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Abstract—We investigate the amount of protocol infor- Gallager’s, demonstrating that in this regime the models
mation required for a communication network to meet are consistent.
an average delay constraint for the delivery of messages Gallager introduced the idea of using a rate-distortion
thtit _a”"’le accgrd'”g to "t“hsemour']“ rg”domfprogess'fﬁe formulation for protocol overhead in [1]. Gallager's work
obtain a lower bound on this overhead as a function otine , , v 5 hiect was discussed more recently in [2], where
arrival rate and average delay. Our model is a discrete- . . . .
a thorough review of networking overhead is given.

time analog of the Poisson arrival process considered by . .
Gallager, and we show that in the limit as slot duration Although we focus on the overhead associated with

goes to zero, Gallager's bound is recovered. meeting a delay constraint, quite recently this framework
has been used to study other network costs, such as

Our work is presented as follows: In Section Il we

Communication systems typically exhibit some forngive the problem formulation, followed by the derivation
of underlying cost to achieving small delays or latencyf the first-order rate-distortion function—a lower bound
Given a particular protocol we can sometimes bound thé protocol overhead—in Section lIl. In Section IV we
relationship between delay and other system parametgyist the overhead for slotted arrivals for various slot
however, we have largely fallen short of understandirfurations and illustrate that our bound converges to
the fundamental limits for all protocols, and are uncertaife one for continuous arrivals given in [1]. Finally, in
if and when they can be achieved. Section V we give some concluding remarks. Before

In [1], Gallager studies a model for the amount gbroceeding, we introduce our notation. Random vari-
protocol information that is necessary in a commuables are denoted using a special font, eXg.,with
nication network to meet an average delay constraicdrresponding sample values denotedThe (ensemble
for messages with continuous-time arrivals. In practicayerage) mutual information and entropy are defined in
communication links are often slotted in nature, antthe standard way and are denotedl&s-) and H (-),
messages only arrive at discrete time instances. It canrbspectively.
the case that the destination recovers timing information
in a lossless fashion. This would be impossible for
a continuous arrival process, because it would requireOur main result in Section Il is a lower bound on
an infinite amount of protocol information to be senprotocol overhead due to the transfer of timing informa-
over the network. We consider the protocol overhedidn about message arrivals. Specifically, we consider a
required for a slotted system to meet an average deldigcrete time communication system in which messages
constraint. We assume that messages arrive accordang independently generated in each slot with probably
to a Bernoulli random process with parameterWe p, and messages must be sent to the destination with
derive the first-order rate-distortion function for thimverage delay (taken over all messages) less than or
source, and give a closed-form expression for sufficientygual to d. Let the discrete-time stochastic process
small delays. Finally, we verify that, in the limit asX = Xg, X1, ... be a sequence of i.i.d. Bernoulli random
slot duration approaches zero, our bound convergesviiriables with parametel) < p < 1). Assume that for

[I. PROBLEM FORMULATION



k=0,1,...,if X, =1, then a messag®l is generated mathematical characterization of the minimum amount
during thekth slot according to the discrete distributiorof timing information being sent to the destination.
Pm[m]. For thenth suchX;, = 1 (1 < n < N) To this end, we define théV-th order rate-distortion
denote the corresponding arrival timekgs= k, and the function as

message delivery time a§, (1 < n < N). Recall that, . 1 .

because message arrival times form a Bernoulli process, Ry(d) = pgl(fd) NMKN? K, @)

the message interarrival timg¥,; — K,,) are i.i.d.
geometric random variables with parameierx p < 1),
ie.forn=1,...,N—1, (Kyp1 —Kp) ~ (1 —p)&p, R(d) := liminf Ry (d). (2)

k = 1,2,.... For notational convenience in Theorem 1, _ oo _

we have defined slot indexing starting from zero, S§ote that it may very well be that, even in theory, no

the arrival time for the first message follows a ‘shifteg?Nysical system or communication protocol can result in
geometric distribution o, [k] = p(1 — p)*. a joint distribution required to med®(d). Nonetheless,

actical systems could only do worse,B(d) is a lower
ound on protocol overhead.

and the corresponding rate-distortion function as

For groups of N consecutive messages, denote t
message arrival times ak" = (Ki,Ks,...,Ky),
and the corresponding delivery times & = |Il. PROTOCOLOVERHEAD FORSLOTTED ARRIVALS

(K1, Ky, ..., Ky). Define the delay for theth message |, orqer to prove our main result, we will require the
as D, := K, — K,, with corresponding eXpeCtat'onfollowing lemma.

d, := E[D,], and the average delay for a group &f
messages as/N > E[D,]. Let Py(d) denote the
set of joint probability measures d¢”¥ andK" that:

Lemma 1: For messages that arrive according to the
Bernoulli process described in Section Il and tNeth
order rate-distortion functions defined by (1), it holds
« have marginal distribution foK” satisfying the that

Bernoulli arrival process model, Ri(d) < Ry(d), VN. (3)

« result inD,, > 0 Vn with probability 1, and, L .
. . For completeness, a proof of Lemma 1 is given in the
» satisfy the average delay constralnA 2 . ) .
NN E[D,] <d ppend|>_<,_ however, because the_lnterarnval times meet
n=1 = the conditions necessary for the first part of the proof of
For any joint distribution on a pair of random vectors, thgheorem 3 in [1], the proof given here is conceptually
mutual information between these two random vectogsialogous. Armed with Lemma 1 and the definition for
is a well-defined mathematical quantity. As such, for(d) in (2), we see thaR, (d) is a lower bound omR(d),
any network or protocol, we can compute the mutuahd therefore a lower bound on the protocol overhead
informationI(K™; K¥) induced by the joint distribution that is somehow communicated to the destination. We
on message arrival and delivery times. \We now give mof@w computeR; (d).
operation significance to this mutual information for our Theorem 1: For Bernoulli arrivals with parametey,
problem. the first-order rate-distortion functioRt; (d) for timing
To motivate the idea that(K";K") represents the information about message arrivals is given by
amount of mformat_lon t_)elng sent to the destl_natlol,eel(d) — sup {—vd + vko — (ko + 1) log(1 — p)
about message arrival times, we now summarize the v>0

perspective introduced in [1]. A key observation is that _ {(1 _ p)(k0+1) _ 1] log {(1 _ p)—(k0+1) _ 1}
if messages are delivered within some average delay ,

d, the destination is able to form a (perhaps noisy) +(1 _p)(ko-i-l) log [(e - 1)(1 —p)]
estimate of the sequence of message arrival times. By D

virtue of this fact alone, whatever form of data the v+ (1 —p)ko[v(p —1) +log(1 — p)]
destination receives, it must contain the information N eV — 1 ’
necessary to form an estimate of message arrival times. (4)

If the destination’s estimate is better than it would be

. . . there
from guessing randomly accordingly to the margina N
distribution on arrival times, the protocol overhead is log (ef+;11)
non-zero. This statement can be made more precise by ko(p,v) == | —r——>— 1| . (5)
introducing a rate-distortion formulation, which yields a



Proof: (Theorem 1) The computation ofR;(d) is In a similar manner, using these valuesaf in (11),
similar to the continuous case [1]; however there asgong with Px[k] = p(1 — p)¥, we find
differences due to the discrete nature of the problem ‘o
that are sufficient to preclude a closed form analytic p, [k] — p(L—p)(e"+p—1) k>ko+1. (13)

expression. Instead, we arrive at an analytic expression e’ —1 ’
as the supremum over a Lagrange multiplier for the del@jsing the fact thaf [k] is a probability distribution and
constraint,y, and then solve for it numerically. therefore3"; Py [k k] = 1 we have
Following optimization techniques from [4], we find
- . . . v__ +
a sequence of Lagrange multipliers satisfying log (efﬂil)
) ) ko(p,v) = | m—=7——=—1] , (14)
S e A0 <1 vk ©6) log(1 — p)
K from which it follows that
and a probability distributiorP; [k] satisfyin e’ +p—1
p y [ ] fy g Pf([kO] =1— = ﬁ : (1 _p)(ko-i-l). (15)
—l/d kk
T/JkZP W9 ¥k (M Using (13) and (15) in (11) we obtain
. p(1 = p)etod
As a Corollary to [4, Theorem 9.4.1], if, for a given se- Yy = for k < ko. (16)

. : - 1= (1 —p)kotD)?
quenceyy satisfying (6), there exists a valid probability

distribution Py [k] satisfying (7) for thatyy, and (6) is  Next, we show that thigy, satisfies (10) for allk,
met with equallty for allk with Pylk k] > 0, thenR;(d) and that (10) is met with equality fok > ko. By

is given by construction, (10) is met with equality far > ko + 1.
Fork = ko, equality is verified by using (16) in (10). A
— sup lz Py[K log LA vd|, (8) sufficient condition for (10) to be satisfied far< kq is
V>0 Pl[k] that the left hand side of (10) is non-decreasing for all

k < ko. Taking the difference for consecutive values of
k leads to the sufficient condition

1— (1—p)+)
1= (1—p)+D)

where v is the Lagrange multiplier for the delay con-
straint.
Using the distortion measure

v < log [ k < ko. a7

d(k; k) := 9)

00 else, Note that (17) is met with equality fok equal to the
argument of the ceiling function iky(p, v), i.e.,

ol ()

. {E—k for k > K,

(6) and (7) become

—vk - vk P - _ (18)
ey e’ <1, Yk >0 (10) log(1 —p)
k=0 Since the right hand side of (17) is monotone decreasing

and in k overk > 0, andkq — 1 is strictly less than (18), the
VR Py[k R inequality is satisfied for alk < ko, as required. There-
K Z Py —Vk, Yk > 0, (11) fore, the uniquéoptimal sequencey, is the one given by

B (12) and (16). Computing’,. Px[K] log ¢/ Px[K] in (8)
respectively. with this sequence afy leads to (4), thereby completing

For reasons similar to those in [1], we conjecture th t%e proof, -

For sufficiently smalld, ko = 0 and (4) becomes

there exists an integey such thatP; L ] =0 for k < ko

andPy[k] > 0 for k > k. Since for Sk with P, [k >0  Ri(d<1)=sup[(l—p)log(l—e™)—logp

(10) must be met with equality, the dlfference between v=0 1 (19)
the left hand side of (10) for any two values l:ofz ko e log(1 —p) —vd| .

must be 0. Choosing two consecutive valuesot kg

gives 1Unlqueness follows from the strict convexity of

Yr=1—e"", fork>ky+ 1. (12) >, Px[k]log 5% 755+ See [4, p. 460] for details.
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Fig. 1. Lower bound on protocol overhead as a functioRig. 2. Lower bound on protocol overhead for continuous)(and
of delay for a Bernoulli arrival process with parametgr € discrete {~) message arrivals. The average message arrival rate is
{0.1,0.3,0.5,0.7,0.9}. A = 0.9 messages/second, and for discrete arrivals the slot time is

0.01 < T <1 seconds.

In this regime the optimal v is given by

v =log[(d + 1 — p)/d], which leads to Figure 2 illustrates that our bound on protocol overhead
1—p for discrete arrivals converges to the lower bound on
Ri(d<1)=(1-p)log (m) protocol overhead for the continuous case.
(20)
l—p
- log(1 —p) —logp. V. CONCLUSIONS

Figure 1 shows (4) evaluated numerically for a range

of p. Because the arrival process is disretedas: 0, uantifying a fundamental lower limit on the amount of
R?(d) approaches the. entropy of the source. Note otocol information necessary to meet an average delay
.thls con'Frasts the co_ntlnuous case in which the proto %nstraint. A key difference between our work and previ-
information grows without bound as— 0. ous work on the subject is that we assumed messages can
V. RELATIONSHIPS BETWEEN CONTINUOUS AND  Only arrive at the source and be delivered to the destina-
DISCRETETIME PROTOCOL OVERHEAD tion at discrete time instances corresponding to slots in a

Although the discussion has so far been for a discre 8mfmutn;ckzla'i|on s;istem.t_Th:s sﬁ;;atlon was TOtl\./?hted by
arrival process with delay measured in slots, for sufﬁ-e act that most practical systems operate with some
I%vel of time discretization, and many communication

ciently small time intervals, a Bernoulli process can ser . . .

as a good approximation to a continous-time Poissﬁﬂks are designed to be effectively slotted. In the limit
E? slot time goes to zero, we showed that our lower
Y

In this paper we formulated a rate-distortion problem

process. Accordingly, one would expect that as the s q t0Col head coincid ith Gall )
duration becomes small, the two rate-distortion functio und on protocol overnead coincides wi allagers

would converge. In [1], Gallager considered a mod!eqwer bound.
similar to ours, but for messages that arrive according
to a Poisson process of rate Because of the Poisson APPENDIX
process assumption, the message interarrival times and
the arrival time for the first message are i.i.d. exponential Proof: (Lemma 1) From the definition ofPy(d),
random variables with parametér Gallager derived the @Y Py g~ (K™, k™) € Py(d) satisfies the following
first-order rate-distortion function given by properties:

Ru(d) = —log(1 — e‘Ad) 21) o f[h«_s corresponding'marginal distribution fgr¥ _sat—

’ isfies the Bernoulli arrival process assumption,

and showed it is a lower bound on protocol overhead.. D, := K, — K,, > 0 Vn with probability 1, and,
Using the normalizatiop = AT for various slot times, « 1/N Zﬁzl d, < d, whered,, := E[D,,].



Definel,, andV,, as
U, =K, — Kp_1, (22)
V, =K — Kp1, (23)

forn = 2,..., N. Note that from the definition of,,, we

haved, = E[V, - U,]. Therefore, for any joint distribu-
(KN, k) € Pn(d), the corresponding dis- (d) definition of mutual informationtl,, is a translation

tion Py &~

tribution onu andV, satisfiesPy, v, (u,,v,) € Pi(d)
forn = 2,.

Pyn g (kN kN) € Pn(d), and the following chain of

(in)equalities:

T(KN;KN) (24)
E (k) E (KYRY), (25)
® al
= H(Ky) + Y H (K K7

n=2 v (26)
— [H (K [KY) + ST H (K, |[KVKe! ]
5 (klK) 3 (k)
©) .
> H(Kl) —H (K1|K1)
) 27)
+Z[ (KnlKn—1) = H (Kn[Kn-1K )|
9@ H(Kl; K1)
) (28)
+Z[ (KnlKn—1) = H (Un K- 1Ko Vi) |
© .
> I(Ky;Ky) + Z [H (W) — H (Un |Vi)] (29)
) e
= I(Ki; Ki) + D (U Vi), (30)
n=2
9 X
2 Y Ri(d (31)
n=1
(h) 1 Y
> NRy (= > dn |, (32)
N n=1
(i)
> NRy(d), (33)

where each are justified as follows:

(a) definition of mutual information,

(b) chain rule,

(c) conditioning cannot increase entropy; by the
Bernoulli arrival process assumption, when condi-
tioned onK,,_1, K,, is independent OK?_Z,

of K,, when conditioned orK,,_1,

, V. Now consider any joint distribution (e) the conditional entropy oK, given K,_; is the

same as the entropy difl,,; conditioning cannot
increase entropy,

() definition of mutual information,

(9) using definition of Ri(d) and Py, v, (W, v,) €
Py (d) Vn,

(h) convexity ole(d)

(i) using1/N >N | d, < d and the fact thaR;(d) is
non-increasing ind.

Because the choice Py yv (kN kN) € Py(d) was
arbitrary, we have

N v N
- > 4

and thereforeR (d) > R1(d), concluding the proof.m
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