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Abstract—Spectrum sensing is a critical function for enabling long as a suitably long observation window is allowed. A
dynamic spectrum access (DSA) in wireless networks that Uize notable exception arises if uncertainty exists in the stiasi
cognitive radio. In DSA networks, unlicensed secondary Us& qantifying the channel, leading to the so-called SNR wall
can gain access to a licensed spectrum band as long as they d(iz | fi the ob ’ tion | th d th f
not interfere with primary users. Spectrum sensing is subjet ] In prac '_Ce' € observa '_On e”g ! an us perigreea
to errors in the form of false alarms and missed detections. Of the classical schemes, will be limited by the PU’s dwell
False alarms cause spectrum under-use by secondary usersida time, which refers to the time duration of the PU staying in
missed detections cause interference to primary users. Albugh a particular state, whether ON or OFF. In fact, we will see
existing research has demonstrated the utility of a Markov bain 3¢ increasing the observation length beyond a certaintpoi
for modeling the spectrum access pattern of primary users osr Its in d ded f This limitati hich
time, little effort has been directed toward spectrum sensig results 'n. egrade per- orm"?mce' IS imitation, whic We
based upon such models. In this paper, we develop severa|Ca“ the window Iength limitation occurs because the PU is
soft-input sequence detection algorithms of Markov source in  observed in multiple states within a single sensing window.
noise for spectrum sensing in DSA networks. We assign diffent Generally, the conditional probability that the spectrisn i
Bayesian cost factors for missed detections and false alasnand free in the next time instant is dependent on previous states

we show that a suitably modified forward-backward sequence f t ilability. Previ h h deled th
detection algorithm is optimal in minimizing the detection risk. of spectrum availability. Frevious research has mode

Two advanced sequence detection algorithms, complete foand PU access pattern by a Markov chain. For example, the
algorithm and complete forward partial backward algorithm are authors in [3] showed the Markov chain existence by real-

introduced and their performance are compared as well. Alog  time measurements collected in the paging band (928-948
the way, we observe new fundamental limitations on sensing MHz). Classical PHY-layer sensing approaches such as gnerg

performance that we term the risk floor and the window length . - - 2
limitation of energy detection and coherent detection that arise detection and coherent detection, however, fail to exjiod

from their mismatch with the PU’s spectrum access pattern. memory inherent in PU access patterns. In this paper, we
develop several sequence detection algorithms derivad fro

the well-known forward-backward algorithm and apply them
. INTRODUCTION to the problem of spectrum sensing where observations of
It is widely acknowledged that the traditional static allothe PU at the SU are assumed to follow a hidden Markov
cation of wireless bandwidth by governmental regulators mmodel. The proposed sequence detection algorithms not only
spectrally inefficient due to spatial and temporal variatio incorporate the possible state change in the PU at any time
utilization by licensed primary users (PUs). Dynamic speat instant, allowing sensing performance to continue to inapro
access (DSA) is a promising approach for increasing spctrwith sensing window length beyond the aforementioned Jimit
efficiency by allowing unlicensed, secondary users (SUs) boit also allow missed detections and false alarms to have
opportunistically access the spectrum as long as they do ddferent cost factors. Appropriate selection of the cadimvs
cause harmful interference to PUs. SUs employing DSA must operation at different®;, P,,) pairs. Additionally, we
accurately sense spectrum opportunities, often calleckigpa present a parameterization of the detector that allowsdatféa
holes, corresponding to gaps in PU transmissions. Spectrbetween performance and sensing delay/complexity.
sensing algorithms seek to balance the conflicting goals ofThe remainder of the paper is organized as follows. In
minimizing interference to the PU while maximizing the rat&ection Il, we summarize related work and compare these
of the SU. Performance of a sensing algorithm is typicallgrevious works to the results in this paper. In Section Ii& w
characterized in terms of the probability of missed detecti introduce the hidden Markov model for the PU access pattern.
P,,, i.e., failing to sense the PU and thus causing interferende Section IV, we develop weighted sequence detection algo-
and the probability of false alarif, i.e., falsely declaring that rithms and show how they can be applied to the spectrum
the PU is active and thus missing a spectrum opportunity. Teensing problem. In Section V, we compare the proposed
inherent tradeoff betweeR,, and P; for any detector leads to detection algorithms with energy and coherent detectiah an
a tradeoff between these two aspects of system performanckserve important limitations for the latter two. In Sentio
Classical physical (PHY) layer spectrum sensing appraachd, we provide numerical results demonstrating the imptbve
for a non-cooperating SU, such as coherent and energy gefformance of the proposed schemes as well as the lintigatio
tection [1], generally assume that any operating paif, ( for energy and coherent detection. In Section VII, we codelu
P,,) is achievable at a given signal-to-noise ratio (SNR) dke paper.



IIl. RELATED WORK behavior can take either slotted or unslotted structuree Th

Spectrum sensing can be realized as a two-layer mechanf@kh is not synchronized with the PU, nor does the SU know
[4]. PHY-layer sensing focuses on efficiently detecting P@nything about the slotted structure of PU. The PU’s agtivit
signals to identify opportunities by adapting the SU’s granat any time instant (a sampling/symbol point at the SU) can
mission parameters. Several well-known PHY-layer detectiP€ represented by a state, which can be either idle or busy.
methods such as energy detection, coherent detection, &f§random variables; € {0,1} be the spectrum state at time
feature detection have been extensively investigated[®}], ¢ WhereS; =0 andS; =1 correspond to the OFF state (PU
[5], [6]. On the other hand, MAC-layer sensing determind§active) and the ON state (PU active), respectively. Engst
when SUs have to sense which channels and for how loif§rk has used Markov chain models for the channel state
Recently, significant effort has been devoted to the field b¥0] and the authors in [3] has validated its appropriatenes
MAC-layer sensing and scheduling [4], [7], [8], [9]. based upon real-time measurements. In practical situgtion

In [7], the authors propose a joint channel sensing amdoher-order Markov models may be used to better model other
transmission strategy in multichannel systems to maximi#@al world access patterns, but we focus on first-order nsodel
SU performance by intelligently deciding the sequence #iroughout this paper for which the conditional probapiof
channel probing/sensing and optimal action on each chanriBe future states of the process, given the present statthand
In comparison, we do not employ two-stage sensing whid@st states, depends only on the present state. Formally,
requires MAC layer scheduling, but use the memory in the P(Si11 = s141|51 = s1,--+ , 5S¢ = 1)

PU access pattern to make a final sensing decision. — P(Sit1 = s001|S: = s1) 1)

In [4], the authors develop a sensing-period optimization bl T StLEE T ot
mechanism and an optimal channel-sequencing a|gorithﬁi[1ce only two states of the PU activities exist, the trémsit
as well as an environment adaptive channel-usage pattgtatrix of the Markov chain is
estimation method. We also discuss sensing-period opimiz p_ (poo p01) @
tion, however under the constraint of new limitations that po p11/)’

we term therisk floor and thewindow length limitationIn  \hereyp,; is the probability of transition from statieto state
contrast to the channel-sequencing algorithm that detethi ; 4t any given time instant. Let the random variablgsand

the order of multiple non-overlapping channels in which thg = genote the dwell time of a PU's ON and OFF period,
SU should look for opportunities, our sequence detectiQBspectively. Because the transitions between ON and OFF
algorithms simply focus on the fundamental case where orfgriods of the PU are assumed to follow a first-order Markov
one channelis available to the SU. In [8], the authors intoed ,rgcess, 7, and L; will be geometrically distributed with

a more involved and efficient MAC-layer spectrum Se”Si”&arametersam andpy, respectively, i.e.E[Lo] = 1/po; and
scheme that takes advantage of both intrinsic and extringicr, | — 1/p,,, whereE[] is the expectation of a random

knowledge about network states and environmental stistiy,5iaple. To fully specify the Markov chain we also need to
In comparison, our work only considers the PU's channghow the initial distribution of the states, i.e., the prblities

access pattern. _ that the sequence starts in state
In [9], the authors formulate the spectrum sensing and
transmission problems together as an optimal stopping- algo I = {m}. 3

rithm that aims to maximize the average reward per unit time We model the signal received at the SU as a noisy version
with a constraint on the collision cost. Specifically, a retva of the PU’s actual signal, i.e.,
is received by a SU for each successful transmission and a o
penalty is received for a collision with the PU. In a similar Yo = S5iXo + W, )
way, we assign cost factors to tradeoff between PU protectighere X; is the PU signal, andV; is modeled as additive
and SU access performance. The authors assume the sendftite Gaussian noise (AWGN) with mean zero and variance
time and cognitive transmission time are much smaller thaii- The SU cannot directly observe the states of the Markov
an average PU busy or idle time. By comparison, we discuggcess at the PU, rather its observations are probailisti
the general case in which the SU’s sensing and transmissfoActions of the true state. This results in a hidden Markov
time are comparable to a PU’s busy or idle time. model (HMM). A HMM consists of a non-observable (hidden)
Compared to these previous works, our main contributioMarkov chainS = (Si, S», ...) and a measured output process
are: 1) We introduce several sequence detection algorithifis= (Y1, Y2, ...) whose distribution is determined k8. Note
for spectrum sensing, which fully exploit the Markov memoryhat we denote vectors by underlined variables throughout.
modeling the PU’s access pattern. 2) We assign cost factéglition to P and IT needed to specify the hidden Markov
and a risk function (both symbol-wise and sequence-wise)@bain, a HMM also requires emission probabilities, a set of
make possible tradeoff between PU protection and SU accéactions of the formfy, gt ye-1(y|s’, y*~"), which is the
performance. 3) We derive new limitations for classical SUprobability density function (pdf) of the observed datayiven

PHY-layer sensing schemes. the previous observation sequenge’ = (y1,92, ..., ¥i—1)
and state sequenc€ = (s1,s2,...,5;). The goal of a
lll. HIDDEN MARKOV MODEL spectrum sensing algorithm is to uncover the hidden channel
For simplicity of exposition, we assume there exists nstatesS up to timeT, i.e., (51, 952,...,57), using the SU’s

multipath fading and all channel gains are constant. ThesPldbservation sequenc&y(, Ys, ..., Yr).



IV. WEIGHTED SEQUENCEDETECTIONALGORITHMS this paper we make a fundamental assumption that the re-

. ceived samples in the observation sequence are condlsional
In proposed DSA networks, the SU is generally underiﬁdependent given the state sequence, i.e.,

strict requirement to limit interference to the PU as much
as possible. Missed detections, therefore, may be moréy cost fyt‘ﬁtyxtfl(yﬁgt,gt_l) = fyyls, (Wt]5¢), (9)
than false alarms, as they lead to collisions with the PU. We . o . .
employ a Bayesian sequence detection framework that aIIoWbEere _fo‘Sf (y.t|st) s the probability density function  of
assignment of different costs for the two types of errorgs ThOPSEMVINGy: given s tates;. o . _

makes it possible to bias the detector in favor of reducinngO bT'_ef'y describe the Viterbi algorlthm, I.G&t(l), be_the
P, at the expense of increasigg while still exploiting the P Qbab'“ty of the most pro_bable path ending in sta time
Markov memory. t given the whole observation sequente- (Y1,Ys, - ,Yr),

We start with a general formulation for the BayesiaWhereT is the length of a sensing window, i.e.,

sequence detector. For a lendih binary sequence, there 6:(i) = max P(S;=s1, - ,8_1=s5_1,5 =iY).
are 27 possible state sequences, which we dengte for S1hrSt-1 (10)
; L = (@) g . .
i€ {l-, 20} Let C;; = C(s',sV)) be the cost of . o calculaté, (i) recursively according to
declaring state sequeneé” when the real state sequence
is 57). Define the sequence risk functidR(s"|Y) as the 6:(i) = max [6:-1(j)pjs) fyu1s, (eli) (11)
expected value of the cost of declaring state sequénees”) ic{o.1}
given the observation data sequenicegi.e., with initialization
1(1) = mifyy s, (y2]0)- (12)
R(sV[Y) = E[C(s7, 9)|Y] To retrieve the state sequence, we need to keep track of the
27 o _ argument), (i) that maximizes (11) for eachand state, i.e.,
=> (s, s9)P(sV]Y). (5) . .
= (i) = argmax 0,1 (j)pji, 2<t<T. (13)

j€{0,1}

Our objective is to find the state sequence that minimizes th¢ the end of the algorithm, the highest probability endpoin
associated sequence risk given the observation seqd€ree s chosen and the highest probability path (state sequésice)
Y, 1€, backtracked:

S = argmin R(sPY =y). (6) St = argmax 07 (%), (14)
s(1), 1<4<2T - i€{0,1}

Generally, the minimization is taken over a set with a total St =1 (Se), t=T-1,T-2,--,1. (15)
number of element2”, the computation time of which |n practice, the logarithmic version of the Viterbi Algdmin
increases exponentially with the sequence lefigtlowever, is often used due to its lower computational complexity and
there are some special cases for which linear computatien tibetter numerical stability. The major drawback to using the
algorithms exist. Viterbi algorithm for spectrum sensing is it does not allow
costs to be differentiated based on the types or numbers of
errors. We have mentioned previously that missed detection
errors may be much more costly to a spectrum sensing system
If the sequence cost is an impulse function defined as than false alarms, which motivates development of other
algorithms for such applications.
. {0, if 5 = ()

A. Impulse Sequence Cost and the Viterbi Algorithm

1 i s g0 (7) y
’ s Bl B. Additive Sequence Cost and the Forward-Backward Algo-

. . . . r'ﬁpm
i.e., all possible sequence errors are given the same weig

then the risk function becomes Suppose the sequence cost is additive, i.e.,
. . . T
R(sWY) = P(sVY) = 1 - P(s"|Y). 8) C,; = C(sD,59) = 3" (s, s, (16)
J# =1

Therefore, minimizingR (s”|Y") is equivalent to maximizing wheres'" is the state of the sequeng® at timet andC;; =
P(s™]Y), or choosing the state sequence that has the largest, ;) is the cost of declaring statevhen the real state isat
a posterior probability. We call it the sequence maximum gny time instant. Defin&;(i|Y’) as the symbol risk function
posterior (sequence-MAP) detector, which can be impleeteniof declaring state at time instantt, 1 < t < T, given the

using the well-known Viterbi algorithm [11], [12]. whole observation sequenge= (Y3, Ys, ..., Yr)
We apply the Viterbi algorithm with soft inputs to the
spectrum sensing problem, which can be simplified to the hard Ri(ilY) = Z Ci;j P(S; = j|Y). (17)

input case at the expense of sensing performance. Throtighou je{0,1}



. . . Stafe .
The sequence risk function can thus be written as a sum ol oo frats, (v:l0) P00 ¥iaj5e2 (wr110)
o

the symbol risk functions: MS(U)

T
R(sVY) = E[>_ C(si”, S)Y]

1 O
a;1(1) p11fyis, (ye1) a(1) P1LSYiy1 180, (Y1 [1) ai1(1)

T
= Z C(sﬁ”, st)P (St = s:|Y) Fig. 1. Computing the forward probabilities.
t=1s,€{0,1}
T
— ZRt(SEi)|X)a (18) 3) A Posterior Probability of an Individual Symbolet
t—1 fr(y) be the probability density function of observatidh
) ) ) fx@) can be calculated in three ways,
where s;” € {0,1}. This result demonstrates that if the
sequence cost is additive, the sequence risk function & als fy(y) = Z ar(i)
additive under the reasonable assumption that all symbol i€{0,1}
risks are non-negative. Therefore, the state sequenceean b _ Z if (y118)B1(4)
estimated in a symbol-by-symbol fashion i EREIEI S
Sp = agreg{glli}n{Rt(ﬂX =y} (19) = Y w(@)pii) (25)
i€{0,1}

The symbol a posterior probabiliy(S; = ¢|Y) in (17) can be
calculated using the well-known forward-backward aldorit
[12]. This algorithm has three steps: : o i X
1) Compute forward probabilities for each time instant, fil:nt('emTet is i for the given observation sequenke= y up to
2) Compute backward probabilities for each time instant, '
3) Compute the a posterior probability of each state for (i) = P(S: = ily) fy,s,(y,1) _ ()i (4)
each time instant based upon the forward and backward " ! Y fr(y) Ir(y)

foranyl <t <T.
Let \:(¢) be the a posterior probability that the hidden state

(26)

probabilities. ) ) ) Then, the symbol-wise detection rule in (19) becomes
These three steps are now summarized in more detail based
upon [12]. Sy = argmin Ry (ily) = argmin Y Ci;\(i).  (27)
1) Forward Probabilities: Let o (i) be the joint probability {01} €01} eqo1y
density function of the partial observation sequence= The ahove described algorithm is a weighted forward-
(Y1, 92, -, y;) and states; =i at timet, i.e., backward algorithm. Note that the standard forward-baciwa
ar(i) = fyr,s, (¥, 9) (20) algorithm without assigned costs (equivalent to uniforrstsp

o . . . chooses the state that maximizes the a posterior prolyatilit
(i) is proportional to the likelihood of the past observationg symbol at each time instant [12]

and can be solved recursively according to .
, ) S = argmax A\ (1), (28)
a1(i) = i fyy s, (Y1]2) (21) i€f0,1}
(i) = v 10)ps i 29y and is therefore a symbol-MAP detector that does not differe
() < Z e-1(0)p; )fYtSt (4:li) (22) tiate missed detections and false alarms. With costs a=sign
. ) to the four different possibilities, our decision rule (1f@y
for 2 < ¢ < T. The recursive computation of the forward, jqisive cost sequence detection corresponds to a moreagene

probabilities is illustrated in the trellis of Fig. 1. L form of the symbol-MAP detection rule. It is trivial to prove
2) Backward Probabilities:Let f,(i) be the conditional y.: it o = ¢y = 0 andCyy = Cyo = 1 (19) reduces to
probability of the partial observation sequence frgm; to 28) '

the end produced by all state sequences that start attthe It
state

je{0,1}

is also worth noting that provided a hardware realization
. ) for the symbol-MAP detection algorithm, it can be readily
Be(i) = fyiprvrls Wees - yrli)- (23)  extended to the additive cost sequence detection algotithm
By definition, 7 (i) = 1. 3,() is proportional to the likelihood converting the symbol a posterior probability for each estat
of the future observations and can be solved recursivefjfo the symbol risk for each state via (17).
according to Since C;; is the cost of declaring staté when the real
. , ) hidden state isj, Cy; and Cio are the costs for missed
Be(i) = Z Pij fyipnSe We4117)Be1(G) (28)  getection and false alarm, respectively. For DSA systems, i
je{o.1} is natural to assigrCy, = C;; = 0 and Cy; a higher cost
fort=T-1,T-2,---,1. thanC1q, since missed detections may cause more harm than



I PU Active / Channel ON D PU Inactive / Channel OFF use a moving average to eliminate reduplicate computations
For our sliding weighted sequence detection algorithm, ree a
| | really only interested in the decision at the current tirstdnt.

| | |
[1]]] _:D Thus it may not be necessary to calculate any backward

| _Sensing Window | _ Sensing Window | _ Sensing Window | _ Sensing Window | pl’Obabi”tieS and Only the forward prObabi”ties for thatss
| | | | | at the most recent time instant is needed to be stored due
(a) Non-overlapping Rule / Block Rule to the recursive nature of their calculation. We refer tcs thi

N | simplification as thecomplete forward algorithm (CFA)In

- | | | | | i i i | | | | | _:D essence, CFA's memory can be infinitely long.
[

| |Senging Window | Although CFA has infinite memory length and can make

"I |Sensing Window | | | decisions instantaneously, it does not fully exploit thenmoey
‘ | Isensing Window | | inherent in the underlying Markov process and its perforoean
\M: may be worse than the weighted forward-backward algorithm.
(b) Overlapping Rule / Sliding Rule We can, however, increase performance by propagating back-
ward a few symbols to better exploit the memory in the data
Fig. 2. Non-overlapping (block) rule and overlapping (sl rule. at the cost of increased sensing delay. We call this algurith

the complete forward partial backward algorithm (CFPB)
. i . Clearly the performance of CFPB lies somewhere between that
false alarms. Essentially, it is the ratio between the cobts ¢ ~1 and the weighted forward-backward algorithm with
missed detection and false alarm that affects the Operatﬁ}ginfinitely long sensing window, giving a tradeoff between

point. Intuitively, the largerCy, is relative toCyp, the more sensing performance and sensina delay/complexit
the additive cost sequence detection algorithm is biasedrtb ap g y s

reducingP,, at the expense of increasidg. In the extreme
case, if the cost for a missed detection is arbitrarily lathe _ i _ S
algorithm will always declare the PU to be present, giving !N this section, we introduce a new limitation of standard
P; =1 andP,, = 0. On the other hand, if the cost for a fals¢€N€rgy and coherent detection. The first part of this section
the spectrum to be available, gividgy = 0 and P,,, = 1. By and coherent detection and discuss their threshold setecti
varying the relative costs, we obtain different operatimyp © the problem of minimizing the detection risk given the
of (P, P,,) corresponding to different points on the receivefOSt factors. This is done by relating their thresholds tt th

operating characteristic (ROC) curve for the sequencectigte Of the proposed weighted forward-backward algorithm in an
extreme case. In the second part, we then introduce the new

fundamental limitation which we call thesk floor.
We start our discussion from the extreme case in which there

For each spectrum sensing algorithm there are at legsh, state change within one sensing window. This condition

two ways of using the observed data and making decisioRgyresponds to a scenario in which the transition prokisil

One method is to make decisions on a block-by-block basbso,1 — pio = 0. In this case, the proposed weighted forward-

corresponding to using each observation in only one sensigig y\vard sequence detection algorithm can be reduced to
window. The SU collects a window of data, processes the data,

V. COMPARISON TOENERGY AND COHERENTDETECTION

C. Overlapping and Non-Overlapping Sensing Rules

makes decisions for the current window, and then discamls th fyis(yl0) g (29)
data (vacate the buffer) to start the sensing procedurehtor t fy1s(yl1) T
next sensing window. We call this a non-overlapping (bIocI@/ erec, = [m(Cor — Ci1)l/[mo(Cro — Coo)]. The result

detection rule. The other method is to make a decision at eq

time instant_ using a sliding _window, adding new obs.ervaiiorijhe risk function [13]. LetA be the ON-decision region for a
one at a time and dropping the oldest observation. NO&%tector. We use the term “decision region” exclusivelytfar

that a single observation factors into multiple windows angase in which there is no state change in a sensing window for

thus multiple decisions. We call this an overlapping (sig)i the weighted forward-backward algorithm, since only irsthi

detection rule. Also note that for non-overlapping ENeI%ase will the detector make the same decision for every symbo

detection and coherent detection, the detector makes &si 9 the block i.e. it is a block decision rather than a segeen

decision for each block, assuming all the symbols in thoef individual decisions. For energy detection and coherent

sensing window have the same state. These two procedtﬁS?ection which make a single decision for each block, the

ar:a |IIusbt_rattedt;1n FSI%J t2 Ilntu|t|vely,_emglt?ymg_an ogj’q"‘.ﬂf‘g term “decision region” always makes sense. The ON-decision
rule subjects e 0 1€SS sensing defay since em_&ms{aérgion Ag for the weighted sequence detection algorithm is
made right after an observation. For a non-overlapping, ru

the sensing delay is on the order of sensing window Iength&bvIOUS from Eg. (29).

In the worst case, the average computation time for a sliding _ )
rule can beT times as large as that of a block rule. Howevef:- Threshold for Energy Detection and Coherent Detection
more efficient algorithms exist for both energy detectiod an If the signal and the noise process both follow zero-
weighted sequence detection. For energy detection, we caean identical independent Gaussian distributions, weth

responds to the classical likelihood ratio test for mizing



forward-backward algorithm is equivalent to energy détect  Another scenario can arise if the PUs spare a certain amount
for the extreme case in which it is guaranteed no state chamdesnergy to transmit pilot signals. For simplicity, we assu
occurs in a sensing window. To see this,dgbe the threshold the PU always transmits 1 with normalized signal power when
for the weighted sequence detection adbe the threshold it is occupying the channel. In this case, the threshold for
for energy detectiore, ande. are chosen such that they givecoherent detection. can be related to that of the sequence
the same false alarm probabiliti€%s. The ON-decision region detection by
for energy detection is [1]

0.2
+ 2 ne,(Py). (33)

T
he = {o|7 P > (P} (30)
t=1 B. Risk Floor For Energy Detection
On the other hand, the ON-decision region for the weightedFor the weighted forward-backward algorithm that mini-
forward-backward algorithm can be simplified to mizes the detection risk, we expect the risk to decreasénzont
1 T 95202 1 uously with increasing SNR. However, for energy detection,
Ag = {y’_ Z Iyt|2 S 200012 (ln 91y Es(pf)) }, there exists a certain risk level that it cannot surpass entn
T = 91 — 0p g T an arbitrarily large SNR. We call this limit thesk floor. The
(31) risk floor is caused by finite PU dwell time. We will provide
whereo? = 02 ando? = o2 + o2. Since the ON-decision an ap_proximqtion for the risk.ﬂoor in this section and vaiida
region for sequence detection and energy detection areTboth''S &xistence n the next section. .
We start with a theorem that essentially states that even

dimensional balls, one should be a subset of the other ifi'the ON bol i . ind i th
dimensional space, and for the same false alarm probabilitione Symbol in a sensing window can trigger the energy
detector to make an ON decision with high probability if the

they should be identical, which in turn gives SNR is large.

5 20307 1 . i
e.(P)) — 2000—12 w1y o(P)). (32) TheoremS_uppose the PU fpl!ows a certain spectrum access
o7 — 0§ o) pattern and its dwell time is finite. If the optimal thresheld

Therefore, the detection probabilities are the same as well !N (32) that minimizes the detection risk for the given four
Although (30), (31) and (32) show the decision region%OSt factors is applied for energy detection, then

for energy detection and weighted forward-backward algo- 1 9

rithm are the same under the concerned condition, the im- P T'XT +Wrl">e ) =1, as SNR— oo, (34)

portance of these equations goes beyond this. Since-

[71(Co1 — C11)]/[m0(C10 — Coo)], EQ. (32) essentially relates

the threshold for energy detection to the cost factors fased

detections and false alarms and results in an optimal tbtésh

in the sense of minimizing the detection risk. Compared éo th e =2 1o — 1 In m1(Co1 — C11)

often-used Gaussian approximation according to centrat i N T m(Cro — Cor)

theorem forzle ly:|?/T [1], here we provide an accurate ~In 10S 2¢, 3

computation for the optimal threshold for energy detection ~ 10 NR— T (35)

that minimizes_the expected cost. As standard energy meCtTherefore,

does not consider the PU’s channel access pattern, it always

uses the threshold derived above to minimize the deteds&n r P<1|XT + W2 > 65) ~ P(i|XT|2 > ee)

given the cost factors. T T

wherer is any time instant within a sensing window.
Proof: Without loss of generality, let? = o2 = 1.

w

Define SNR20log;,(c2/02) = 20log;, .. For high SNR,

It is also worth noting that the proposed sequence detection =2P(X, > +veT)
algorithms we derived in Section IV depend on accurate 107 . SNR_ 2¢
knowledge of the distribution of the observed symbols given = 2Q<\/ 10 SNR 3)
the channel state as well as the channel state transition 1010

probabilities. However, for one thing, these parameters ca -1 (36)
be estimated by the Baum-Welch algorithm [12], which we i

will study in our future work. For another, if the conditidna®S SNR— oo for fixed T ande,. Furthermore,

pdf cannot be obtained anyway, we can integrate energy

detection and the sequence detection algorithms by d'lyidinD(
the whole sensing window into a sequence of sub-windows
and applying energy detection and Gaussian approximatias SNR— oc as well if Y, = X, + W, is an ON symbol.m
according to central limit theorem to each sub-window. In This theorem implies that for high SNR, a sensing window
this way, we cannot only implement the proposed sequensgh even one ON symbol will lead to an ON decision.
detection algorithms with insufficient statistics, butcateduce Obviously, the probability of missed detection goes to zero
the computational complexity. The expense of this integnat and the risk is dominated by false alarm, which can be either
of energy detection and sequence detection algorithms is afnthe two types illustrated in Fig. 3. Note that type Il may
increasing granularity and possible sensing delay. not be called a false alarm since it makes a correct decision

T
1 ) 1 )
T E |Yz >ee) >P<T|XT+WT| >ee) —1 (37)

t=1
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Fig. 3. Two scenarios leading to false alarms for energyctiete when the
PU state changes during a sensing window.

for the channel’'s future state by declaring the channel
ON. However, for simplicity, we assume the SU continuous
senses the spectrum without transmitting and the decision
made for the current block or symbol. Therefore, the O
decision for the whole block leads to false alarms for the firs
part of the sensing window in which the channel is still OFE'Q 4. Detection performance and sensing window lengfi.o] = 2000,
as shown in the figure. [L1] = 1000, SNR=-1008,P; = 0.1.

We will only consider the case in which the window length
T <« min{E[Lo],E[L1]} since things get even worse when
T is comparable tdE[Ly] and E[L;] as we will see in the
numerical results. Type | corresponds to the case in whichWe first consider a specific realization in which some
the channel changes from state ON to OFF in a sensiRfPPosed sequence detection algorithms and energy aetecti
window. The condition’ < min{E[Lo], E[L1]} guarantees are applied. LeE[Lo] = 2000 andE[L,] = 1000, which give
that the probability of multiple channel state changesrdyri State transition probabilitiego; = 0.0005 and p;p = 0.001.
one sensing window is negligible in computing the channéfe signal and noise variance are set so that SNR-10
state change probability in a sensing window. The symbkl ri§lB- In Fig. 4, we plot the detection probability versus segsi

:
log,{(T)

A Sequence Detection versus Energy and Coherent Detection

for type | false alarm is window lengthT for a fixed false alarm probability?; = 0.1.
—_— The result for CFA is independent df and is provided
T—t i i i i
R = mCoy H <P(L1 —1)- > for comparison. The simulation leads to several important
T conclusions.

1—p First, if T" < min{E[Lo¢], E[L1]}, which implies that the
= mCo1 <1 -7 L > (38) probability of channel state change within a sensing window
o ) P1o . is relatively small, the performance of the weighted segaen
Similarly, the symbol risk for type Il false alarm is detection algorithm, non-overlapping energy detectiom an
T—1 + overlapping energy detection are very similar. Howevethéf
Ry = m0Cho H <P(Lo =t)- T) length of the sensing window is comparable to the average
t=1 length of an ON/OFF period, the effect of state changes in
. (1 — phy —pT_l). (39) a sensing window comes into play and the performance of
Tpo1 0o energy detection is seriously affected since it does net itsto
Thusy we approximate the risk floor of energy detection byaCCOUnt the PU dwell time. On the other hand, the performance
of the weighted sequence detection algorithm continues to
Rr~R|+ Ry (40) improve with increasing window length. The performancesdoe
Intuitively, false alarms are caused primarily by randosmenot degrade since the algorithm itself takes possible state
and confusion in the primary signal and noise for low SNREhange into consideration.
and they are dominated by channel state changes for higiecond, for both overlapping and non-overlapping energy
SNR. Since the risk floor results from not considering channgetection, there is an optimal window lendi that gives
state changes, it can be shown in a similar way that the rile best detection probabiliti; for a fixed Py, given SNR
floor arises for coherent detection as well. Numerical tssubnd the PU’s channel access statistics. If the window length
verifying the existence of this risk floor are provided in thexceedsl'™™, the detection performance degrades because the

following section. energy detector groups observations from multiple PU state
Although no theoretical analysis is provided here, we call
VI. NUMERICAL RESULTS this limitation of energy detection (and coherent detectio

This section provides numerical results demonstrating tire the next example) thevindow length limitation It is
improved performance that the developed sequence detecamther limitation for spectrum sensing performance badide
algorithms exhibit over energy and coherent detection. Faell-known SNR-wall [2]. Moreover, the proposed sequence
simplicity, we assume the SU continuously senses the spdetection algorithms cannot, achieve arbitrary large aliete
trum and never transmits. probability even with infinite window length. On the contrar
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Fig. 5. Receiving Operating Characteristi®&.Lo] = 100, E[L1] = 50, ) ]
SNR=-10dB. Fig. 6. Risk performance for CFA and CFPB[L¢] = 200, E[L1] = 100,
Co1 = 10C10.

the detection probability corresponding to a given falseral ) )
probability approaches a limit &€ becomes large as shownCFPB with a backward Wlndow length of4 symbols performs
in the figure. This implies that PHY-layer detection algamits almost as well as CFPB with backwa_rd window length of 100
are performance limited by the PU’s channel access patte®¥MPols, although large backward window length offers more
Nevertheless, our proposed sequence detection algorithts advantage for moderate SNR (-5dB to 10dB in Fig. 6).
perform the standard energy detection in a number of waysFOr high SNR, in which case the CFPB converges for
We also notice an advantage of the non-overlapping rule ovagreasing backward window length, we observe a gain of
the overlapping rule with regards to operating pairs. about 10 dB for CFPB over CFA.

Now we consider an example of coherent detection. If the
primary signal is known to the secondary user and coherent Risk Floor for Energy Detection

detection is used, the sensing window can be much shorter thaWe compare the performance of enerav detection. sequence-
that of energy detection to achieve the same operating pai P P 9y » S€q

Therefore, in order to clearly see the advantage of sequemr’ép and symbol-MAP with weighted forward-backward al-

detection over coherent detection, we consider a smalies-s orithm forT" < min{E[Lo}, E[L1]} and the cost for missed

ing window length and PU dwell time. The expected OFF ar1(JI§,]\/|etect|ons much higher than the cost for false alarms, for

ON dwell times areE[Lo] = 100 and E[Z1] = 50, and SNR I:_0 sgegatrr;osr(]jlﬁerlﬂgtlrlhsensmfg window Iefngth. Fig. 7’\72?3
is —10 dB again. We compare the performance by plottin '9. oth show that tne periormance of sequence-

the ROC curves for three window lengths as shown in Fig. F‘d. §ymboI.—MAP are _surprlsmgly similar, which makes_ Sense
As the results show, weighted forward-backward and coheréwu't'vely since, making the sequence error small willcals

detection have similar ROC curves wheris relatively small. make the symbol error small. Moreover, the weighted forward

As T increases, the ROC curves of coherent detection be blt%ckward algorithm significantly outperforms sequencemMA

to fall below that of the weighted forward-backward. Th nd symbol-MAP which do not differentiate missed detection

ROC curves for coherent detection even begin to degra,% dd_false .alflrfmsthe Qbﬁ?r;ef a ga;nbanilogc:juslto .tt?]at of
after a certain’, while on the other hand, the ROC curvescP?!Ng gain™forthe weighted forward-backward aigoritim

- . . o ‘which is about 1 dB when the risk i8)~2 and 6 dB when
of sequence detection continues to improve with mcreamﬁgg fisk is10-3 for T — 10, and 2 dB when the risk i0—2

T. However, the curves converge &sgoes to infinity. These and about 10 dB when the risk 19— for T — 100. We also

results agree with the conclusions made from Fig. 4. observe that the performance of sequence-MAP and symbol-
MAP are extremely bad at low SNR, even worse than that of
B. CFA versus CFPB energy detection.

We now compare the sensing performance of CFA andAnother important observation from these simulation rssul
CFPB with different backward window lengtlig by plotting is the validation of the existence of the risk floor for energy
risk as a function of SNR. As the simulation results in Figdetection. We notice that the risks for the weighted forward
6 show, even use of one symbol of backward processibgckward algorithm decrease with asymptotically fixed afop
increases the sensing performance significantly and this gas SNR increases, however, for energy detection the risk
increases with SNR. Another interesting fact is that forhhigapproaches the risk floor and cannot be decreased, regardles
SNR, the performance of CFPB quickly approaches a limif the window length. The risk floor shown in the simulation
and increasingz beyond a certain number barely improves theesults also validates the theoretical analysis in (40 Fo
sensing performance. For the simulation environmentin®ig 7' = 10, Rz = 0.003 by Eq. (40), and the simulation result in
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Fig. 7 givesRr = 0.003 as well. ForT = 100, R = 0.032 ACKNOWLEDGEMENT
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good theoretical approximation for computing the risk flobr
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