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Abstract—This correspondence investigates a noncoherent discrete-time
memoryless Rayleigh-fading channel. A logarithmic transform converts
it into an induced channel with additive noise that is independent of the
channel input. From this perspective, it is natural and convenient for us
to revisit several known results and gain new insights. In particular, we
specify a class of simple, log-scale uniform channel input distributions
that performs well for moderate to high signal-to-noise ratio (SNR).
Furthermore, a continuous-amplitude log-scale uniform distribution is
asymptotically capacity-achieving in the sense that the difference between
the resulting mutual information and the channel capacity approaches
zero as SNR becomes large. We also extend the induced additive-noise
channel approach to memoryless multiple-antenna channels possibly with
transmit, but without receive, spatial correlation.

Index Terms—Additive noise, capacity, high signal-to-noise ratio (SNR),
memoryless fading, mutual information, noncoherent, Rayleigh fading.

I. INTRODUCTION

In contrast to the thorough understanding of the additive white
Gaussian noise (AWGN) channel, much less is understood about the
noncoherent discrete-time memoryless Rayleigh-fading channel. The
simplest case is that for which the channel is scalar, i.e.

X = S �H + Z (1)

where S 2 is the channel input, and X 2 is the channel output.
The fading coefficient H 2 and the additive noise Z 2 are both
zero-mean circular complex Gaussian random variables, and indepen-
dent for different channel uses. Hence in (1) we suppress all of the
time indexes. Throughout the correspondence we consider the case in
which the realization ofH , the fading coefficient, is available to neither
the transmitter nor to the receiver. For sake of simplicity and without
loss of generality, we let H and Z both be of unit variance, and S be
average-power-limited so that

E jSj2 = P:

Consequently, the average signal-to-noise ratio (SNR) of the channel
becomes

� =
E jHj2 � E jSj2

E [jZj2]
= P:

Neither the capacity nor the capacity-achieving input distribution
of the channel (1) is fully known. The authors of [1] prove that the
capacity is achieved by a discrete input distribution with a finite
number of mass points, including a mass point at S = 0. However,
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they do not provide any specific signaling design, partly because the
proof technique employed is nonconstructive in nature. Furthermore,
the capacity-achieving input distribution changes for different SNR;
the number of mass points, their locations, and their probabilities, all
depend on the operating SNR, and can only be determined through
numerical nonlinear optimization. In [2], the authors obtain upper
and lower bounds on the channel capacity, constructing an explicit
discrete input distribution to give the lower bound. They show that, at
high SNR, the channel capacity grows double-logarithmically, that is,
C = O(log log �) as � ! 1. This double-logarithmic growth rate
is refined in [3], [4] for more general models such as Ricean fading,
nonmemoryless fading processes, and multiple-antenna channels. It
is shown that for very general channel models, the channel capacity
behaves as C = log log �+�+ o(1) as �!1, where � is called the
fading number of the channel. Another relevant work is [5], in which
the authors derive necessary and sufficient conditions for continuous
input distributions that lead to unbounded mutual information as SNR
goes to infinity.
In addition to the high-SNR analyzes mentioned above, for suffi-

ciently low SNR, it is known that the channel capacity is achieved by
on–off keying (OOK), for which the nonzero input has amplitude that
becomes unbounded as SNR approaches zero [1], [6]. Numerical re-
sults [1] indicate that, for SNR less than roughly �3.5 dB, optimized
OOK is capacity-achieving, and for SNR less than 10 dB, there is at
most a 4% gap to capacity from the mutual information achieved by
optimized OOK.
The main idea of this correspondence stems from the following ob-

servation: As SNR approaches infinity, most of the channel random-
ness results from the fading coefficientH rather than the additive noise
Z . Intuitively we may approximate the limiting channel behavior at
high SNR as log jXj = log jSj + log jHj, i.e., a channel with addi-
tive noise only. This limiting approximation is employed as a proof
technique in [5]. In this correspondence, we further observe that such
an additive-noise channel interpretation holds for all SNR.1 Specifi-
cally, by taking the logarithm of the channel output’s magnitude jXj,
we can decompose the transformed channel output into the sum of
two terms. One term is merely a deterministic function of the channel
input S, and the other term is independent of the channel input and can
therefore be viewed as an additive noise. This equivalent additive-noise
channel model is conceptually more intuitive to communication engi-
neers, and yields a natural geometric interpretation for many earlier
results. The effects of both the multiplicative fading and the additive
noise in the original channel (1) are then described by a single induced
additive noise. The inefficiency of communication over the original
fading channel (1) can be intuitively understood as the log-scale trans-
form rescales the original SNR � to roughly log �. Consequently, the
double-logarithmic capacity behavior immediately follows.

Remark: For memoryless Rayleigh-fading channels, the additive-
noise channel interpretation is not an entirely new idea. In addition
to information-theoretic analyzes, practical coding design has been in-
vestigated in [7] and [8] for the special case that the input S is sym-
metric OOK and all codewords have constant weight. In particular,
[7] proposes another induced additive-noise channel model to simplify
the receiver design, but this model only applies to the special case of
constant-weight OOK inputs.

We briefly summarize the main results of the correspondence as
follows.

1The authors of [1] apparently observed the same additive-noise channel in-
terpretation. However, they only used it implicitly in a proof [1, Appendix I,
Lemma 2], and did not publish their other developments in this direction.

0018-9448/$20.00 © 2006 IEEE



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 52, NO. 4, APRIL 2006 1757

1) In Section II, we derive the induced additive-noise channel
model from the original fading channel model (1). The two
channel models are equivalent, thus the problem is con-
verted to communication over an additive-noise channel with
non-Gaussian noise.

2) Based upon the induced additive-noise channel perspective, in
Section III, we establish new necessary and sufficient conditions
for channel input distributions to achieve unbounded mutual in-
formation as SNR � ! 1, and to asymptotically achieve the
channel capacity. These conditions are qualitatively similar to
those established in [5]. However, the induced channel model
involves much less mathematical machinery, and appears to be
more convenient to apply.

3) In Section III, we further show that a simple input distribution
called the log-scale (continuous) uniform distribution is asymp-
totically capacity-achieving, i.e., it achieves both the double-log-
arithmic growth with SNR and the fading number. To provide
practical signaling design, we re-interpret a class of discrete
input distributions, which, in the induced channel perspective,
turns out to be nothing but pulse amplitude modulation (PAM)
with uniformly spaced pulses. For moderate SNR we demon-
strate that these discrete input constellations with appropriate
size achieve mutual information higher than that achieved by the
log-scale (continuous) uniform input.

4) In Section IV, we further extend the induced channel modeling
approach to memoryless multiple-antenna channels, possibly
with transmit, but without receive, correlation. It is shown that
essentially all the developments for the scalar channel case can
be paralleled for the multiple antenna case.

We use capital letters to represent random variables and small letters
to represent their sample values. Bold font distinguishes vectors and
matrices from scalars. For a matrixAAA,AAAT (AAAy) represents its transpose
(conjugate transpose). N (mmm;���) (CN (mmm;���)) represents a Gaussian
(circular complex Gaussian) distribution with mean vectormmm and co-
variance matrix���. We frequently use Euler’s constant 
 = 0:5772 . . ..
Throughout the correspondence, all logarithms are taken with natural
base e.

II. LOG-SCALE TRANSFORM: FROM FADING CHANNEL TO

ADDITIVE-NOISE CHANNEL

For the scalar channel (1), because the fading coefficient H totally
distorts the phase information contained in the channel input S, we can
restrict S to be real and nonnegative. The channel outputX has a suf-
ficient statistic jXj2 = XXy, i.e., its energy, or equivalently, jXj, i.e.,
its magnitude. Conditioned on S = s, we have X � CN (0; s2 + 1),
and its energy R = jXj2 is exponentially distributed with probability
density function (pdf)

fRjS(rjs) =
1

s +1
exp � r

s +1
; if r � 0

0; otherwise.
(2)

Hence the channel S ! R can be viewed in multiplicative form as

R = (S2 + 1)V (3)

where V is independent ofS and has pdf fV (v) = exp(�v) for v � 0.
After taking the logarithm of jXj = p

R =
p
S2 + 1 � pV , we ob-

tain an induced additive-noise channel equivalent to the original fading
channel (1) as

T = U +W (4)

where we have the following.

Fig. 1. The pdf of the induced additive noiseW for the scalar channel case.

• The channel input is

U =
1

2
log(S2 + 1): (5)

From the average power constraint for S, U should satisfy

E [exp(2U)] = �+ 1 (6)

and have support set U 2 [0;1).
• The channel output is

T = log jXj: (7)

• The additive noise W = (logV )=2 is independent of U , and
has pdf

fW (w) = 2 exp [2w � exp(2w)] ; for w 2 (�1;1): (8)

Remark: The induced channel (4) is equivalent to the normalized
channel (1), in which the fading coefficient H and the noise Z are
both CN (0; 1) random variables. For general parameterizations, i.e.,
H � CN (0; �2H) and Z � CN (0; �2Z), the induced channel (4) still
holds, except that the induced channel input U becomes

U =
1

2
log(

�2H
�2
Z

S2 + 1)

with constraint

E [exp(2U)] =
�2H
�2
Z

� P + 1

and support setU 2 [0;1). The definitions of T andW do not change
under different parameterizations.

Fig. 1 illustrates the pdf of the additive noiseW . We observe that the
noise density is not symmetric, and it decreases much slower for w <
0 than for w > 0. These qualitative observations are more precisely
quantified by the following lemma.

Lemma 2.1: (Properties of the induced additive noiseW , the scalar
channel case) The additive noiseW in (8) has the following properties.

1) The cumulative distribution function (cdf) ofW is

FW (w) = 1� exp (� exp(2w)) : (9)

2) The characteristic function ofW is

'W (j�) = �(1 + j�=2) (10)

where�(z) = 1

0
xz�1 exp(�x)dx is the gamma function [9].

3) The mean of W is

E [W ] = �

2

(11)

and the maximum of fW (w) is attained at w = 0.
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4) The variance of W is

�2W =
�2

24
: (12)

5) The differential entropy ofW is

h(W ) = � fW (w) log fW (w)dw

=1� log 2 + 
: (13)

Proof: By specializing to N = 1 in Appendix C.

III. CHANNEL MUTUAL INFORMATION

The induced additive-noise channel (4) is convenient for studying
the channel behavior. In this section we investigate the channel mutual
information, focusing on the high SNR regime.

An asymptotic characterization of the channel capacity is given
by [3]

lim
�!1

(C � log log �) = � (14)

where � is called the fading number, and � = �1 � 
 for the scalar
memoryless Rayleigh case.

From (4) we can write the channel mutual information as

I(S;X) = I(U ; T )

=h(T )� h(T jU ) = h(T )� h(W ): (15)

From Lemma 2.1, h(W ) = 1� log 2 + 
, hence finding channel ca-
pacity corresponds to maximizing the differential entropy of T . How-
ever, maximization of h(T ) is nontrivial because one of the constraints
is that T = U +W , with the support set of U being [0;1). In Ap-
pendix A we relax this constraint to revisit a capacity upper bound pre-
viously obtained in [2].

A. Conditions for Good Input Distributions

We have the following upper/lower bounds for any given distribution
of the input U :

I(U ;T ) �
1

2
log �2U + log 2�e 1 +

�2W
�2U

� h(W ) (16)

I(U ;T ) �h(U)+log 1 + e�2[h(U)�h(W )]�h(W ): (17)

The upper bound (16) is a straightforward application of the property
that the Gaussian distribution maximizes the entropy over all distribu-
tions with the same variance [10, Theorem 9.6.5], and the lower bound
(17) can be obtained using the entropy power inequality [10, Theorem
16.7.1]. According to the constraint (6), the channel input U implicitly
depends on the SNR �. From (17) we observe that if h(U) ! 1 as
�!1 then I(U ;T )!1; on the other hand, from (16) we observe
that if I(U ;T ) ! 1 as � ! 1 then �2

U ! 1. We thus obtain nec-
essary and sufficient conditions for unboundedness of channel mutual
information as SNR scales.

Proposition 3.1: For the channel (4), the channel input U in (5)
achieves I(U ; T ) ! 1 as � ! 1 if

h(U)!1; as �!1: (18)

On the other hand, if U achieves I(U ;T )!1 as �!1, then

�2
U !1; as �!1: (19)

Neither of the above sufficient and necessary conditions can be simul-
taneously necessary and sufficient. Two simple counterexamples using
discrete channel inputs are given as follows. On one hand, since the
channel capacity is always achieved by discrete inputs whose differen-
tial entropies are�1, h(U)!1 is not necessary. On the other hand,
a symmetric OOK input leads to unbounded variance as � ! 1, but
the resulting channel mutual information is always upper bounded by
log 2 nats.

It is useful to compare the conditions in Proposition 3.1 to those
obtained in [5]. A necessary and sufficient condition is that h(T )!1
as � ! 1 [5, Theorem 4.3, eq. (2)]. This condition is obvious from
(15). On the other hand, a sufficient condition is that h(log jSj)!1
as �!1 [5, Theorem 4.3, eq. (3)]. This condition is clearly similar to
the sufficient condition in Proposition 3.1, except for slightly different
transforms of the channel input. Finally, there is no necessary condition
in [5] that parallels the necessary condition in Proposition 3.1.
Proposition 3.1 immediately explains why circular complex

Gaussian inputs perform poorly for the channel (1). In fact we have
the following corollary.

Corollary 3.2: If S � CN (0; �) in (1), then its induced input U in
(5) has

h(U)! h(W ) = 1� log 2 + 
 (20)

�2
U ! �2

W =
�2

24
(21)

as � ! 1.
Proof: Noting that for S � CN (0; �), fU (u) = exp(1=�) �

fW (u� log �=2), the result then follows from straightforward manip-
ulations using Lemma 2.1. Q.E.D.

Comparing the mutual information bounds (16), (17) and the ca-
pacity asymptote (14), we further obtain necessary and sufficient con-
ditions for input distributions that asymptotically achieve capacity, i.e.,
achieve both the double-logarithmic growth with SNR and the fading
number.

Proposition 3.3: In order to asymptotically achieve the channel ca-
pacity for the channel (4), i.e.

lim
�!1

(C � I(U ; T )) = 0

a sufficient condition on the input U in (5) is

lim
�!1

(h(U)� log log �) � � log 2 (22)

and a necessary condition is

lim
�!1

�2
U �

(log �)2

8�e
� ��2

W : (23)

B. Log-Scale Continuous Uniform Inputs

Now we introduce the log-scale continuous uniform input distribu-
tion as follows.

Definition 3.4: A log-scale continuous uniform (LCU) input U for
the induced additive-noise channel (4) has pdf

fU (u) =
1
A
; if 0 � u � A

0; otherwise
(24)

where A > 0 is determined by

exp(2A)� 1

2A
� 1 = �: (25)
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Fig. 2. Comparison of different channel mutual information and capacity bounds versus SNR.

For LCU inputs, the channel output T has pdf

fT (t) = fU (u)fW (t� u)du

=
(FW (t)� FW (t� A))

A
:

We can then numerically evaluate the corresponding I(U ;T ). Further-
more, the LCU distribution is asymptotically capacity-achieving.

Corollary 3.5: For the induced additive-noise channel (4), LCU in-
puts achieve

lim
�!1

(C � I(U ;T )) = 0: (26)

Proof: The parameter A in the LCU distribution is related to the
SNR through (25), so that

� =
exp(2A)� 1

2A
� 1 <

exp(2A)

2A
< exp(2A)

where the last inequality holds if SNR is sufficiently large. Applying
Proposition 3.3, we have

lim
�!1

(h(U)� log log �) = lim
�!1

(logA� log log �)

� lim
�!1

log
1

2
log � � log log �

= � log 2:

Hence, LCU inputs are sufficient for asymptotically achieving channel
capacity. Q.E.D.

A related class of asymptotically capacity-achieving inputs is em-
ployed in [3]. Specifically, in [3] the input distribution is uniform for
log jSj, over an interval [log smin; (1=2) log �], where smin escapes
to infinity, while log smin= log � vanishes, as SNR increases. In fact,

we can show that the LCU distribution is still asymptotically capacity-
achieving even if its lower limit is chosen the same as log smin. For
finite SNR, however, there is a rate loss in increasing the lower limit
from zero.
For LCU inputs in the high SNR limit, the lower bound (17) attains

the channel capacity, and the upper bound (16) cannot be met, with a
gap of log �e=6 � 0.1765 nats. For finite SNR, both these bounds
are useful in characterizing the achievable rate. In Fig. 2, we plot the
lower/upper bounds and actual mutual information for LCU inputs. For
comparison, we also plot the numerically computed channel capacity
at low SNR [1], the capacity upper bound from [2], the capacity upper
bound from [3] based upon duality methods, and the capacity asymp-
tote based upon the fading number (14) [3].
Several observations can be made based upon Fig. 2. First, the ac-

tual mutual information for LCU inputs is close to its lower bound for
low and high SNR, and its upper bound is a tight estimate for SNR
between 10 and 30 dB. Second, at high SNR the gap between the ca-
pacity asymptote based upon the fading number (14) and the mutual
information lower bound (17) is approximately 0.2 nats, even at � �
80 dB. This indicates that the approximation of capacity based on the
fading number may under-estimate the actual capacity for a wide range
of SNR. As a further example, these two curves remain separated by
about 0.05 nats at � � 400 dB. Finally, at low SNR, there exists a sig-
nificant rate loss from LCU inputs compared to optimized OOK, which
is capacity-achieving in that regime. This loss results because LCU in-
puts only yield A = � + o(�) in the low SNR limit, which leads to a
vanishing fourthegy [11] for the original fading channel (1).

C. Log-Scale Discrete Uniform Inputs

In this section, we consider discrete input distributions. First, prac-
tical systems usually employ discrete signal sets as modulation constel-
lations. Second, as shown in [1], the channel capacity is achieved by a
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Fig. 3. Mutual information versus SNR for L-ary LDU (L = 2; 3; 4; 5), LCU, and optimized OOK inputs.

discrete input distribution. Motivated by the LCU distribution, and the
idea of maximizing minimum distance in the induced additive-noise
channel, we introduce the following log-scale discrete uniform input
distribution.

Definition 3.6: AnL-ary log-scale discrete uniform (LDU) input U
for the induced additive-noise channel (4) has probability mass func-
tion (PMF)

pl
def
= Prob (U = l�) =

1

L
; for l = 0; . . . ; L� 1 (27)

where the spacing� is determined by SNR through the equation

exp(2L�)� 1

exp(2�)� 1
= L(�+ 1): (28)

We note that LDU inputs are precisely those proposed in [12,
Theorem 3], where it is shown that these inputs maximize the Kull-
back–Leibler (KL) distance between the conditional output pdfs.
From the induced additive-noise channel perspective, an LDU input is
simply log-scale PAM with uniformly spaced signals. For L = 2, an
LDU input reduces to symmetric OOK, and for L ! 1 it approxi-
mates an LCU input in the sense of convergence in distribution.

Fig. 3 displays the results of numerically computing I(U ;T ) for
LDU inputs with different L. We observe that, at low SNR, binary in-
puts (L = 2) outperform inputs with larger L. As SNR increases be-
yond roughly 12.5 dB, inputs with L = 3; 4; 5; . . . successively domi-
nate. Although an LCU input is asymptotically capacity-achieving, for
moderate SNR it is outperformed by LDU inputs. At low SNR, we also
plot the channel capacity, achieved by optimized OOK [1]. We observe
that the rate gain of optimized OOK over symmetric OOK can be sig-
nificant at low SNR. Finally we note that the capacity lower bound

obtained in [2] numerically approximates the upper envelope of all the
curves in Fig. 3.
For LDU inputs, we can also examine the cutoff rates for different

constellation sizes, as given by the following proposition.

Proposition 3.7: For the induced additive-noise channel (4) with
L-ary LDU inputs, the cutoff rate is

R0 = logL� log 1 +
4

L

L�1

l=0

l�1

m=0

e�(l+m)�

e�2l� + e�2m�
: (29)

Proof: In Appendix B.

Fig. 4 shows plots of R0 versus SNR for different L. We observe
behavior similar to the plot of I(U ;T ) versus SNR in Fig. 3. Here
in terms of cutoff rates, the threshold SNR beyond which inputs with
L > 2 outperform binary inputs is roughly 18.5 dB. For moderate
SNR the curve for the L! 1 limit is again dominated by the curves
corresponding to small L. At low SNR, we also plot the cutoff rate for
optimized OOK. An interesting observation is that, in terms of cutoff
rates, the gain of using asymmetric optimized OOK turns out to be
rather limited, never exceeding 0.03 nats per channel use.

IV. MULTIPLE-INPUT MULTIPLE-OUTPUT (MIMO) CHANNELS

In this section, we demonstrate how the induced additive-noise
channel model can be extended to certain MIMO channels. Specif-
ically, we assume that the channel is memoryless and the receive
antennas are spatially uncorrelated. For an M -transmit N -receive
antenna system, we adopt the channel model

XXX = SSS �HHH +ZZZ (30)
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Fig. 4. Cutoff rates R versus SNR for L-ary LDU (L = 2; 3; 4; 5;1) and optimized OOK inputs.

where
• SSS 2 1�M is the channel input, with an average power con-

straint

E [SSSSSSy] = P:

• XXX 2 1�N is the channel output.
• ZZZ 2 1�N is the additive noise vector, which is zero-mean

circular complex Gaussian with independent unit-variance ele-
ments, i.e., ZZZ � CN (0; IIIN�N).

• HHH 2 M�N is the fading matrix, which we consider to be of
the form

HHH = ���
1=2
T �HHH0

whereHHH0 2 M�N is a random matrix in which the elements
are zero-mean unit-variance circular complex Gaussian random
variables that are mutually independent.���T is anM �M posi-
tive semi-definite matrix that characterizes the spatial correla-
tion among the transmit antennas. We normalize the channel
model so that the diagonal elements of ���T are all unity.

For a given channel input vector SSS = sss, the conditional channel
output vectorXXX is circular complex Gaussian

XXXjSSS = sss � CN 0; (1 + sss���Tsss
y) � IIIN�N

that is,

fXXXjSSS(xxxjsss) = 1

�N � (1 + sss���Tsssy)N
� exp xxxxxxy

(1 + sss���Tsssy)
:

This implies that a scalar sufficient statistic for the channel is R =

XXXXXX
y = N

n=1XnX
y
n . Conditioned upon a given input SSS = sss, R

is the sum of N i.i.d. exponentially distributed random variables, i.e.,
central chi-square distribution with 2N degrees of freedom [13]

fRjSSS(rjsss) =
r

(1+sss��� sssy) (N�1)!
� exp � r

1+sss��� sssy ; if r � 0

0; otherwise.

Parallel to the scalar channel case, let us take the logarithm of
p
R.

Then we obtain an equivalent sufficient statistic T = 1
2
logR, for

which the conditional pdf is

fT jSSS(tjsss) = 2

(N � 1)!
exp 2Nt� log sss���Tsss

y + 1 N

� exp 2t� log sss���Tsss
y + 1 :

As before, this logarithmic transformation converts the fading channel
(30) into an induced additive-noise channel

T = U +W (31)

where we have the following.

• The channel input is

U =
1

2
log SSS���TSSS

y + 1 : (32)

From the average power constraint of the fading channel (30),
U should satisfy

E [exp(2U)] = E [SSS���TSSS
y] + 1: (33)

For any given input random variable U , amplifying it by a con-
stant factor greater than one does not decrease the channel mu-
tual information, hence the channel capacity of (31) is achieved
when the right-hand side of (33) is maximized. This occurs when
SSS
y is the eigenvector of ���T corresponding to the maximum
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Fig. 5. Lower bounds of I(U ;T ) (based on the entropy power inequality) under LCU inputs versus SNR, for different N .

eigenvalue �max(���T), which can be accomplished by beam-
forming at the transmitter. Thus, in the sequel, we take the input
constraint as

E [exp(2U)] = �max(���T)P + 1 = �+ 1 (34)

for the support set U 2 [0;1).
• The channel output is

T =
1

2
logXXXXXXy: (35)

• The additive noiseW is independent of the channel inputU , and
has pdf

fW (w) =
2

(N � 1)!
exp[2Nw � exp(2w)] (36)

for w 2 (�1;1).
Some basic properties ofW are summarized as follows.

Lemma 4.1: (Properties ofW , the MIMO case) The additive noise
W in (36) has the following properties.

1) The cdf of W is

FW (w) = 1� exp(� exp(2w))

N�1

n=0

exp(2nw)

n!
: (37)

2) The characteristic function ofW is

'W (j�) =
1

(N � 1)!
�(N + j�=2): (38)

3) The mean of W is

E [W ] =
 (N)

2
(39)

where  (�) is Euler’s psi function [9]. Here for integer-valued
N

 (N) = �
 +

N�1

n=1

1

n
� logN; as N !1:

On the other hand, the maximum of fW (w) is attained at
w = logN=2.

4) The variance of W is

�2W =
�(2; N)

4
(40)

where �(�; �) is Riemann’s Zeta function [9]. Here for integer-
valued N

�(2; N) =

1

n=0

1

(n+N)2
:

5) The differential entropy ofW is

h(W ) = N (1�  (N))� log 2 +

N�1

n=1

logn: (41)

Proof: In Appendix C.

For the induced additive-noise channel (31), essentially all of the
developments in Section III can be paralleled. The necessary and suffi-
cient conditions for achieving unbounded channel mutual information
(Proposition 3.1) and for asymptotically achieving channel capacity
(Proposition 3.3) directly apply without change. We can also study per-
formance of LCU and LDU inputs. By noting that the fading number
is � = N( (N)� 1)� N�1

n=1
logn [3], we find that the LCU distri-

bution is again asymptotically capacity-achieving.

Proposition 4.2: For the induced additive-noise channel (31), an
LCU input distribution achieves

lim
�!1

(C � I(U ; T )) = 0: (42)

In Fig. 5 we plot the lower bound of I(U ;T ) (based on the entropy
power inequality) for LCU inputs versus SNR, for different N . In-
creasing the number of receive antennas leads to quite noticeable rate
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gain, since the double-logarithmic capacity growth in SNR is rather
limited for moderate SNR. By contrast, in coherent channels where
the channel capacity grows logarithmically with SNR, the relative rate
gain of merely increasing the number of receive antennas is not that
significant.

V. CONCLUSION

In this correspondence we address noncoherent discrete-timememo-
ryless Rayleigh-fading channels. By taking the logarithm of the channel
output’s magnitude, we transform the fading channel into an equivalent
induced channel with additive noise that is independent of the channel
input. This additive-noise channel model holds for all SNR. Using this
perspective, we revisit several known results and establish several new
results. In particular, we examine the moderate and high SNR channel
behavior.We obtain simple conditions for channel input distributions to
achieve unbounded mutual information as SNR scales, and to asymp-
totically achieve the channel capacity in the high SNR limit. We show
that a simple input distribution called the log-scale (continuous) uniform
distribution is asymptotically capacity-achieving.We further reinterpret
a class of log-scale discrete uniform input distributions, and demon-
strate that formoderate SNR they performbetter than the log-scale (con-
tinuous) uniform input. Finally, we extend the induced additive-noise
channel approach to memoryless multiple-antenna channels possibly
with transmit, but without receive, spatial correlation.

A generalization of the log-scale transform approach, if it exists,
doubtlessly would enhance our understanding of channel behavior and
communication system design for general noncoherent fading chan-
nels. However, we note that currently this approach seems to be appli-
cable only tomemoryless Rayleigh fading channels; extensions tomore
general scenarios are not immediate. There are primarily two obstacles.
First, for other fading distributions, the “non-Rayleighness” precludes
the convenient shift-invariance property of the log-scale transform. For
example, in Ricean channels or phase noncoherent Gaussian channels,
the induced additive noise after the log-scale transform is input-depen-
dent. More fundamentally, for channels in which the output sufficient
statistic is multivariate rather than scalar, we have not yet found an im-
mediate analog of the log-scale transform.

APPENDIX A
A CAPACITY UPPER BOUND REVISITED

In this appendix, we obtain a capacity upper bound from [2] using
the additive-noise perspective.

In order to apply standard maximum entropy techniques [10], a nat-
ural way is to replace the constraintT = U +W by takingmoments at
both sides. This type of relaxationwill yield upper bounds to the channel
capacity. In this section let us consider taking their expectations, as

E [T ] = E [U ] + E [W ] = � � �



2
:

Here the last inequality is from U 2 [0;1). On the other hand, the
channel output should have a constrained average power as given by

E [exp(2T )] = E [jXj2] = �+ 1:

Thus following maximum entropy techniques, the resulting entropy-
maximizing distribution of T should have pdf

f�T (t) = 2
�

�+ 1

�
1

�(�)
exp 2�t�

�

�+ 1
exp(2t)

where � > 0 is determined by the equation

 (�)� log� = 2�� log(�+ 1)

and  (�) = d

d�
log �(�) is the psi function [9]. Thus, we can treat

f�T (t) as the actual output pdf to obtain an upper bound to the channel
capacity as

C = sup
f (t)

I(U ; T ) < h(f�T (t))� h(W )

= log �(�)� � (�) + �� 
 � 1 (43)

where

log��  (�) = log(�+ 1)� 2�: (44)

To tighten the upper bound, we first notice that the right-hand side of
(43) is increasing with � > 0, hence the tightest upper bound is ob-
tained when � is minimized. We then notice that the left-hand side
of (44) is decreasing with � > 0, so that the minimum allowed � is
attained when � = �
=2. This capacity upper bound is exactly the
same as that obtained in [2] using variational methods. Here we revisit
it from the induced additive-noise channel model. We also note that by
introducing more moment constraints, it is possible to obtain tighter
capacity upper bounds. However, their derivation and evaluation will
become much less tractable.
As a side note, a tighter capacity upper bound is obtained in [3],

based upon a dual expression of channel capacity. Such result can also
be reproduced by optimizing the output pdf of the induced additive-
noise channel, but this approach does not lead to simplification com-
pared to the original one.

APPENDIX B
PROOF OF PROPOSITION 3.7

By the definition of cutoff rate (e.g., [13]) we have

R0 = � log
1

�1

L�1

l=0

1

L
fW (t� l�)

2

dt:

The inner integral can be evaluated as

1

�1

L�1

l=0

1

L
fW (t� l�)

2

dt

=
1

�1

1

L2

L�1

l=0

fW (t� l�)

+2

L�1

l=0

l�1

m=0

fW (t� l�)fW (t�m�) dt

=
1

L2
L+ 2

L�1

l=0

l�1

m=0

1

�1

2 exp 2t� (l+m)�

�
1

2
exp(2t)(exp(�2l�)+ exp(�2m�)) dt

=
1

L
1 +

8

L

L�1

l=0

l�1

m=0

1

0

x exp[�(l+m)�

�x(exp(�2l�)+ exp(�2m�))]
1

2x
dx

=
1

L
1 +

4

L

L�1

l=0

l�1

m=0

exp(�(l+m)�)

exp(�2l�)+ exp(�2m�)
:

The cutoff rate R0 then follows immediately. Q.E.D.
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APPENDIX C
PROOF OF LEMMA 4.1

1) cdf:

FW (w) =
w

�1

2

(N � 1)!
e2Nw e�e dw1

=
2

(N � 1)!

e

0

wN2 e
�w 1

2w2
dw2

=
1

(N � 1)!
(N � 1)!� e�e

N�1

n=0

(N � 1)!

n!
e2nw

=1� e�e
N�1

n=0

e2nw

n!

where we use

u

0

xne��xdx =
n!

�n+1
� e�u�

n

k=0

n!

k!

uk

�n�k+1

for u > 0, <� > 0 [9, Sec. 3.381].
2) Characteristic function:

'W (j�) =
1

�1

exp(j�w)
2

(N � 1)!
e2Nwe�e dw

=
1

(N � 1)!

1

0

w
N�1+j�=2
1 exp(�w1)dw1

=
1

(N � 1)!
�(N + j

�

2
)

where we use 1

0
x��1 exp(��x)dx = 1

�
�(�) for <� > 0,

<� > 0 [9, Sec. 3.381].
3) Mean:

E [W ] = (�j)
d'W (j�)

d� �=0

=
1

2(N � 1)!

1

0

wN�1 exp(�w) logwdw

=
1

2(N � 1)!
�(N) (N) =

 (N)

2

where we use

1

0

x��1e��x log xdx =
1

��
�(�)[ (�)� log�]

for <� > 0, <� > 0 [9, 4.352].
The maximization of fW (w) at w = logN=2 is easily veri-

fied by taking derivative.
4) Variance:

�2W

= E [W 2]� E [W ]2g

= �
d2'W (j�)

d�2 �=0

�
 (N)2

4

=
1

4(N � 1)2
�(N)  (N)2 + �(2; N) �

 (N)2

4

=
�(2; N)

4

where we use

1

0

x��1e��x(logx)2dx =
�(�)

��
f[ (�)�log�]2+�(2; �)g

for <� > 0, <� > 0 [9, Sec. 4.358].
5) Differential entropy:

h(W ) = �
1

�1

2

(N � 1)!
exp(2Nw � exp(2w))

log
2

(N � 1)!
+ 2Nw � exp(2w) dw

=

N�1

n=1

logn� log 2�N �  (N)

+
1

(N � 1)!

1

0

wN exp(�w)dw

=

N�1

n=1

logn� log 2 +N [1�  (N)]: Q.E.D.
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