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Abstract— We consider a state-dependent multiple access chan-
nel p(y|x1,x2,s) whose output Y is controlled by the channel
inputs X; and X, from two encoders and the channel state S.
It is assumed that the channel state is known non-causally at
one encoder, called the informed encoder. We derive the capacity
region for the case of degraded messages in which the informed
encoder knows the message of the uninformed encoder.

I. INTRODUCTION

We consider a multiple access channel (MAC) controlled by
a random parameter or channel state generated from a mem-
oryless source as shown in Figure 1. We assume that channel
state information (CSI) is known non-causally at one encoder,
called the informed encoder; the other encoder is called
uninformed. The informed encoder knows both messages Wy
with rate R, and W, with rate R,, and the uninformed
encoder knows only message W, i.e., there is a degraded
message set. These two encoders want to communicate their
messages to a decoder through a state-dependent memoryless
MAC p(y|x1,x2,s) controlled by the channel inputs X; and
X5 from the informed encoder and the uninformed encoder,
respectively, and the channel state S. The decoder forms
estimates (W, Ws) of (W, Ws) from the channel output Y™
We study the capacity region of this model.
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Fig. 1. Multiple access channel (MAC) with state information known to one

encoder and a degraded message set.

Shannon initiated study of single-user channel models with
random parameters, and there have been several recent ap-
plications of his and related work in, e.g., watermarking
and information embedding, precoding in vector broadcast
channels, and so forth. The capacity of discrete memoryless
(DM) channels p(y|x,s) is given by [1], where X and Y are
the channel input and output, respectively, and memoryless
CSI S ~ p(s) is known causally at the encoder. The case
of CSI known non-causally at the encoder is introduced in
[2], [3] in the context of computer memories with defects. In
[4], Gel’fand and Pinsker derive the capacity of such models,

which is given by

max

= I(U;Y) —I(U; S
p(uls), X=F(U,S) ( ) I )

ey

where U is an auxiliary random variable, and X is a deter-
ministic function of (UL, S). In [5], Costa extends this result
to the state-dependent additive Gaussian model with encoder
CSI, and inspires the terminology of dirty paper coding.

The model in Figure 1 is one of many possible extensions
of state-dependent channels to multiuser problems, e.g., [6],
[71, [8], [9], [10], [11]. In particular, it is a variation on the
model of asymmetric encoder CSI initiated in [12], [13], and
related to the MAC with cribbing encoders but without state
[14] . In contrast to the symmetric Gaussian case in which
both encoders have CSI, and for which the capacity region is
derived in [6], [7], only inner and outer bounds on the capacity
region are obtained in [13] for both the discrete memoryless
and Gaussian cases.

However, as we show formally in Theorem 1, if there is
a degraded message set as in Figure 1, rates (Rp, Rg) are
achievable only if

Ry <I(U; Y[X2,Q) — I(U; 5|X2, Q)
Ry + Ry < I(U, X2; Y|Q) — I(U; 5|X2, Q)



for some joint distribution of the form

p(q)p(s)p(X2|CI)p(u, X1|S’X2’ q)p(y|s,x1,X2),

and achievable if both inequalities are strict. A coding scheme
that achieves the capacity region is a combination of super-
position coding and Gel’fand-Pinsker coding at the informed
encoder. This problem is also studied in the discrete memory-
less and Gaussian cases in [15], building on the special case
of only a common message i.e., W; = 0, studied in [16].

Before proceeding to a precise statement of the problem
in Section II and derivation of the capacity region in Sec-
tion III, we say a few words about our notation. Throughout
the paper, random variables and sample values are denoted
in a special font, e.g., the random variable X and sample
value x. Alphabets are denoted in calligraphic font, e.g., X,
and are all discrete. The shorthand X7 represents the se-
quence Xi,1,X1,2,...,Xq,5, and X?yi represents the sequence
X1,i, X1,i415 - - - X1, Finally, H(-) and I(-; -) denote the stan-
dard information theoretic quantities of (ensemble average)
entropy and mutual information.

II. CHANNEL MODEL AND DEFINITIONS

As shown in Figure 1, the MAC is embedded in some
environment in which CSI is non-causally known at one
encoder. A memoryless state-dependent MAC with CSI, de-
noted p(y|xi,x2,s), is controlled by the output S € §
of a memoryless state source p(s) and the channel input
pair (X1,Xs) € (X1,X2), and generates the channel output
Y € Y. We assume that S;’s are independent and identically
distributed (i.i.d.) random variables drawn according to p(s),
1=1,2,...,n.

The message sources produce random integers W; €
{1,2,...,M;} and Wy € {1,2,..
of each block of integer length n channel uses. We assume

., My} at the beginning

that the messages are independent, and the probability of each
pair of messages (W; = wy, Wy = ws) is given by M11M2.
The rate of message W; is (1/n)log M;, for i = 1,2. We also

assume that both messages W; and W, are provided to the

informed encoder and only the message W5 is provided to the
uninformed encoder.

Definition 1: For a positive integer n and a pair (R, R2) of
real, non-negative rates, a ([2"f1], [27F2] n) code consists
of encoding functions

8" x Wy x Wy — X7 and f3 : Wy — X3

at the informed encoder and the uninformed encoder, respec-
tively, and a decoding function

gt Yt - Wi x W,

From a ([2"f1],[2"R2] n) code, the sequences X7 and
X4y from the informed encoder and the uninformed en-
coder, respectively, are transmitted across a memoryless state-
dependent MAC with CSI and without feedback modeled as
a discrete memoryless conditional probability distribution, so
that

p"[s™,xt,x5) = [ p(usls; x5, x2,5)- 2
j=1
The decoder reconstructs the messages from the channel
output Y”. The average probability of error is defined as
P =Plg(Y") # (W1, Wa)].
Definition 2: A rate pair of real, non-negative rates
(R1, R2) is said to be achievable if there exists a sequence of

([27f+], [2"72],n) codes (f{, f3',g™) with limy, oo P =

Definition 3: The capacity region € C R? is the closure of
the set of achievable rate pairs (R, Rz).

ITI. THE CAPACITY REGION

The following theorem presents the capacity region of the
model shown in Figure 1.

Theorem 1: The capacity region C of the model shown in
Figure 1 is the closure of all rate pairs (R;, Rg) satisfying

(3a)
(3b)

for some random variables (Q, S, U, Xy, Xz,Y) whose distri-

bution is of the form

p(q)p(s)p(xQ\q)p(u, X1 |S’ X2, q)p(y\& X17X2)7

where, U is an auxiliary random variable, and Q is a time-
sharing auxiliary random variable.

Remarks:

o The region in (3) without the time-sharing random vari-
able is not convex. The time-sharing auxiliary random
variable Q is introduced in the above theorem to take the
convex closure.

o To compute the region in the above theorem, it is suffi-
cient to consider the auxiliary random variables U and Q
with |U| < |X1]|X2[|8| and |Q| < 3, respectively.



A. Converse

First, we prove that, for any sequence of
([2nfir] 2782 n) codes with P — 0 as n — oo,
the rate pair (R;, R2) € C. Fix n and consider a given code
of block length n. The joint distribution of random variables
Wi, Wa, S™, X%, and X3 is given by

n n o n .mn\ __
p(S y W1, W2, X1, X9, Y )*

1 n n n n
W’)(S )p(xy W1, w2, s™)p(x5 [w2)
xp(y"[s™, xT, x3)
s™) and 0
xZ|we) is 1if x§ = f2(ws) and 0 otherwise.

where, p(x}'|wi, wa,s™) is 1 if x' = f{*(w1, wo,

otherwise, and p(
We can bound the rate R; as
nRky <H(W;)
=H(W1|W2)
=I(Wy; Y [Wy) + H(W; [We, Y™)

(a)
S ]I(Wl7 Yn|W2) —+ ney,

b) o ; -
® S MWL, STy YIWa) = T(Wh, ST YT Wa)] + ne,
=1

(ZC)Z[H(WDS?JrhYHWQ,YFl)
i=1
— IS i;Yi_1|W1’S?+17W2)]—|—nen

n
(d) i
: Z W17S?+1;Y’L'|W25YZ 17X2,i)

1=

—

_H( l?YZ 1|W17 ZL+17W27X2,’L')] +n6’n
(e) & .
<> [H(Y[Xa,) — H(Y;[Wa, Y7 Wa, 2 Xa )

H(S’L|W27 Yiila Wla S?—i—l? X2,7l)
— H(SAXZJ] + nen

:Z[H(WMWQ) z+17Y7 Y|X21)
1=1

— I(Wi, Wa, SI" 1, Y1 8 1Xa,:)] + nen, “4)

where:

(a) follows from Fano’s inequality with €, — 0 as P> — 0,

(b) follows from I(W1y,S?, 13 Y![Wao) = I(Wi; Y™ |Wa) for
i =mn; I(Wy, S Y1 |W,) = 0 for i = 1; and the sum
of the remaining terms equals to zero,

(c) follows from applying the chain rule for mutual informa-
tion to (Y"1, Y;) in the first term and to ({Wy,S7,1},S;)
in the second term,

(d) follows from Xz ; is a deterministic function of W5 for

i={1,2,...,n},

(e) follows from H(Y;|Xg,;) > H(Y;|Wa, Y"1 Xs,;) and S;
being independent of (S}, , W1, W>).

Finally, the sum rate Ry + R2 can be upper bounded as

n(R1 + Rg) :H(Wl, Wg)

:H(Wl, WQ; Yn) + H(Wl s W, |Yn)
(a)

<T(Wqp, Wa; Y™ + ney,
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where:

(a) follows from Fano’s inequality with €, — 0 as P> — 0,

(b) follows from I(Wy, Wa, ST, 1;Y") = I(Wy, Wy; Y™) for
i =n; I(W1,Wa,S%; Y1) = 0 for i = 1; and the sum
of remaining terms equals zero,

(c) follows from applying the chain rule for mutual in-
formation to (Y*~1)Y;) in the first term and to
({W1,S7,1, W}, S;) in the second term,

(d) follows from X, ; being a deterministic function of W,
fori=1{1,2,...,n}.

Let us define U(i) := (Wi, W5, S, Y1) and Q
to take values uniformly in the set Q = {1,2,...,n}.
As n — oo, we obtain (Ry,R;) € C from (4)
and (5) where the distribution on (Q,S, X3, Xy, W,Y) is
p()p(a)p(x2,q|A)p(ta, x1,4|a)P(Yls, 1,4, %2,q)-



B. Achievability

We denote by T7[X,Y] the set of jointly strongly typ-
ical sequences [17], [18] with distribution p(x,y). Let
TrX, Y|x"] == {y™ : (x",y™) € T*[X,Y]}. In this sec-
tion, we construct a sequence of ([2771], [27%27 n) codes
with P — 0 as n — oo if (Ry, Ry) satisfies (3). Fix
€ > 0 and a distribution p(q)p(s)p(xz2|q)p(u,x1|d,s,x2) on
(Q,S, U, X;,X3). In this case, Q is a time-sharing random
variable. Generate the time-sharing sequence Q™ = q" ac-
cording to []p(q;). Without loss generality, it is assumed
that the time-sharing sequence is non-causally known at the
encoders and the decoder.

1) Encoding: The encoding strategy at the two encoders
is as follows. Let M; = on(Ri—de) My = on(R2=2¢)  and
J = 2n(W;SIQ,X2)+2€) - At the uninformed encoder, generate
the sequences X7, according to [ [ p(x2.|q;), where 1 < mg <
M. The uninformed encoder sends the codeword X% (g™, wo)
to send the message Wa € {1,2,..., My} for a given time-
sharing sequence Q™ = ¢".

At the sequences
ur(q™, my, ma,j), with [[p(wi|ds, x2,:(q,m2)), where
1 <m < M, 1 < mg < Myand 1 < j < J.

Here, (mj,ms) indexes bins and j indexes sequences

informed encoder, generate JM;

within a particular bin (m,ms). To encode the message
(Wl,WQ) S {1,2, ce 7]\4'1} X {1,2, C ,Mg} given Sn=g"
and Q™ = ", the informed encoder looks in bin (W7, W5)
for a sequence U™(q",wi,wa,j), 1 < j < J, such that
un(qnaWhWQ?j) € Tg”[Q,u,S,Xﬂq",S",XEL(WQ)].
Then, the with
[Ip(x1ildis siswi(d™, wi, wa, j),x2,:(q", wa)).

Given (S™,X7,X%), the channel generates the out-

informed encoder generates X}

put Y™ according to conditional probability distribution
Hip(yi|5¢,X1,i7X2,z‘)-

2) Decoding: The  decoder
(U™(¢",m1,ma, j), X3(m2)), 1 < M;,
1 < 45 < J,and 1 < mg < My such that
(U™(g", m1,ma, ), X3(q", m2)) € TP[Q, U, Xz, Y]q", Y"].
If such a pair exists and is unique, the decoder declares that

chooses a  pair

my <

(Wl,WQ) = (my, mg). Otherwise, the decoder declares an
error.

3) Analysis of Probability of Error: The average probability
of error is given by

Pr= Y

snEsn, qreQn

< D op(sM)+

sngTS]

p(s™)p(q")Prlerror|s”, "]

> p(a")

q" €T [Q]

p(s™)p(q™)Prlerror|s™, q"]. (6)

DY
s"eTr[S],qm €T [Q]
The first term, Pr[s™ ¢ T[S]], and the second term, Pr[q" ¢
T™[Q]], in the right hand side of (6) go to zero as n — oo by
the strong asymptotic equipartition property (AEP) [17].
Without loss of generality, we can assume that (W1, Wy) =
(1,1) is sent, the time sharing sequence is Q™ = q", and the
channel state realization is S™ = s™. Then Pr[error|s™, q™] is
the conditional probability of error given (W7, Ws) = (1,1),
Q" =¢™ € T*[Q], and S™ = s™ € T*[S].

e Let F; be the event that there is no sequence

u”(¢™,1,1,5) such that U"(¢",1,1,5) €
T[Q,U,S,Xz|q™, s, X5(q", 1)]. Since U™(¢",1,1,7)
and S™ = s™ are generated independently according to
[Ip(uwilgi, x2,:(@™, 1)) and []p(s;), respectively; and
there are J sequences in each bin, the probability of
event F; goes to zero as n — oo.
Under the event EY, we can also assume that a particular
sequence U™(q™,1,1,1) in bin (1, 1) is jointly strongly
typical with (s™, g™, X5(q"™, 1)). Thus, X} corresponding
to (U™(g",1,1,1),s™,q", X5(¢", 1)) and X5(q™, 1) are
sent from the informed and the uninformed encoders,
respectively.

o Let FEs be the event that
(U (", 1,1,1),X3(q", 1), Y") ¢ T7[Q. U, Xz, Y]q"]:
According to the Markov lemma [17], Pr[E3|Ef] — 0
as n — oo. Let E3 be the event that U™(q™, my,1,j) €
Tr[Q, U, X, Y|g™, Y™, X8 (¢, 1)] for m; # 1 and
j # 1. Using properties of strongly typical sequences
[17], it can be easily shown that Pr[E3|E{, E§] — 0 as
n — oo if Ry < I(WU;Y]|Q, X2) — I(U; S|Q, X2).

« Finally, let Ey be the that
(u?(qnamlvaaj)’Xg(qnva)) €
TMQ,U,X2,Y|g", Y] for m; # 1,1 < j < J,
and my # 1. Using the properties of strongly typical

event

sequences, it can be shown that the Pr[Fs|E{, ES] — 0

as n — oo if Ry + Ry < I(U, X3; Y[|Q) — I(U; S|Q, X2).

In terms of these events, Prlerror|s™, ¢"] in (6) can be
upper-bounded via the union bound, and the fact that prob-

abilities are less than one, as

Prlerror|s”, "] <Pr[E;] + Pr[Es|E{] + Pr[E;|EY, ES)
+ Pr[Ey| B, ES). )
From (7) and the above limiting arguments, we have

Prlerror|s™, q"] — 0 as n — oo. Therefore, the average

probability of error P' — 0 as n — oo, completing the proof.



IV. CONCLUSIONS

We consider a state-dependent MAC with state known at
one encoder. In general the capacity region is not known for
this model when the informed encoder and the uninformed
encoder are provided with independent messages. In this paper,
we assume that the informed encoder is aware of the message
of the uninformed encoder, i.e., a case of degraded message
sets, and obtain the capacity region.
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