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Abstract— In an effort to construct space-time codes (STC) that
enjoy both optimality with respect to the diversity-multiplexing
tradeoff (DMT) and encoding simplicity, we consider linear
dispersion codes and establish a necessary and sufficient con-
dition, in terms of the dispersion matrix, such that the resulting
STC is DMT-optimal. We also present a simple construction
that satisfies this condition, and is therefore DMT-optimal, for
arbitrary number of transmit and receive antennas.

I. I NTRODUCTION

It is well known that multi-input multi-output (MIMO) wire-
less systems offer two types of enhancements,i.e., throughput
and reliability. It is also known that increased throughput
comes at the price of reduced reliability, and vice versa,i.e.,
that there exists a tradeoff between these two enhancements. In
the context of frequency-flat Rayleigh block-fading channels,
this tradeoff is known as the diversity-multiplexing tradeoff
(DMT) originally characterized by Zheng and Tse [1].

Since the introduction of the DMT, there has been consid-
erable research activity to construct space-time codes (STC)
that trade throughput and reliability in an optimal way. For
example, in [2] Yao and Wornell consider a2 × 2 threaded
STC, in which the diagonal and anti-diagonal threads are uni-
tary transformations of QAM vectors. They show that through
proper choice of the unitary transformations, the determinant
of the codeword difference matrices can be bounded away
from zero. They then use this result to prove the DMT-
optimality of their construction. In [3], Dayal and Varanasi
consider the same2 × 2 threaded framework; however, they
optimize the unitary transformations to get a better coding
gain, as compared to the code of Yao and Wornell. Belfiore
et al.[4] also utilize this framework and propose a2× 2 STC
called the Golden code. The Golden code is DMT-optimal and
exhibits very good performance in terms of codeword error
probability.

Although all of the works mentioned above fall within the
category of threaded STCs, these are not the only DMT-
optimal codes in the literature. We mention only a few of
these other codes here, as they use a different methodology
than the focus of this work. We refer the interested reader to
[5] for a more detailed survey. In [6], El Gemalet al. use
lattice codes to construct DMT-optimal STCs, which they call
LAST codes. In [5], Eliaet al. use cyclic division algebras to
construct explicit STCs that are DMT-optimal. In [7], Tavildar

and Viswanath consider the problem of DMT-optimality under
arbitrary fading distributions, i.e., approximately universal
optimality. They show the existence of permutation codes that,
if used in a parallel channel, are approximately optimal. They
also show that these codes, if used in a D-BLAST fashion in
a MIMO channel, provide DMT-optimality in the limit as the
code length grows to infinity.

One distinguishing characteristic of the Yao-Wornell con-
struction is its simplicity; however, this construction islimited
to the case of two transmit and two receive antennas. In an
effort to overcome this limitation, we consider a class of
STCs called linear dispersion (LD) codes [8], and establish
necessary and sufficient requirements, in terms of the the
dispersion matrix, such that the resulting STC is DMT-optimal.
In other words, we show that it is possible to use appropriate
scalar codes to independently encode a number of streams,
and then mix them using a proper dispersion matrix to obtain
a DMT-optimal code. We do not address the stream encoding
issue in this paper. We also present a simple construction that
satisfies these requirements, and is therefore DMT-optimal, for
arbitrary number of transmit and receive antennas.

The rest of this paper is organized as follows. In Section II,
we detail the modeling assumptions and the LD space-time
coding framework to be used. We also review in some detail
the notion of diversity-multiplexing tradeoff, which is exten-
sively used in the subsequent sections. In Section III, we state
our main result, which is a necessary and sufficient condition
for DMT-optimality of a LD STC. We further illustrate this
result by an example. In Section IV, we present a simple
construction for LD STCs and prove its DMT-optimality for
arbitrary number of transit and receive antennas. Finally,in
Section V, we offer some concluding remarks.

Before proceeding, we summarize some of the notations
used throughout the paper. As usual,C is used to denote
the set of complex numbers. Superscriptst and ∗ denote the
transpose and conjugate transpose operations, respectively. |A|
denotes the cardinality of setA, andIm denotes them × m
identity matrix. Finally,=̇ denotes exponential equality, and
(x)+ denotesmax{x, 0}.

II. SYSTEM MODEL AND BACKGROUND

In this paper, we consider a MIMO wireless system with
m transmit andn receive antennas. We denote the channel’s



degrees of freedom byq , min{m,n}. We address a flat
Rayleigh block-fading setup where the path gains remain
constant overT consecutive symbol-intervals (i.e. a block),
but change independently from one block to another. We
further assume a coherent communication model resulting
from the availability of channel state information (CSI) atthe
destination. Under these assumptions, the channel input-output
relation is given by

yt =
√

ρH̃xt + nt for T ≥ t ≥ 1, (1)

whereyt ∈ C
n, xt ∈ C

m andnt ∈ C
n represent the received

signal, transmitted signal, and observed (unit-variance)addi-
tive white Gaussian noise, at timet, respectively.H̃ ∈ C

n×m

represents the channel matrix andρ denotes the transmission
power at each of the transmitting antennas.

Next, we define what we mean by a LD STC. Let{ci ∈
C

T }q
i=1

representq independently encoded streams of sym-
bols, each of rateR/q bits per symbol and lengthT . Also,
definec,x,y andH as

c , [ct
1 · · · ct

q]
t,

x , [xt
1 · · ·xt

T ]t,

y , [yt
1 · · ·yt

T ]t and

H , diag{H̃, · · · , H̃}.
We define an LD STCx as

x , Mc, (2)

whereM is anmT ×qT complex matrix called the dispersion
matrix. We define matrices{Mti}T,q

t=1,i=1
(of dimensionm ×

T ), such thatM = [Mti]. Let I be a nonempty subset of
{1, · · · , q}. The signaturexI of streams with indicesi ∈ I is
given by

xI , MIcI , (3)

wherecI andMI are derived fromc andM , respectively, by
deleting the entries corresponding to streamsi /∈ I. Matrices
{MtI}T

t=1 (of dimensionm × |I|T ), are defined such that
MI = [MtI ].

Next we give a brief introduction to the Zheng and Tse’s
formulation of DMT [1]. This formulation assumes a family of
space-time codes{xρ} indexed by the operating SNRρ, such
that the codexρ has rateR(ρ), in bits per channel use (bpcu),
and error probabilityPe(ρ). For this family, the multiplexing
gain r and the diversity gaind are defined by

r , lim
ρ→∞

R(ρ)

log ρ
and d , − lim

ρ→∞

log Pe(ρ)

log ρ
. (4)

The optimal DMT yields the maximum possible diversity gain
for every value ofr, and is summarized in the following result.

Theorem 1 ([1]): The optimal diversity gain for the coher-
ent block-fading MIMO channel withm transmit andn receive
antennas, at multiplexing gainr, is given by d(r) = f(r),
wheref(·) is the piecewise linear function joining the points
(k, (m−k)(n−k)) for k = 0, . . . , q. Moreover, there exists a
code that achievesd(r) for all block lengthsT ≥ m + n− 1.

III. A N ECESSARY ANDSUFFICIENT CONDITION FOR

DMT-OPTIMALITY OF LD STCS

In this section we state our main result, which gives a
necessary and sufficient condition for a LD STC to be DMT-
optimal. It is very important to emphasize, however, that the
condition is stated only in terms of the dispersion matrixM ,
i.e., we do not address the problem of stream encoding. Put
another way,M satisfying the condition ensures the existence
of stream encoders such that the STC given by (2) achieves the
optimal DMT. On the other hand, if the condition onM is not
met, then there are no stream encoders such that the optimal
DMT is achieved. We are now ready to state our result.

Theorem 2: A necessary and sufficient condition onM , for
DMT-optimality of the LD STC given by (2), is that

{u∗
jMtI |T ≥ t ≥ 1, |I| ≥ j ≥ 1}, (5)

be a set of|I|T linearly independent vectors inC|I|T , with
probability one, for any nonempty subsetI of {1, · · · , q}. In
(5), {uj}m

j=1 denotes a uniformly distributed set of orthogonal
vectors inC

m.
Proof: To prove the sufficiency part, we characterizePe|H ,

i.e., the joint ML error probability of the LD STC, averaged
over the ensemble of Gaussian streams{ci} and conditioned
on a fixed channel realizationH = H. We then argue that
for the average error probabilityPe (averaged with respect to
both the code and the channel ensembles) to be DMT-optimal,
Pe|H should be optimal with probability one.

To characterizePe|H , we split the error evente into a
number of disjoint error events{eI}, where eI denotes the
event when only streams{ci}i∈I are decoded in error. We
can then write

Pe|H =
∑

I

PeI |H , or

d(r) = inf
I

dI(r), (6)

where d(r) and dI(r) denote the diversity gains ofPe and
PeI

, respectively. Following [1], we upper bound the pairwise
error probabilityPeI ,p|H by

PeI ,p|H ≤
−1

det(InT +
1

2
ρHΣxI

H∗),

whereΣxI
denotes the covariance matrix ofxI . Using (3) and

recalling that the streams are encoded using an ensemble of
Gaussian codes, we get

PeI ,p|H ≤
−1

det(ImT +
1

2
ρM∗

I H∗HMI),

=
−1

det(ImT +
1

2
ρ

q
∑

j=1

λj

T
∑

t=1

(u∗
jMtI)

∗(u∗
jMtI)),

where {λ1 ≥ · · · ≥ λq ≥ 0} and {uj}q
j=1

are the eigenvalues and eigenvectors of̃H∗H̃,
respectively. Since

∑|I|
j=1

λj

∑T

t=1
(u∗

jMtI)
∗(u∗

jMtI) and



∑q

j=|I|+1
λj

∑T

t=1
(u∗

jMtI)
∗(u∗

jMtI) are both Hermitian and
positive definite, we can write ([9], p. 367)

PeI ,p|H ≤
−1

det(ImT +
1

2
ρ

|I|
∑

j=1

λj

T
∑

t=1

(u∗
jMtI)

∗(u∗
jMtI)).

Now since {u∗
jMtI}|I|,Tj=1,t=1

are linearly independent with
probability one, we can use the Gram-Schmidt orthonor-
malization process [9] to show that, with probability one,
∑|I|

j=1
λj

∑T

t=1
(u∗

jMtI)
∗(u∗

jMtI) has exactlyT eigenvalues
corresponding to everyλj for |I| ≥ j ≥ 1, and of the same
exponential order. Thus

PeI ,p|H≤̇
|I|
∏

j=1

(1 + ρλj)
−T ,

which leads to an outage event [1]

OI = {α|
|I|
∑

j=1

(1 − αj)
+ ≤ |I|

q
R}, (7)

whereλj=̇ρ−αj . Recalling that the outage set for a standard
m × n MIMO is [1]

Om×n = {α|
q

∑

j=1

(1 − αj)
+ ≤ R},

we realize that for allI 6= {1, · · · , q}, OI ⊂ Om×n and thus

dI(r) ≥ dm×n(r),∀I 6= {1, · · · q}. (8)

In this expression,dm×n(r) denotes the optimal diversity gain
for an m × n MIMO channel. ForI = {1, · · · , q}, OI =
Om×n and thusdI(r) = dm×n(r). This, together with (8)
and (6), givesd(r) = dm×n(r), which concludes the proof
for the sufficiency part.

Due to space limitations, we do not give the proof for the
necessity part, though the main idea is the same,i.e., if (5) does
not hold with probability one, then the signature of certain
groups of streams, as a whole, misses the best eigenvalue of
the channel with nonzero probability. This clearly prevents the
LD STC from achieving the optimal DMT.

Before illustrating the application of Theorem 2, we notice
that working with an ensemble of random stream encoders,
rather than a specific set of them, has relieved us from
dealing with codeword difference matrices and has resulted
in a concise description of the conditions to be met by the
dispersion matrix such that the resulting STC is DMT-optimal.
This, however, comes at the price of a weaker statement,i.e.,
Theorem 2, only asserts theexistence of good scalar codes
that, when used in conjunction with an appropriate dispersion
matrix, result in a DMT-optimal STC.

Next, we illustrate the application of Theorem 2 by exam-
ining the 2 × 2 construction of Yao and Wornell [2]. In this
construction, the matrixM is set to

M =









cos θ1 − sin θ1 0 0
0 0 cos θ2 − sin θ2

0 0 sin θ2 cos θ2

sin θ1 cos θ1 0 0









. (9)

Now for I = {1},

u∗
1M11 =

[

u1(1) cos θ1 −u1(1) sin θ1

]

,

u∗
1M21 =

[

u1(2) sin θ1 u1(2) cos θ1

]

,

which are obviously linearly independent with probabilityone
(if u1(1) = 0 or u1(2) = 0, then one of the vectors vanishes).
The case ofI = {2} is very similar to that ofI = {1}. For
I = {1, 2},

u∗
1M1{1,2} =









u1(1) cos θ1

−u1(1) sin θ1

u1(2) cos θ2

−u1(2) sin θ2









t

u∗
2M1{1,2} =









u2(1) cos θ1

−u2(1) sin θ1

u2(2) cos θ2

−u2(2) sin θ2









t

and

u∗
1M2{1,2} =









u1(2) sin θ1

u1(2) cos θ1

u1(1) sin θ2

u1(1) cos θ2









t

u∗
2M2{1,2} =









u2(2) sin θ1

u2(2) cos θ1

u2(1) sin θ2

u2(1) cos θ2









t

which are again seen to be linearly independent with proba-
bility one. Thus the construction is DMT-optimal.

IV. A C ONSTRUCTION FORDMT-OPTIMAL LD STC

In this section, we present an example construction for
an LD STC with arbitrary number of transmit and receive
antennas, and further prove its DMT-optimality through the
use of Theorem 2. To motivate the construction, notice that
Theorem 2 requires{u∗

jMtI |T ≥ t ≥ 1, |I| ≥ j ≥ 1} to be a
set of |I|T linearly independent vectors, for most choices of
{uj}. Let uj be a unit vector with only one nonzero element
(one) at positionj. Also, let I = {1}. With these choices,
{u∗

jMtI |T ≥ t ≥ 1, |I| ≥ j ≥ 1} reduces to the collection of
the first rows ofMt1, for T ≥ t ≥ 1. Now, one way to make
sure that this collection is linearly independent is by setting
them to an (arbitrary) orthogonal set{vj} (as we mentioned in
the previous section, for this particular choice ofu1, {u1M21}
in the Yao-Wornell construction vanishes to zero, however this
does not hurt the DMT-optimality of the construction as the
probability of suchu1 is zero). This same argument could
be made for the collection of thekth (m ≥ k ≥ 1) rows of
Mti by modifying u1 to have its nonzero element at thekth
position, and by settingI = {i}. With these ideas in mind,
we next detail our construction.

The construction is best illustrated through an example. Set
m = q = T = 3, and let{vj}3

j=1, {ṽj}3
j=1 and {v̄j}3

j=1 be
three sets of orthogonal vectors inC1×3. Also, let {φj}3

j=1

be threedistinct complex numbers. Now, the desired STC is



constructed by setting{Mt,{1,2,3}}3
t=1 to

M1,{1,2,3} =





φ1v1 φ2ṽ1 φ3v̄1

φ1v2 φ2ṽ2 φ3v̄2

φ1v3 φ2ṽ3 φ3v̄3



 , (10)

M2,{1,2,3} =





φ2v3 φ3ṽ3 φ1v̄3

φ2v1 φ3ṽ1 φ1v̄1

φ2v2 φ3ṽ2 φ1v̄2



 , (11)

M3,{1,2,3} =





φ3v2 φ1ṽ2 φ2v̄2

φ3v3 φ1ṽ3 φ2v̄3

φ3v1 φ1ṽ1 φ2v̄1



 . (12)

It is important to realize that the only requirement on{vj},
{ṽj} and {v̄j}, as far as DMT-optimality is concerned, is
that they are sets of orthogonal vectors,e.g., we could have
chosen{vj}, {ṽj} and{v̄j} to be identical, or for that matter
any permutations of one another. Also, while we have chosen
M<t>3+1,i to be (up to a scaling factor) the circular shift
down of Mt,i, this need not be the case,e.g., we could have
setM<t>3+1,2 to be a circular shift up ofMt,2.

To get an appreciation of why the construction achieves
the optimal DMT, let vj = ṽj = v̄j be the unit vector
with a single nonzero element at thejth position. It can
then be seen that,e.g., transmit antenna one, two and three
transmitφ1c1(1) + φ2c2(1) + φ3c3(1), φ2c1(1) + φ3c2(1) +
φ1c3(1), andφ3c1(1)+φ1c2(1)+φ2c3(1) over symbol-interval
t = 1, 2 and 3, respectively (ci(t) is the tth symbol in
stream ci). Thus every symbol in each of the streams is
transmitted by all of the antennas. This gives the intuition
why the construction achieves the maximal diversity gain of
the channel. To understand why the construction achieves
the maximal multiplexing gain, notice that on the average,
three new symbols are introduced per symbol-interval, which
is equal to the channel’s degrees of freedom. The following
theorem establishes the DMT-optimality of the construction
formally.

Theorem 3: The construction illustrated by (10), (11) and
(12) is DMT-optimal.

Proof: Using Theorem 2, to establish the DMT-optimality
of the construction, we need to show that{u∗

jMtI |m ≥ t ≥
1, |I| ≥ j ≥ 1} is a set ofm|I| linearly independent vectors
with probability one (without loss of generality, we setI =
{1, · · · , |I|}). Toward this end, we show that if

m
∑

t=1

|I|
∑

j=1

at,ju
∗
jMt,I = 0, (13)

thenat,j = 0,∀t, j with probability one. First we notice that
(13) is equivalent to

m
∑

t=1

|I|
∑

j=1

at,ju
∗
jMt,i = 0, |I| ≥ i ≥ 1. (14)

However, since the corresponding rows of{Mt,i}m
t=1 are

linearly independent, for every value ofi, equation (14) can be
spilt-up intom equations. Let us denote the vector derived by
element-wise conjugation ofuj by ûj (note thatûj ∈ C

m×1,

not C1×m). Also, let us denote the vector derived by circularly
down-shifting vectoruj for k times byπ(uj , k). Using these
notations, and through inspection, we can write the set of
equations resulting from (14) as

m
∑

t=1

|I|
∑

j=1

at,jφ<t+i−2>m+1π(ûj, t − 1) = 0, |I| ≥ i ≥ 1,

which can in turn be written asUIaI = 0, where aI ,

[a1,1, a2,1, · · · , am,|I|]
t and

UI ,











φ1û1 φ2π(û1, 1) · · · φmπ(û|I|,m − 1)
φ2û1 φ3π(û1, 1) · · · φ1π(û|I|,m − 1)

...
...

...
φ|I|û1 φ|I|+1π(û1, 1) · · · φ|I|−1π(û|I|,m − 1)











.

Now, for aI to be 0, UI needs to be full rank. Given that
{φj}m

j=1 are distinct, one can show that if

Uj ,
[

ûj π(ûj , 1) · · · π(ûj ,m − 1)
]

, ∀|I| ≥ j ≥ 1

are full rank, thenUI is also full rank. Note, however, that
{Uj} is a set of circulant matrices. The eigenvalues of a
circulant matrix are given by the discrete fourier transform
(DFT) of its first row, i.e., DFT of uj . Since {uj} are
uniformly distributed,{Uj} are full rank with probability one.
This concludes the proof.

V. CONCLUSION

We considered LD codes and established a necessary and
sufficient condition on the dispersion matrix, such that the
resulting STC is DMT-optimal. In other words, we showed that
it is possible to use appropriate scalar codes to independently
encode a number of streams and then mix them using an
appropriate dispersion matrix to get a DMT-optimal STC.
We also presented a simple construction that satisfies these
requirements, and is thus DMT-optimal, for arbitrary number
of transmit and receive antennas.
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