64 ¢
m x n MIMO is [1] . | u1(2) cos by . _|u2(2) cos 0,
q ule{l’Z} - Ul(l) sin 02 u2M2{1’2} - ’UQ(l) sin02
Omxn ={0q] Z(l —a;)t < R}, u1(1) cos by us(1) cos Oy
j=1
we realize that for all # {1,--- ,q}, Or C Omx, and thus which are again seen to be linearly independent with proba-
dr(r) > dpxn(r), VI # {1, q}. (8) bility one. Thus the construction is DMT-optimal.

In this expressiond,, «(r) denotes the optimal diversity gain

for an m x n MIMO channel. Forl = {1,--- ,q}, Oy =

Omxn and thusd;(r) = dyxn(r). This, together with (8) IV. A CONSTRUCTION FORDMT-OPTIMAL LD STC
and (6), givesd(r) = duuxn(r), which concludes the proof

for the sufficiency part. In this section, we present an example construction for
Due to space limitations, we do not give the proof for thgn | D STC with arbitrary number of transmit and receive
necessity part, though the main idea is the sareejf (5) does  antennas, and further prove its DMT-optimality through the
not hold with probability one, then the signature of certaiflse of Theorem 2. To motivate the construction, notice that
groups of streams, as a whole, misses the best eigenvalug@orem 2 require§utM,|T > ¢ > 1,|I| > j > 1} to be a
the channel with nonzero probability. This clearly pregetiie  set of 7|7 linearly independent vectors, for most choices of
LD STC from achieving the optimal DMT. {u;}. Letu; be a unit vector with only one nonzero element
Before illustrating the application of Theorem 2, we noticgyne) at positionj. Also, let I = {1}. With these choices,
that working with an ensemble of random stream encodeﬁﬁMtﬂT >¢>1,|I| > j > 1} reduces to the collection of
rather than a specific set of them, has relieved us fromej first rows ofM,,, for T >t > 1. Now, one way to make
dealing with codeword difference matrices and has resultggle that this collection is linearly independent is byisgtt
in a concise description of the conditions to be met by thgem to an (arbitrary) orthogonal st;} (as we mentioned in
dispersion matrix such that the resulting STC is DMT-optimae previous section, for this particular choicemnf {u; Ms; }
This, however, comes at the price of a weaker statement, i the Yao-Wornell construction vanishes to zero, howekia t
Theorem 2, only asserts theistence of good scalar codes goes not hurt the DMT-optimality of the construction as the
that, when used in conjunction with an appropriate diSperSiprobability of suchu, is zero). This same argument could
matrix, result in a DMT-optimal STC. be made for the collection of theth (m > k > 1) rows of
Next, we illustrate the application of Theorem 2 by examy; . by modifying u; to have its nonzero element at théh
ining the 2 x 2 construction of Yao and Wornell [2]. In this position, and by setting = {i}. With these ideas in mind,

construction, the matrix/ is set to we next detail our construction.
costh —sinf; 0 0 The construction is best illustrated through an example. Se
M = 8 8 ?9832 - 513992 ) (9 m=q=T=23 andlet{v;}?_,, {v;}7_, and {v,}3_, be
Sz costa three sets of orthogonal vectors @' *°. Also, let {¢;}5_,

sinfh  cosy 0 0 be threedistinct complex numbers. Now, the desired STC is



notC'*™), Also, let us denote the vector derived by circularly
down-shifting vectom; for k times byn(u;, k). Using these

constructed by setting)M, 155)}7_; to

M B P1vi V1 ¢3V1 10 notations, and through inspection, we can write the set of
L{1.23} = zlv? §2Y2 z?"_’Q ’ (10)  gquations resulting from (14) as
1V3 2V3 3V3
- N s m ||
$2v3  P3V3 @1V3 , . Ltt—1)=0. |II>i>1
Ms (12,33 = | P2v1 P3v1 P1va |, (11) Zzat’jd)dﬂibmﬂw(uj’ )=0, H=ziz1,
AL.2, M v t=1 j=1
| P2va  P3Ve  P1Va] !
[63vs 19 Gois] which can in turn tie written a¥J;a; = 0, wherea; £
Ms 123y = |¢3vs ¢1Vs ¢2V3 (12) lav1, 02,5, am, )" and
[PV P1V1 P2V P11 pom(ly,1) G (O, m — 1)

It is important to realize that the only requirement fw; },
{v,} and {v;}, as far as DMT-optimality is concerned, is
that they are sets of orthogonal vectoegy., we could have
chosen{v;}, {v;} and{¥,} to be identical, or for that matter
any permutations of one another. Also, while we have chos
M y~,41, to be (up to a scaling factor) the circular shift &
down of M, ;, this need not be the caseg., we could have U, 4 [ﬁj m(dj,1)
set M~ 412 t0 be a circular shift up of/; 5.

To get an appreciation of why the construction achievése fuI_I rank, thenU_I is also fuII_rank. Note,_however, that
the optimal DMT, letv; = ¥, = v, be the unit vector {U;} is a set of circulant matrices. The eigenvalues of a

with a single nonzero element at théh position. It can circulant matrix are given by the discrete fourier transfor
then be seen that.g., transmit antenna one, two and threéD',:T) of 'FS f|rst row, i.e, DFT of - Since {‘{J’,} are

transmitérc: (1) + doca(1) + dyes(1), doci(1) + daea(l) + un!formly distributed,{ U, } are full rank with probability one.
¢1c3(1), andgser (1)+p1ca(1)+¢p2cs(1) over symbol-interval This concludes the proof.

t = 1, 2 and 3, respectively ¢;(t) is the ¢th symbol in V. CONCLUSION

streamc;). Thus every symbol in each of the streams is \yg considered LD codes and established a necessary and
transmitted by all of the antennas. This gives the intuitiog fricient condition on the dispersion matrix, such that the
why the construction achieves the maximal diversity gain kg iting STC is DMT-optimal. In other words, we showed that
the channel. To understand why the construction achievess nossible to use appropriate scalar codes to indepéigden
the maximal multiplexing gain, notice that on the averag@ncode a number of streams and then mix them using an

three new symbols are introduced per symbol-interval, Wh_i%ppropriate dispersion matrix to get a DMT-optimal STC.

is equal to the channel's degrees of freedom. The followiRge aiso presented a simple construction that satisfies these

theorem establishes the DMT-optimality of the CO”Stru‘:tiOrequirements, and is thus DMT-optimal, for arbitrary numbe

formally. o of transmit and receive antennas.
Theorem 3. The construction illustrated by (10), (11) and
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