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Abstract— The postal channel models a postal system in which without letter-by-letter feedback. As we will see, if we do
letters, each consisting of a number of characters, are sortimes not allow letter lengths to convey information, the channel
lost. We study the postal channel with variable-length letrs and capacityC' does not increase with either variable-length coding

variable-length coding over letters, both with and without letter- lett letter-bv-letter feedback. H inteti
by-letter feedback. Without allowing letter lengths to enode over letlers or letter-by-letter ieedback. However, ipteting

information, we examine one feedback strategy consistingfo information rates for variable-length encoding is moret&yb
automatic repeat-request (ARQ) with exponentially increaing as the example afxponential automatic repeat request (ARQ)
letter lengths. For this strategy we investigate an alternéive j|lustrates in Section II. Finally, coding information itetter

notion of information rate per character, based upon the totl, lengths increases channel capacity 26, with or without
random number of characters required to convey the messages . . !
feedback, as Section Il details.

instead of its expectation. This information rate exhibitsa phase
transition in its convergence as the number of messages bewes
large: if the letter lengths increase by a factor less than th Il. EXPONENTIAL ARQ

inverse of the probability that a letter is lost, it converges to the In this section, we consider different interpretations of

channel capacity; otherwise, it converges to a number strity . . .
larger than channel capacity. More generally, when we allovboth information rate in the context of a feedback strategy we

the characters and the length of a letter to convey informatn, ~Call eponential ARQ, involving ARQ [3, Chap. 22] with
we compute the corresponding channel capacity with and witbut ~ exponentially increasing letter lengths.
feedback, and find that it is twice the channel capacity of the  To set the stage for our discussion, consider a situation
prlglnal postal channel without allowing letter lengths toencode i, \which there are separate trials of variable-length trans-
information. __ o
mission over a channel, each transmitting a message
. INTRODUCTION {1,2,...,M}. Here we may have two ways to quantify the

The postal channel was introduced by Wolf, Wyner, and zipverage information rate per character”

to model a postal service that occasionally loses lettditse log, M
description of the original channel model is as follows [1]: W’
“The postal channel considered here consists of two parts, a Q &=t
letter writer and a postal service. The letter writer caciite and
(say) binary digits at a rate of one per second, and cut the Q
binary stream into letters of lengtih which are then mailed 1 1ng M,
via the postal service. The postal service delivers therett Q = M
to the destination, occasionally losing letters. We asstivae

letters are lost independently with probabiljiy(0 < p < 1). the i-th cycle. The former quantity corresponds to the usual

The usert;]sasllgwid to C?O(zﬁe t:e Earett_meheheely,"andtweih definition of information rate (and channel capacity)\ds—
?ssum(_ett - IS known fo the destination, as well as 1o Ihe, and@ — oo[6]. The latter quantity, however, has received
ransmiter. little attention in information theory.

For this model, the channel capacity is shown in [1] to be For many scenarios the two quantities lead to the same

C = 1-p, which is the same as the capacity of a memoryleﬁ%ymptotic value a3/ — oo. Fixed-length coding is a trivial

g'g?r)é elrz;?uxzs C(!I]j:cr:?ble(dBicb:())vvgltr:hirisril;riigrggzgfltﬁan eé(ample. For variable-length coding, consider a BEC with er
model has three basic constraints: first, the letter length ure probabilityp, for which a simple but asymptotically op-

. timal transmission scheme is persistently retransmitéagh

is fixed and identical for all the letters; second, the re@eIV, oo bit until it is successfully received [2, Sec. 8.155ch

!(nows m n advan_ce SO the_ letter length does not conve[}{t consumes a random number of channel uses to receive, and
information; and third, there is no feedback.

In thi end th del to stud bl let us call these channel uses one “cycle”. The length of Eecyc
n this paper, we exten € model to sludy varabign, ha ; th bit, k;, is geometrically distributed, i.ek; = k
length letters and variable-length coding over lettershwaind with probability (1 — p)p*~1, k = 1,2 Thus, transmitting
a message with = log, M bits requires a total number of

IThroughout the paper, “letter” always refers to the positiet, rather than " n ) )
characters within a letter. channel uses = >, k;, i.e., the sum ofn independent,

1)

)

_____ ¢ Is the realized number of channel uses for



identically distributed (i.i.d.)k;. As n — oo, by the strong  For any erasure probability strictly less than one, i.e., as
law of large numbers, the above two definitions of informatiolong as the letters are not erased with probability one,esinc
rate coincide with probability one. That is, for transmmittia the postal channel is letter-by-letter memoryless, the bam
long block of information bits, it is typical for the numbef o of retransmissions in a cycle is a geometric random variable

channel uses to be “roughly” its expectation. k, with P(k = k) = p¥(1 — p), & = 0,1,.... Consider
As we develop in the remainder of this section, the situatioh consecutive cycles, with their numbers of retransmissions
outlined above changes dramatically for the postal chanmiinoted byk;, j = 1,...,.J. Hence there a@:;_z:l Lk2+:1,1

with variable-length coding and letter-by-letter feedhd8ec- channel uses, an@le L% transmitted message bits. We

tion II-A describes the scheme, Section II-B develops &jkfine the empirical information rate as their ratio
analysis of different information rates, Section II-C disses

subtleties of the analysis, and Section II-D presents nicaler (L) = Zj:l Lk

results. ’ Y (LR —1)/(L - 1)

A. Description _ L—-1 3)
Here we describe one cycle of the exponential ARQ feed- L-1/ (l] Z}']:1 ij)

back strategy. The transmitter first transmits a letter of on _ ) _
character, containing a single message bit. If the transmit-ere note that(.J; L) is merely a random variable induced by
is informed via feedback that this letter is erased, instad {ki}7—1- The behavior of(J, L) as.J — cc is determined by
simply retransmitting the erased bit, it concatenates 1 the random variabld*.

new message bits such that its next letter has lerigth 1. o If L < 1/p, L¥ has bounded expectation, from the strong
Recursively, when thg-th retransmission occurs, the letter has  law of large numbers,
lengthL*, with L*~! previously transmitted message bits, and

J
L¥— L¥=1 new message bits. Whenever a successful reception lim 1 Zij — E[Lk] = 1-p w.p. L. (4)
occurs, the cycle terminates. Figure 1 illustrates one sycle T=oo J j=1 1=1Lp
for L = 2. Consequently,
retransmitted bits I’(L) — thr;o F(J, L) =1 —p W.p. 1, (5)

which is preciselyC' as we summarize in Section |I.
o If L > 1/p, L* has unbounded expectation. By a

time

132 1+.1_:12bits 1+1+2j;1bits corollary of the strong law of large numbers (seg,, [4,
Tronsmiter ) - Chap. 4, Sec. 22]), for anf > 1/p and any arbitrarily
erasure e ’% L7 ’ lsuccess Iarge A> 0,
Receiver ’ /fe/edback 1 J
o lim i Zij >A wop. Ll (6)
Fig. 1. lllustration of one cycle in the exponential ARQ fbadk strategy S0 j=1
for L = 2.
Consequently,
For transmitting a message with a certain finite length o L-1 1
n = log, M, the above exponential ARQ feedback strategy (L) = Jim r(J,L) = . ~l-g wel (7)
should be truncated accordingly when the number of remain-  Here note that the random variabid) can actually be
ing message bits are insufficient to fill in a long retransiorss viewed as an almost surely deterministic quantity. Since
letter. In that situation, we simply stop increasing theelet L > 1/p can be chosen arbitrarily large, for any small
length and retransmit the remaining message bits until they s < o we can choosd, — [1/6] such thatl — 1/L >
are successfully received. 1 — &. Therefore we have -
B. Analysis R = Llim r(L)y=1 w.up. 1. (8)
— 00

Let us analyze the behavior of the exponential ARQ feed-
back strategy. In the present analysis we assume that th&emarks:
message has an infinite number of bits, and we will soon sed1) The exponential ARQ feedback strategy can further be
that this assumption gives rise to rather subtle convergerfPPlied to the case where the letter erasure probabilitgrukip
issues. Consider one cycle consisting fofretransmissions. UPON letter lengths. Assume that erasures remain independe

That is, L* message bits are successfully transmitted withifRmong letters, and for a letter of length its erasure probabil-
[E 1 ity is a function ofm denoted byp(m), m = 1,.... The above

analysis remains unchanged until (3). The subsequent steps
L-1 differ since the empirical averagél/.J) Z}I:1 L% is now
channel uses. taken with respect to a non-geometric distribution. Howeve

1+ L+I%2+..  +LF=



from the strong law of large numbers we have that (8) hold® arbitrarily closely approached within the toh‘:gll) + ngl)

if and only if one of the following two conditions holds: channel uses. Recursively, we simply keep increasing the
1) lim; o0 E [L¥] = o0; coding block lengths such that for each receiver there xist
2) limj, .o E Lk} < 00, butlimy,_,., LE [Lk} = 0. a sequence of time instants at which its single-user channel

SinceE [Lk} > 1, the above two conditions actually exhaus‘fapaCit_y is achieveq. This multiuser coding scheme_ar_1d the
all possibilities. Thus, for any erasure probabiliggm) < preceding exponential ARQ feedback strategy are similar in
1,m=1,... eg., BEC, (8) always holds. that neither of them can achieve the information rate foryeve

(2) Let us impose a restriction on the scheme such thafficiently large number of messages, as required by the
if after & retransmissions the letter is still erased, then tha'@nnon-theoretic channel capacity.

transmitter stops increasing the retransmitted lettegtienit .
can be shown that, for any finite the truncated exponentialD- Numerical Results

ARQ scheme only achieves In this section we consider the transmission of a long, but
R=limrL)=1-p=C wp.l, © finite-length, block of message bits by the e_xppnential ARQ
L—oo feedback strategy. Unfortunately, an analysis is less #&asy
instead of (8). develop because, fat > 1/p, the expected number of trans-
. . mitted message bits in one single cyd&{L¥], is unbounded.
C. Discussion Hence no matter how long the message is, it is always “short”

There lies a subtlety in the preceding analysis of theompared toE[LK]. In this section we therefore rely on
exponential ARQ feedback strategy. The asymptotic behawimerical simulation to draw some preliminary observation
ior of r(L) = limy_..r(J,L) in fact indicates that there In the simulation, we specify the channel erasure prolgbili
exists a sequence in the number of messages such that thg the length of the message, and the parametek in the
information rate evaluatefir that sequence approaches(L) exponential ARQ scheme. Sindg < oo, it is possible that
asymptotically. However, since such a sequenceaiglomly the remaining message bits are insufficient to fill in a long
generated by the feedback decisions, there is no guarantgeansmitted letter. When that situation occurs, we foltbe
that for anydeterministic number of messaged/ the rate procedure described in Section II-A.

r(L) can be approached with high probability. By contrast, Figure 2 displays two typical histograms of the empirical
the Shannon-theoretic channel capacity essentially resjuidistribution of the information rates achieved by expoisnt
that for every sufficiently large)M the rateC is approached ARQ for L > 1/p and L < 1/p, respectively.

with high probability. The “empirical information rate” dhe In Figure 2(a) forL > 1/p we observe a spectrum of
exponential ARQ feedback strategy therefore is not a Shann@chjeved rates, instead of a tight cluster aroghe: 1 — p =
theoretic quantity hence does not contradict the chanmel@a () 5 pits per channel use as in Figure 2(b) fbr < 1/p.

ity C, but it provides an alternative perspective of informatiops ingicated in Figure 2(a), the discrepancy between the
transmission for channels with variable-length coding angio definitions of information rate, (1) and (2), is clear.eTh
feedback. empirical average rate corresponding to (2) is aroOrg®

The seemingly unreasonable behavior of (8, informa- pjts per channel use, and arour@% of runs outperform (1),
tion transmission at one bit per channel use, stems from t{fich corresponds t6'.
key assumption that there is an infinite number of messageangther observation from the numerical simulation is that
bits. Transmission never stops, thus even if all the presliou here is an approximate “scale-free” property of the adtev
transmitted letters were erased, just one subsequentssifigte at05 That s, for a wide range of the message blockRBjzbe
retransmission is sufficient to compensate for all those ei&aiistics of the achieved rates are approximately corfmra
sures. For the postal channel this transmission strategg dehs pehavior is illustrated in Table I, in which we tabulate
lead to some interesting phenomena even for transmittifiy mean and variance of the achieved rates, as well as the
finite-length messages, as will be illustrated numerically hercentage that the achieved rates outperfrifor B ranging

the next section. _ _from 10% to 107. We can see that for eadh, these statistics
It may worth mentioning that there exists another alteveati 5o relatively stable across such a wide rangé&of

perspective of the channel capacity, for multiuser communi g a1y et us turn to the simulation of changing the erasure
cation [5, Sec. V], that shares a certain similarity with thg, ol 1, We tabulate in Table Il the statistics of the
above behavior of exponential ARQ. Consider a memoryleggieved rates for ranging fromo.1 to 0.9. In the simulation
broadcast channel with one (|1n)putand WO OUtpULY1,y2. e Jet L = 10, and the message block siz2 be according
The transmitter uses its first; channelluses to encode g, Uniform(1, 2] x 10°. Again we run the simulatiorl000
message foy,, so for sufficiently larges{" an information times to obtain these statistics. From Table Il we observe
rate of C1 = max,(,) I(x;y1) can be arbitrarily closely that the empirical average rate always outperforsFor
approached. Then the transmitter uses the mé%?t channel lossier channels,e., channels with larges, such a “rate gain”
uses to encode a message for so for sufficiently large becomes more noticeable. As deceases, this discrepancy
ngl) > n§1> an information rate o', = max,,) I(x;y2) can turns out to be only marginal.



160 L B Mean(rate) | Var(rate) | %(rate> C)
5 | Uniform[1,2] x 10° 0.5785 0.0341 68%
Lol i Uniform[1, 2] x 10° 0.5814 0.0339 70%
Uniform[1, 2] x 107 0.5877 0.0351 69%
10 | Uniform[1,2] x 103 0.6170 0.0501 1%
1208 il Uniform[1, 2] x 10° 0.6249 0.0502 72%
= Uniform[1, 2] x 107 0.5940 0.0500 67%
S 100 1 15 | Uniform[1,2] x 103 0.6457 0.0554 63%
A} Uniform[1, 2] x 10° 0.6126 0.0481 65%
5 80 empirical average i Uniform[l, 2} X 107 0.6324 0.0598 70%
c rate =0.6168 20 | Uniforml[1,2] x 103 0.6189 0.0491 65%
e Uniform[1, 2] x 10° 0.6584 0.0749 65%
g Uniform[1, 2] x 107 0.6185 0.0530 61%
I TABLE |
THE BEHAVIOR OF THE EXPONENTIALARQ FOR DIFFERENTL, p = 0.5,
AND @ = 1000 TIMES OF SIMULATION.
o+ 0z 08 04 05 06 07 08 09 ! p | Cpr | Mean(rate) | Var(rate) | %(rate> C)
Rate (bits/channel use) 0.1 ] 09 0.9065 0.0024 81%
0.2 | 0.8 0.8258 0.0181 80%
@L=10>1/p 03| 07 | 07602 | 0.0317 68%
60 : 0.4 | 06 0.6882 0.0435 65%
~_ 0.5 | 05 0.6232 0.0512 73%
c=05 0.6 | 0.4 0.5165 0.0566 59%
ol | 0.7 0.3 0.4421 0.0566 65%
0.8 | 0.2 0.3317 0.0490 64%
0.9 | 0.1 0.2223 0.0373 67%
. wf ] TABLE Il
8 THE BEHAVIOR OF EXPONENTIALARQ FOR DIFFERENTp, L = 10,
o 5
= B ~ Uniform|[1, 2] x 10°, AND Q = 1000 TIMES OF SIMULATION.
\; 30 T
(8]
c
[}
>
o 20+ q
LF_: channel is memoryless with transition probability
10 1 1—-p ify==x
plyi =ylxi=z)=1q¢ p fy=FE . (10)
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0 otherwise
O0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 .
Rate (bits/channel use) Let us define an(M, N,e)-code as follows. There are

M distinct messages, with each messag&aansmitted with
uniform probability 1/M. When there is no feedback, the
encoder is a mapping

Oy L=1<1/p

Fig. 2. Typical histograms of the empirical distributiontbé information rate
achieved by exponential ARQ. We lpt= 0.5, B ~ Uniform[1, 2] x 102, n
and L = 1 or 10, and run the simulatio) = 1000 times. {xitiz = f(w),
and when there is feedback, the encoder is a collectiom of
mappings

Xi:fi (W,{yj};;ll), i:1,2,...,n.

In the original postal channel model, the letter length ) ) ) )
is fixed and does not convey information. In this sectiohCf variable-length coding; is a random variable, and we
we extend the model to incorporate variable-length lette@SSUme that it is known_ at the degoder. Either with or without
variable-length coding blocks, and possibly feedbackhwtit feedback, the decoder is a mapping
appropriate formulation of the model, we are able to state th W= g({yi}"_,).
results as a special case of [6]. =

The extended channel model is described as follows. THew # w, we say that a decoding error occurs. For an
i-th channel inpuk; is a letter of lengths; € {1,2,...} bits, (M, N,¢)-code, we require the average error probability to
i.e.,x; is a vector in{0, 1}%. Hence the channel input alphabesatisfy
is the union of all non-null binary strings, denoted {1y 1}*. o
The corresponding channel output symfpis taken from the 1 Z Prob{w # w|w = m} <,
alphabet{0,1}*|{E}, where E represents an erasure. The M =

IIl. THE EXTENDED POSTAL CHANNEL



and the average total length, viewed as a general input cost, IV. CONCLUDING REMARKS

to satisfy The observations of this paper poses a question: “How to

M n characterize the behavior of a channel in the presence of
72 F 2511 <N, feedback?” Without feedback, there is little doubt that the
m=1 Li=1 channel capacity serves as the tightest rate upper bound for
wheres; is the length of lettex;. We say thatk > 0 is an all possible reliable communication schemes. With feellpac
achievable rate if, for any > 0, there exists a sufficiently large however, there is room for different interpretations ofonf

M such that for every/ > M there exists ariM, N, ¢)-code Mation rate as illustrated by the analysis of exponentiaQAR
with for the postal channel.

log M The channel capacitg'.,; of the extended postal channel
> R. critically depends upon two assumptions implicitly made in
L ) the paper. First, there exists some packaging mechanism for
The channel capacity is the supremum of the achievable raffis receiver to distinguish the starts and ends of consecuti
over a.II.pos&ble(}\/.{,_N,_d—codes. , etters. Second, there exists some marking mechanism ffor fo
Additional erX|b|_I|ty is available In the extended channe he receiver to tell if an erasure has occurred. A futureative
mpdel throu_gh vanable-length_ codl_ng over _Ietters. Howeveg 4, investigate the channel behavior if the two assumption
it is sr_\own in [(_3] that even with this flexibility, the_ Channelabove are relaxed.
capacity per unit cost of the memoryless channel is In a recent work studying general erasure (as well as
I(x;y) deletion) channels [8], it is shown that, for very general
E[s] erasure processes, the channel capacity is the same ag for th
gi(emoryless erasure process with the same long-term erasure
probability, and the channel capacity does not increask wit
feedback. However, those authors assume the channel symbol
to be of fixed length and the erasure process to be independent
I(x;y) (@) I(x,s:Y) of the input process, so their results do not automatically
extend to the postal channel.

Coxt = sup
X

Furthermore, the capacity does not increase with feedbal
which is a generalization of the result for fixed-length cafi
[7]. To evaluateCeyt, let us expand (x;y) as

—~
=

—~
=

= I(xyls) + I(syy), (11)

where (a) follows from the fact thats is a deterministic
function ofx, and (b) follows from the chain rule for mutual
information. The first term in (11) corresponds to the infarm
tion conveyed by encoding letter characters, and can beru
bounded by
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