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Abstract

Information embedding (IE) is the transmission of inforimatwithin a host signal subject to a
distortion constraint. There are two types of embeddinghort, namely irreversible IE and reversible
IE, depending upon whether or not the host, as well as theagesss recovered at the decoder. In
irreversible IE, only the embedded message is recovereaeati¢coder, and in reversible IE, both the
message and the host are recovered at the decoder. This quagsters combinations of irreversible
and reversible |IE in multiple access channels (MAC) and ighyly degraded broadcast channels (BC).

This paper first considers MAC IE in which separate encodetseel their messages into their host
signals subject to distortion constraints. The embeddgubats from the two encoders are transmitted to
a single decoder across a MAC. This paper study the capagjtgmr in three cases: A) no host recovery
at the decoder, B) lossless recovery of one host at the decat C) lossless recovery of both hosts
at the decoder. For the cases A and B, inner bounds on thectegpeapacity regions are developed.
For the case C, inner and outer bounds on the capacity regiodeaeloped and the capacity region is
obtained if the hosts are independent.

This paper also considers BC IE in which two messages intefudeseparate decoders are embedded
into a given host sequence by a single encoder subject tat@tia constraint. This paper study the
capacity region for degraded BC in four casel) lossless recovery of the host sequence at neither

of the decoderspB’) lossless recovery of the host sequence at only the bettmrdde C’) lossless
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recovery of the host sequence at both decoders,Ahdossless recovery of the host sequence at only
the worse decoder. For the cas#/sand B’, inner and outer bounds on the respective capacity regions

are developed. For the cas€$ and D', the respective capacity regions are obtained.

Index Terms

Information Embedding, Reversible Information Embeddikgltiple Access Channels, Broadcast

Channels

I. INTRODUCTION

Information embedding (IE) is the reliable transmissionirdbrmation within a host signal
subject to a distortion constraint. IE is a recent area oitalignedia research with many
applications including active and passive copyright mtoa (digital watermarking); steganog-
raphy; embedding important control, descriptive refeesiméormation into a given signal; digital
upgrades of communication infrastructure; and covert camications [1], [2], [3], [4]. The main
idea of IE is that the host signal can carry different messadethe same time by allowing a
small amount of distortion that can be tolerated at the meenreceiver for the host signal. It
has been observed that IE is closely related to state-depepstiannel models with state known
non-causally at the encoder [5], [6] [1], [2], [7].

A. Forms of IE

In IE, a messagdV is embedded into a host signétt such that the embedded sigrét is
close toS™ under some prescribed distortion measdire-), i.e., Ed(X",S") < A. The decoder
receivesY”, which is drawn according a probability lap(y™|x™,s™) for given X" and S™.
Throughout the paper, we focus on the discrete memoryless wiahout feedback and denote
the channel law by(y|x, s). Based upon whether or not the decoder recovers the host signal
in the sense of probability of error going to zero, there are important types of IE, namely
irreversible and reversiblelE.

In irreversible IE, the decoder is only concerned with tdkadecoding of the message
embedded in the host from the received sequevitdl], [2], [7], [8]. The irreversible IE
capacity of a single-user model is given by

C(A) = p(uvx‘s){n@xvs)ﬂ[ﬂ(u; Y) = I(U;S)],

November 17, 2007 DRAFT



wherell is an auxiliary random variable witfil| < |X||S|. To achieve the capacity, Gel'fand-
Pinsker coding [5] is used at the encoder such that the tmtobetweenX™ and S™ satisfies
the constraintA.

In reversible IE, the decoder is concerned with losslesevey of the host as well as
reliable decoding of the embedded message in the host frenreteived sequencé” [9],
[10]. Reversible IE is useful for cases in which little or nogtedation of the host signal is
allowed, with applications in military and medical imageaypd multimedia archives of valuable

original works. The reversible IE capacity is given by

c(A) = p(x‘s)}gg&sm[ﬂ(x7 S;Y) —H(S)].

To achieve the above capacity expression, superpositidmgas used at the encoder such that
the distortion constraint is satisfied, i.&[d(X,S)] < A.

This paper focuses on IE in multi-user channels such as preikiccess channels (MAC) and
broadcast channels (BC). We focus on MAC IE with lossless mgoof somehost sequences
at the decoder and BC IE with lossless host recovergoamedecoders, but the techniques
can also be applied to other multi-user scenarios. In singé IE, substantial results have been
developed, but multi-user IE scenarios have not been ar®x#dy studied. Information theoretic
study of single-user public and private watermarking systés studied in [11], [12], [13]. Joint
IE and lossy compression is studied in [14], [15] and jointamaarking and encryption is studied
in [16]. Multi-user models with state available at the erexsdare studied in [17], [18], [19],
[20], [21], [22], [23], [24], [25], [26], [27]. As in singledser case, there is a close relationship

between multi-user models with non-causal state at thedmmsaand multi-user IE.

B. Summary of Results

1) MAC IE: In Section Il, we consider a two-user MAC IE model shown inufeg 1, but
the results can be extended to any number of users. Encaebeds its informatiolV; into a
host signalS?, generated by a host sour¢esuch that the per-letter distortion betwehand
X! is less thamd;, i = 1,2.

For this model, we consider the following three cases invedng, in the sense of probability
of error going to zero, the messages and the host sequenties décoder from the received

sequence’”:
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Fig. 1. Block diagram of multiple access channel information embeddiodein

« Case A, Recovery of Neither Host: The decoder recoverdV;, Ws) from Y.

. Case B, Recovery of One Host: The decoder recoverdV;, W,) along with the one host
from Y”. Without loss of generality, we can assume that the hostesexg$’ of Encoder 2
IS recovered at the decoder.

. Case C, Recovery of Both Hosts : The decoder recovefdV;, W) and (S}, Sy) from Y.

Our general MAC IE model considers scenarios in which the MA@put potentially depends
on both the embedded signals and the host signals. For Casas B, ave develop inner bounds
on the respective capacity regions in Sections II-A and Ite8pectively. For Case C, we derive
inner and outer bounds on the capacity region if the hosts@related in Section 1I-C, and we
show that there is no gap between the inner and the outer batitite hosts are independent.
2) BC IE: In Section lll, we consider IE in a broadcast scenario as showFigure 2,
which illustrates only two decoders; in principle the modal results can be extended to any
number of decoders. In this model, the encoder embeds twepémtient messagésv;, W-)
into a single host sequenc® such that the distortion between the embedded sigfiadnd
S" satisfies a given distortion constrait In this paper, we focus on the case of a degraded
broadcast channel, i.ex(y, z|x, s) = p(y|x, s)p(z|y). Decoder 1, or théetter decoderreceives
the channel outpuY™ which is drawn according to a memoryless probability laf|x, s) for
given X" andS™. Decoder 2, or thevorse decoderreceives the sequen@® which is corrupted
version ofY™.

For this model, we consider the following four cases in recmg, in the sense of probability
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Fig. 2. Block diagram of the broadcast information embedding model.

of error going to zero, the messages and the host sequenties @tcoders:

« Case A’, No Host Recovery: Decoder 1 recover6W,, W,) from Y”; Decoder 2 recovers
W, from Z".

. Case B/, Host Recovery at the Better Decoder: Decoder 1 recoversW,, W,) and S”
from Y™; Decoder 2 recoveryV, from Z".

« Case (', Host Recovery at Both Decoders: Decoder 1 recover§W;, W,) and S™ from
Y": Decoder 2 recovergV, andS™ from Z".

« Case D', Host Recovery at the Worse Decoder: Decoder 1 recover§W;, W) from Y";

Decoder 2 recoveryV, andS™ from Z".

Inner and outer bounds for the BC IE capacity region in Cdswithoutan encoder distortion
constraint are derived in [21]; in this paper, we extend thgults to incorporate an encoder
distortion constraint in Section IllI-A. For Cad¢/, we develop inner and outer bounds for the
BC IE capacity region in Section IlI-B, and for cas€sand D’ we derive the BC IE capacity
region in Section I1I-C and Section 1lI-D, respectively.tlirns out that the capacity regions in
CasesC” and D' are identical because the channel outdutis a degraded version &f*. The
capacity region for the model considered in Cé&%eif compressed hosts are available at the

decoders is obtained in [28].

C. Notation

Throughout the paper, random variables and sample valeedesoted in a special font, e.g.,
random variabl&X and sample value. Alphabets are denoted in calligraphic font, e)§.and are

all discrete. The shortharXi/ represents the sequene;, X », ..., Xy ,, andX?, represents the
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sequencey ;, X1 i41, - - - , X1.n. Finally, H(-) andI(-; -) denote the standard information-theoretic

guantities of (ensemble average) entropy and mutual irdtom, respectively.

1. MAC IE

In this section, let us formally discuss the model shown iguFé 1. Host sourceé generates
a sequence&! = S;;S;...S;, of symbols from the discrete alphab®t i = 1,2. We assume
that the host sequence pafif, Sy) is generated by repeated independent drawings of a pair of
discrete random variablgs$,, S;) from a given joint distributiornp(sy, s;). The host sequence
S is non-causally known at Encodéror i = 1,2. The message source at Encodgroduces
the message inde¥; ¢ W, = {1,2,..., M;} with equal probabilityl/M;, for i = 1,2. The
message index at any encoder is independent of all host seggiand also independent of the
messages at all other encoders. The rate at Encodarbits per channel use, is defined as
R; = (1/n) logy(M).

Definition 1: A (Ml,MQ,D( Dg ,n) MAC IE codeconsists of sequences of encoding

functions at Encoder 1 and Encoder 2,
fi oWy x 8 = XY, and f3: Wy x 85 — X5,

respectively, and a sequence of decoding functions,
« Recovery of Neither Host ¢ : Y* — (W1, Wy)
« Recovery of One Host ¢} : Y — (W, Wy, 8%)
« Recovery of Both Hosts g% : Y — (W, 8T, W, 85)
The distortions associated with MAC IE code are defined)ﬁ”é = Ed,; (S}, X?) for the additive

distortion function
dy (ST, X7 = Zd i X

for some non-negative bounded distortion functld§(§ij,xij), wherei =1, 2.

The embedded signals? and X5 from Encoder 1 and Encoder 2, respectively are trans-
mitted across a MAG(y|x1, s1, X2, s2) without feedback modeled as a memoryless conditional
probability distribution

n
Pr(y"[x}, st x5, 83) = [ [ pwslxas 517, %25, 525). (1)
j=1
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Definition 2: A rate pair (R;, Rs) for a given distortion paifA;, A,) is said to beMAC
IE achievableif there exists a sequence ¢f2"%:], [2%2] D™ DY n) MAC IE codes with
lim,,_ Di(”) < A, fori = 1,2, andlim, ., P' = 0, where P is the probability of error
defined appropriately for each case in the sequel of thisosect

Definition 3: For given p(si, s2) and p(y|xi, s1,x2, $2), let Piac(Ar, Ay) be the set of all
random variable tuple$Q, S, So, (U, X1), (Us, X2),Y) taking values in finite alphabets, S,
U; x Xy, Us x Xy, andy, respectively, with joint distribution satisfying conidihs

Q) D (w ) (wsx)y PG5 81, 82, (W1, %1), (U2, X2), Y) = p(s1, $2),

b) p(q,s1,s2, (Wi, %1), (U2,%2),Y) = p(q)p(s1, s2)p(U1, X151, 4)p(U2, X2[S2, 4)P(Y[X1, 51, X2, S2)

c) Ed;(S;, X;) < A, fori=1,2.

Definition 4: For givenp(sy, s2) and p(y|xi, s1, X2, x2), let P (A1, Ag) be the set of all
random variable tuple§Q, S;, So, X1, X5, Y) taking values in finite alphabets, S, X, X,, and
Y, respectively, with joint distribution satisfying the atinons

Q). D oy P(d5 81,82, X1, X2, Y) = (81, 82),

b). p(q,s1,s2,%1,%2,Y) = p(q)p(s1, s2)p(X1, X2|s1, S2, 4)p(Y[x1, 81, X2, S2),
C). EdZ(SZ,XZ) < Ai! for i = 1,2.

A. Recovery of Neither Host

In this section, we derive an inner bound on the MAC IE capaggion for Case A, in
which the decoder recovers on{yV;, W,) from Y". We define the MAC IE capacity region
Cmac.a(Ar, Ay) as the closure of the set of all MAC IE achievable ratgs, R,) with P .=
Pl(g%(Y") # (W;,W,)] — 0 asn — oo. The following theorem provides an inner bound on
the capacity region.

Proposition 1: Let Ry, (A1, A;) be the closure of the set of all rate pai®;, R;) such
that

Ry <T(Uy; Uy, Y[Q) — I(Uy; $4Q), (2a)
Ry < T(Up; Uy, Y|Q) — I(Us; S2|Q), (2b)
Ry + Ry <I(Uy, Us; Y|Q) — I(Uy, Us; Sy, S2]Q) (2¢c)

for some (Q, Sy, Sa, (U, X1), (U, X2),Y) € Piac(Ar,Ag), wherel; and U, are auxiliary

random variables. TheR} ¢ A(A) C Cuac,a-
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Remarks
« The inner bound in Proposition 1 is similar to that in [29],iefhconsiders a Gaussian MAC
with no host recovery, but the result here is for the discre¢égnoryless case. Because the
coding procedures, and error events in [29] apply, we do notige a proof here.
. To achieve the inner bound, distortion-constrained Getlf®insker codes can be used to
embedW; and W; into the host sequenceéd and S such that the distortion constraints

A; and A, are met, respectively.

B. Recovery of One Host

In this section, we derive inner and outer bounds on the MACdRacity region for Case B,
in which the decoder recove(3V;, W,, St) from Y. We define the MAC IE capacity region
Cmac,s(Aq1,Ay) as the closure of the set of all MAC IE achievable rat8s, R,) with P =
Pl(g(Y™) # (W1, Ws, S5)] — 0 asn — oo. The following theorem provides an inner bound
for the capacity region.

Proposition 2: Let Ry, z(A1, Az) be the closure of the set of all rate paii®;, k) such
that

Ry <T(Uy;Y|X2,S2,Q) — I(Uy; S1[Xo, So, Q), (3a)
Ry <I(X, So; YUy, Q) — H(S2|Uy, Q), (3b)
Ry + Ry < T(Uy, X, S2;Y|Q) — H(S2) — I(Uy; S1]X2, Sa, Q) (3c)

for some (Q, Sy, S2, (U, X1), (X2, X2),Y) € Piac(A1,Ay), whereU; and Q are auxiliary
random variables. ThetR},c 5(A1, Az) C Cyvacs(A1, Ay)
Remarks
. The inner bound in Proposition 2 is a special case of an inoendb in [24], which considers
the state-dependent MAC with state known at one encoder esaw/ery of only messages
at the decoder. To obtain the inner bound in Proposition Bstitute (X5, S;) in place of
Xy into the inner bound in [24].
« To achieve the inner bound, distortion constrained Gettf&msker coding is used to embed
W into the host sequenc®}, and distortion-constrained superposition coding is used

embedW; into the host sequencs.
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. If we choosell; = (X3, S,) int Proposition 1, we obtain the inner bound in Proposition 2
Thus, Riac,p(A1, Az) € Ryjaca (A1, Ag).

C. Recovery of Both Hosts

In this section, we derive inner and outer bounds on the MA@dRacity region for Case C
in which the decoder recove(®V;, S}, W,, S%) from Y. We define the MAC IE capacity region
Cuac.c(Ar, A,) as the closure of all MAC IE achievable rates;, R,) with P := P[(g(Y") #
(W4, ST, Wy, S1)] — 0 asn — oo. The following theorem obtains an inner bound for the capaci
region.

Theorem 1:Let Ry, (A1, Az) be the set of all rate pairgR;, R;) such that

Ry < [I(X1,S1; Y[X2, S2, Q) — H(S4]S2)], (4a)
Ry < [I(X2, S2; Y[X1,S1, Q) — H(S2|S1)], (4b)
Ry + Ry < [I(Xq, 51, X2,S2; Y[Q) — H(S4, S2)], (4c)

for Some<Q, $1, S, (Xl, Xl), (XQ, X2>, Y) S {Pf\/IAC<A17 Ag) Then,

Riiac,c(A1, Ag) C Cuac.c(Ar, Ay).
Proof: See Appendix A
The following theorem gives an outer bound for the capa@gian if S; andS, are correlated.
Theorem 2:Let Ry;,c (A1, Az) be the set of all rate pairg?;, Ry) such that

Rl < [H(Xlasl;Y|X27827Q) _H(Sl‘SQ)L (5a)
Ry < [I(X2,S9; Y[X1,S1,Q) — H(S2|S1)], (5b)
Ry + Ry < [I(Xq, S1, X2, S2; Y[Q) — H(S4, S2)], (5¢)

for some(Q, S1,S2, X1, X2,Y) € Pac(Ar, Ag). If the host random variableS, and S, are
correlated, then
6'1\/IAC,C(A17 AQ) - R%{Ac}c(Ah AQ)

If the host random variableS, andS, are independent, then

Cumac,c(Ar, Az) € Riyaco(Ar, Ag).
Proof: See Appendix B
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The following corollary of Theorem 1 and Theorem 2 states M#&C IE capacity region
for a given pair of distortion constrain{g\;, A,) if the host random variableS; and S, are
independent.

Corollary 1: If the host random variable$, andS, are independent, then the capacity region

Cumac,c(Aq, Ay) is the closure of the set of all rate pairB,, R») such that

Rl < [H(Xlusl;Y|X27SQ7Q) _H(Sl|52)]7 (6a)
Ry < [I(X2, S2; Y[X1, S$1, Q) — H(S2|S1)], (6b)
Ry + Ry < [I(Xq, 51, X2, S2; Y[Q) — H(S4, S2)], (6c)

for some(Q, S1, S, (X1, X1), (X2, X2),Y) € Piac(Ar, Ag).
Remarks
« To compute either (4) or (5), it is sufficient to consider tistering random variabl€
with |Q] < 4 by Caratheodory’s theorem [30].
« In most communication scenarios, message transmissies oatzero are achievable. How-
ever, in this model, message transmission rates of zeroeandchievable if the host source
pair p(s1, s2) is such that the upper bounds @, R, and R; + R, in (6) are negative.

This is because we require host recovery at the decoder &s wel

1. DEGRADEDBC IE

In this section, let us formally define the BC IE model showniguife 2. A host sequenc® =
(S1,S2,...,S,) is an independent and identically distributed (i.i.d.)cdéte random sequence
whose elements are drawn with probability mass functi@), s € 8. All alphabets are discrete.
We assume that the host sequefitas non-causally known at the encoder. The encoder embeds
a message paiW;, W,) into the host sequenc® such that the average distortion betweén
and the embedded sequenxe satisfies a given distortion constraitt The message®V; €
{1,2,..., My} andW, € {1,2,..., M} are drawn equally likely with probabilities/); and
1/Ms,, respectively. Then the rate of messdyeis given byR; = (1/n) log, M; bits per channel
use, fori = 1,2. It is also assumed that the message is independent of the other message

and the host sequence foE 1, 2.
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Definition 5: A (M, M,, D™ n) BC IE codeconsists of a sequence of encoding functions

at the encoder
W x Wy x 8" — X,
and a sequence of decoding functions at Decoder 1 and De2oder

« No Host Recovery g7 4 : 4" — (Wi, Wy) and g5, : 2" — Wy

« Host Recovery at the Better Decoder g7 p 0 Y" — (W1, W5, 8") and g5 p : 2" — Wy

« Host Recovery at Both Decoders gy, : 4" — (Wi, W, 8") and gy : 2" — (Wo,8")

« Host Recovery at the Worse Decoder g7, : Y" — (W1, Ws) and g5 : 2% — (W2, 8"),
respectively. The associated distortion is definedDd® = Ed(S",X"), where d(S", X") =
(1/n) > 7, d(S;,X;) for given non-negative bounded distortion measi(re-).

The embedded sign&” is transmitted across a discrete memoryless degraded dastad
channel (DMDBC) with statep(y|z, s)p(z]y), modeled as a memoryless conditional probability

distribution .
Pr(Y' =y", 2" = 2"x",s") = [ [ p(v;lx;, s,)p(z;]u;). (7)

j=1
Definition 6: A rate pair(R;, Ry) for a given distortionA is said to beBC IE achievablef
there exists a sequence @21, [2"/%], D™ n) BC IE codes withlim,_., D™ < A and
lim, .., P = 0, where P is the probability of error defined appropriately for eackec@ the
sequel of the paper.
Definition 7: For a givenp(s) and p(y|x, s)p(zly), let P(A) be the collection of random
variables(T, S, X, Y, Z) with joint probability mass function satisfying the follawg conditions
a) p(t s, x,y,z) = p(t, s, x)p(y[x, s)p(z|y)
b) > eqexP(t,x,8) = p(s)
c) Ed(S,X) <A,

whereT is an auxiliary random variable.

A. No Host Recovery

In this section, we state inner and outer bounds for the BC iaciéy region in Case!’,
in which Decoder 1 recoverdV;, W,) from Y™ and Decoder 2 recoveM/, from Z". The BC
IE capacity regionC (A) is the closure of all BC IE achievable ratéR;, R,) with P™ :=
Pr((g} 1 (Y") # (Wi, Wa) or g3 4 (Z") # Wa] — 0 asn — oo,
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Proposition 3: Let RY,(A) be the closure of the set of all rate paji8;, R,) such that
Ry <T(V; Y[U) = I(V; S|U), (8a)
Ry <I(U; Z) — I(W; S), (8b)

for some ((U,V),S,X,Y,Z) € P(A), whereU and V are auxiliary random variables with
alphabet sizes satisfying(| < |X||8| + 1 and|V| < |X||8|(|X]||8| + 1), respectively. LetR9, (A)

be the closure of the set of all rate paii®,, R2) such that

Ry <I(W; Z) — I(U; S), (9b)
Rl + RZ S H(u7 v7 W7 Y) - H<u7 v7 W7 8)7 (90)

for some((U,V,W),S.X,Y,Z) € P(A), wherel, W, andW are auxiliary random variables
with alphabet sizes satisfying(| < |X|[8| + 2, |V| < |X||S|(|X]|8] + 2) + 1, and W <
(%C1IS[(12¢][8] +2) + 1)(|X]|8] + 2)|X[[8] + 1, respectively. ThenRiy (A) C Ca(A) € R%(A).
Remarks

The inner and outer bounds in Proposition 3 are slightlyedght from those in [21], which
does not consider an encoder distortion constraint. Aljhcessentially the same proofs in [21]
apply, here there is an additional constraint on the joinbpbility mass function®(A) to limit
the average distortion between the hdsind the channel inpX to be at mostA. To achieve
the inner bound, Gel'fand-Pinsker codes can be used to ethieechessage8/V,;, W,) into the

host sequenc8™.

B. Host Recovery at the Better Decoder

In this section, we derive inner and outer bounds on the BC [faadsy region in Caséds’,
in which Decoder 1 recoverdV;, W,) andS™ from Y"” and Decoder 2 recovers onW, from
Z™. We define the BC IE capacity regidty (A) as the closure of all BC IE achievable rates
(Ry, Ro) with P& := Pr[(g} 5, (Y") # (Wi, Wa, S™) or g5 5, (Z") # Wa] — 0 @sn — oo. The
following two theorems give inner and outer bounds for thpagity region in this case.

Theorem 3:Let R%,(A) be the closure of the set of all rate paji8,;, R,) such that
Ry <I(X,S;Y[U) — H(S|U), (10a)

Ry <I(U; Z) = I(U; S), (10b)
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for some(U,S,X,Y,Z) € P(A), whereU is an auxiliary random variable with alphabet size
satisfying|U| < |X||8] + 1. ThenRy, (A) C Cp/(A).
Proof: See C .

Theorem 4:Let R%,(A) be the closure of the set of all rate pait8;, ;) such that

Ry < I(X,S: Y|U) — H(S[W), (11a)

for some ((U,V),S,X,Y,Z) € P(A), whereU and V are auxiliary random variables with
alphabet sizes satisfying(| < |X||8| + 1 and |V| < |X||8|(]X]||S| + 1), respectively. Then
Cp (A) C RY(A).

Proof: See Appendix D.

Remarks

To obtain the above inner bound, the messaye is embedded into the host sequerfe
using Gel'fand-Pinsker coding, and the mess¥geis embedded into the host sequence using
superposition coding such that the distortion constrairgatisfied. The above inner and outer
bounds are already convex regions. So, there is no need radute time-sharing auxiliary

random variables. Let us write the constraint Bnin the outer bound given in (11) as follows
I(u,v;z2)—-I(WU,v;S) =I(U; 2) — (W; S) + {I(v; Z|u) — I(V; S|U)}.

This termI(V; Z|U) — I(V; S|U) is the difference between the inner and outer bound¥. i
a deterministic function otl, both inner and outer bounds coincide. This clearly shoves th
Ry (A) C R(A).

C. Host Recovery at Both Decoders

This section derives the BC IE capacity region in Cé&Se in which Decoder 1 recovers
(Wi, W,) and S™ from Y™ and Decoder 2 recoverd/, and S™ from Z". We define the BC
IE capacity regionC.(A) as the closure of all BC IE achievable rat@3;, R,) with P\ :=
Pr[(gf or(Y") # (Wi, Wa, S™) or g5 0 (Z") # (Wa, $")] — 0 asn — oo,

Theorem 5:Cc/(A) is the closure of the set of all rate paifB,, R,) such that

Ry <I(X,S;Z) — H(S), (12b)
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for some(U, S, X,Y,Z) € P(A), wherel is an auxiliary random variable witfil| < |X||§].
Proof: See Appendix E

Remarks

To achieve the BC IE capacity region, the messagés, W,) are embedded into the host
sequence using distortion-constrained superpositionngods in the previous cases because

lossless recovery, i.e., reversible embedding, of the $egtiences” is required in Casé”.

D. Host Recovery at the Worse Decoder

This section derives the BC IE capacity region in Cd3e in which Decoder 1 recovers
(Wi, W,) from Y™ and Decoder 2 recoverd/, and S™ from Z". We define the broadcast IE
capacity regionCp/(A) as the closure of all BC IE achievable rate8,, R,) with P =
Pr{(gf o (Y") # (Wi, Wa) or g5 1 (Z7) # (Wa, $)] — 0 asn — oo,

Corollary 2: Cp/(A) = Cor(A).

Proof: SinceZ" is a degraded version &f*, and (W,, S*) must be reliably decoded froi",
(W,, S™) can also be decoded frolfi*. This implies that the BC IE capacity region in CaBé
is the same as in Cas¥.

APPENDIX

We present definitions related to strong typicality [30]1][3[32] and important theorems
based on strong typicality which will be used throughout sketion.

Definition 8: A sequence™ € X" is said to be=-strongly typicalwith respect to a distribution
p(x) on X or x" € T(X) if

LV(ap) = pla)| < 7

for all a € X with p(a) > 0, and N (a|x™) = 0 for all a € X with p(a) = 0, where N (a|x") is
the number of occurrences of the symlaoin the sequenc”.

Definition 9: A pair of sequences$x”, y”) € X™ x Y is said to bgointly e-strongly typical
with respect to a distributiop(x,y) on X x Y or (x",y") € T"(x,y) if

1 €
_N(aab|xn7yn) —p((l,b) < ST
n | X[ |4

November 17, 2007 DRAFT



15

for all (a,b) € X x Y with p(a,b) > 0, and N(a,b|x",y") = 0 for all (a,b) € X x Y with
p(a,b) =0, whereN(a, b|x",y™) is the number of occurrences of the symbe]b) in the pair
of sequence$x™, y").

For completeness, we recall theorems on strong typicadi®y, [31], [32] which will be used
throughout this section.

Lemma 1: SupposeX™ is generated from a discrete memoryless source(Dp®) andX™ €

T (X). Then, we have the following

2—n[H(X)+61] < Pn(xn) < 2—n[H(X)—51} (13)
(1 — ) 2=l < |77 (X)| < 270+l (14)
(1—e) < PrX" € TM(X)] < 1 (15)

wheree; — 0 ase — 0, andes — 0 asn — oo for fixed e.
Lemma 2: SupposeX™, Y") is generated from a discrete memoryless source (DMS)y)

and (x™,y") € T(X,Y) and Then, we have the following

2—n[H(X,Y)+€/1] < Pn(xn7yn) < 2—n[H(X,Y)—e'1] (16)
(11— ¢) 298] < 72(X, V)] < 20N+ 7)
(1— ) < P, V) € X V)] < 1 19)

wheree) — 0 ase — 0, ande, — 0 asn — oo for fixed e.
Lemma 3:Suppose(X™, Y") is generated from a discrete memoryless source(DMS)y)
and (X", Y") € T*(X,Y). Then, we have the following

2—n[H(Y|X)+6'1’] < Pn(yn|xn) < 2—n[H(Y|X)—e’1’} (19)
(11— ) 20D < |7, Y]] < 2008 20)
(1—e€y) <Pr[(x",Y") e TMX,Y)] <1 (21)

wheree] — 0 ase — 0, andej — 0 asn — oo for fixed ¢, and7™(X,Y|x") = {y" : (x",y") €
(X, Y)}.
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A. Proof of Theorem 1

In this section, we demonstrate existence of a sequence & MEAcodes
([2nf1], 12772, D DS n) with lim,_.e P* = 0, andlim,_. D\™ < A; for i = 1,2 if the
rate pair(R;, Rp) satisfying (4). Fix(Q, S1, Sz, (X1, X1), (X2,X2),Y) € Piac(A1,Ay) andn.
We construct a MAC IE cod¢[27#1], [2nF2], DI D{™ p) as follows.

. Code construction: Throughout the achievability proof, let € J = {1,2}. Generate
time sharing sequend®” = (Q1, Qo, ..., Q,) whose elements are i.i.d. with distribution
p(q). At Encoderi, for eachs? € 87, generate[2"%] X sequence drawn according
to [T/, p(xilsi;, q;). Call these sequence§'(Q", S, m;) wherem; € {1,2,...,2"%},

i = 1,2. In this way, the codebooks are generated at each encodereasedled to the
decoder.

Since the sequend@” serves as time sharing sequence, it can be assumed thattlense
Q™ is known at both the encoders and at the decoder without liogsrerality.

. Encoding: Encoderi, upon observings? at the output of host sourceand time sharing
random sequenc®”, sends messag¥; € {1,2,..., [2"%]} by transmitting the codeword
XM(Q", S, W,;). In this way, the codewor&X? is chosen and transmitted from Encoder
for a given time sharing sequenc¥’, a given host sequen&, and a messag®;.

« Decoding: Fix 0 < ¢; < e. Since the decoder knows the time sharing sequ@fice q", the
decoder, upon receiving the channel outgttlooks for a tuple Xy (q™, st,m1), X5(q", s, ms))
such that(X7(q™, st,m1), X5(q", s5,msa),Y") € T'Q, Sy, Se, X1, Xs,Y|q™, s, sh] for all
(st,s5) € T7[S1,S,]. If a unique vector of sequences exists, the decoder dectae
(Wi, Wy, S7.S8%) = (my,ms, s?, s?). Otherwise, the decoder declares an error. In this way,
the messages and the host sequences are decoded at ther.decode

. Probability of error: The average probability of error is given by the following

P = Z p(q™)p(sy, sh)Prlerror|(sy, s5, q")]

(sh,s%,qm) €8T x 8 x Qn

< > p(a™)p(st, s5)

(am,s7,s5)€T [Q,S1,52]

- > p(st, s5)p(a™)Prlerror| (s}, s5, q™)] (22)

(am,s7,53)E€T7 [Q,S1,52]
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The first term,Pr[(q", s7,s3) & T71[Q, S1, S2]], in the right hand side expression of (22)
goes to zero ag — oo by Lemma 2.

Without loss of generality, it can be assumed that the tiheisg sequence ig", the
output of the host sourceis s?', andW,; = 1 is being transmitted from EncodérHence,

the codewordX?'(q™, s, 1) is transmitted from Encoder It is also assumed that the time-
sharing random sequenc€g’ = q" is known at both the encoders and the decoder.A et
be the event thats?, s7) and g™ are the output of the host source pair and time sharing
sequence, respectively ag”, s7,sy) € 72[Q, Sy, So].

The following error events are considered to compBi¢error|F| and can be made to
approach zero as — oc.

1) Ev: (XP(q™, sy, 1), X5(q™,85,1),Y") & T[Q,S1,Sa, X1, X2, Y|q™, 87, 85] under the
eventF'. By using Lemma 2, we can show that|£,|F] — 0 asn — oo.

2) E:(X7(¢™, s7,ma), X5(q",85,1),Y") € T*Q,Sy,Sa, X1, Xa,Y|q", 87, 85] under the
event F' for all m; # 1. It can be shown thaPr(E,|F) — 0 asn — oo by using
Lemma 2 and Lemma 3 if < Ry < I(Xy;Y]Sq, S2, Xz, Q).

3) Es:(X(q™,st,my),X5(q™,85,1),Y") € T'Q,S1,S2, X1, Xs, Y|q™, sT, 85] under the
event [’ for all m; € M, and for all s} # s} ands} € T[S, S,|s5]. It can be
shown thatPr(Es|F') — 0 asn — oo by using Lemma 2 and Lemma 3Gf< R; <
I(S1, X1;Y|Se, Xa, Q) — H(S1]S2).

4) Ey: (XP(q", s, 1), X5(q™, s5,me), Y") € T*[Q, S1, Sa, X1, X2, Y|q™, 87, §5] under the
event F' for all my # 1. It can be shown thaPr(E,|F) — 0 asn — oo by using
Lemma 2 and Lemma 3 if < Ry, < I(Xy;Y|S1, Xy, S2, Q).

5) Es5 :(X'(q™, 8T, 1), X5(q™, s5,ma),Y") € TI'Q, Sy, S2, X1, Xa, Y|q", §7, s5] under the
event I’ for all my € M,, sy # 33, and sy € TI[S;,S,|s7]. It can be shown
that Pr(E5|F) — 0 asn — oo by using Lemma 2 and Lemma 3 f < Ry, <
I(Xa, S2; Y|S1, X1, S2, Q) — H(S2|Sy).

6) Fe:(X'(q™, s, my), X5(q™, sy, ma),Y") € T"Q, S1, So, X1, Xo, Y|q™, 87, s5] under the
event I’ for all m; € My, my € M, s5 # s§ and sy € T[Sy, S,[s7]. It can
be shown thatPr(FEs|F’) — 0 asn — oo by using Lemma 2 and Lemma 3 if
Ry + Ry < I(Xy, S2, X2; Y|S1, Q) — H(S2|Sy).
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7) E7:(XP(q", st,my), X5(q™, s5,ma), Y") € TI'Q, S1, Sa, X1, Xo, Y|q", 87, sh] under the
eventF' for all my € My, my € My, (s7,s5) # (37,8%), and (s, sy) € T[Sy, Sa.

It can be shown thaPr(E;|F) — 0 asn — oo by using Lemma 2 and Lemma 3 if
0 < Ry + Ry < I(S1, Xy, S92, X2;Y|Q) — H(Sq, S2).

8) FEs:(X'(q", st,my), X5(q", sy, ma),Y") € T"Q, S1, X1, S2, Xa, Y|q™, sT, $5] under the
event I’ for all m; # 1, my € M, sf # sf, ands? € T][S;,S,|83]. It can
be shown thatPr(Es|F) — 0 asn — oo by using Lemma 2 and Lemma 3 if
0 < Ry + Ry < I(S1, Xy, Xs; Y[S2, Q) — H(S4]S2).

9) Ey:(X'(q™,st,my), X5(q", 85, ma),Y") € T"Q, Sy, Sa, X1, Xa, Y|q™, 8T, $5] under the
eventF for all m; # 1, andmgy # M. It can be shown thd®r(Ey|F) — 0 asn — oo
by using Lemma 2 and Lemma 3Gf< Ry + Ry < I(Xq, X2;Y|S1, Sz, Q).

Then by using the union boundr|error|F] < 2?21 Pr[E;|F]. Prlerror|F] goes to zero
asn — oo sincePr(£;) — 0, wherej =110 9, asn — oo if rate pair (R;, R,) satisfies
(4). It can be concluded tha" — 0 asn — 0 if rate pair (R, R») satisfies (4).

« Average distortions: We consider two cases in calculating the average distoldeaiween
the host sequenc&’ and the codewor&?! for any given message:; and q” € 7*[Q]. If
X (q”, St,my)) € T (Xi|q™, S}) for any (q™, ST, S%) € T7[Q,S1,Ss], then the distortion

betweenS! and X! is given by

(ST XD = ZN Xi, i|ST, XMV di (54, %s),

Msz

< Zp Smxz Szaxz) + edz max

XiySi

S A + edi,max (23)

whered; .« is the maximum distortion over the s&t<X,. If X?*(q", S}, m;)) € T*(Xi|q™, s})
for any (q",S7,S3) € T7[Q,S1,S,], the distortiond; (S}, X}') can be upper bounded by
d;.maz- From error events; given F', we can show thaer[X?(q", S7',m;)) € T (X:|q™, S})]
goes to zero as — oo. We can then conclude thétn,, .., Ed;(S?, f"(SF,W;)) < A; by
letting e — 0 andn — oc.

This concludes thaR; (A1, Az) € Cuac,o(Ar, Ay).
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B. Proof of Theorem 2

We prove the following lemmas which will be used in the probfTbeorem 2.
Lemma 4:Let (Qj: Sl, SQ, (le, le), (ng, XQJ'), Y]) < :P%\/IAC(AUW AQJ'), let 2?21 )‘j = 1,
Aj>0forje{l,2,...,n}, and letA; = 377 | \;Ay; for i € {1,2}. Then, there exists

(Q> Sl7 527 (X17 X1)7 (X27 X2)7 Y) S :P%WAC(AM AQ)

such that
Z Aj [L(S, leQYj|X2j7 Sa, Qj)] = I(S1, X35 Y[Xz2, S2, Q) (24a)
j=1
Z AjI(Sa, Xaj3 Y;[S1, X1y, Q)] = L(S2, Xa3 Y[X41, 51, Q) (24b)
j=1
D NS, Xuj, S, Xaj; Y51Q5)] = I(S1, X4, S, X2; Y|Q) (24c)

j=1

Proof: If we prove the lemma for, = 2, then we can easily extend it to any valuerofLet
n=2and let\; + A, =1, \; > 0 for j = 1,2. Let 3 be a binary random variable such that
Pr(Z =j) = \; for j =1,2. Let

(Q7 Sl; 527 (Xb X1)7 (X27X2>7 Y) = ((Z7 QZ)7 817 827 <X127 X12)7 (XQZ; X22)7Y2)~
((Q1,1),81,S2, (X11, X11), (Xo1, X91), Y1), if Z=1;
((Q2,2),S1,S2, (Xi2, X12), (Xa2, X22),Y2) if Z=2;
To show that(Q, S1, Sz, (X1, X1), (X2, X2),Y) € Piac(A1, Ag), we have to check the conditions

in Definition (3). We can easily show that,S;, So, (X1, X1), (Xa, X2),Y) satisfies the first
condition. To check the second condition, we observe thaXth— (S;,S,, Q) < X, follows

(Q, S1, Sa, (X1, X1), (Xg, X2),Y) =

as consequence of
I(X1, X2|S1,S2, Q) = MI(Xi1, X21]S1, S2, Q1) + A2l(Xi2, X22/S1, 52, Q2) =0

Similarly, X; < (S1,Q) < S and$S; < (S2, Q) <« Xy. We can easily verify thakd;(S;, X;) <
MA; + XAy, for i = 1,2 using the distribution on(Q, Sy, So, (X1, X1), (X2, X2),Y). Since
the distribution on(Q, S, Sa, (X1, X1), (X2, X2),Y) satisfies the conditions in Definition (3), we
can conclude thatQ, S1, Sa, (X1, X1), (X2, X2),Y) € P .4c(A1, Ay). We can easily derive the
equations (24) by using the distribution 6@, S1, S, (X1, X1), (X2, X2),Y). This completes the

proof of Lemma.
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Lemma 5:Let (Qja Sl,SQ,le,XQj,Yj) S :Pﬁ/IAC(Aljv AQj), let Z?:l )‘j =1, )\j >0 forj S
{1,2,...,n}, and letA; = 377 | \;Ay; for i € {1,2}. Then, there exist&Q, S1, 52, X1, X3, Y) €
Pac(A1, Ag) such that

Z AilI(X15, S5 Y [X25, S2, Q)] = 1(X1, S1; Y[X2, S2, Q) (25a)
=1

Z Aj[I(Xa5, Sa55 Y51 X, S15, Q)] = I(Xz, So; Y[X4, S1, Q) (25b)

=1

D N[I(Xyy, S15, Xaj, S255 Y[ Qy)] = [1(X1, S1, Xs, S2; Y| Q)] (25c¢)
1

Proof: We do noth)rove the lemma because proof is similar to the ppbolemma 4.

Lemma 6: Ry c.c(A1, A2) € Ryppe,c(AL A%) andRypac c(Ar, As) € Rigpe,c(AL Ay) for
any A; < Al and AL, < Al
Proof: This lemma can be directly proved from the fact tBat, (A1, Ay) C Piac(Al, A))
and PR (A1, Az) © PRrac(Af, A)).

We are now ready to prove the Theorem 2, i.e., prove that fprsagquence of MAC IE codes
(27817, [2nR2], DS DSV n) with limy, oo P* = 0 and lim, .. D™ < A, for i = 1,2, the
rates must satisfy (6).

Consider a given code of block length The joint distribution onW; x Wy x 8} x 8§ X
X7 x X x Y™ is given by

n o oon o n o n . n\ __
p(wlaw27517527xl>x2ay )_

n

1 1 -
Sl gt (HP(SU> st)) pxw, s7)p(<s [wa, s5) [ [ p(yjxas, xa5, 515 527).
j=1

=1

where,p(x?|w;, si') is 1 if x* = f*(w;,s!") and0 otherwise, fori = 1,2. By Fano’s inequality

[30], the conditional entropy ofW;, W,, St, S%) given Y" is bounded as
H(Wi, Wy, S7, S2IY™) < n(Ry + Ry +1og,(81]/82])) P + 1 £ ne,, (26)
for : = 1,2, wheree,, — 0 as P — 0. We can now bound the ratg, as
nRy < H(W;) = H(W,;|W,)
Y H(W,, S7IW,, S5) — H(ST[S3)

= H(W,, ST|Ws, S5) — H(W,, ST|{Ws, S5, Y™)
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+ H(Wi, ST [Wa, S3Y™) — H(ST(S3)

(%) H(W,, ST|Wsy, S5) — H(W4, ST|W,, S, Y™) — H(S?|SY) + ne,

9 H(W,, STIWa, X2, S2) — H(W,, SPY™, W, X2, S2) — H(ST|SE) + ne,
= T(W4, S™; Y™ [W,, X2, S7) — H(S?|SD) + ne,

= H(Y"|Ws, X3, S5) — H(Y"|Wa, X5, S5, Wy, ST) — H(ST|S3) + ne,

—

d
D H(Y"[Wa, X5, S§) — HI(Y"[Wa, X3, S5, Wi, S7, X7) — H(S{[S}) + ne,

S IV, W, X5, 85, Y/71) — (Y, W, X3, S5, Wa, 7. G, ¥)
j=1

— H(S1,[S5, ST )] + ne,

LS (Y [Wa, X5, S5, Y971) — H(Y; X1, S1j, Xej, Saj) — H(S1[S2;)] + nes

J=1

(9)

< TH(Y;[Xs5, Sa;) — H(Y; (X1, S1j, Xaj, Sa;) — H(S1;(Ss;)] + ey

j=1
= Y [1(X4j, 155 Y;[Xaj, Saj) — H(S151S2;)] + nen,
j=1
where:
(a) follows from the fact thalV, is independent of each other; afd/;, W,) is independent
of (S},S%).
(b) follows from Fano’s inequality,
(c) follows from the fact tha? is a function of(W;, S?),
(d) follows from the fact thaiX} is a function of(W,, S}),
(e) follows from the chain rule of mutual information and entypp
(f) follows from the fact thaty; depends only orX,;, X,;, S1;, andS,; by the memoryless
property of the channel argl; < Sy; < (771,57, S5 ,,1),
(g) follows from removing conditioning.
Hence, we have

1 n
R, < - Z[H(le, S$15Yj|Xa;5, S2)] — H(S1]S2)] + €n

Jj=1
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Similarly, we can bound?; and R, + R, as
1 n
Ry < - Z[]I(XQj) Sa; Y;[ X5, S1)] — H(S1|S2) + €n,

j=1

1 n
Ri+ Ry < o ;[H(le, S1j, X5, SQQYJ)] — HI(81(S2) + €.

If the host random variableS,; and S, are correlated, we can clearly see that the random
vector (Q;, Si1, S, X1, X2;,Y;) with p(q; = j) = 1 belongs to set
Priac(Eldi(S15, X15)], E[da(S25, X44])) for j € {1,2,...,n}. According to Lemma 5, there exists
a random vectokQ, S1, Sz, X1, X2, Y) € Pac(2 520 Eldy(S1y, X)), £ 320 Elda(S15, X4;)])
such that the following is true

1 . -
n Z[H(Xm S15Y;[Xa5,S2)] = I(Xq, S15 Y[X2, S2, Q)

Jj=1

1 < S <G
" Z[H(ijys%Yﬂle,Sl)] = I(X2, S2; Y[X1, 51, Q)

=1

1 & - . N

- Z[H(Xu, S1j,Xa5,S2;Y;)] = I(Xq, S1, X2, S2; Y|Q)
=1

As n — oo, we can conclude the following

o : 1 .
Crrac,c(Ar, Ag) € Ryaco ( lim EZ;EWI(S”’X“) lim — ZE [da( Su,xm])
]:

n—oo M

(a)
C Riac,c(A1, Ag) (29)

where (a) follows from the Lemma 6.

If the host random variable$, andS; are independent, we can obtain the following from the
condition that the messag#®; and W, are independent.
p(X1j7X2j|51j, Szj) = p(X1j|31j)p(X2j|82j)-

Then, we can clearly see that the random variable tdQle Si, So, (X1;, X1;), (X2, X2;),Y;)
with p(% = ]) =1 belongs to SEﬂD%\/IAC(E[dl(Slj,le)],E[dQ(ng,le)]) forj < {1,2, . ,n}.
According to Lemma 4, there exists a random vector

(Q, 81,82, (X1, X1), (X, X2), Y) € Pypac( ZEdlsu,xu ZEdQSU,Xm])

Jl Jl
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such that (28) is true. A8 — oo, we can conclude the following
Cmac,c(A1,Az) € Ryaco (Y}l_{go o Zl Eld: (S5, X15)], Jm Zl E[da(S1;, le))]
J= J=

(@)
C Ruac.c(Br,Ag) (30)

where(a) follows from the Lemma 6. This completes the proof of Theoizm

C. Proof of Theorem 3
In this section, we show th&’, (A) C Cp/(A). Fix the random vectofll, S, X, Y, Z) € P(A).

For eachn, we construct g[2"%1], [2"#2], D™ n) BC IE code as follows.

« Code construction : Generatg 2"/ ]2"(15)+<) U™ sequences drawn according[_, p(u;).
Distribute these sequences randomly iff3%2] bins such that each bin has((U:S)+o)
sequences. Label all sequendds in bin m, € {1,2,...,[2"%]} as U} (my). For each
(S",U") € T[S, U], generate[2"] X" sequences according {d}_, p(z;lu;, s;). Label
these sequences ¥8(S™, U™, m, ), where(S", U") € T[S, U] andm, € {1,2,..., [2"F1]}.
These codebooks are revealed to the encoder and both thdedgco

. Encoder : The encoder, upon observisg € 77*[S] at the output of the host source, embeds
messagéV, € {1,2,...,[2"%2]} into the host sequence by looking forl& in bin W,
such thatu™(W,) € T[S, U|S"]. If such a sequencl™(W,) does not exist, the encoder
declares an error; otherwise, the encoder embeds me¥gage(1,2, ..., [2"]} into the
host sequenc8™ by choosing the codeword™(S™, U"(W,), W)).

« Decoder 1. Decoder 1, upon receiving’, which is a distorted or attacked version of the em-
bedded sequencé®, looks forU"(my), ma € {1,2,..., [2"72]} such thatU™(m),Y") €
T'[U,Y]. If a unique codewordl™(m.) does not exist, Decoder 1 declares an error; oth-
erwise, Decoder 1 declares th&/gz = ms. Upon decoding the sequenblé(\f\@), Decoder 1
looks forX™(s™, U™(W,),m,) such thatX™ (s, U"(W,),my), Y") € T[S, U, X, Y|s™, U"(W>)]
for eachs” e T"[U,S|U™(W,)] and m; € {1,2,...,[2""7}. If a unique codeword
X" (s, U"(W,), m;) exists, Decoder 1 declares th@t;,S}) = (my,s"); otherwise, it
declares an error.

« Decoder 2: Decoder 2, up on receiving™, which is a degraded version &%, looks for
U (my), mg € {1,2,..., [2"72]} such thatU"(my), Z") € T"*[U, Z]. If a unique codeword
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U"(my) exists, Decoder 2 declares tné!tg = my, otherwise, Decoder 2 declares an error.

« Probability of error: The average probability of error is given by

P = Z p(s")Prlerror|s”]

snesn
< S w4 Y p(s")Prferrors], (31)
sngTn[S] sneTn[S]

where the first termPr[s™ ¢ T[S]], goes to zero as — oo by the strong asymptotic
equipartition property (AEP). Without loss of generalitycan be assumed that the output
of the host source i§", and the message pdivw;, W,) = (1, 1) is to be embedded in to
the host sequencg’. Let I’ be the event that the host source outpu§’is To compute
Prlerror|F], let us write the error event a5, U E; U E» U Ej5, where:

1) E, is the event that there is nd"(1) such thatu"(1) € T*[U, S|s"]. Using well-
known rate-distortion arguments, the probability of thiemt approaches zero as
goes to infinity since each bin hag!(WS)+9) U» sequences.

Conditioned on the everff N £, it can also be assumed th&f(l) is jointly strongly
typical with the host sequenc#. Hence, the embedded sequed¢gs”, U™ (1),1) is
generated and transmitted from the encoder.

2) E; is the event that

(U™(1),X™(3" U™(1),1),Y" Z") ¢ T[S, U, X, Y, Z|5"].

By the strong AEP, we can show thBt[E;|F' N E§] — 0 asn — oc.

3) Ey:= FEy1U(E5,NEy,), whereE, ) is the event thatU”, Y") € T*[U, Y] for U™ #
U (1), and E,, is the event thatX" (s, U"(1),my),Y") € T[S, U, X, Y|S", U"(1)]
for my # 1 or s” € {s" : s" # 5. s" € T"[U,S|U"(1)]}. It can be shown that
Pr[Ey,|FNES] — 0 asn — oo if Ry <I(UW;Y) —1(U;S) and thatPr(Fy .| F N ESN
ES,) — 0asn — oo if Ry <I(S,X;Y[U) — H(S|U).

4) Es is the event thatU”, Zz") € T"[U, Z] for U™ # U"(1). Using Gel'fand-Pinsker
arguments, it can be shown thBt[Es|FF N ES] — 0 asn — oo if Ry < I(U;Z) —
I(U;S). Because the broadcast channel is degraded, this constraif, is more

restrictive than the previous constraint.

Thus, by the union bound, it can be shown tRgtgoes to zero as — o~ if (Ry, Rs) € RY,.
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. Average distortion: Since(X",s") is jointly strongly typical with high probability and the
distribution belongs t&P(A), it can be shown that the average distortibfiY associated
with the generated code satisfies the distortion constraiasn — oo as i n the Proof of

Theorem 1.

D. Proof of Theorem 4

In this section, we show th&tz (A) C R%.(A). If we are given a sequence @277, [2772], D™ n)
BC IE codes, i.e.X" = f(Wi, W5, 5"), g7 5 (Y") = (Wi, Ws,$"), and g5 ,(Z") = Ws, with
lim, ., P* = 0 andlim,,_..,, D™ < A, then we show that the rate pdiR,, R,) must satisfy

e

(11) for some((U,V),S,X,Y,Z) € P(A). Consider a given code of block length The joint
distribution onW; x Wy x 8™ x X" x Y™ x Z™ induced by the code is given by

p(wla Wa, Sn7 Xn7 yn’ Zn) =
1 (s
EERIEEa
x [ Lp(vslx;, s5)p(z5lv;),
=1

where,p(x™|wy, wy, s™) is 1 if x" = f"(wy, W, s") and0 otherwise. We can bound the ralk

n)p(X"|W17 Wa, Sn)

as follows:
nRy <H(W,)
WH(W,, S"[Ws) — H(S"[W5)
—H(W,, S"|W,) — H(Wi, S"[Ws, Y?)
+ H(Wi, S"[Wy, Y") — H(S"|W,)

(b)
O3 (Wa, S5V, Wa, YI1) — (S, [Wh)] + ne,

Jj=1

(:) Z[H(YJ|W27 Yj_l) - H(YJ|W27 Yj_17 W17 Sn? Xn)

j=1

— H(S;|Wa)] + ne,
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n

© Z (Y;|Wa, YI=1 7771 — HI(Y,[S;, X;)
7j=1

H(SJ |W2)] + ne,

(f) & ) ,
< > [H(Y;[Wa, Z771) — H(Y,[S;, X;, Wa, Z777)
=1
— H(Sj|WQ, Zj_l)] + ney
= I(S;, X;; Y;|Wa, Z771) — H(S;|Wa, Z7") + ney, (32)
j=1

where,¢,, — 0 asn — oo, and

(a) follows from the fact thatV;, W, andS™ are mutually independent,

(b) follows from Fano’s inequality,

(c) follows from the chain rule and the fact th&tt is i.i.d. and independent diVs,

(d) follows from the fact thak” is a deterministic function ofW,, W, S™),

(e) follows from degraded and memoryless properties of tieadcast channel, and

(f) follows from removing conditioning in the positive terand introducing conditioning in the

negative term.

We can also bound the rafe, as follows:
TLRQ SH(WQ)
a)
<I(Wa; Z™) + ne,

= [I(Wa, S7,1:27) — I(Wa, 75 277 1)] + e,

() —
<D [M(Wa, SY, 1 2771 + LW, ST 45 Z,| 2771
j=1

— I(Wa, S0 ;2771 = 1(S;; 277 [Wa, STy )] + ey,

:z (Wa, S7,05 Z,|277") — 1(S,;: 27 [Wa, ST, )] + e,

3

:Z[ (Zj|Zj_1)_H(Zj|W2>ZJ 1as?+1)

j=1
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H(S;{Wa, ST,y) + H(S;[Wa, 71, S7,1)] + ney,

(¢) & 1 en
S Z |W2a 7Sj+1)
]:1
—H(S;) + H(S;|Wa, 271, ST, ))] + ney
Z (Wa, 771 8" 11 Z5) — T(Wa, 2771, S, 13 S))] + ey (33)

where,¢,, — 0 asn — oo, and
(a) follows from Fano’s inequality,
(b) follows from applying the chain rule otz’~',Z;) and (S%,,,S;) in the first and second
mutual information expressions, respectively, and
(c) follows from removing conditioning and the fact th&t is i.i.d. and independent AiV;.
Let U, := {W,,Z"'} andV, := {S},,} for j =1,2,...,n. We can then write (32) and (33)
as
Ry <I(S,X;Y|Q,U) — H(S|Q, U) + e, (34a)
Ry <I(U, V; Z|Q) — I(U, V; S|Q)] + €n, (34b)
whereQ takes values in the sé& e {1,2,...,n} with equal probability and the joint probability
distribution on(S,Q, U, V,X,Y,Z) is p(S =5,Q = q,U = i,V = v, X = x)p(y|x, s)p(z]y),
with

p(s)p(a)p(Ug = 1, Vg = vis, d)p(Xq = X|s, q, 0, v).
Finally, we can write (34) as
Ry <I(S,X; Y|U) — H(S|U) + ne,,
Ry <I(U,V;Z) — (W, V;S) + ne,,

whereU := (Q, U), sincel(U, V; Z|Q) < I(Q, U, V;Z) andI(Q;S) = 0.
Given anyé > 0, the associated distortioR™, for sufficiently largen, satisfies

A+6>D™

—Ed(X", S")
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:% i Zp(Xj =x,S; = s)d(x,s)

Jj=1 x,s

= Zp(X =x,S =s)d(x,s)

~Ed(X,S).

Asn — oo andd — 0, ((U,V),S,X,Y,Z) € P(A) and (R, R2) € R%,. Thus,Cp/(A) C RY,.

E. Proof of Theorem 5

1) Achievability: In this section, we show thak’,(A) C Cx(A). Fix the random vector
(U,S,X,Y,Z) € P(A). For eachn, we construct a[2"%], [2"72] D™ n) BC IE code as
follows.

« Code construction: At Encoder, for each” € §”, generate"?2 U" sequences drawn ac-
cording to[ [7_, p(u;]s;). Denote these sequenced ls™, m,), wherem, € {1,2,...,2"%}
For each pair(s”, U"), generate"™ X} sequences drawn according i, p(x;[w;, s;).
Call these sequence€'(S™, my, m,) wherem,; € {1,2,...,2"%1} In this way, the code-
book is generated at the encoder and revealed to both thelelsco

« Encoding: Encoder, upon observing' at the output of host source, sends messatfes
{1,2,...,2"%} andW, € {1,2,...,2"%} by transmitting the codeword"(s™, W;, W5).

In this way, the codewor&™ is chosen and transmitted from the encoder for a given host
sequence”, and a given message pakw;, Ws).

« Decoder 1: Decoder 1, up on receiving the channel outgtitiooks foru”(s™, ms) such that
(U(s™,mg),Y") € TI'[U, Y|s"] for all s € T7[S]. If a unique codeword!"(s",m,) exists,
Decoder 1 again looks fot" (s", my, ms) such thatX"(s™, my,mso), Y") € T [X, Y|s™, U™ (s™, ms)].
If a unique codeword"(s™, my,m,) exists, Decoder 1 declares tHaVy, S7) = (my, s™).

In this way, the message intended for Decoder 1 and the hqgsiesees are decoded at
Decoder 1.

. Decoder 2: Decoder 2, up on receiving the channel outgtit looks for U™ (s", msy) such
that (U"(s",my), Z") € T[U, Z|s"] for all s™ € T7*[S]. If a unique codeword!"(s™,m,)
codeword exists, Decoder 2 declares tiidt,,S?) = (mo,s"). Otherwise, Decoder 2
declares an error. In this way, the message intended ford2e@ and the host sequences

are decoded at Decoder 2.

November 17, 2007 DRAFT



29

« Probability of error: The average probability of error is given by the following

P = Z p(s")Pr[error|s"]

(sm)esn

< Y p(s™+ Y p(s")Prlerror|s"],

g2 [S] sneTn [9]
= Y p(s")+ > p(s")Pr[E(1) UE((2)]s"], (35)
" T2 [S] sneTn 8]

where E(7) is the event that the error is made at Decoder i,ifer 1,2. The first term,
Pr[s™ ¢ T [S]], in the right hand side expression of (35) goes to zermas oo by
Lemma 2.
Without loss of generality, it can be assumed that the outpulhe host source is”, and
(Wp,W,) = (1,1) is being transmitted from the encoder. Hence, the codewo6(d™, 1, 1)
is transmitted from the encoder. L& be the event thag” € 77 [S] is output of the host
source.
The following error events are considered to compBi¢E(2)|F] and can be made to
approach zero as — oc.
1) Ey:(Uu™(s™, 1), X"(s",1,1),Y",Z") £ T[S, U, X,Y, Z|s"] under the evenk'. By using
Lemma 2, we can show that[E,|F] — 0 asn — oo.
2) Ey: (U™(s",ms),Y") € T[S, U, Z|s"] under the event' N EY for all my # 1. It
can be shown thaPr(E,|F) — 0 asn — oo by using Lemma 2 and Lemma 3 if
0 < Ry <I(U; Z|S).
3) Es (U™(s",ms),Y") € T[S, U, Z|s"] under the event'N EY for all m; ands™ # 5".
It can be shown thaPr(F;|F) — 0 asn — oo by using Lemma 2 and Lemma 3 if
0 < Ry <I(U,S;Z) —H(S).
From the all above error events, it can be concluded thaf/(1)|F] — 0 asn — oo
if 0 < Ry < I(U,S;Z) — H(S). The following error events are considered to compute
Pr[E(1)|F] and can be made to approach zermas: oc.
1) Ep(Ur(s™,mg),Y") € TS, U, Y]|s"] for m; # 1 or s™ # s™. By considering the error
events similar toE, and Ej, it can be shown thaPr(E,|F, Ef) — 0 asn — oo if
0 < Ry <I(U,S;Y) —H(S).
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2) E5:(X"(s",mq,1),Y") € T[S, U, X, Y|s", U"(s", 1)] for m; # 1. It can be shown that
Pr(Es|F, ES, Ef) — 0 asn — oo if 0 < Ry <I(X;Y|S, U).
Then by using the union boun®r[E(1) U E(2)|F] goes to zero as — oo if rate pair
(R1, Ry) satisfies (12). It can be concluded thdt — 0 asn — 0 if rate pair (R, Rs)
satisfies (12).

. Average distortions: Since(X",s") is jointly strongly typical with high probability and the
distribution belongs tdP(A), it can be shown that the average distortibfi¥’ associated
with the generated code satisfies the distortion constraiasn — oo as in the Proof of
Theorem 1.

2) Converse: We show that any sequence ¢f2"/%], [2"%2], D™ n) codes, i.e. X" =
f(W1, W,, 8), g7 cr(Y") = (W1, We, $™), and 9z (L") = (Wa, S™), with lim, oo P = 0
andlim,, .., D™ < A, the rate pail R, R,) must satisfy (12) for som@L, S, X, Y, Z) € P(A).
Consider a given code of block length The joint distribution orW; x Wy x 8™ x X™ x Y x Z"
induced by the code is given by

n o n ,n . n\ __
p(WbWz;S XY,z ) -

Wp(s”)p(xﬂwh Wy, s")

n

x [ [p(vslx;, s5)p(z5lv;),

=1
where,p(x"|wi, wq, s") is 1 if x" = f™(wy,wq,s") and0 otherwise.
We can bound the rat&; as follows:
nR; <H(W,)
DH(W, [W,, S™)
=H (W, |Ws, S) — H(W; |W,, S, Y") + H(W; |W,, S, Y")

(0)
<IT(W1; Y |Ws, S™) + ne,

= T(Wi; Yj[We, 8™, Y1) + ne,

j=1

= [H(Y;[W,, S™, Y7 — H(Y; Wi, Wa, S™, Y1) + ney,
j=1
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n

=) (YW, S™, YT 207 — H(Y, Wi, W, S™, Y7 Z970)] + ne,

— —
ISH o
= )

<.

I

—

M:

[H(Y;|Ws, S", Z771) — H(Y;|Wy, Wy, S™, Y71 2771 X™)] 4 ne,

<.
Il
-

[HL(Y;[Wa, §™, Z77%) — H(Y;X;, S;)] + ne,

1=
M:

<.
Il
—

[H(Y;]S;, U;) — H(Y;|X;, ;)] + ne,

[S
Mz

<.
I
—

M:

I(X;; Y;1S;, U;) + ney, (36)

<.
Il
-

where,

(a) follows from the fact thatV;, W, andS™ are mutually independent,

(b) follows from Fano’s inequality ane, — 0 asn — oo,

(c) follows fromY; « (W, S™YI~1) « ZI=t andY; « (Wi, Wy, S, YI71) « Zi71,

(d) follows from H(Y;|W,, S™, Yi=1 Zi=1) < H(Y;|W,,S™, Z771), and X" is a deterministic
function of (W;, Wy, S™),

(e) follows from memoryless properties of the broadcasnokg and

(f) follows from U, := {W,,$7", ", }.

We can also bound the rafe, as follows:
TLRQ SH(WQ)
(a)
<H(W,, S™) — H(S™)

(0)
<I(W,, S™; Z™) — H(S") + ne,

= Z[H(WQ, Sn; Zj|Zj_1) — H(Sj|5j_1)] + ney

j=1

O3 HZI |27 — H(Zi|Wa, $7, 271 — HS,)) + e,
j=1

< Z H(Z,|U;,S;) — H(S,)] + ne,

Z (W;,S;;Z;) — H(S;)] + ne,
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where,

(a) follows from the fact thatV;, W, andS™ are mutually independent,

(b) follows from Fano’s inequality and, — 0 asn — oo,

(c) follows from the fact that™ is an i.i.d. random vector,

(d) follows fromH(Z;|Z/~) < H(Z;), and U, := {W,, 7", 5", }.

We can then write (36) and (37a) as

Ry <I(X;Y|Q, S, W) + e, (37a)
Ry <I(U,S; Z|Q) — H(S) + €, (37b)

whereQ takes values in the sét € {1,2,...,n} with equal probability and the joint probability

distribution on(S,Q, U, X,Y,Z) is p(S =5,Q = q, U = 11, X = x)p(y|x, s)p(z|y), with

pS=5Q=qU=1,X=x)=

Finally, we can write (37) as
Ry <I(X;Y|U,S) + ne,,
Ry <I(U,S; Z) — H(S) + ne,,

whereU := (Q,U), sincel(U, S; Z|Q) < I(Q, U, S; Z).
Given anys > 0, the associated distortioR™, for sufficiently largen, satisfies

A+6>D™

=Ed(X", S™)

:% i Zp(Xj =X, Sj = S)d(X7 S)

=1 x,s

= Zp(X =x,S =s)d(x,s)

—Ed(X,S).

Asn — oo andd — 0, (U,S,X,Y,Z) € P(A) and (Ry, Rz) € Ccr.
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