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Abstract

We consider a three-terminal state-dependent relay channel with the channel state non-causally
available at only the relay. In the framework of cooperative wireless networks, some specific terminals
may be equipped with cognition capabilities, i.e., the relay in our setup. In the discrete memoryless
(DM) case, we establish lower and upper bounds on channel capacity. The lower bound is obtained by
a coding scheme at the relay that uses a combination of codeword splitting, Gel’fand-Pinsker binning,
and decode-and-forward relaying. The upper bound improves upon that obtained by assuming that the
channel state is available at the source, the relay, and the destination. For the Gaussian case, we also
derive lower and upper bounds on the capacity. The lower bound is obtained by a coding scheme at the
relay that uses a combination of codeword splitting, generalized dirty paper coding, and decode-and-
forward relaying; the upper bound is also better than that obtained by assuming that the channel state
is available at the source, the relay, and the destination. In the case of degraded Gaussian channels,
the lower bound meets with the upper bound for some special cases and the capacity is obtained for
these cases. Furthermore, in the Gaussian case, we also extend the results to the case in which the relay

operates in a half-duplex mode.
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I. INTRODUCTION

We consider a three-terminal state-dependent relay channel (RC) in which the channel outputs
Y, and Y3 for the relay and the destination, respectively, are controlled by the channel input
X, the relay input X, and the channel state S, through a given memoryless probability law
Wy, vsx1,X2,5- The channel state S' is generated according to a given memoryless probability
law ). It is assumed that the channel state is non-causally known to only the relay. As shown
in Figure 1, the source wants to communicate a message W to the destination through the
state-dependent RC in n channel uses, with the help of the relay. The destination estimates the
message sent by the source from the received channel output. In this paper, we study the capacity
of the communication system described above. We refer to this model as state-dependent RC

with informed relay.
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Fig. 1. Relay channel with state information S™ available non-causally at only the relay.

A. Background

Channels with random parameters or states have received considerable attention due to a
wide range of possible applications. Shannon initiated the study of single-user models with
state causally available at the encoder [1]. For the single-user discrete memoryless (DM) state-
dependent models, Gel’fand and Pinsker derive the capacity for the setup in which the channel
state is non-causally available at the encoder [2]. In this case, a random coding scheme based
on binning, known as Gel fand-Pinsker coding, achieves the capacity [2]. Costa considers an
additive Gaussian channel with additive Gaussian state known at the encoder and shows that

Gel’fand-Pinsker coding with a specific auxiliary random variable, widely known as dirty paper
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coding (DPC), achieves the trivial upper bound obtained by assuming the channel state available
also at the decoder [3]. Interestingly, DPC eliminates the effect of the additive channel state on
the capacity, as if there were no channel state present in the model or the channel state were
known to the decoder as well. Also, since DPC achieves the trivial upper bound for this model,
there is no need to derive tighter upper bounds for this model. In [4], models with channel
state available non-causally at the encoder are studied from the view of memories with defects.
Practical coding realizations using concepts of lattices for the models with non-causal encoder
state information are studied, e.g., in [5], [6]. For a review on the subject of state-dependent
channels and related work, the reader may refer to [7].

A growing body of work studies multi-user state-dependent models with non-causal encoder
state information [8]—[20]. In the multi-user models, the channel state can be known to all,
only some, or none of the users in the communication system. In the case of state-dependent
DM models, the multiple access channels (MAC) are considered in [11] if partial channel state
is available at all the encoders and the full channel state is available at the decoder, and the
state dependent broadcast channels (BC) are considered in [12], [21] if the channel state is
non-causally known at the encoder.

In the Gaussian case, the MAC with all informed encoders, the BC with informed encoder,
the physically degraded relay channel (RC) with informed source and informed relay, and the
physically degraded relay broadcast channel (RBC) with informed source and informed relay
are studied in [8], [9], [18]. In all these cases, it is shown that some variants of DPC achieve
the respective capacity or the respective capacity region. Also, since for all these models DPC
achieves the trivial upper or outer bound obtained by assuming that the channel state is also
available at the decoders, it is not necessary to derive tighter upper or outer bounds. For all
these models, the key assumption that makes the problem relatively easy is the availability of
the channel state at all the encoders in the communication model so that these encoders can
remove the effect of the channel state on their respective communication using variants of DPC.
It is interesting to study state-dependent multi-user models in which some, but not all, encoders
are informed of the channel state, because the uninformed encoders cannot apply DPC.

The state-dependent MAC with some, but not all, encoders informed of the channel state
is considered in [10], [13]-[16] and the state-dependent relay channel with informed source is

considered in [18], [19]. For the Gaussian case of these models, the informed encoder applies a
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slightly generalized DPC (GDPC) in which the channel input random variable and the channel
state random variable are negatively correlated. In these models, the uninformed encoders benefit
from GDPC applied by the informed encoders because the negative correlation between the
codewords at the informed encoders and the channel state can be interpreted as (partial) state
cancellation. For the state-dependent MAC with one informed encoder and the case in which
the message sets are degraded, the capacity region for the Gaussian case is obtained by deriving
a non-trivial outer bound [16]. For the study of communication models in which only some
encoders are informed, it is important to obtain non-trivial upper or outer bounds that show how
tight are the achievable rates or rate regions obtained by application of variants of DPC. In this
paper, we consider a state-dependent relay channel with the channel state known to only the
relay. This model is conceptually different from the model considered in [18], [19] in which the

channel state is non-causally known to only the source.

B. Motivation

Channels whose probabilistic input-output relationship depends on random parameters, called
channel state, can model a large variety of problems, each related to some physical situation of
interest. This includes information embedding [22]-[27], dispersive (ISI) channels [5], fading
in wireless environments [28], and multiple-input multiple-output (MIMO) broadcast channels
[29]-[31] where DPC is a central ingredient in achieving the capacity region [32].

More recently, driven by the growing demand for frequency spectrum, smart radio devices
that are capable of obtaining the knowledge about the channel state, called cognitive radios, are
introduced into communication systems in order to help those non-cognitive radios in terms of
spectral efficiency [33]. In a wireless interference network in which some terminals compete and
some others cooperate, equipping some specific terminals with cognition capabilities that allow
them to learn the interference to high accuracy would help other non-cognitive terminals. These
cognitive radios can exploit the knowledge of the interference or channel state to remove its effect
on the transmission of their own messages and also that of the messages of the non-cognitive
terminals as well. In order to better understand communication systems that involve cognitive
radios, it is important to study fundamental performance limits, such as capacity or capacity
regions, of the models with only some of the encoders being informed. For example, to increase

system spectral efficiency, collaboration has been investigated in the realm of cognition in [34]-
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[36]. Also, the problem of collaborative signal transmission in the presence of some cognizant
terminals has been investigated for a MAC scenario in [13], [16] and for an interference channel
scenario in [37]-[40]. The setup we consider in this paper also models the building block for
collaborative wireless networks in which only the relays, but neither sources nor destinations,

are cognizant of the channel state. An example of such scenario is shown in Figure 2.

O -

Fig. 2. Example wireless network with cognition capabilities. If the relay 7% is cognizant of the competing source Tp, it can

help the source 7' cancel the effect of the interference from 7p.

C. Main Contributions

For the DM case, we derive lower and upper bounds on the capacity of the general state-
dependent relay channel with informed relay. The lower bound is obtained by a coding scheme
at the relay that uses a combination of codeword splitting, Gel’fand-Pinsker coding, and decode-
and-forward (DF) relaying. For this model, designing a codebook at the relay is challenging
since such a codebook should allow the source to generate codewords that are correlated with
the channel input of the relay which exploits the available channel state. In this work, this is
accomplished by codeword splitting at the relay. In codeword splitting, the channel input of
the relay is generated from two codewords: the first of which is a function of the cooperative
information and the channel state, and the second of which is a function of only the cooperative
information. Since the source knows the cooperative information, it can generate its channel
input in a way such that it is correlated with the latter codeword at the relay, which is a function

of only the cooperative information.

June 17, 2009 DRAFT



The upper bound on the capacity is tighter than that obtained by assuming that the channel
state is also available at the source and the destination. This upper bound is non-trivial and
relates to the bounding technique developed in the context of multiple access channels with
asymmetric channel state in [16, Theorem 2]; however, we note that the present upper bound is
proved using techniques that are different from those in [16]. On a related note, we mention that
at a high level there is a connection between the multiple access transmission part in the RC
with informed relay in this work and the models in [13], [16]. However, there are also numerous
conceptual differences that will be discussed whenever relevant. In particular, by opposition to
[13], [16], in our setup, the uninformed encoder (the source) knows the message of the informed
encoder (the relay).

Furthermore, we specialize the results to the case in which the channel is degraded. Also, we
extend the lower bound for the DF relaying scheme to the case in which the relay employs a
partial decode-and-forward relaying scheme.

We apply the concepts developed in the DM case to the Gaussian case in which both the
noise and the state are additive Gaussian random variables. In our analysis for the Gaussian RC,
we first allow the relay to operate in a full-duplex mode in which it can transmit and receive
simultaneously, and then we constrain it to operate in a half-duplex mode in which it can either
only transmit or only receive.

In the case of full-duplex transmission, we derive lower and upper bounds on the capacity
of the Gaussian relay channel with informed relay. We obtain the lower bound by using the
concepts of codeword splitting, generalized DPC (GDPC) [10], [41], and decode-and-forward
relaying. Through codeword splitting, the channel input of the source is partially coherent with
the channel input of the relay. We also point out the loss incurred by the availability of the
channel state at only the relay in the upper bound. We show that the lower bound is in general
close to the upper bound. In the case of degraded Gaussian channel, the lower bound meets with
the upper bound for some special cases.

In the case of half-duplex transmission, we derive lower and upper bounds for the capacity
of the Gaussian relay channel with informed relay. In this case, we focus on relaying protocols
in which the relay either fully or partially decodes the source message, re-encodes and sends it

to the destination, i.e., full/partial decode-and-forward.
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D. Outline and Notation

An outline of the remainder of this paper is as follows. Section II describes the communication
model that we consider in this work. Section III provides lower and upper bounds on the capacity
of the general discrete memoryless RC with informed relay. Section IV provides lower and upper
bounds on the capacity of the Gaussian RC with informed relay. This section also contains some
numerical results and discussions. Finally, Section V concludes the paper.

We use the following notations throughout the paper. Upper case letters are used to denote
random variables, e.g., X; lower case letters are used to denote realizations of random variables,
e.g., r; and calligraphic letters designate alphabets, i.e., X. The probability distribution of a
random variable X is denoted by Px(x). Sometimes, for convenience, we write it as Py. The
short-hand notation X7 indicates a sequence of random variables (X;, X1, - ., X;) and ]
denotes a particular realization of a random sequence Xf . For convenience, the length n vector
x™ will occasionally be denoted in boldface notation x. We use the notation Ex[-] to denote the
expectation of random variable X. The set of probability distributions defined on an alphabet X
is denoted by P(X). A probability distribution of a random variable Y given X is denoted by
Py |x. The Gaussian distribution with mean p and variance o2 is denoted by N(yu, 0?). Finally,
throughout the paper, logarithms are taken to base 2, and the complement to unity of a scalar

u € [0,1] is denoted by 4, i.e., u =1 — u.

II. SYSTEM MODEL AND DEFINITIONS

In this section, we formally present our communication model and the definitions related to
it. As shown in Figure 1, we consider a state-dependent relay channel denoted by Wy, v, x, x.,s
whose outputs Y5 € Y, and Y3 € Y3 for the relay and the destination, respectively, are controlled
by the channel inputs X; € X; from the source and X, € X, from the relay, along with a
channel state S' € 8. It is assumed that the channel state .S; at time instant 7 is independently
drawn from a given distribution (s and the channel state S™ is non-causally known at the relay.

The source wants to transmit a message W to the destination with the help of the relay,
in n channel uses. The message W is assumed to be uniformly distributed over the set W =
{1,---, M}. The information rate R is defined as log M /n bits per transmission.

An (M,n) code for the state-dependent relay channel with informed relay consists of an
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encoding function at the source

or - AL, M} — X7,
a sequence of encoding functions at the relay

Ga 12_11 x 8" — Xoj,
for:=1,2,...,n, and a decoding function at the destination

" Yy —{1,--- , M}.

From a (M, n) code, the sequences X' and X from the source and the relay, respectively, are
transmitted across a state-dependent relay channel W (ys, y3|x1, 22, s) modeled as a memoryless
conditional probability distribution, so that

PYZ",YS"|X{L,X§,S" (y2, yz |27, 25, 8") =
H WYQ,Yg\Xl,X2,5<y2,ia 3/3,i|x1,i, T2, Si)- (1)
i=1
The destination estimates the message sent by the source from the channel output Y5'. The
average probability of error is defined as P = Pr[¢"(Yy") # W1.

An (e,n, R) code for the state-dependent RC with informed relay is an (2"%, n)—code (¢}, ¢, ")
having average probability of error P not exceeding e.

A rate R is said to be achievable if there exists a sequence of (¢, n, R)—codes with lim,, ., €, =
0. The capacity C' of the non-causal state-dependent RC with informed relay is the supremum
of the set of achievable rates.

The channel is said to be physically degraded if the conditional distribution Wy, v;|x, x,,5
factorizes as

WY27Y3\X17X2,S = WY2|X1,X2,SWY3\Y27X27S' 2)

ITI. THE DISCRETE MEMORYLESS RC WITH INFORMED RELAY

In this section, we assume that all the alphabets in the model, S, Xy, Xy, Yo and Y3, are

discrete and finite.
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A. Lower Bound on Capacity

The following theorem provides a lower bound on the capacity of the state-dependent DM
RC with informed relay.

Theorem 1: The capacity C of the state-dependent DM RC with informed relay satisfies
C > R, where

R® = maxmin {](Xl; Ys|S, Uy),
[(X17U17U2;Y3)_I(U2;S|U1>}7 (3)
with the maximization over all probability distributions of the form

Ps v, 05,%1, %52,y =
Qs Pu, Px, v, Puoju,,s Pxs|vr,Us,5Wya,v3) X1, X2,8 4
and U; € U; and U, € U, are auxiliary random variables with
Un| < [S[|X1][Xo] + 1 (5a)
Ual < (1811011 ] + 1) 18][21][2Xa], (5b)

respectively.

Remark 1: The lower bound (3) is based upon a technique at the relay we call codeword
splitting, combining decode-and-forward (DF) relaying [42, Theorem 1] with Gel fand-Pinsker
coding [2]. In conventional DF strategies, the source knows the relay input, allowing the source
and relay to utilize a joint codebook to transmit cooperative information. However, in our model
there is a tension between the utility of a joint codebook for relaying and the utility of the relay’s
making use of the channel state, which is unknown to the source. To resolve this tension, we
generate two codebooks at the relay. In one codebook, the random codewords U}* are generated
using a random variable U; that is independent of the channel state S. The relay chooses the
appropriate random codeword from this codebook using only the cooperative information. In the
other codebook, the codewords UJ are generated using a random variable U, that is correlated
with the channel state S and the variable U, through Py, i, s. The relay chooses the appropriate
codeword from this codebook using both the cooperative information and the channel state, in
order to combat the effect of the channel state on the communication. Finally, the relay generates

the channel input X3 from (U, U3') using the conditional probability law Px,|i, ,,s- The source
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10

knows U7* as this is a function of only the cooperative information, and, given U}', it generates
the random codeword X" according to the conditional probability law Py, ¢,. Thus, the channel
inputs of the source and the relay are correlated through U{'. A dependence diagram of the

random variables that are involved in the coding scheme is shown in Figure 3.

S
Uy ————» PX2|U1,U2,S —» X5

Ui

PXl\Ul 4>X1

Fig. 3. Dependence diagram of the random variables for the lower bound in Theorem 1.

Remark 2: The term [ (X1, Uy, Us; Y3)—1(Usy; S|Up)] in (3) can be interpreted as an achievable
sum rate over a state-dependent MAC with one informed encoder and degraded messages, i.e.,
one common and one individual message. In our model, the informed encoder sends only
the common message, i.e., the cooperative information of DF relaying, and the uninformed
encoder sends both the common and individual messages. By contrast, [13], [16] derive the
capacity region for the reverse situation in which the informed encoder sends both the common
and individual messages, and the uninformed encoder sends only the common message. This
swapping of roles makes coding at the relay more involved than in [13], [16] for the state-
dependent MAC and the [18], [19] for the related state-dependent RC with informed source. |
Proof of Theorem 1:
First we generate a random codebook that we use to obtain the lower bound in Theorem 1.
Next, we outline the encoding and decoding procedures at the source and the relay. The coding
scheme is based on a combination of codeword splitting, regular-encoding backward decoding
for DF [43], and a variation of Gelf and-Pinsker binning. A formal proof with complete error
analysis is given in Appendix A.

Codebook generation:

Fix a measure Psy, 1, x,,x,,v5,v; satisfying (4). Fix € > 0 and denote

J — onI(U2S]U1)+2¢) (6a)

M = 2R, (6b)
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1. We generate M independent and identically distributed (i.i.d.) codewords {u; (w’)} indexed
by w' =1,..., M, each with i.i.d. components drawn according to Py, .

2. For each codeword u;(w'), we generate M i.i.d. codewords {x;(w’,w)} at the source
indexed by w = 1,..., M, and J auxiliary codewords {us(w’,j)} at the relay indexed
by j=1,...,J. The codewords x;(w’,w) and uy(w’, j) are with i.i.d. components given
u; (w') drawn according to Px, |y, and Py,|y,, respectively.

Outline of the coding scheme:

We outline the coding scheme in the following. The message W to be sent from the source
node is divided into B blocks wy, ws, ..., wp of nR bits each. For convenience we let wg,; = 1.
The transmission is performed in B + 1 blocks. We denote by s|i] the channel state in block i,
i=1,...,B+1.

Continuing with the strategy, in the first block, the source transmits x; (1, w;). The relay searches
for the smallest j € {1,---,J} such that u;(1), us(1,j) and s[1] are jointly typical (the
properties of strongly typical sequences guarantee that there exists one such j). Denote this
j by j* = j(s[1],1). Then, the relay transmits a vector x2(1) with i.i.d. components given
(u1(1),uz(1,5%),s[1]) drawn according to the marginal Px,y, v,,s induced by the distribution
(4). The decoder at the relay uses joint typicality. It declares that message w; is sent if there
is a unique w; such that x;(1,,) is jointly typical with (y»[1],s[1]) given u;(1), where yo[1]
denotes the information received at the relay in block 1. One can show that the relay can decode

reliably as long as n is large and
R < I(X1;Y3|S,Uy). (7)

So, suppose the relay correctly obtains w;. In the second block, the source transmits x; (wy, ws)
and the relay transmits a vector x(w;) with i.i.d. components given u; (wy), us(wy, j(s[2], w1)),
s[2] drawn according to the marginal Py, y, v,,s; the sequence u(ws, j(s[2],w;)) is chosen such
that j(s[2],w;) is the smallest j € {1,--- , J} satisfying u;(wy), us(ws,j) and s[2] are jointly
typical. Upon observation of y»[2], the decoder at the relay declares that w, is sent if there is a
unique wy such that x;(wy,w;) is jointly typical with (y,[2],s[2]) given u;(w;). Again, it can
decode reliably as long as n is large and (7) is true. At the relay, one continues in this way until

block B + 1.
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Consider now the destination, and let y3[i] be the received information at the destination in
block 7. Suppose these information are collected until the last block of transmission is completed.
The destination can then perform Willem’s backward decoding [43], by first decoding wp from
y3[B + 1]. Note that y3[B + 1] depends on x;i(wg, 1), u;(wg) and us(wg, j(s[B + 1],wg)),
which in turn depends only on wg. The decoder at the destination uses joint typicality. It declares
that wg is sent if there is a unique wg such that x, (g, 1), ui(wg), ve(wg, jp), ys|B + 1] are
jointly typical, for some index jg € {1,...,J}. One can show that the destination can decode

reliably as long as n is large and
R < I(Xy,U1,Us; Y3) — I(Uy; S|Uy). )

So, suppose the destination correctly obtains wp. Next, the destination decodes wp_; from y3[B],
which depends on x;(wp_1,wg), ui(wp_1) and us(wp_1, j(s[B],wp_1)). Since the destination
knows wp, it can again decode reliably as long as n is large and (8) is true. At the destination,
one continues in this fashion until all message blocks have been decoded. The average rate over
the B + 1 blocks is RB/(B + 1) bits per use, and by making B large one can get the rate as
close to R as desired.

Remark 3: In the case of classic RC without state, one can consider three different decode-
and-forward strategies: irregular encoding successive decoding [42], regular encoding sliding-
window decoding [44] and regular encoding backward decoding. It is well known that these
three strategies achieve the same rate in this case. In the state-dependent case with informed
relay, one can show that backward decoding achieves rates higher than those of sliding-window
decoding. More precisely, sliding window decoding at the destination at the end of block ¢ is as
follows (we use the notation in the proof of Theorem 1). The destination knows w;_» and also
the correct index j(s[i — 1], w;_»), and decodes w;_; based on the information received in the
two adjacent blocks 7 — 1 and ¢. It declares that the message w;_; is sent if there is a unique pair
(wi_l,ji_l) such that the vectors u; (w;_2), ug(w;_2, j(s[i — 1], w;—2)), X1 (w;—2, W;—1), y3[i — 1]
are jointly typical, and the vectors uy (w;_1), Wy (w;_1, Ji—1), ys|i] are jointly typical. Thus, the

destination obtains the message w;_; if

R < I(Xy,Uy,Uy; Ys) — I(Us; S|UY) ©)

I(Us; Y3|Uy) = I(Us; S|UL) > 0. (10)
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Hence, with window decoding also, the achievable rate is obtained by maximizing the RHS of
(3). However, unlike the above backward decoding scheme, the maximization is over a set of
distributions of the form (4) that satisfy the constraint (10). Because of the additional constraint,
this set is smaller than the one used in Theorem 1. Informally speaking, the additional constraint
(10) guarantees that, in the decoding of the vectors u; and u,, the destination can actually
decode the vector u, fully, i.e., it can determine not only the bin index (i.e., the message w; 1)
but also the correct sequence in the bin (i.e., the index j(s[i],w;_1)). R

The achievable rate in (3) requires the relay to fully decode the message sent by the source,
and this can be rather a severe constraint. We can generalize Theorem 1 by allowing the relay to
decode the source message only partially [45]. This can be done by introducing a new random
variable U that represents the information decoded by the relay. The following corollary provides
an achievable rate obtained by using a partial decode-and-forward (PDF) scheme at the informed
relay.

Corollary 1: The capacity C' of the state-dependent DM RC with informed relay satisfies
C > Riyp, where

Ripe = maxmin {1(U3 Y3l S, U1) + [(X23 Y3[U, Uy, Ua)

+ min{07[<U2; Y3’U, Ul) - [(Uz; S|U1)}, [(Xb Un, U2§YE%) - I(UQ; S|U1)}>

(11
with the maximization over all probability distributions of the form
Ps 105,01, %2, ¥2,v5 =

Qs Py, Puju, Px,v,,u Pos iy, s Pxa vy, 0s,5Wys, va | X1, X0,8 (12)

and U; € U; , Uy € Uy, and U € U are auxiliary random variables with
[Us | < [S]]X4 ][] +2 (13a)
[Ual < (181194119 + 2) 18]/ 2] +2 (13b)
I < (18116 [2a] +2) 8112112 + 2. (130)

respectively.
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The proof of Corollary 1 is similar to that of Theorem 1 and, hence, only an outline of it is
given in Appendix B. For instance, the particular choice U = X; in Corollary 1 gives the lower
bound in Theorem 1.

An informal interpretation of the rate (11) for the case in which [I(Uy; Y3|U, Uy)—1I(Us; S|Uy)] >
0 is as follows. Since I(U; Y3|Uy, Uz, X71) = 0 for the distribution considered in (12), the second

term of the minimization in (11) can be written as
I(U, Uy, Uy; Ys) — I(Uy; S|Uy) + 1(Xy; Y3|U, Uy, Us).

The rate (11) can then be interpreted as the rate achievable if the message W transmitted by
the source is split into two independent parts, one of which is transmitted through the relay, say
at rate 17, and the other is transmitted directly to the destination without the help of the relay,
say at rate [?;. The total rate is R = R, + R4. In (11) the auxiliary variable U stands for the
information decoded by the relay and plays the role of X; in Theorem 1. Thus, it follows from
(3) that the message transmitted through the relay can be decoded correctly at the destination if

rate R, satisfies
R, < min{I(U;Y2|S, U)), [(U, Uy, Us; Ys) — I(U2;5|U1)}. (14)

It can also be easily argued (see Appendix B) that the additional information, which is sent on
top of the information transmitted through the relay, can be decoded correctly at the destination

if rate R, satisfies
Ry < I(X1;Y3|U, U, Us). (15)

This shows that message W can be sent at the rate (11).
We close this section by noting the relay can employ other relaying schemes to assist the
source, such as estimate-and-forward [42], amplify-and-forward [46]—-[48] or combinations of

these schemes. However, these schemes are beyond the scope of this paper.

B. Upper Bound on Capacity

The following theorem provides an upper bound on the capacity of the state-dependent DM
RC with informed relay.
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Theorem 2: The capacity C of the state-dependent DM RC with informed relay satisfies
C < R", where

R® = maxmin {](Xl; Ya, Ya|S, Xa),
1(X1, Xa3 Y3)S) — 1(X3; %) } (16)
with the maximization over all probability distributions of the form

Ps x, X2,y v; = @sPx, Pxy)x:,5Wys,v3 X1, X5,5- (17)

The proof of Theorem 2 appears in Appendix C.
In the second term of the minimum in (16), I(X;; S|Y3) can be interpreted as the rate penalty
caused by the source’s not knowing the channel state. This rate loss makes the above upper
bound tighter than the trivial upper bound obtained by assuming that the channel state is also

available at the source and the destination, i.e.,

R

triv

- maxmin{](Xl;Yg,Yg,|S, Xg),I(Xl,XQ;Y3|S)} (18)
with the maximization over all distributions of the form
Ps x, x0.v5,v; = Qs Px,15Px0x1,5Wys v3| X1, X0,5- (19)

If the channel is physically degraded, the upper bound in Theorem 2 reduces to the one in
the following corollary.
Corollary 2: The capacity of the state-dependent physically degraded RC with informed relay

satisfies Cp < Rpy, where
RY = maxmin {I(Xl; Ys|S, Xo),
1(X1, Xa3 Y3]S) — 1(X5; 1%5) } (20)
with the maximization over all probability distributions of the form

Ps x1,x5,v2,vs = Qs Px, Pxy %1 s Wi x1,X2,5 Wi |va,x5,5- (2D
Similar to the general case in Theorem 2, the upper bound in Corollary 2 is tighter than the

trivial upper bound in (18) for the degraded case.
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IV. THE GAUSSIAN RC WITH INFORMED RELAY

In this section, we consider a state-dependent Gaussian RC in which both the channel state
and the noise are additive and Gaussian. We also assume that the additive channel state is non-
causally known to only the relay. First, we consider full-duplex transmission at the relay, i.e.,
the relay transmits and receives at the same time, and we derive lower and upper bounds on
channel capacity for this case. Then, we extend these results to the half-duplex mode in which

the relay is constrained to operate in a time-division (TD) manner.

A. Full-Duplex Channel Model

For the full-duplex state-dependent Gaussian RC, the channel outputs Y5; and Y3, at time
instant ¢ for the relay and the destination, respectively, are related to the channel input X ; from

the source and X, ; from the relay, and the channel state S; by
Yo, = X1+ S+ 2o, (22a)
Y, =X+ Xo, + 5 + Zs, (22b)

where .S; is a zero mean Gaussian random variable with variance (), Z5; is zero mean Gaussian
with variance Ny, and Z3; is zero mean Gaussian with variance Ns. The random variables .S;,
Zy; and Z3; at time instant ¢ € {1,2,...,n} are mutually independent, and are independent of
(Sj, Zy;, Zs ;) for j # i. The random variables Z,; and Z3; are also independent of the channel
inputs (X7, X7).

For the full-duplex degraded additive Gaussian RC, the channel outputs Y5; and Y5, for the

relay and the destination, respectively, are related to the channel inputs X;; and X5; and the

state S; by
Yo, =X+ S+ Zs; (23a)
Yo, = Xo,; + Yo, + Z;,;,i, (23b)
where (Z3,,- -+, Z3,) is a sequence of i.i.d. zero mean Gaussian random variables with variance

N} = N3 — N, which is independent of ZJ.
The channel inputs from the source and the relay should satisfy the following average power

constraints,

Y X7, <nP, ) X3, <nPy (24)
=1

=1
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As we indicated previously, we assume that the channel state S™ is non-causally known at only
the relay. The definition of a code for this channel is the same as that given in Section II, with
the additional constraint that the channel inputs should satisfy the power constraints (24).

1) Lower and Upper Bounds on Capacity: In this section, we derive lower and upper bounds
on the capacity of the state-dependent full-duplex Gaussian RC with informed relay. The results
obtained in Section IV for the DM case can be extended to memoryless channels with discrete
time and continuous alphabets using standard techniques [49]. We use the bounds in Theorem
1 and Theorem 2 to compute bounds on the capacity for the Gaussian case.

The following theorem provides a lower bound on the capacity of the state-dependent Gaussian
RC with informed relay.

Theorem 3: The capacity Cg of the state-dependent Gaussian RC with informed relay satisfies
Cs > RY9, where

Pi(1— P/122)

Ny )

1
R§ = maxmin {510g(1 +

/
P12

1 (1+ Py + 0P; + 2p,,7/0P, P, ) 1 HPQ(l—p’fs))}’

max —lo + —log(1 +
6,05 2 & 9P2—|—Q+N3+2p125\/9P2Q 2 g(

with the maximization over parameters p!, € [0,1], § € [0,1], and ph, € [—1,0].
Proof: A formal proof of Theorem 3 is given in Appendix D.
Remarks:

o We compute the lower bound in (3) for an appropriate choice of the input distribution that
will be specified in the sequel. By extension, Remark 1 also applies for the Gaussian case.
More specifically, we should consider two important features in the design of an efficient
coding scheme at the relay: obtaining correlation or coherence between the channel inputs
from the source and the relay, and exploiting the channel state to remove the effect of
the state on the communication. As we already mentioned, it is not obvious to accomplish
these features because the channel state is not available at the source. Proceeding like for
the code construction in the DM case, we split the relay input X2 into two parts, namely
Ul' and X;‘. Furthermore, here we set U]* and X; to be independent. The first part, U7, is a
function of only the cooperative information, and is generated using standard coding. Since

the source knows the cooperative information at the relay, it can generate its codeword X7
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in such a way that it is coherent with U7', by allowing correlation between X7 and U7'.
The second part, X 7, which is independent of the source input X7, is a function of both
the cooperative information and the channel state S™ at the relay, and is generated using a
GDPC similar to that in [14], [16], [18].

o More formally, we decompose the relay input random variable X, as
X2 - Ul + XQ, (26)

where: U; is zero mean Gaussian with variance 0P, is independent of both f(g and S, and
is correlated with X, with E[U,X,] = pl,\/0P, Py, for some 6 € [0,1], g, € [~1,1] ; and
XQ is zero mean Gaussian with variance 6P, is independent of X, and is correlated with
the channel state S with E[X,S] = p),/0P,Q, for some ph, € [—1,1]. Expressed in terms
of the covariances 015 = E[X; X5] = E[X U;] and 095 = E[X,5] = IE[XQS], the parameters

Pl Py, are given by

Pro= e, fhy = s @7
12 éPl P2 ) 2s HPQQ
For the GDPC, we choose the auxiliary random variable U, as
Uy = Xy + aopeS (28)
with
0P (1 — p5,) — phoy/ G2 N5
Qlopt = 29)

0Py (1 — pf.) + N3
We now provide an upper bound on the capacity of the state-dependent general Gaussian RC
with informed relay.
Theorem 4: The capacity Cg of the state-dependent general Gaussian RC with informed relay

satisfies Cg < R¢Z, where

RY {1 <1+P (1 b N o ))
=1m min § — —
¢ e 2 %8 M2 N, TN

1 VP VP5)? 1 Po(1 — 2. — p2
— log (1—1— 5 ( 5 L+ P12y ) ; >+—log(1+ 5(1 = pia st)) ,
2 Po(1 = piy = p3,) + (V@ + p2sv/P2)? + N3 2 N3
(30)
with the maximization over parameters pio € [0, 1] and pos € [—1, 0] such that
Plz+ pos < 1. (31)
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Proof: The proof of Theorem 4 is given in Appendix E. In the proof, we evaluate' the upper
bound (16) using an appropriate joint distribution of S, X, X5, Y5, V5.

Following straightforwardly the proof of Theorem 4 in Appendix E, it can be easily shown that
the capacity of the state-dependent degraded Gaussian RC is upper-bounded as in the following

corollary.

Corollary 3: The capacity Cpg of the state-dependent degraded Gaussian RC with informed

relay satisfies Cpg < Ry, Where

Pi(1—p}, — pi))

1
RY. =maxmin {— log <1 +
Pe 2 N2(1 - p%s)

1 VP VP)? 1 Py(1— p2, — pa
— log <1+ 5 ( 5 1+ PV ) - >+—10g(1+ »(1 — piy P2s))}’
2 Py(1 = piy — p3,) + (V@ + pasv/P2)? + N3 2 N3
(32)
with the maximization over parameters pio € [0, 1] and pos € [—1,0] such that
Plz ¥ Pas < 1. (33)

2) Analysis of some Special Cases: We note that comparing the bounds in Theorem 3 and
Theorem 4 analytically can be tedious in the general case. In what follows, we identify a few
cases in which the lower bound and the upper bound meet, and so we obtain the capacity
expression for these case.

In the following corollary we recast the lower bound (25) into an equivalent form by substi-
tuting g0 = p’12\/§ and o095 = p’QS\/g. Also, we recast the upper bound given in Corollary (3)
into an equivalent form by substituting x = pjo/ \/1—7/)38 and p = pos.

Corollary 4: For the Gaussian RC, the lower bound (25) in Theorem 3 can be written as

Pl(l — Q%Q _8>)
N0

1
RE = max min {5 log(1 +

(VP + 012V P5)? + (6 — 0%) Py ) 1 P2<1—é—@§s>)}

—10g<1+ = + —log(1 +
> P+ O+ oy + N, ) 210

(34)

'In Theorem 4, if the maximizing p2s in (30) has absolute value equal to unity then (31) implies that pi2 is zero. In this

case, and also in the rest of this paper, we use the convention that % =0.
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where the maximization is over parameters 6 € [0, 1], 012 € [0, 1], 025 € [—1, 0] such that
ot + 03, < 1. (35)

For the physically degraded case, the upper bound in Corollary 3 can be written as
Pl(l — /€2)>
Ny ’

Py(1 - r*(1—p?) — p?)
N3

1
R = maxmin {5 log (1 -

)

1
max — log(1 +
p 2

1 P 2(1 = )Py + 26+/1 — p2\/P, P
+—kg(y+ L F R L= p) P+ 2 P 12) , (36
2 Po(1 — k%1 = p?)) + Q + 2p/PQ + N3

where the maximization is over parameters « € [0, 1] and p € [—1,0].

By investigating the bounds in Theorem 3 and Theorem 4, and the equivalent forms of these
bounds in Corollary 4, it can be shown that the lower bound for the degraded case is tight for
certain values of Py, P, (), Ny, N3. The following observation states some cases for which the
lower bound is tight.

Observation 1: For the physically degraded Gaussian RC, we have:

1) If Py, P, Q, Ny, Ny satisfy
PiN3(Py + Q + N3 + 2(/PQ)

Ny > max , 37
2= ¢cel-1,0) PiN3 4+ Po(1 — (?) (P + P+ Q + N3 + 2¢V/ Q) G7
then channel capacity is given by
1 P,
Cpg = = log(1 + ), (38)

2 Ny
which is the same as the interference-free capacity, i.e., the capacity if the channel state were
not present in the model, or were also known to the source.

2) If the maximizing p;» and po, in the upper bound in Corollary 3 are such that condition
(31) is met with equality, i.e., p%, + p3, = 1, then the lower bound (34) is tight and gives the
capacity.

Proof: The proof of observation 1 appears in Appendix F.
The condition in (37) specifies a range of values (Py, P2, @Q, N2, N3) for which the lower

bound for the degraded Gaussian case is tight. In this case, the capacity is the same as that

of the degraded Gaussian RC with informed relay and informed source or interference-free
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capacity. Thus, the first statement in Observation 1 also provides an sufficient condition for the
rate loss incurred by not knowing the interference at the source as well to be zero. At a high
level, condition (37) means that there is no rate loss due to the asymmetry when capacity is
constrained by the broadcast part in the model, i.e, transmission from the source to the relay and
the destination. By investigating the upper bound (36) and comparing it with the interference-
free capacity, it can be shown that this condition is also necessary. That is, the interference-free
capacity is attained only if (37) is fulfilled. If the capacity of our model is constrained by the
sum rate of the cooperative MAC part, i.e., the cooperative transmission from the source and
the relay to the destination, the asymmetry resulting from not knowing the interference at the
source as well causes an inevitable rate loss, i.e., the term I(X;;S|Y3) in Corollary 2.
Extreme Cases

We now summarize the behavior of the above bounds in some extreme cases.

1. In the case of arbitrary strong channel state, i.e., () — oo, capacity for degraded Gaussian

case is given by

o Pl P,
Cpg = min {Elog(l + E), §log(1 + E)} (39)

In this case, the lower bound in (25) is maximized for § = 1,p,. = 0,p}, = 0, and
the upper bound in (36) is maximized for p = 0,x = 0, and the two bounds meet. In
this strong channel state case, we note that the direct transmission from the source to
the destination is not possible because of the strong channel state and the transmission
from the source to the destination only through the relay is possible. Also, (39) suggests
that traditional multi-hop transmission achieves the capacity. A two-hop scheme allows to
completely cancel the effect of the channel state by subtracting it out upon reception at the
relay, and by applying standard DPC for transmission from the relay to the destination.
2. Deaf helper problem: In the case in which the relay is unable to hear the source (e.g.,

due to a very noisy or broken link source-to-relay) and () — oo, the rate

1 P,
Cs = §1og(1+ﬁ3) (40)

can be achieved as follows. At time ¢, the source sends a Gaussian codeword X, ; which
is independent of the state .S;. Independently, the relay generates its input X5 ; using a

dummy DPC as Xy = Uy — S, where X3 ~ N(0, P,) is independent of S and U is Costa’s
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auxiliary random variable. Upon reception of Y3 ; = X ;4+ Xy ,;+.S;+Z3; at the destination,
the decoder first decodes the codeword U ; fully, i.e., not only the bin index but also the
correct sequence in the bin. This can be done reliably as long as I(Us; Y3) — (Us; S) > 0.
Then, the decoder at the destination subtracts out Us; from Y3 ; to obtain 37},1 = X1+ 23,
from which it decodes the source’s message using standard decoding, at rate (40). A related
scenario for a helper over a state-dependent Gaussian MAC is studied in [17].

3. For () = 0, i.e., no channel state at all in the model, capacity for the degraded Gaussian

case is given by

P1(1_52)> 1 <1+P1+P2+25\/m>}’ 41

Cpg = max Hfll{]l (1 1
= ax min§ = log (1 + —log
2 N2 ’2 Ng

0<p<1
which is the same as the capacity of the standard degraded Gaussian channel [42, Theorem
5]. This can be directly obtained by putting () = 0 in (25) and (36). In this case, the
maximizing parameters are 6 = 0, p,, = 0 for (25) and p = 0 for (36).
4. If P, = 0, capacity for the degraded Gaussian case, and capacity for the general Gaussian
case if () + N3 > N,, are given by

1 P
Cs =Cpg = =log(l+
G = &pe o8l + 5

2
In this case, the informed relay cannot help the source, and the interference is simply

)- (42)

treated as an unknown noise.

3) Numerical Examples and Discussion: In this section we discuss some numerical examples,
for both the degraded Gaussian case and the general Gaussian case. We consider two numerical
examples, a) P, = P, =@ = 10 dB, N3 = 20 dB; and b)P, = P, = () = N3 = 10 dB.

Figure 4 illustrates the lower bound (34) and the upper bound (36) as functions of the signal-
to-noise-ratio (SNR) at the relay, i.e., SNR = P; /N, (in decibels). Also shown for comparison
are the trivial upper bound (18) computed for the degraded Gaussian case and the trivial lower
bound obtained by considering the channel state as an unknown noise.

The curves show that the lower bound and the upper bound do not meet for all SNR regimes.
However, as it is visible from the depicted numerical examples, the gap between the two bounds
is small for the degraded case. Furthermore, the curves in Figure 4 also illustrate the results in
observation 1, by showing that the lower bound and the upper bound meet for the cases stated in

Observation 1. We note that the pentagram marker visible in Figure 4 indicates capacity when
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Fig. 4. Lower and upper bounds on the capacity of the state-dependent degraded Gaussian RC with informed relay versus
the SNR in the link source-to-relay, for two examples of numerical values (a) P = P» = @ = 10 dB, N3 = 20 dB, and (b)
P =P, =Q= N3 =10dB.

the noise at the relay is equal to the RHS of (37); and this illustrates the first case for which the
lower bound and the upper bound meet in Proposition 1. Also, Figure 5 depicts the variation of
piy + p3,, where pio and p, are the maximizing for the upper bound, as a function of the SNR
for the two numerical examples considered in Figure 4; and this illustrates the second case for
which the lower and upper bounds meet in Proposition 1.

Figure 6 illustrates the lower bound (25) and the upper bound (30) as functions of the SNR
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Fig. 5. The sum p?,+ p3, in the constraint (31). Optimal p12 and pas are the maximizing for the upper bound for the numerical
examples considered in Figure 4. The upper subfigure is for the upper bound curve in Figure 4(a), and the lower subfigure is

for the upper bound curve in Figure 4(b).
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Fig. 6. Lower and upper bounds on the capacity of the state-dependent general Gaussian RC with informed relay and the

maximizing 0, p’, phs in (25) as functions of the SNR at the relay. Numerical values are P, = P» = Q = N3 = 10 dB.

at the relay for the general Gaussian channel. Also shown for comparison are the trivial upper
bound (18) computed for the general Gaussian case and the trivial lower bound obtained by
considering the channel state as an unknown noise. The curves show that the lower bound is
close to the upper bound at large SNR, i.e., when capacity of the channel is determined by the
sum rate of the MAC formed by transmission from the uninformed source and the informed

relay to the destination. The gap between the lower bound and the upper bound which is visible
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at low SNR is due to the fact that DF relaying is not effective at this range of SNR and also to
that our upper bounding technique is efficient on the MAC side, but not on the BC side of the
relay channel.

Furthermore, Figure 6 also shows the variation of the maximizing 6, p!,, p), in (25) as function
of the SNR at the relay. This shows how the informed relay allocates its power among combating
the interference for the source (related to the value of p},) and sending signals that are coherent
with the transmission from the source (related to the values of 6 and pi,).

In Figure 7, the lower and upper bounds are plotted as function of the interference power
@, for fixed value of the power at the relay and several choices of the power at the source.
The curves are depicted for two examples of noise configuration: Ny < N3 (Ny = 10 dB and
N3 =20 dB), and N, = N3 = 10 dB. The curves illustrate the discussion in the above extreme
cases analysis. For instance, for both noise configurations, that the rate achievable for very large
values of () is strictly positive illustrates that the transmission from the uninformed source to
the uninformed destination is possible even in presence of an infinitely strong interference.

Furthermore, comparing the lower bound and the upper bound in the case Ny = N3, we
observe that the lower bound is tight (only) for large values of (). This corresponds to when
the second term of the minimization in the upper bound (30) becomes operative, i.e., is smaller

than the first term.

B. Half-Duplex Channel Model

In this section, we extend the results of Section IV-A to the case of half-duplex relaying, i.e.,
the relay can either transmit only or receive only. We consider a state-dependent Gaussian RC
with informed relay, and we assume that the relay operates in a time-division (TD) relaying
mode. In the TD mode, for a given time window, the relay is in the receive mode for a fraction
of the given time and in the transmit mode for the remaining fraction of this time. Since the
message from the source is transmitted to the destination in n channel uses, in the remaining of
this section, we refer to the time indices from 2 1 to |vn| as the relay-receive period and the
time indices from |vn]| + 1 to n as the relay-transmit period, for some v € [0, 1]. Furthermore,

to generalize the model, we assume that the channel state S is zero mean Gaussian with
For a scalar x, |x] stands for the largest integer small than or equal to x.

June 17, 2009 DRAFT



26

Lower bound
= = = Upper bound

1.4

2
IS
4
o ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35 40 45 50
Interference power Q [dB]
(a) P, = N2 =10, N3 =20 dB
3 T T
Lower bound
= - - = = = Upper bound
2
15
24

15 20 25 30 35 40 45 50

Interference power Q [dB]

(b) P, = N» = N3 = 10 dB

Fig. 7. Bounds on channel capacity as function of the interference power ). The curves correspond to different choices of

power at the source: from bottom to top P; = 5,10, 15, 20, 25 dB.
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variance Q") during the relay-receive period, and the channel state S is zero mean Gaussian
with variance Q® during the relay-transmit period. The channel output Y5, at time instant ¢ at
the relay is given by

You = X0 +8M + 2,

during the relay-receive period, and is zero with probability one during the relay-transmit period.

The channel output at time-instant ¢ at the destination is given by
Yg(;) =X {12) + Sl-(l) + Z3; during the relay-receive period (43a)
Yg(j) =X 1(22) + Xo,; + SZ@) + Z3; during the relay-transmit period. (43b)

Furthermore, the source has average power constraint Pl(l) during the relay-receive period and
average power constraint P1(2) during the relay-transmit period ; the relay has average power
constraint Ps.

For fixed values of v, Pl(l), P1(2) and P,, we have the following upper and lower bounds on
the capacity of the state-dependent half-duplex Gaussian RC with informed relay.
Proposition 1: The capacity of the state-dependent TD Gaussian RC with informed relay is

upper-bounded by

RF(TD) = max min{R", R} (44)
with
v 1 1 v P(Q)(l—,o2 — p3)
R =Y (1 PO(— 4 — ) Y1 (1 L 12— Pas ) 45
. o - y P1(1)
Ry =vU(P”, P, Q )»P127P25) + §1og <1 + m), (45b)

where (P, Py, Q, p12, p2s) is defined as the second term of the minimization in (30), and the

maximization is over parameters pis € [0, 1] and pos € [—1,0] such that p3, + p3, < 1.

Proposition 2: The capacity of the state-dependent TD Gaussian RC with informed relay is

lower-bounded by

RE(TD) = max min{R}, Ry} (46)
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with

R _ Ay T L il W)
! N5 +(I)(Oé/,9,p/25)

lo
R2 e

+

P® + 0P, + 2p,,\/ 0P Py )
0P + QB + 2041/ PQ®) + Ny

( Py(Py+ Q¥ + N3) )
PQ@ (1 — /)2 + N3(P + a2Q®@) )’

where, maximization is over parameters 6 € [0,1], pj, € [0,1], p), € [—1,0] and &' €
'A<p,12797p/23> = {t eR: @<t7p/12787pl25) > 0}’
(1= 1)*0RQP (1 — )

T (47b)

2

®(t,0,ph,) = (48)
(1,9, 720) 0P, + 2tph \/OP,Q@ + 12Q(2)
o 1 PP(1 = p2) + 0Py + QP + Ny
@<t7 P12, 97P25) = - log < ; )
2 0P, + QP + 2p5, /0 P,Q®@ + N
1 < Pj(Py+ Q® + N3) >
2 %\ PjQ@I(1 — 1) + Ny(Py + 2QO)
1 (1- p3) P
o (1 ) 49
R R A YT )

and Py := 0P(1 — p2).

The proofs of Proposition 1 and Proposition 2 appear in Appendix G.

V. CONCLUSION

In this paper, we consider a state-dependent relay channel with the channel state available
non-causally at only the relay, i.e., neither at the source nor at the destination. We refer to this
communication model as state-dependent RC with informed relay. This setup may model the
basic building block for node cooperation over wireless networks in which some of the terminals
may be equipped with cognition capabilities that permit to know, i.e., estimate to high accuracy,
the states of the channel.

We investigate this problem in the discrete memoryless (DM) case and in the Gaussian case,

and we derive bounds on the channel capacity. For both cases, the upper bounds are tighter
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than those obtained by assuming that the channel state is also available at the source and the
destination, and they characterize the rate loss due to the asymmetry, i.e., having the channel state
available at the relay but not the source. The lower bounds are obtained by a coding scheme that
splits the codeword at the informed relay into two parts: one part depends only on the cooperative
information, not on the known channel state, and is used to enable coherent transmission from
the source and the relay to the destination; another part is a function of both the cooperative
information and the known channel state, and is used to combat the effects of the channel state
on the communication through a generalized Gel’fand-Pinsker binning scheme. In the Gaussian
case, we consider average power constraints at the source and the relay and power allocation at
the relay among the two parts of the code, allowing for a tradeoff between the coherence gain
obtained through the coherent transmission and the mitigation of the channel state.

Furthermore, we also derive bounds on the capacity for the case in which the channel is
physically degraded. For the degraded Gaussian case, we show that the lower bound meets with
the upper bound for some special cases, for which we obtain the expression of channel capacity.
Also, for the general Gaussian case, we extend the results to the case in which the relay operates
in a half-duplex mode.

Finally, we note that some of the concepts developed in this paper can be applied to a state-
dependent multiple access channel (MAC) with degraded message sets in which the uninformed

encoder knows the message to be sent by the informed encoder [50].

APPENDIX

Throughout this section we denote the set of strongly jointly e-typical sequences [51, Chapter

14.2] with respect to the distribution Py y as T*(Py,y).

A. Proof of Theorem 1

Consider the random coding scheme that we outlined in Section III. We now give a formal
description of the coding scheme and analyse the average probability of error.
As we outlined after Theorem 1 we transmit in B + 1 blocks, each of length n. During each of
the first B blocks, the source encodes a message w; € [1, Q"R} and sends it over the channel,
where ¢ = 1,..., B denotes the index of the block. For fixed n, the average rate RBijrl over
B + 1 blocks approaches IR as B — +-00.
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Encoding: Let w; be the new message to be sent from the source node at the beginning of
block 7, and w;_; be the message sent in the previous block 7 — 1. At the beginning of block 1,
the relay has decoded the message w;_; correctly, and the source sends x;(w;_1, w;). The relay
searches for the smallest j € {1,---,.J} such that u;(w;_1), uz(w;—1,7) and s[i] are jointly
typical. Denote this j by j* = j(s[i], w;_1). If such j* is not found, or if the observed state is
not typical, an error is declared and j* is set to J. Then, the relay transmits a vector x,(w;_1) with
i.i.d. components given (u;(w;_1), us(w;_1,5*), s[i]) drawn according to the marginal Px, |y, v,,s
induced by the distribution (4). For convenience, we list the codewords at the source and the

relay that are used for transmission in the first four blocks in Figure 8.

| | block 1 | block 2 | block 3 | block 4 |

Source codewords | x1(1,w;) x1 (w1, ws) x1(ws, ws3) x1 (w3, 1)

=1

1(1) u (wy) u;

( (
( (

Relay codewords | ua(1,5(s[1],1)) | uz(wi,j(s[2],w1)) | ua(wa, j(s[3],ws)) | wa(ws, j(s[4],ws))
( (

wa) u; (w

%

2(1) Xp(w1) Xa(w2) Xa(ws)

Fig. 8. Regular encoding for DF for the state-dependent RC with informed relay. At the beginning of block
i, the source transmits xi(w;—1,w;) and the relay transmits a codeword xo(w;—1) with ii.d. components given

(w1 (wi—1), uz(wi—1, j(s[i],wi—1)),s[i]) drawn according to the marginal Px, |, vs,s-

Decoding: The decoding procedure at the relay is based on joint typicality. The decoding

procedure at the destination is based on a combination of joint typicality and backward-decoding.

1. At the end of block i, the relay knows w;_; and declares that w; is sent if there is a unique
w; such that x; (w;_1,W;), u(w;_1), y2[i] and s[i] are jointly typical, where y,[i] denotes
the output of the channel at the relay in block 7. One can show that the decoding error in

this step is small for sufficiently large n if
R < I(Xy;Y3|S, Uy). (A-1)

2. At the end of the transmission, the destination has collected all the blocks of channel
outputs ys[1],y3[2],...,y3[B + 1], and can then perform Willem’s backward-decoding by
first decoding wp from y3[B + 1].

First, the destination declares that wp is sent if there is a unique wp such that u;(wg),

uy (g, jB), x1(wps, 1), y3[B + 1] are jointly typical, for some jg € {1,...,J}. One can
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show that the decoding error in this step is small for sufficiently large n if
R < I(X1,Uy,Us; Y3) — I(Usy; S|Uy). (A-2)

Next, for b ranging from B to 2, the destination knows w;, and decodes w;_; based on
the information received in block b. It declares that w_; is sent if there is a unique
wWy—1 such that wy (Wy_1), Wa(Wp_1, Jp—1), X1(Wp_1,ws), y3[b] are jointly typical, for some
Jo—1 € {1,...,J}. One can show that the decoding error in this step is small for sufficiently
large n if (A-2) is true.

Analysis of Probability of Error:

Fix a probability distribution Psp, 1, x, x,.v5,vs satisfying (4). Let s[i], w;—; and w; be the
state sequence in block 7, the message sent from the source node in block 7 — 1 and the message
sent in block ¢, respectively. As we already mentioned above, at the beginning of block 7 the
source transmits x;(w;_1,w;) and the relay transmits a vector x,(w;_1) with i.i.d. components
conditionally given (u;(w;_1), ug(w;_1, j*), sli]), with j* = j(s[i], w;_1), drawn according to the
marginal Py, vs,s-

The average probability of error is such that

Pr(Error) < Z Pr(s)Pr(u,)
(s;u1)€T Qs Puy)

+ Z Pr(s)Pr(u;)Pr(error|s, u;). (A-3)
(s,u)€Te(Qs Puy)

The first term, Pr((s,u;) ¢ T (QsPy,)), on the RHS of (A-3) goes to zero as n — oo, by the
strong asymptotic equipartition property (AEP) [51]. Thus, it is sufficient to upper bound the
second term on the RHS of (A-3).

We now examine the probabilities of the error events associated with the encoding and
decoding procedures. The error event is contained in the union of the following error events;
where the event £/;; corresponds to the encoding step at block ¢; the events Es; and Ej3; correspond
to decoding at the relay at block i; the events E4p and E5p correspond to decoding at the
destination at block B + 1, and for b ranging from B to 2, the events Fgp—1) and FErg_y)

correspond to decoding at the destination at block b.

« Let Ey; be the event that there is no sequence uy(w;_1,7) jointly typical with s[i] given
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u; (wi_l), i.e.,

By = {59]' c{l,...,J}st (ul(wi_l),uQ(wi_l,j),s[iD e Tg(PUl,UQ,S)}.

To bound the probability of the event E'j;, we use a standard argument [2]. More specifically,
for uy(w;_1,7) and s[i| generated independently given u;(w;_;), with i.i.d. components
drawn according to Py, and (), respectively, the probability that uy(w;_i, j) is jointly
typical with s[i] given u; (w;_;) is greater than (1—¢)2 U (U2:5IU0+9) for sufficiently large n.
There is a total of J such uy’s in each bin. The probability of the event E};, the probability

that there is no such us, is therefore bounded as
Pr(Ey) < [1 — (1 — ¢)2 U U2SIU0+e)) T, (A-4)

Taking the logarithm on both sides of (A-4) and substituting J using (6) we obtain that
In(Pr(Ey;)) < —(1 —€)2™. Thus, Pr(Ey;) — 0 as n — oo.

« Let Ey; be the event that x; (w;_1,w;), y2[i], s[i] are not jointly typical given u;(w;_1), i.e.,

Eyi = {(u1<wi71)7xl(wi71; w@-),yz[i], S[Z]) §é Ten(PUl,Xl,YQ,S)}

Conditioned on EY;, the event complement of Fy;, we have that (s[i], ui(w;_1)) is jointly
typical with us(w;_1,j(s[i],w;_1)) and with the source input x;(w;_1,w;) and the relay
input xo(w;_1), i.e.,
(S[i], u; (w;—1), uz(wi—hj(s[i],wi—1)),X1(wi—1,wi)aX2(wi—1)> € T (QsPu, Px, v, Pus,x515,01,x1)-
(A-5)
For s[i], uy(w;—1), x1(w;_1,w;) jointly typical, we have Pr(Ey|Ef;) — 0 as n — oo, by
the Markov Lemma [51].
« Let Ej; be the event that x; (w;_1,w;), y2i], s[i] are jointly typical given u;(w;_1) for some
w; # w, i.e.,

Egi = {3 ’LU; & {1, C ,M} S.t. w; 7é w;, (ul(wi_l),Xl(wi_l,w;),yz[i],s[i]) c T?(PU17X17Y275')}.

Using the union bound and standard arguments on strongly typical sequences, the probability

of the event Ej; conditioned on EY;, ES;, can be easily bounded as

Pr(Es|ES,, BS) < M2~ (128U =) (A-6a)

— 9 n(I(X1Ya|S.Uh)~R+3¢) (A-6b)
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where in (A-6b) we used the fact that [(X;;S|U;) = 0 under the joint distribution (4).
Thus, Pr(Es;|ES;, ES;) — 0 as n — oo if R < I(X4;Y3|S,Uq).
« For the decoding of message wp at the destination, let E,p be the event that u;(wp),

us(wg, j(s[B + 1], wg)), x1(wp, 1), y3|B + 1] are not jointly typical, i.e.,

Bur = { (ws(ws), valws, 5(5IB + 1), ws)), %1 (ws, 1), ¥a[B+1]) & T2 (Pr.ox,9) }-

For s[B + 1], wi(wg), us(wg, j(s[B + 1],wg)), x1(wp, 1) and x2(wp) jointly typical as
shown by (A-5), Pr(Eyp|EY,;, ES;, ES;) — 0 as n — oo, by the Markov Lemma.

« For the decoding of message wp at the destination, let E5p be the event that u;(w'),
us(why, jg), x1(wp,1), ys[B + 1] are jointly typical for some w; # wp and some j5 €

{1,...,J}, ie,
E5B — {ElwlB e {1’,M},]IB E {177J} S't' w_lB;éwB7

<u1(w§3)a wy(wp, jp), x1(wy, 1), y3[B + 1]) € Tsn(PUl,Uz,Xl,Yg)}-

Conditioned on the events EY;, L5;, L5, Efp, the probability of the event Esp can be

bounded using the union bound, as
Pr(Esp|ES,, ES;, ES;, ESy) < M Jj2 nELUntads) =9 (A-7a)

o 2—n(I(X17U17U2§Y3)—I(U2;SIU1)—R+€). (A-7b)

Thus Pr(Esp| N3_, ES,, ESg) — 0 as n — oo if R < I(Xy, Uy, Us; Y3) — 1(Usy; S|UY).
o For the decoding of message wy_; at the destination, b = B, ..., 2, let Eg;—1) be the event

that w; (wp—1), wa(wp—_1, 5(8[b], wp—1)), x1(wp—1,ws), y3[b] are not jointly typical, i.e.,

Boo1y = { (wa(0p-1), wa w1, (5[0], wi-1)), X1 (w1, 00), ¥al8]) & T2 (Po s xova) |-

For s[b], uy(wp_1), ua(wp_1,7(s[b], wp—1)), x1(wp_1,wp) and xa(wp_1) jointly typical as
shown by (A-5), Pr(Esp—1)| iy Ef;, Efp, ESg) — 0 as n — oo, by the Markov Lemma.
o For the decoding of message wj_; at the destination, let E7(_1) be the event that u; (wp_1)s
wa(wy_1,J0_1), X1(wy_y,wp), ys3[b] are jointly typical for some w;, , # w,—1 and some

g1 €{1,...,J}, ie,
Erpory = {3 wh o {1, MY e {1, TY, st | £ w,

(o) o)y, ), X0 (w00, ys[b] ) € T2 (Poaxna) b
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Proceeding like for the event Ejs, one can easily show that Pr(Erq,_1) |}, Ef;, E5p, Etp, Eg(b_l))
can be bounded similarly to in (A-7), and this shows that Pr(E7,_1)|N;_ B, ESg, Efpg, E§,_1y)
— 0asn — oo if R < I(Xy,U;,Us;Ys) — I(Uy; S|Un).

It remains to show that the rate (3) is not altered if one restricts the random variables U/; and U,

to have their alphabet sizes limited as indicated in (5). This is done by invoking the support lemma
[52, p. 310]. Fix a distribution p of (S, Uy, Uy, X1, Xo, Ys, Y3) on P(SXx Uy x Uy x Xy X Xgx Yo xY3)
that has the form (4).

To prove the bound (5a) on |U;|, note that we have

I.(X1;Y5|S,Uh) = 1,(X1; Y, S|Uh) (A-8a)

= H,(X1|Uy) + H,(Ys, S|Uy) — Hu (X4, Ys, S|Uy), (A-8b)

where (A-8a) follows since S «» U; «» X under the distribution . Also, we have

Iu(Xla Us, U2;Y3) - IM(U2; S\Ul) = [u<U1;3@) + [u(Xl, Us; stfUl) - [u(Uzs S’Ul) (A-9a)
= H,(Y3) — H,(S) — Hu(Us|Uv) + H,(Us, S|UL)

+ H (X1, Us|Uy) — Ho\(Xy, Uy, Ys|Uy). (A-9b)

Hence, it suffices to show that the following functionals of u(S, Uy, Uy, X1, Xo, Y5, Y3)

TS,%I'(M) = N(S,I,Qf/) v (S,ZL’,$,) € 8><:X:1><:X:2 (A—lOa)

1) = [ dy) (Hu(Xafu) + H, (Y2, Slu) — H(Xi, Yo, Slu)] (A-10b)

u

ro(p) = /du(u)[Hu(Xla Uslu) — Hu(X1, Uz, Yslu) — H,(Us|u) + H,(Us, S|u)], (A-10c)

can be preserved with another measure 4 that has the form (4). Observing that there is a total

of |8]]X1]|X2| 4+ 1 functionals in (A-10), this is ensured by a standard application of the support

lemma; and this shows that the cardinality of the alphabet of the auxiliary random variable U,

can be limited as indicated in (5a) without altering the rate (3).

Once the alphabet of U, is fixed, we apply similar arguments to bound the alphabet of Us,

where this time |8||X;||X2|(|S]]X1]|X2| +1) — 1 functionals must be satisfied in order to preserve

the joint distribution of S, Uy, X7, X5, and one more functional to preserve

I,(X1,U1,Uy; Ys) — 1,(Uy; S|Uy) = H,(Ys) — Hu(S) — Hy(Ur|Us) + H,(Uy, S|Us)

+HM(X1aU1|U2)_H,u(XlaUh}/E‘”UQ)) (A_ll)
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yielding the bound indicated in (5b).

B. Proof of Corollary 1

The proof combines rate-splitting [53] and the techniques used in the proof of Theorem 1.
As we already mentioned in the discussion following Corollary 1, we split the message W to be
transmitted from the source node into two independent parts W = W, 4+ W,; the relay forwards
only the part W, at rate R, and the part IV, is sent directly to the destination, at rate R;. The
total rate is R = R, + R;. We transmit in B+ 1 blocks, each of length n. During each of the first

B blocks, the source sends a message w; = wy.; + wq;, with w,.; € [1,2"] and wgy,; € [1, 2]

and 7 = 1,..., B denotes the index of the block. For convenience, we let w, 11 = wg; =1 .
For fixed n, the average rate RB%I over B + 1 blocks approaches R as B — +-00.

Codebook generation: Fix a measure Ps, v, v,x,,x,,v2,v; satisfying (12). Fix € > 0 and let

J — on(I(U2:S|U1)+2¢) (B-12a)
Mr — 277,(Rr*26) (B'12b)
Md _ 2n(Rd—4€)_ (B-lZC)

1. We generate M, i.i.d. codewords {u;(w!)} indexed by w/. = 1,..., M, each with i.i.d.
components drawn according to Pp,. For each u;(w!), we generate M, i.i.d. codewords
{u(w!,w,)} at the source indexed by w,, = 1, ..., M,, and J auxiliary codewords {uz(w?., j)}
at the relay indexed by j = 1,...,J. The codewords u(w.,w,) and ug(w..,j) are with
i.i.d. components given u;(w’.) drawn according to Py, and PUQ‘Ul, respectively.

2. For each u;(w..), for each u(w..,w,), we generate M, i.i.d. codewords {x;(w’.,w,,wy)}
indexed by wy = 1,..., M, each with i.i.d. components given (u;(w..), u(w.,w,)) drawn
according to Py, i, v

Encoding: At the beginning of block ¢, let w; = w,; + wy,; be the new message to be sent

from the source and w;_; = w,;_1 + wq,;—1 be the message sent in the previous block i — 1.

At the beginning of block ¢, the relay has decoded w, ;_; correctly, and the source transmits

X1 (Wy i1, Wy, wa;). The relay searches for the smallest j € {1,---,.J} such that uy(w,;—1,7)

and s[i] are jointly typical given u;(w, ;). Since the vectors us(w,;_1, j) and s[i| are generated
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independently given u;(w, ;1) according to the memoryless distributions defined by the n-
product of Py, y, and the n-product of (), respectively; and there are J sequences in the bin
indexed by w,;_, the probability that there is no such sequence u, goes to zero as n — +o0.
Denote the found j by j* = j(s[i], w,;—1). The relay then transmits a vector Xa(w, ;1) with i.i.d.
components conditionally given (u;(w,;—1), uz2(w,;—1, j*), s[i]) drawn according to the marginal
Px,u,,0,,5 induced by (12).
Decoding: The decoding procedures at the source and the relay are as follows.
1. At the end of block 7, the relay knows w,;_; and declares that w,; is sent if there is a
unique w,.; such that u(w,;_1,w,;), y2[i] and s[i] are jointly typical given u;(w, ;). One

can show that the decoding error in this step is small for sufficiently large n if
R, < I(U;Ya|S, Uy). (B-13)

2. At the end of the transmission, the destination has collected all the blocks of channel out-
puts y3[1],y3[2], ..., y3[B+1], and can then perform backward-decoding by first decoding
(wy,, wa,py1) from y3[B +1].

First, it declares that the pair (w0, g, W4 p+1) is sent if there is a unique pair (W, g, Wy B+1),
with W, g € {1,...,M,} and Wyp+1 € {1,..., My}, there is jp € {1,...,J}, such that
uy (W, B), W2(Wy, B, jiB), W(Wyp,1), X1 (W, B, 1,Wap11), y3[B + 1] are jointly typical. One

can show that the decoding error in this step is small for sufficiently large n if
Ry < I(X1;Y3|U, Uy, Us)
Ry < I(X1,Us; Y3|U, Uy) — I(Us; S|UY)
R, 4+ Rq < I(X1,U, U1, Us; Y3) — I(Us; S|Uh)
(@) . :
— [(X17U17U27}/Z3) _I(U27S|U1)J (B_14)
where in (a) we used the fact that [(U;Y3|Uy, Uz, X7) = 0 under the distribution (12).
Next, for b ranging from B to 2, the destination knows w,., and decodes (w, p_1, wqy) based
on the information received in block b. It declares that the pair (w0, ,—1, Wa,) is sent if there
is a unique pair (Wyp-1,Wqp), With W, € {1,..., M, } and wqy € {1,..., My}, there is

Jo—1 € {1,...,J}, such that uy (W, p—1), Wa(Wyp—1, Jo—1)> W(Wyp—1, Wrp), X1 (Wrp—1, Wy p, Wap),
y3[b] are jointly typical. One can show that the decoding error in this step is small for

sufficiently large n if (B-14) is true.
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It remains to show that the rate (11) is not altered if the sizes of the alphabets of the auxiliary
random variables U, U; and U, are restricted as in (13). This can be easily done by following

the steps in the proof of Theorem 1.

C. Proof of Theorem 2

Consider a sequence of (e,,n, R)—codes with ¢, — 0 as n — +oo. By Fano’s inequality, we
have

H(W|Y]) < nRe, + 12 ng,. (C-15)

Thus,
nR=HW) < I(W;YJ") + no,. (C-16)

We upper bound I(W;Y5") as in the following lemma, the proof of which follows.

Lemma 1:
D) T(W;Y3) < 1(Xus, Xogs YaalSi) — 1(Si X1.4Ys,) (C-17a)
=1
i) T(W;Y5) < I(X 4 Yai, YalSi, Xo,). (C-17b)
=1

Proof: To simplify the notation, we use S* = (S, 99, -+, 5:), Vi = (Y1, Va2, , Yii)s
k= 2,3, and ‘XV]Z = (Xj’l,Xj’Q, s 7Xj,i)’ j = 1,2
We obtain the bound on I(W;YJ") given in (i) as follows.

I(W;Y3) = I(W, 8™ Y5 — 1(S™; Y| W)
= I(W, 8™ Y3, [Yy™!) — H(S" W) + H(S"|W, Yy
=1

—Z (YaulY5™") — H(Yss|[W, 5™, ¥4

— H(S:) + H(S|W, Y3, 5]
(@) —
< Z[H(Y}”) — H(Y3,| X1, X24,5i)

=1

— H(S;) + H(S|W, Y3, S"71, Xy )]
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(h)
< Z[](Xm‘, Xoi, Sis Ya) — H(Si) + H(Si]| X1, Y3,)]

i=1

= Z[I(Xl,z',XQ,z’, Sis Yai) — 1(Si; X146, Y3,0)]
i=1

= Z[I<X1,i7X2,i; Y3l Si) — I(Si; X14[Ys4)],
i=1

where
(a) follows from (W, S™ V™) < (X1, Xo4,5;) < Y3; (a Markov chain); and the fact that
X1, 1s a deterministic function of W

(b) follows from the fact that conditioning reduces entropy.

We obtain the bound on I(W;Yy") given in (ii) as follows.
I(W;YS) < I(W; Y5, YY)
=H(W) - HWI|Y;",Y5")

(c)
< HWI[S") — HWI[YS', Y3", 5™)

= Z I(Wa }/272'7 }/E’),iD/Qi_lv Yg_la Sn)

=1

d - i— i— n
(:)Z](W7Y2,z7)/3,z|}/2’b 17}/3 175 7X2,i)

=1
= i[[—]()@m}gﬂ}/{_l, Yy ST, Xo)
i=1
— H(Ya, Yo Yy 1, Y371, 8™, Xo, W)
2 En:[H(YQ,uY?),z‘|Y2i_1’ Yy 8" Xoy)
i=1
— H (Yo, Y3,[Yy 7 Y37, 8", Xog, W, X1,0)]
< zn:[H(Yz,i,%,ﬂSqu,i)
=1
— H (Yo, Ya,[Yy 7, Y37, 8", Xog, W, X1 ,0)]
&) i[H(YgZ, Ys4]Si, Xo,) — H(Ya,, Ys,|Si, X, X1,)]

i=1
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n

= Z (X1, Ya,, Ys,4]55, Xa,),

i=1
where

c) follows from the fact that W and S™ are independent; and H (W |Y3", YJ") > H(W|Y3", Y, S™)

(
(d) follows from the fact that X, ; is a deterministic function of (S™,Y; ™)
(e) follows from the fact that X; ; is a deterministic function of W

(

f) follows from the fact that the channel is discrete memoryless.

|
We introduce a random variable 7" which is uniformly distributed over {1,--- ,n}. Set S = Sy,
X1 =Xi7r, Xo=Xop, Yo =Y57, and Y3 = Y5 7. Then we obtain
% i I( X1, Xo,4;Y3,|5:) — 1(Si; X1,|Y3,)
i=1
= I(X1, Xo; Y35, T) — I(S; Xu|Y3,T)
= 1(X1, X5, 8, Y3|T) — I(S; X0, Y3|T), (C-18)
and
% i I<X1,i; Y2,¢7 YZ’),i‘Sfi; X2,i) = [(X1; Y5, Y3,|S7 Xo, T)7 (C-19)
i=1
where the distribution on (7', 5, X1, X5, Ys,Y3) from a given code is of the form
Pr s x, x;,v2,vs = PsPrPx, i1 Px,|x,,57Wv,,v315,x1,%, - (C-20)

We now eliminate the variable 71" from (C-18) and (C-19) as follows. The RHS of (C-18) can

be bounded as

(9)

(h)

< I(X), X2, 8:Y3) — H(S) + H(S| X, Yy)
:](XI»X27Sa}/3)_](SaX17}/3)

= I(Xy, Xo; Y3]5) — I(S; X,]Y3), (C-21)
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where

(¢) holds since H(Y3|T) < H(Y3) and H(Y3]| X1, X2, S,T) = H(Y53]| X1, X, S) (by the Marko-
vian relation 7"« (X1, X5, 5) < Y3)

(h) holds since S is independent of 7" and H (S|X1,Ys,T) < H(S|X1,Y3).

Similarly, the RHS of (C-19) can be bounded as

I(le}/27Y3|S7X27T) SI(le}/27Y3|S7X2) (C'22)

Finally, combining (C-16), (C-17a), (C-18), (C-21) at one hand, and (C-16), (C-17b), (C-19),
(C-22) at the other hand, we get

R

IN

I(X1, Xa3 Y| S) — (S X1|Y3) (C-23a)

R < I(X);Ys,Ys|S, Xa), (C-23b)

where the distribution on (.S, X, X5, Y5, Y3), obtained by marginalizing (C-20) over the variable
T, has the form given in (17).

We conclude that, for a given sequence of (e,,n, R)—codes with €, going to zero as n goes
to infinity, there exists a probability distribution of the form (17) such that the rate R satisfies
(C-23). This completes the proof of Theorem 2.

D. Proof of Theorem 3

In this proof, we compute the lower bound in Theorem 1 using an appropriate jointly Gaussian
distribution on S, X;, Uy, Us, Xs. The techniques used in this section rely strongly on those
used in the proof of Theorem 6 in [16].

We first evaluate the second term of the minimization in (3) because this gives insights about the
distribution that we should use to compute the lower bound. The second term of the minimization

in (3) can be written as
I(X17U1;U2;Y3) —I(UQ;S|U1) =
I(X1,U;Ys) + 1(Us; Y3 | X1, Uv) — I(Us; S| X4, Un), (D-24)

which follows from the fact that I(Us; S|Uy) = I(Us; S|Uy, X1) for the considered distribution.
We first focus on the evaluation of the term [I(Us; Y3| X1, Uy) — I(Us; S| X1, Uy)]. To evaluate

it, we assume that X; is zero mean Gaussian with variance P;, U; is zero mean Gaussian
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with variance 0P,, and X; and U, are jointly Gaussian with E[U; X;] = pl, 0P, P,, for some
0 € [0,1], p}s € [—1,1]. The random variables X; and U; are independent of S as shown by

the distribution given in Theorem 1. We also consider
Xo=Us + Xy (D-25)

where, Xg is zero mean Gaussian with variance 6P, is independent of both X; and U, and
is jointly Gaussian with S with E[X,S] = p},,/PQ, for some p), € [—1,1]. Then, from (22)

and (D-25), we can write Y3 as
YVs=X, 4+ U+ Xo+ S+ Zs. (D-26)

Let X, = E[X2|S] be the optimal linear estimator of X, given S under minimum mean square

error criterion, and X7, be the resulting estimation error. The estimator XQ and the estimation

Xa = %S (D-27)

Xb= Xy — X, (D-28)

, .
error X, are given by

We can alternatively write Y3 in (D-26) as
Y3:(X2—Xz)+)~(2+X1+U1+S+Z3

=Xo+ X1+ U+ 5+ Zs, (D-29)

5= (12

We now consider the following new channel output Y3 given by

where

Vii=Y; — E[Y3| X1, U] = X} + S + Zs. (D-30)

This new channel output Y, is similar to the channel output considered in [3] because X} is
independent of the state S’. Hence, the capacity of this new channel is achieved if we use an

auxiliary random variable

Uy = X, + a8, (D-31)
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where « is Costa’s parameter given by
EXP] 0P - p5)
E[X7]+E[Z] 0Py (1 - p5) + Ny’

(D-32)

o=

Then we can easily show that
[(Uz; Y3] X1, Ur) — I(Uz; S| X1, Un)] = [I(U; Yy) — I(Uz; S')].

The term [ (Us; Y3) — I(Us; S')] is maximized if U, is chosen as in (D-31). Thus, we obtain that

1 EX/Q
I(Us; Y3 X1, Uy) — I(Usy; S| X4, Uy) = §log (1 + %)
3

1 0P (1 — pf)
=21 1 52 1. D-33
5 og( + N, ( )

By substituting X’ and S” in (D-31), we get

~ 0P 0P
U2:X2—p/25 625—1—&(1—##25 ﬁ)S

= Xy + oS, (D-34)
where
Q Q
0Py (1 — pf5,) — phy/ %6+ N

0P (1 — p3,) + Ny
The term I(Xy,U;;Y3) on the RHS of (D-24) can be computed as

o0p 0P
Qopt = (1 + p/2$ _2> o — p/QS 2

(D-35)

[(Xh U13Y3) = h(Ys) - h(Y:'»‘Xl, Ul)

= h(Y3) — h(Xo + S + Zs| X1, Uy)

O h(yy) — h(Xy+ S + Zs)
1

_ 1y (E[(Xl + X5+ 5)?] +E[Z§]>
2 E[(X: + 5)?] + E[Z3]

(D-36)

Py + 0Py + 20,/ 0P, Py >

0P + Q + N3 + 205,/ PoQ
where (b) follows from the fact that X, and S are independent of (X, ;). Then, by adding

L (1+
=—1lo
5 log

(D-33) and (D-36) we get the second term of the minimization in (25).
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The first term of the minimization in (3) can be written as
[(Xy;Ya|S, Uy) = h(Ya]S,Uy) — h(Ya|S, Uy, Xy)

W X1 + Zo|UL) — h(Zs)
1 Pi(1— ,0/122)

— —log(1
5 log(1+ N,

); (D-37)

where (a) follows from the fact that the random variable S is independent of U; and Xj.
Finally, we obtain the rate on the RHS of (25) by maximization over all possible values of

0 € [0,1], piy € [-1,1] and pl, € [—1,1]. Investigating the two terms of the minimization, we

can easily see that it suffices to consider p}, € [0, 1] and p), € [-1,0].

E. Proof of Theorem 4

In this section we use the upper bound for the DM case in Theorem 2 to compute the upper
bound on the capacity of the state-dependent full-duplex Gaussian RC with informed relay.

Fix a joint distribution of X, X5, S5, Y5, Y5 of the form (17) satisfying
E(X? =P <P, E[X}=P<P,
E[Xng] = 012, E[XQS} = O02s, E[X:[S] = O (E-38)

We shall also use the correlation coefficients p15 and pos defined as

012 O2s

P12 = —F7/————, P2s = —
V1P \ 2Q

We first compute the first term in the minimization on the RHS of (16). Let Y = (X, +
ZQ, X1 + Z3)T. We have

(E-39)

-[(X17Y27)/3|S7 XQ) - h(}/QaY:’)’Sa XQ) - h(Y27}/3|S7 X17X2)
= WX1 + Zs, Xi + Z5]5, Xo) — W(Z3, Zs)

(@)

< %log EKY — E[Y|S, Xz]) (Y - E[Y|S, XQ])T}

1
- §log(N2N3)

1 ‘]E[YYT]—E[E[Y|S7X2]E[Y|SaX2]T]’
N2N3

June 17, 2009 DRAFT



44

® 1 - pla 1 1

O 2 (1 P(l— — —), E-40
2 Og + 1( 1_p%s)<N2+N3> ( )

where, | - | denotes the determinant operator,

(a) follows from the fact that the conditional differential entropy h(X; + Z2, X7 + Z3|5, X») is

maximized if (S, X, Xy, Z2, Z3) are jointly Gaussian, and

(b) follows from the fact the vector (S, Xy, Xy, Zs, Z3) is a jointly Gaussian vector and the

MMSE estimator of Y given (5, X3) is

012025 012Q)
PZQ_U%S PQQ_O-%S
We now compute the term [I(X7, Xo; Y3|S) — I(X7;S|Y3)]. We have

E[Y|S, X5] = (— Xo)x(1,1)". (E-41)

I(X0, Xo; 5] 5) = I(X1; S|Ys) = h(Y3|S) — h(Ys| X1, X5, §) = h(S[Y3) + h(S]X3, Y3)
= h(Ys) — h(S) + h(S|X1,Ys) — h(Zs). (E-42)
For fixed second moments (E-38), we have
h(Ys) < % log(2me)(Py + Py + 2015 + 2095 + Q + N3), (E-43)
where equality is attained if Y3 is Gaussian. Similarly, the term h(S|X;,Y3) is maximized if

(S,X1,Ys) are jointly Gaussian. Let S(X;,Y3) = E[S|Xy,Ys] be the MMSE estimator of S
given (X1,Y3), i.e.,

~

S(Xl,}/zg) - E[Sle,XQ + S + Zg]
= X1+ 7(Xe + S+ Z3) (E-44)

with

012(Q + 03)
Pi(Py + 203s + Q 4+ N3) — 0%,
S Py(Q + 03,) ‘
Py (P + 2095 + Q + N3) — 03,

==

(E-45)
Then we have
h<S|X17 }/3> = h’(S - S(Xla %)‘Xla }/33)

<h(S =Xy —7(Xo+ S+ Z3))

log(2me)E [(5 —nXi — X+ S+ Z?’))z}

Qﬁ)lpg + PlNgQ — U%spl — J%2Q>
Pl(P2+2O'25+Q+N3)—O'%2 ’

(E-46)

N = N = D

log <(27Te)
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where the inequality is attained with equality if S, X7, Xo, Y3 are jointly Gaussian. From (E-42),
(E-43) and (E-46), we obtain

2

1 P+ P42 209, N,
[(Xl,Xz;Yrs‘S)_[(Xl;SW},):—log ~( 1+ 2~+ 012—i: % —EQ—F 32
(P1P> +2Py09s + P\Q + PyN3 — 01,)

o

QN3
:%mg (14~ VB +puVB) )
P2(1_P%z_P%s)+(\/@+P2s\/F2)2+N3

1 Py(1 - p}y — p3,)
| (1 s )
+5log (1+ N

For convenience, let us define the function @1(151, P12, p2s) as the RHS of (E-40) and the

QP P, + PN;Q — 02D, — @Q))

(E-47)

function @2(]51, ]52, P12, p2s) as the RHS of (E-47). From the above analysis, the capacity of the

channel is upper-bounded as
C < max min{@1<P1a P12, 025), @2(151, ]52, P12, 025)} (E-48)
where the maximization is over all covariance matrices Ax, x, 2,2z, of (X1, X2,S, Zs, Z3),

AX17X27S,Z2,Zs =

P P12V PPy 0 0 O
P12VP1P2 152 PQs\/PzQ 0 0
0 P\ PQ Q 0 0 |- (E-49)
0 0 0 Ny 0
0 0 0 0 N3
that satisfy
PL<P, P<P (E-50)
and have non-negative discriminant,
QP PyNyNs(1 — piy — p3,) > 0, (E-51)
i.e., for Q) > 0,
pra+p3, < 1. (E-52)

Furthermore, investigating @1(151, P12, P2s) and @2(151, Py, P12, P2s), it can be seen that it suffices

to consider pi2 € [0, 1] and pos € [—1,0] for the maximization in (E-48).
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To complete the proof, we should show that @1(151, P12, pos) and @2(151, ﬁ’g, P12, P2s) are max-
imized at P, = P, and P, = P. It is easy to show that @1(]51, P12, p2s) and 62(151, Py, pi2, P2s)
increase monotonically with ]51 for fixed p12, pas, ]52. Then we can replace ]51 with P; in both
@1(}51,p12,p25) and @Q(Pl, Pg,plg,pgs). To show that P, can be replaced by P, we use the
following intuitive argument. Since the term O (P, p12, p2s) does not depend on ]52 for given pyo
and pys, it remains to show that 152 can be replaced with P; in only the term @2(]51, ]52, P12, P2s)-
The term 62(151, Pg, P12, P2s) is the sum rate of a two-user MAC with asymmetric CSI in which
the informed encoder knows the message of the informed encoder [16, Theorem 6]. Then,
considering this MAC, it can be argued [16] that for the sum-rate to be maximized the informed

encoder should use the entire power available, i.e., P». This concludes the proof of Theorem 4.

FE. Proof of Observation 1

We first prove the first statement in Observation 1. Let us denote N3 as the RHS of (37). We

have
RY Z min {; log(1 + %)
_1%2?0 %log (1 * P+ Q+ Nf:— 2P/23\/m> + %10@;(1 + —P2<1]\73 p'gi))}
1 log(l + %)
= Ttoa, (F-53)

where (a) follows by putting pj, = 0 and § = 1 in (25), and (b) follows if Ny > Nj.
Then, it is easy to observe that

RiG < Rpg. (F-54)
From (F-53) and (F-54), we get that
Rp < RE < Cpg < Ry, < R (F-55)

Then we can conclude that the lower bound and upper bound meet if Ny > N3.

Let us now prove the second statement in Observation 1. If the pair (pi2, p2s) that maximizes
the upper bound in Corollary 3 satisfies the condition in (31) with equality, i.e., p%, + p3, = 1,
then we choose gos = pas, 012 = p12, and 0 = g2, (i.e., § = ©¢2,) in the lower bound (34) to

achieve the upper bound, and thus obtain channel capacity in this case.
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G. Proofs for Time Division Relaying

1) Proof of Proposition 1: Let (Xfll), Xl(}Q), . ,XSBWLJ) and (X(Q)zxnj+17 Xl(i)vnH?’ e ,Xﬁz)
be the transmitted sequences from the source during the relay-receive period and the relay-
transmit period, respectively. The relay receives Ya1,Y55,...,Y5 |1, during the relay-receive
period and transmits a sequence Xy |, |41, X2 [vn]+2,** ; X2, during the relay-transmit period.

From Fano’s inequality (C-16) and Lemma 1, we have the following

nfR < min {Z](Xl,i;YQ,iayii,i|Si7X2,z’)7
—1

Z I( X1, X204 Y5,|9:) — I(Xa; Sz‘YESz)} + noy,. (G-56)
i=1

We now specialize this bound to the TD mode for which we have X,; = 0 for i < |vn] (as the
relay does not transmit during the relay-receive period) and Y5, = 0 for ¢ > |vn] + 1 (as the

relay does not receive during the relay-transmit period). This gives

lvn] n
ni < min {Zf(Xl(,li)%Yz,zﬂ/s(,msi(l)szz‘ =0)+ > (X725 v2189, X,,),
=1 i=|vn]+1

Lvn]
ZI 117 32 z X21_0) (Xl(,lz)’Sz(l)D/S(i))

+ Z (X, X VDS — 1(X D, 8P| >}+n6n- (G-57)

i=|vn|+1
By letting n — oo and using standard arguments [51], we get the single letter upper bound on

capacity
C < max min {VJ(XS); Vo, YAV15M X, = 0) + oI(XP; VP |15®) Xy),
v YIS0, X = 0) - w1 (07 50 yY)
# P, X ¥18) = (X521 (G-58)
where the maximization is over all joint distributions of the form

Qs Py Wy 3oy s Qs Py Py v sy Wy o) @ x, s (G-59)

The bound in (G-58) is the counterpart, to the TD mode, of the upper bound (16) for the full-

duplex case. By closely following the arguments and the algebra used in the proof of Theorem 4,
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it can be shown that this bound is maximized by choosing S s@), Xl(l), Xf2)7 X, Y5, Y3(1), Y3(2)
that are jointly Gaussian, with X 1(1) with power Pl(l) is independent of S(), and X1(2) and X,

with power P1(2) and P, respectively, are such that
E[XVX,) = poy/ PP P, EXPS®) =0, E[X,5?] = pov/ PQO.

Using this distribution, the evaluation of the RHS of (G-58) gives the RHS of (44).

2) Proof of Proposition 2: The proof follows by combining the technique of rate-splitting
[53] and the Generalized DPC described in Section IV-A for the full-duplex mode. Rate splitting
has the message W to be transmitted from the source node split into two independent parts: wy
transmitted directly to the destination at rate R4, and w, transmitted through the relay at rate
R,, with a total rate R = R, + Ry.

The encoding and transmission scheme is as follows. During the relay-receive period, the
source sends a Gaussian signal X&) which carries w, only and is independently drawn with a
random variable X 1(1) ~ N(0, Pl(l)) which is independent of the channel state S™"). During the
relay-transmit period, the source transmits a Gaussian signal X 1(22) which carries both w, and wy

and is independently drawn with X 1(2) ~ N(0, P1(2)). During the relay-transmit period, the relay

sends a Gaussian signal X, ; which carries w, only and is given by
Xoi=Uy; + Xz,z’, (G-60)

where Uy ; is drawn with U; ~ N(0, Q_PQ) and Xgﬂ' is obtained via a GDPC considering S @ as
non-causal channel state information during this period.

The random variables U; and X\ are jointly Gaussian with E[X\* X,] = E[X?'U,] = pl,\/0P? P,
and are both independent of the state S?). For the GDPC, we use the following auxiliary random

variable to generate the auxiliary codewords Uy ;,
Uy = Xo + /5@, (G-61)

where X, ~ N(0, 0P,) is jointly Gaussian with S, with E[X55®] = E[X55] = p./0P2Q®);
and o is the GDPC scale parameter. Thus, using the above GDPC, XQ’,‘ is generated as

Xg’i = Ugﬂ‘ — O/SZ-(Q) (G-62)

where U, ; is independently drawn with Us.
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Furthermore, we let X 1( Z) = plar/ P(2 JOPU, ; + X 1 Z), where X 1(22 is independently drawn with
~ N(0, (1 — plQ)Pl( ), is independent of U}, X,, S®, and carries w, only.

For the decoding procedures at the source and the relay, we give simple arguments based on

intuition (the rigorous decoding arguments use jointly typicality). Also, since all the random

variables are i.i.d., we sometimes omit the time index. The relay subtracts out SO from the

received Y5 and then decodes w,. Message w, can be decoded correctly at the relay as long as

P(l)
R, <% log (1 n —) (G-63)

Ny
The destination decodes w, from (Y3(1), Y32 ) by treating the part of Xf) that carries message
wy, 1.e., )N(I(Q), as an unknown noise. Since w, is carried over two parallel channels (Yg(l) and
(2)) with Y3(2) being a noisy version of channel inputs obtained by GDPC, the destination can

decode w, if

R, < vI(X: YY) + 0[1(Uy, Us; Yi?) = I(Uy; SP|UY)]. (G-64)

(2)

Then the destination uses Y3’ and the decoded codewords U; and U, (which carry w, only) to

decode w,. We note that, in decoding message w,, the destination can decode U fully, i.e., not

only the bin index but also the correct sequence in the bin, if
[(Us; Y2\UL) = I(Uy; SP|UL) > 0. (G-65)
Under the condition (G-65), the destination can decode message w, if
Ry < vI(X ;Y2 |0, Uy). (G-66)
Adding (G-63) and (G-66), we obtain

P(l)
R+ Ry< = log(l + 2L+ o xP Y2 uy, ), (G-67)

Ny
and adding (G-64) and (G-66), we obtain
R+ Ry < vI( XY Y)Y + o[I(XP, Uy, Uy Yi?) = I(Us; SP|U7)]. (G-68)

We first compute the RHS of (G-68). The term [I(XF), Uy, UQ;YE,}(Q)) — I(Uy; SP|UL)] can be

computed using simple algebra which is essentially similar to that in the evaluation of (D-24)
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in Appendix D, and which we omit here for brevity, to obtain

e @ g ' Jap®
1 P77+ 0P, + 2p \/E
I( £2)7 Uy, UQ;YB(Q)) — I(Us; 5(2)‘(]1) = —log (1 i 1 2 12 L Py )

2 9P2—|—Q(2) +2p/28\/9P2Q(2) +N3

1 Py (P, + Q¥ + N3)

2 ( 2072 ) G-69
+ 5 0g PZ/Q(2)(1 —0/)2 —|—N3(P2’ +a’2Q(2))  ( )

with P} := 0P(1 — p2). Also, it is easy to show that
(1)
W,y 0y _ 1 ( L ) ]
I(X,7; Y, )—2log 1+N3+Q(1) . (G-70)
The mutual information on the RHS of (G-67) can be computed as follows. Let }73(2) = )~(2 +

S@) + Z.. We have

I(X{z), 3/:3(2)|U1, U2) - I(X{Z),Xl(m —+ XQ -+ 5(2) -+ Zg|U1, UQ)

E[(X1”)?
E[(Y;?)?] — E[E2 [573(2)|U2H>

2\ p(2)
Vot 0.
where (a) follows from the fact that U; is independent of U, X}Q) , }73(2); (b) follows from the
fact that Xl(Q) is independent of Us; and ®(c/, 0, p),) is defined as in (48).

L (1+
=-lo
5 log

L <1+
=-lo
5 log

The conditional mutual information difference in (G-65) can be computed by subtracting the

RHS of (G-71) and the term I(Uy; Yi?)) from the RHS of (G-69), with

UG YD) = i) = (X + Xy + 5@ + Z)

L (P Pt QO 4 2000\ [0 Py + 200, /IPQ®) + Ny (G-72)
= —log ( )7 -
2 PP(1 = p) + 0P+ Q® + Ny

to obtain
[(Us; Y2 UL — 1(Us; SP|UL) = O(a, gy, 0, phy), (G-73)

where O(d/, pls, 0, ph) is defined as in (49).
Finally, we obtain (47a) using (G-67) and (G-71); and we obtain (47b) using (G-68), (G-69) and
(G-70). This completes the proof.
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