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DIVERSITY AND SPECTRAL EFFICIENCY
IN WIRELESS RELAY NETWORKS

Abstract
by

Deqiang Chen

Motivated by the increasing demand for higher data rate, broader coverage,
and lower infrastructure cost in wireless systems, a major effort is being made to
study the use of relay stations in wireless networks. In this dissertation, we propose
efficient relaying protocols for two types of wireless networks, i.e., networks with
one destination, one relay and multiple sources, and networks with one destination,
one source and multiple relays. We model the former as a multi-access relay channel
(MARC) and refer the latter as a multihop network.

For a MARC, we propose the multi-access relay amplify-forward (MAF') protocol.
The proposed protocol allows for a low-complexity relay, allows the users to operate
as if in a normal (non-cooperative) multi-access channel (MAC), and allows multiple
users to achieve significant gains from sharing a single amplify-forward relay in slow
fading environments. MAF achieves the optimal diversity-multiplexing trade-off at
high multiplexing gains. Analysis of the protocol reveals that it outperforms the
compress-forward strategy at low multiplexing gains and further outperforms the
dynamic decode-forward protocol at high multiplexing gains.

We also propose different routing protocols for wireless multi-hop networks.
An information theoretic analysis suggests that there is an optimum number of

hops in maximizing the end-to-end spectral efficiency for a multihop network with
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AWGN channels. Motivated by this observation, this dissertation takes the trade-
off between power and bandwidth efficiency into account and proposes two routing
schemes, namely, approximately-ideal-path routing (AIPR) and distributed spectrum-
efficient routing (DSER). AIPR finds a path to approximate an optimum regular
path and requires location information. DSER is more amenable to distributed im-
plementations based on Bellman-Ford or Dijkstra’s algorithms. We show by simula-
tions that the spectral efficiencies of AIPR and DSER for random networks approach
that of nearest-neighbor routing in the low signal-to-noise ratio (SNR) regime and
that of single-hop routing in the high SNR regime. In the moderate SNR regime,
DSER offers significant gains compared with nearest-neighbor or single-hop routing.
We further demonstrate the trade-off between the number of hops and spectral
efficiency in a broadband multipath fading system by considering resource allocation
in an orthogonal frequency division multiplexing (OFDM) multihop network. We
formulate a power and subcarrier allocation problem for a network with one desti-
nation and multiple sources and relays and discuss the properties of the optimum
solution for a convex relaxation of the problem. We then focus on low-complexity;,
efficient algorithms for a multihop network with one destination, one source and
multiple relays. We develop an algorithm that is optimum at high SNR for a two-
hop network. For a general multihop network, we propose a greedy approach to
subcarrier allocation. We show by simulations that judicious allocation of power
and subcarriers offers significant gains compared to a fixed assignment of subcarri-
ers in a multi-hop network. Furthermore, our results demonstrate that, even for a
broadband system with frequency selective fading, there exits an optimum number

of hops that maximizes the end-to-end spectral efficiency.
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CHAPTER 1

INTRODUCTION

1.1  Wireless Relay Networks

Recent years have witnessed the explosive growth of personal wireless communi-
cation systems. The most notable examples are cellular voice networks, e.g., 1S-54,
[S-95, cdma2000 and GSM [55], whose pervasive use impacts all walks of life. The
use of wireless data networks, e.g., IEEE 802.11 networks, is also quickly picking
up speed. The basic architecture of these wireless networks can be seen in Fig. 1.1.
These networks consist of base stations or access points communicating with end
users, and a wired backbone, typically a telephone or data network, that provides
a fast connection among base stations and a connection to the Internet. These
networks have been intensively studied from different perspectives, e.g., the capac-
ity of the multi-access channel (MAC) [22] and routing algorithms for the Internat
[66]. Hence, trade-offs involved in designing this type of networks are relatively well
understood.

Exploiting the rapid progress in integrated circuits, signal processing, and net-
working, many applications of wireless communications are also emerging that sug-
gest different architectures from those described above. The standard task group
developing IEEE 802.16j Mobile Multihop Relay (MMR) suggests extending the
coverage of a base station by deploying several relay stations around the base sta-

tion [1]. In contrast to a regular cellular network, the connection between relay
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Figure 1.1. A typical infrastructure network architecture. BS and MS correspond

to base station and mobile station, respectively.
stations and the base station is through wireless communication, instead of wired
communication. Wireless Mesh Networks (WMN) [19, 26, 47, 13], an attractive
alternative solution for broadband wireless access, also extend the coverage to users
that are not in the direct transmission range of access points by allowing peer nodes
to relay information for each other. Finally, deploying sensor networks in environ-
ments lacking infrastructure support often requires that sensors communicate with
each other through the wireless medium.

These emerging networks differ from traditional wireless networks by utilizing
wireless transmission to relay information, hence the name wireless relay networks.
More specifically, a station is called a relay station if it retransmits signals received
from some stations to other stations. A wireless relay station is a relay station that
receives and retransmits through the wireless medium. A wireless relay network is
a wireless network in which there exits at least one wireless relay station. Fig. 1.2
demonstrates some potential configurations of wireless relay networks that are par-
ticularly related to this dissertation, including examples such as user cooperation

or cooperative diversity, multi-access relay channel, and multihop transmission. In



cooperative diversity, peer users cooperate to relay information for each other. In a
multi-access relay channel, multiple sources share a designated relay station to com-
municate with a base station. In multihop transmission, a message is transmitted
to the base station through a sequence of wireless relay stations.

Extending wireless communication beyond last hop via wireless relaying can
potentially help extend the coverage, reduce the infrastructure costs and expedite
deployment time. However, the addition of wireless relay stations also takes the

design challenge of wireless networks to a new level as we will see in the next section.

1.2 Challenges

Wireless relay networks distinguish themselves from the existing infrastructure
networks in that wireless transmission is no longer limited between the base station
and users, but is utilized to relay information among users and relays as well. Even
though the extension of wireless transmission from the last hop to intermediate
hops brings many unique advantages, it also presents many fundamental challenges.
This section discusses at a high level some of these challenging issues, including
trade-off between throughput and reliability, bandwidth versus power efficiency,
efficient routing, and compatibility with legacy systems. Many of these issues are
intertwined. The discussion here does not intend to cover all aspects of wireless relay

networks, but rather those issues that are particularly related to this dissertation.

1.2.1 Trade-off between Throughput and Reliability

Wireless networks are designed to transmit as much information as possible given
certain constraints. For sensor networks, efficiency of transmission also translates
into longer lifetime of the networks. For mesh networks, higher throughput could
mean the efficient use of limited bandwidth resources. However, wireless networks,

in particular data-service oriented networks, also require high reliability. Unfortu-
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Figure 1.2. Example wireless relay networks. MARC stands for multi-access relay
channel. BS, MS and RS correspond to base station, mobile station, and relay
station, respectively.



nately, wireless transmissions are corrupted by path-loss, shadowing, fading, inter-
ference and noise; typically, the higher the transmission rate, the more resources are
required, and the higher the probability of error.

In wireless relay networks, the trade-off between throughput and reliability is
particularly intriguing. In traditional wireless networks, only the last hop is wireless,
and the wired backbone network can be regarded as essentially error-free. Therefore,
it is sufficient to study the trade-off of the last hop. For wireless relay networks,
the probability of error in one of the intermediate hops is not negligible and could
impact the design of the whole network.

Chapter 3 discusses the trade-off between throughput and reliability for a multi-
access relay channel (MARC) using the tool of the diversity-multiplexing trade-
off (DMT). The trade-off between system throughput and per-link reliability also
motivates the routing protocols that we propose in Chapters 4 and 5, though less

directly than in Chapter 3.

1.2.2 Bandwidth and Power Efficiency

Unlike a copper wire or optical fiber connecting the transmitter and receiver in
wired communication, the medium for wireless communication is inherently shared.
Regulatory agencies, e.g., the Federal Communications Commission (FCC), have
established strict rules regarding the use of frequency bands to avoid excessive in-
terference. Wireless service providers, in particular, cellular companies, sometimes
pay billions of dollars for the license of tens of megahertz. Thus, transmitting as
much information as possible in a limited frequency band, i.e., operating at high
bandwidth efficiency, is a top priority.

The FCC also has strict regulations with regard to the maximum transmission

power allowable in each frequency band. This translates into an average power



constraint for the wireless devices. Moreover, due to mobility requirements, wireless
devices often rely on batteries as their power supply. Therefore, increasing the power
efficiency means longer life time for the wireless devices.

Unfortunately, the aim to boost the bandwidth efficiency and power efficiency
often results in conflicting requirements. The trade-off between the bandwidth ef-
ficiency and power efficiency for point-to-point channels has been widely studied
since the seminal work of Shannon [61]. However, trade-offs between the band-
width and power efficiency for most multiuser networks are still open problems [22],
particularly for wireless relay networks.

The trade-off between the bandwidth and power efficiency in multihop networks
motivates the routing protocols in Chapter 4 and power and subcarrier allocation

algorithms in Chapter 5.

1.2.3 Routing

Due to the dynamic nature of wireless network topology and volatile wireless
channels, routing information to the desired destination in wireless networks is an-
other challenging task. To further complicate the situation, routing schemes have a
significant impact on the performance of wireless relay networks, as we will see in
Chapter 2. Thus, routing schemes must be carefully designed to fully exploit wire-
less resources, e.g., power and bandwidth. Chapters 4 and 5 focus on the impact of

power and bandwidth efficiency on selection of multihop routes.

1.2.4 Compatibility

Currently, there are millions of wireless service users. If the migration from the
current wireless system to the next generation of wireless relay networks requires
replacement of all user devices, cost could become a huge obstacle for the adoption

of the new technology. Therefore, the development of wireless relay networks should



consider how legacy devices can be integrated into new systems. Throughout this
dissertation, we design relaying protocols that are, at least in principle, compatible

with existing operations of current wireless networks.

1.3 Dissertation Scope and Outline

This dissertation discusses the impact of relays on different layers, demonstrates
different trade-offs unique to wireless relay networks, and suggests significant gains
provided by efficient relaying protocols. In particular, we propose relaying or routing
protocols that improve performance of wireless networks by judiciously utilizing re-
lay stations. In contrast with previous work that focused on proposing and studying
complicated relaying protocols, we focus on proposing simple, yet efficient, relaying
protocols. The design of these protocols must consider different trade-off in wireless
relay networks, e.g., power efficiency versus bandwidth efficiency, reliability versus
throughput, and complexity versus performance.

This dissertation focuses on two type of architectures, namely, the multi-access
relay channel (MARC) and the multihop network. The MARC captures scenarios
in which only one relay is available for multiple users, e.q., extending the coverage of
cellular networks or wireless local area network (WLAN) with a single relay station.
By contrast, the multihop network models scenarios in which multiple relay stations
are available, e.g., a wireless backbone network for wireless service providers for an
area in which the wired backbone network does not justify the cost. Although
these two architectures do not capture all possible application scenarios of wireless
relay networks, we are able to get some valuable insights about unique difficulties
and trade-offs facing design of wireless relay networks from the study of these two
particular cases.

The rest of the dissertation is outlined as follows. Chapter 2 surveys develop-



ment in the study of wireless relay networks and reviews some key results in detail.
Emphasizing the importance of graceful transition from traditional cellular networks
to wireless relay networks, Chapter 3 demonstrates the significant gains that multi-
access users can achieve from sharing a single amplify-forward relay in slow fading
environments. Chapter 3 focuses on the trade-off between reliability and through-
put through the study of the DMT. In contrast with previous works, our proposed
protocol in Chapter 3 enjoys low complexity at the relay station. Surprisingly,
our proposed protocol is DMT-optimal for a multiplexing regime in which several
more complicated protocols are not DMT-optimal. On the other hand, focusing
on the scenario of multiple relays, Chapter 4 combines different perspectives from
networking and information theory in the design of routing schemes that can be
implemented via distributed algorithms. Chapter 4 proposes two different routing
protocols, namely, approximately ideal path routing (AIPR) and distributed spec-
trum efficient routing (DSER). Through simulation resuts, Chapter 4 demonstrates
the gains in spectral efficiency offered by our proposed protocols relative to direct
communication and nearest neighbor routing. As both Chapter 3 and Chapter 4
focus on narrowband systems, Chapter 5 considers orthogonal frequency division
multiplexing (OFDM) systems and studies the problem of power and subcarrier
allocation in a multihop wireless network. Furthermore, Chapter 5 shows that, sim-
ilar to the narrowband case, increasing the number of hops does not always improve
the spectral efficiency of a broadband multihop network. Chapter 6 concludes the
dissertation by summarizing the contributions and discussing potential directions

for future work.



CHAPTER 2

BACKGROUND

This chapter reviews important results from a broad array of related references
and discusses many considerations involved in formulating the problems studied by
the dissertation. The motivation of this chapter is to familiarize the readers with
the field of study and lay the foundation for the rest of the dissertation.

The rest of the chapter is organized as follows. Section 2.1 first reviews basic
wireless channel models and performance metrics. Section 2.2 summarizes important
results on wireless relay networks, e.g., the relay channel, from an information theo-
retic perspective. Although traditional information theoretic analyses offer valuable
insights about fundamental trade-offs, e.g., the trade-off between bandwidth and
power efficiency in the relay channel, parameters of a large scale network form a
gigantic design space and precise analysis proves to be extremely difficult. As a
result, the focus on analysis for large scale wireless ad-hoc networks is shifted from
precise characterization of the capacity region to the scaling behavior of rates with
respect to network size. Section 2.2 also reviews related results from the study of
scaling behavior on large scale networks with an emphasis on their implications for
routing. Routing has traditionally been studied within the networking community;,
but it can be viewed as a practical alternative to more complicated relaying proto-
cols. Section 2.3 briefly reviews some important routing protocols and metrics from

the networking community. Finally, Section 2.4 provides necessary background for



optimization techniques that are utilized.

2.1 Channel Model and Performance Metrics

2.1.1 Wireless Channels

The performance of wireless communication systems is fundamentally limited by
the wireless propagation channels. Even though wireless communication can occur
across a wide range of frequencies, and radio channels exhibit different features
depending on frequency, we focus on the complex baseband model and consider
wireless signal impairments caused by three nearly-independent effects [55]: noise,
path-loss, and fading. The first component is modeled as additive, and the rest
are modeled as multiplicative. As an illustrative example, a general discrete-time

point-to-point baseband-equivalent model that captures these three effects is given

by )
y[n] = VG Z hm[n]x[n — m] + z[n], (2.1)
where:

e 1 is the discrete time index

m is the tap index of the linear filter that models fading effect and M is the

maximum number of taps or the maximum delay spread
e x[n| and y[n] represent the channel input and output, respectively.

e z[n| represents the additive white Gaussian noise (AWGN). Typically, it is
modeled as a white zero-mean circularly symmetric complex Gaussian random
process with variance Ny. The additive noise mainly arises from thermal noise

and other interference in receiver circuits

e (5 is the path-loss factor between the transmitter and receiver and captures the

loss of signal power due to free-space propagation. In general, G is not a ran-

10



dom variable and can be determined by the distance between the transmitter

and receiver, antenna gains, antenna height, etc

e h,,[n], often modeled by a random process, captures the effects of reflections,
scattering and diffraction through multipath propagation and results in SNR
fluctuation in time and frequency domain called fading. We provide a more
detailed description about the classification and stochastic characterization of

fading in the sequel.

Path-Loss

For different environments, different models can be used to predict the loss given
the transmit distance [55]. In this dissertation, we use a standard path-loss model,

i.e., the path-loss factor from the transmitter to the receiver is given by
G = c¢max(D, Dy)]™, (2.2)

where D is the Euclidean distance between the transmitter and the receiver, Dy
is the far-field distance [55], « is the path-loss exponent (typically taking values
between 2 and 4), and ¢ is a constant that can be determined by wavelengths,
antenna gains, etc. For most practical scenarios, D is much larger than Dy; thus,
(2.2) can be approximated as

G~ cD™ (2.3)
For simplicity of presentation, we mainly use (2.3) in this dissertation. Also, after
appropriately normalizing the transmission power, which is sufficient for relative
comparison, we will assume that ¢ =1 in (2.3).

In some scenarios, e.g., free-space communications with strong line-of-sight com-
ponents, fading can be neglected. For those scenarios, we can simplify (2.1) to an
AWGN channel, i.e.,

y[n] = VGx[n] + z[n]. (2.4)

11



Fading

In general, fading could arise due to a scatter-rich environment or the movement
of transceivers. In a scatter-rich environment like offices, wireless signals could go
through different paths, as seen in (2.1), before they arrive at the receiver and add
up constructively or destructively. Multipath fading results in significant variations
in the received signal power over a short distance. The moving of devices causes
fading as well. Fading can be classified as slow or fast depending upon the coherence
time and coding interval. If the coding interval is small compared to the channel
coherence time, fading is regarded as slow fading. If the coding interval is large
relative to the channel coherence time, fading is regarded as fast fading. Intuitively,
for slow fading, the fluctuation of fading during one coding interval is small. In this
dissertation, we adopt the block fading channel in [81] as a first-order approximation
to the slow fading channel. In the block fading channel, the fading coefficients remain
the same within one coding block, and change independently between blocks. Hence,

during one coding block, the channel in (2.1) can be simplified to:
M—1
yln] = VG Z hmx[n —m] + z[n]. (2.5)
m=0

We adopt (2.5) as the fading channel model throughout this dissertation.

Depending on the signal bandwidth and channel coherence bandwidth, fad-
ing can be further classified as frequency-selective or frequency-nonselective. For
frequency-selective fading, the signal bandwidth is large relative to the channel
coherent bandwidth, hence, different frequency components of signals experience
different fading. By contrast, for frequency-nonselective fading, different frequency
components of signals experience the same fading at any given time.

To model frequency-nonselective slow fading channels, we can assume that the
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maximum delay spread is unity and simplify (2.5) to
y[n] = VGhox[n] + z[n]. (2.6)

For ease of exposition, we often combine v/Ghy as one element h and rewrite (2.6)
as

y[n] = hx[n] + z[n]. (2.7)

For M > 1, (2.5) models frequency-selective slow fading channels. Frequency-
selective channels often cause severe inter-symbol interference (ISI) [54]. To simplify
signal processing, orthogonal frequency division multiplexing (OFDM) can be em-

ployed to turn the channel in (2.5) to a set of parallel channels [46], i.e.,
vin] = VGhxin] + ziln), k=1, .., K, (2.8)

where K is the total number of subcarriers; Xi, yx, and z; denotes the channel input,
output, and noise, respectively, at subcarrier k; hy denotes the fading coefficient at

subcarrier k. We note that hy, of (2.8) and h,, of (2.5) are connected by [46]
M—1
=" hye 2K (2.9)
m=0

OFDM has been adopted widely in broadband wireless networks, e.g., IEEE
802.11 and 802.16. Interesting readers are refered to [46] for more detail description
of OFDM. In this dissertation, we adopt (2.8) as the channel model when OFDM
is employed.

Stochastic property of fading can be modeled using different probability distri-
butions, e.g., Rayleigh and Ricean distributions [55]. In this dissertation, we focus
on the Rayleigh fading, modeled by assuming h,,,7 = 0, ..., M — 1 as independent
circularly symmetric complex Gaussian random variables. However, for multipath

fading, the strengths of different fading paths may be different, i.e., the variances
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of hy,,i = 0,...,M — 1 may not be the same. Power delay profile (PDP) char-
acterizes the relative fading strength among different paths. If the variances of
hy,i =0,....,M — 1 are the same, the PDP is said to be a uniform PDP. Another

typical PDP is the exponential PDP [65], i.e.,
El|hn[*] = B[ ho| e (2.10)

where ¢ > 0 is the power decay factor. Note that E[|hg|?] can be determined by
assuming SN0 B[ b)) = 1.

More detailed descriptions about channel models are available in [55, 54, 52, 65].

Power Constraint and Signal-to-Noise Ratio

The FCC also has strict regulations with regard to the maximum transmission
power allowable in each frequency band. This translates into an average power
constraint in the wireless devices. In this dissertation, we focus on symbol-wise

average transmit power P, i.e.,
E[lx[n]’] < P . (2.11)

Throughout this dissertation, we consider the setting in which all transmit devices
are constrained by the same symbol-wise average transmit power P and assume all
devices transmit with power P when transmitting. This assumption is justified by
the fact that, for low-power transceivers, local oscillators and bias circuitry dominate
energy consumption [34]. Moreover, the radio frequency (RF) power amplifier (PA)
should mostly operate close to its saturated power for the most energy efficient
operation, as this is when the power added efficiency (PAE) is largest [32]. We
also assume that the variance of AWGN at all receivers are the same as Ny. With
a system bandwidth W, the signal-to-noise ratio (SNR) is then defined by p :=
P/NyW.
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2.1.2 Performance Metrics
Capacity

For an AWGN channel, the well-known Shannon capacity characterizes the trade-
off between the power and bandwidth for a given data rate. More specifically, for a

single-input single-output (SISO) AWGN channel in (2.4), the Shannon capacity is
C = log(1+Gp). (2.12)

Throughout this dissertation, log represents the logarithm with base 2 unless oth-
erwise specified. Therefore, the units of (2.12) are bits per complex channel uses.
For a fading channel, the notion of Shannon capacity applies as a useful per-
formance measure if the fading process is stationary and ergodic and coding is
performed over long enough intervals. When the fading process is available to the
receiver, but not the transmitter, the Shannon (or ergodic) capacity of a fading

channel in (2.6) is
C = Ellog(1+ Glho[*p)], (2.13)
where the expectation is with respect to the fading distribution.

Outage

If the fading process is non-ergodic or the system’s delay constraint prevents
the fading process from revealing its ergodic structure within the coding interval,
we cannot guarantee reliable communication of any fixed, non-zero rate a priori
since the fading coefficient might be so small that the realized SNR is insufficient
to support that rate. Hence, the Shannon capacity is often zero and therefore not a
useful performance measure. For such scenarios, the capacity-vs.-outage and outage

probability are more relevant performance metrics.
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Given a fixed rate R, we refer to the event log(1+G|h|?p) < R as an outage event.
The probability of this event is referred to as the outage probability of the channel.
Outage probability reflects the reliability of a communication system operating at
a given rate. The capacity-versus-outage is defined to be the maximum rate with
outage probability less than a given level. In general, the outage probability increases
as the rate requirement increases and the capacity-versus-outage decreases as the
required outage probability level decreases.

For more detailed discussions about capacity, we refer readers to [29, 22]. A
comprehensive summary about capacity, outage-probability, and capacity-versus-

outage in fading channels is available in [9].

Diversity-Multiplexing Trade-off

Based upon error probability, or outage probability, the diversity-multiplexing
trade-off (DMT) characterizes the trade-off between reliability and rate in the high
SNR regime. We motivate the concept of DMT through a multiple-input multiple-
output (MIMO) channel with nr transmit antennas and ng receive antennas. For

a fixed rate R, the error or outage probability of MIMO can be approximated as

C
Pe ~N o, p>>17

pnTnR,

where: the constants ¢ and nyng are refered to as the coding gain and diversity
gain, respectively. If we plot this probability as a function of SNR on a log-log
scale, the diversity gain nyng represents the high-SNR slope of the error probability
curve, revealing how fast the error probability decays as SNR increases. As the
coding gain in general does not increase as SNR grows, the diversity gain is a
particularly useful measure of reliability in the high SNR regime. However, the
diversity gain nyng is achieved when the system operates with a fized rate, regardless

of SNR. In practice, communication systems typically operate at higher rates if SNR
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increases. To characterize how the achievable diversity gain changes if the operating
rate changes with SNR, Zheng & Tse proposes the DMT [81].

The DMT provides the largest diversity gain that can be achieved if the system
operates at a fixed fraction of the corresponding AWGN capacity, which increases
as the SNR increases. Specifically, let R(p) = rlog p and denote P.(p, R(p)) as the

error probability of the ML decoder at the receiver, the diversity gain

J o qim o8 Ee(p: R(p))
po0 log p

is a function of the multiplexing gain r. A protocol’s DMT provides the diversity gain
d as a function of multiplexing gain 7, i.e., d(r). We note that the multiplexing gain
is analogous to the spectral efficiency normalized by the channel capacity [81, 43].
Intuitively, the outage probability of a protocol decays at a slope of d(0) on a log-
log scale for a given rate, i.e., r = 0. On the other hand, if the outage probability
is fixed, for every 3 dB gain in SNR, the rate can be increased by the maximal
multiplexing gain. This intuitive interpretation is not entirely accurate due to the
approximation of high SNR [6]. However, given two protocols operating at the same
SNR and multiplexing gain, the DMT can be a useful tool in qualitatively comparing

their performance.

2.2 The Relay Channel and Its Extensions

Depending on the network architecture, wireless relay networks can be modeled
in different ways, e.g., the relay channel, the multi-access relay channel (MARC),
user cooperation, and ad-hoc networks. Section 2.2.1 and Section 2.2.2 review some
results on the relay channel and user cooperation respectively. Section 2.2.3 provides
a brief summary of related results on MARC. Focusing on the scaling behavior of
large scale wireless ad-hoc networks, Section 2.2.4 outlines several key results that

highlight the importance of efficient routing in wireless relay networks.
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2.2.1 Relay channel

Fig. 2.1 shows a block diagram of relay channel. In this channel, the source
transmits its messages to the destination with the help of a relay station. In general,
the relay does not have its own information to send. The relay channel can be viewed

as a special case of the more general framework of channels with “generalized”

feedback [70, 71].

Relay

Yr Xy

Y

Source =y, y|x, %) > Destination

Figure 2.1. Relay Channel

Cover and El Gamal [21] study the relay channel and provide lower and upper
bounds. More specifically, [21] proposes three different coding strategies: decode-
forward (DF), compress-forward (CF), and superpostion of DF and CF. Both DF
and CF coding strategies are based on the principle of block-Markov coding. Es-
sentially, the encoding process is to superimpose a new encoded message with the
bin index of the previous message in a block-Markov way. A summary of different
block-Markov coding and decoding process is available in [41].

The DF coding strategy in [21] achieves the capacity of the degraded relay chan-
nel, i.e., if p(y, y,|x., x) = p(yi|x, X)p(y|y:, X-) in Fig. 2.1. Furthermore, when the
relay channel is not degraded, [41] shows that a DF strategy achieves the capacity

for AWGN channels with phase fading if the source-relay SNR is sufficiently strong.
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Unfortunately, the capacity-achieving strategy is generally unknown for the general
relay channel.

In certain circumstances, as we will see in Chapter 3, instead of decoding the
whole message at the relay, it is better for the relay to just quantize or estimate its
received signal, or decode only part of the messages. These are the ideas behind the
CF strategy [21] and the partial decode-forward (PDF) strategy [2], respectively.
In the CF strategy, the relay uses Wyner-Ziv source coding [74] to exploit side
information at the destination. In the PDF strategy, the relay only decodes part of
the messages.

Most of the above discussions on the relay channel are under the assumption
of full-duplex relay, i.e., the relay can transmit and receive at the same time at
the same frequency. In traditional wired networks, devices capable of listening and
transmitting at the same time at the same frequency can be easily built. However,
wireless transmission is broadcast in nature, and a node that is transmitting causes
its own near-far problem if it tries to listen to the same frequency on which it trans-
mits. To avoid this effect, we can consider wireless devices being half-duplex, i.e.,
not transmitting and receiving at the same time on the same frequency. The infor-
mation theoretic theorems on capacity of full-duplex relay channel can be extended
to a relay channel with half-duplex constraint using Kramer’s framework [40]. In
[40], the relay state, i.e., whether the relay is listening, transmitting or idle, is rep-
resented as a random variable. By considering the relay state as part of the channel
input, the achievable rates for various relaying schemes can be derived based on the
results from the full-duplex relay channel.

The DMT of the half-duplex relay channel has been studied [43, 5]. In [5],
a dynamic decode-forward (DDF) strategy is proposed. In DDF, the relay does

not transmit until it collects enough information to decode and the source keeps
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on transmitting all the time. It is shown that DDF offers the best performance
comparing with other schemes in terms of DMT [5]. Moreover, DDF achieves the
cut-set upper bound in the low multiplexing gain regime. A non-orthogonal amplify-
forward (NAF) strategy [5] is also developed. The NAF is similar with the orthog-
onal amplify-forward (AF) with the difference that the source in the NAF keeps on
transmitting through the whole coding interval. Not surprisingly, NAF offers better

performance than AF, though not as good as DDF.

2.2.2  User Cooperation

When there is no designated relay, wireless terminals possessing generalized feed-
back can cooperate to relay for each other to improve the overall performance as
depicted in Fig. 2.2. This scheme has been refereed to as “user cooperation” or
“cooperative diversity” depending upon the context [43, 60]. Sendonaris et. al con-
sider the capacity and bit error rate of cooperative diversity assuming each node
with full-duplex capability [60]. In [44, 43], a new perspective on user coopera-
tion based upon outage probability is studied assuming half-duplex terminals and
quasi-static fading channels. A variety of algorithms, e.g., amplify-forward and se-
lection decode-forward, are proposed and shown to achieve full diversity order [44],
motivating the term “cooperative diversity” for such approaches. However, those
algorithms use the channel orthogonally and therefore cause the loss of degrees of

freedom.
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Figure 2.2. Cooperative diversity

In [5, 10], strategies based upon nonorthogonal channel use have been studied,
e.g., NAF and DDF. A surprising observation is that insights offered in the study of
the relay channel cannot be carried over to user cooperation without some caution.
This point can be illustrated from one example in [5]. Even though DDF is better for
both AF and NAF in the half-duplex relay chanel, when multiple users cooperatively
transmit information to the central station, it turns out that a strategy based upon

amplify-forward is optimal.

2.2.3 MARC

Kramer and Wijngaarden [42] first proposed a multi-access relay channel (MARC)
model in which sources share a common relay between themselves and the common
destination. Fig. 2.3 shows a typical MARC. The MARC can be viewed as a com-

bination of the multi-access channel (MAC) and relay channel.
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Figure 2.3. Multi-access relay channel (MARC)

Building upon [21], [42] provides upper and lower bounds on the capacity of
AWGN MARC assuming a full-duplex relay. Subsequently, [57, 41, 59, 58] have also
developed capacity bounds employing different coding strategies. Unfortunately,
the capacity of the general MARC is still unknown.

From the DMT perspective, [7] studies the performance of DDF for MARC. It
is shown that DDF achieves the optimal DMT in the low multiplexing regime for
two-user MARC. However, the optimal DMT in the high multiplexing regime is
not achieved by DDF. On the other hand, [79] shows that the CF strategy can be
extended to the MARC and provides the optimal DMT in the high multiplexing
regime. However, CF suffers from a significant performance loss in the low mul-
tiplexing regime. Part of the dissertation, i.e., Chapter 3, develops strategies to
achieve the optimal DMT in a regime where neither DDF nor CF is optimal. As
we will argue in Chapter 3, our proposed strategy also enjoys the advantage of low

complexity.
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2.2.4 Large Scale Wireless Ad-Hoc Networks

It is extremely difficult to precisely characterize the capacity region of multi-
terminal networks [22]. Therefore, research on large scale networks has focused on
how the performance scales with the size. This section summarizes some key results
in this field. Discussions of these results demonstrate the importance of efficient
routing in wireless relay networks.

Knuth’s notation [18] is used to describe the scaling behavior. For a given

function g(n), the tight bound in Knuth’s notation is
O(g(n)) ={f(n): Fc1,ca,n0,0 < c19(n) < f(n) <cog(n),Vn>net.  (2.14)

We often abuse the notation to denote f(n) € O(g(n)) as f(n) = ©(g(n)), and we
often use the notation O(1) to mean either a constant or a constant function with
respect to some variables.

If we only have an asymptotic upper bound, we use O-notation, which is defined

O(g(n)) ={f(n):3¢,ne,0 < f(n) <cg(n),¥n>ne}. (2.15)

An asymptotic lower bound is expressed as {)-notation, which is
Qg(n) = {£(n) : 3 ¢,n0,0 < cg(n) < f(n).¥ n > no}. (2.16)

We considers a naive example of the application of Knuth’s notation by assuming
f(n) = 10n*. By definition, it can be easily verified that f(n) = ©(n?), f(n) =
O(n?®) and f(n) = Q(n).

The seminal work in [31] studies the scaling of network transport capacity, i.e.,
the maximum summation of the product of information rate and its correspond-
ing transmit distance, with respect to the number of nodes. Two channel models,

namely, the Protocol model and the Physical model, are considered in [31]. The
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Protocol model reflects scenarios where the medium access control policy ensures
that there are no transmitting nodes around the scheduled receiver. The Physical
model captures the fact that a minimum signal-to-interference ratio (SIR) is nec-
essary for successful receptions. In both models, it is assumed that each node can
transmit at most W bits per second. The scaling behavior of transport capacity also
depends on the ratio between the number of nodes and the area size of the network,
i.e., the node density of the network. Depending on how the node density varies as
the number of nodes changes, ad-hoc networks can be further classified into “dense”
networks or “extended” networks. In a dense network, the node density increases as
the number of nodes increases, e.g., the number of nodes increases in an fixed area.
By contrast, in an extended network, the node density remains constant; hence, the
area of the network increases as the number of nodes increases.

For a dense wireless network consisting of n nodes in a disk of area A, [31]
states that the total bit-distance product per second that can be supported by
the network is ©(W4/n), assuming that the traffic patterns and node locations are
optimally assigned and each transmission’s range is optimally chosen. If nodes are
randomly located, the throughput in the Protocol model is ©(W/y/nlogn) [31].
The proof of this lower bound provides us an achievable scheme and suggests that
multihop is order optimal. This work has been used as a justification for favoring
multihop strategies. However, we have a more conservative interpretation of the
results. Several important factors in communication and information theory are
not considered here. As mentioned before, all nodes are assumed to transmit only
at W. From an information theoretic perspective, this means all nodes are using
fixed rate single user coding. More sophisticated coding and decoding might help
and impact the behavior of the scaling law. Link failures are also neglected. For

scenarios in which link failure is not negligible, the multi-hop strategy might require
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a significant number of retransmissions. Finally, delay associated with multi-hop is
not quantified.

Furthermore, for the Physical model in the above dense wireless network, the
upper bound O(W/+/n) and the lower bound Q(W/y/nlogn) do not coincide. Sim-
ilarly, for extended networks, we have an O(1) upper bound and an Q(1/+/logn)
lower bound [75]. The intriguing fact is that, there is always a y/logn factor differ-
ence between the upper and lower bound when the Physical model is considered.

These gaps between the lower and upper bounds are later closed in [23] using
a more structured routing scheme. More specifically, [23] provides a much stronger
achievable bound for the random extended network. Assuming the path-loss model
as min{l,e”dif/d%} with @ > 0,7 > 0 or @ > 2,7 = 0, a per-node throughput
rate Q(1/y/n) is achievable in a random extended network, with a corresponding
average packet delay upper bounded by E(D(n)) = O(y/n). It is assumed that all
nodes transmit at constant power P. Again, the physical channel is modeled as
an AWGN channel treating all other interference as noise and only point-to-point
coding is used. Fading is not considered. The per-packet delay is regarded as the
number of hops needed to reach its destination. The most intriguing fact is that the
proof suggests a hierarchical routing structure. One of the key step in the proof of
23] is to identify a set of nodes to construct a wireless backbone network to relay
information for all other nodes. The proof highlights the importance for an efficient
routing in multihop networks and partly motivates our study for efficient routing in

Chapter 4.

2.3 Routing

Routing can be viewed as a special relaying protocol, i.e., in routing, the relay

only stores and forwards the message it receives and the destination typically does
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not combine signals from different transmitters. Compared with many other relaying
protocols, routing is simpler in terms of complexity at both relays and destinations.

This section reviews some important routing literature related to this dissertation.

2.3.1 Routing Protocols in Wireless Networks
Distance Vector and Link State Routing

Two of the most popular routing algorithms are distance vector routing and
link state routing [66]. In distance vector routing, each router maintains a table,
i.e., a vector, giving the best known distance or cost to each destination and which
neighbor to use to get there. These tables are updated by exchanging information
with the neighbors. More specifically, each node periodically broadcasts its distance
vector, i.e., its estimated cost of traveling to each destination. The neighbors, upon
reception of a new distance vector from node wu, check to see if a new route going
through node u can reduce the cost. The corresponding entry of table is updated
if a new route brings lower cost. Distance vector routing of [66] is essentially a
distributed Bellman-Ford routing algorithm [18]. Distance vector routing converges
slowly. In particular, it reacts rapidly when a new router joins the network, but
reacts slowly when an existing router goes off-line. In fact, the well-known “count-
to-infinity” problem [66] shows that it takes infinite time for nodes in a linear network
to realize one of the neighbors is down.

Link state routing is introduced to overcome the slow convergence of the dis-
tance vector algorithm. Link state routing relies on Dijkstra’s algorithm to find the
shortest path. Given a weighted, directed graph and a specific source, Dijkstra’s
algorithm maintains two sets of vertices 8 and Q. Set 8§ contains all vertices to which
we know the shortest path from the source and set Q contains all other vertices. In
each step, a vertex with the lowest cost is moved from & to Q. When a vertex u

is moved to 8, for each neighbor v of the vertex w, the algorithm checks to see if
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the shortest known path to v can be improved by first following the shortest path
from the source to v and then to v. If this new path is better, the algorithm up-
dates the cost of v with the new smaller value. Compared with the Bellman-Ford
algorithm, the Dijkstra’s algorithm has a smaller running time. However, as we can
see, the Dijkstra’s algorithm requires the complete topology and cost of all links in
the network. Hence, link state routing protocols require measurement and distri-
bution of the complete topology and link cost. Link state routing typically consists
of the following steps [66]: learn about the neighbors when a router is first booted;
measure line cost to neighbors by sending probe packets; build link state packets;
distribute the link state packets by flooding; compute new routes. We note that
the Open Shortest Path First (OSPF) protocol, widely used in Internet, uses a link

state algorithm.

Source and Hop-by-Hop Routing

Depending on how the route is specified, routing can also be classified into source
routing or hop-by-hop routing. In source routing, the source determines the com-
plete route and attaches this information into packets. Intermediate routers sim-
ply read the routing information from the packets and execute it. By contrast,
in hop-by-hop routing, the source only specifies the destination and the next hop.
Intermediate relay nodes only have the address of the destination and determine

independently the best next hop for each packet.

Proactive and Reactive Routing

Compared with routing protocols in wired networks, wireless routing protocols
face many unique challenges, e.g., they must provide scalable routing in the presence
of mobile nodes. Hence, routing protocols from wired networks often cannot be

applied directly to wireless networks, and a large body of research effort has been

27



devoted to designing new routing protocols that can adapt to topology change in
wireless networks [37, 45]. Note that most wireless routing protocols are still based
on the principle of either link state routing or distance vector routing, but differ
from wired routing protocols in implementation details, e.g., the content of distance
vector or link state packets.

Both distance vector routing and link state routing require information exchange
among nodes. Depending on how frequent the information is exchanged, routing
protocols for wireless networks can be further classified as proactive or reactive
(37, 45].

In proactive routing protocols, mobile nodes exchange routing information in
the background and maintain a routing table regardless of communication needs.
Many proactive protocols are adopted from traditional routing protocols used in
wired networks. Proactive routing protocols in general have the desired properties
of having low latency in establishing routes and Quality-of-Service (QoS) guaran-
tees. However, maintaining a routing table in each mobile node is expensive as it
requires constant exchange of distance vector or link state packets. Furthermore,
many entries of the stored routing table might never be used. Hence, exchange of
information about these entries is a waste of precious wireless resources, i.e., power
and bandwidth.

Reactive or on-demand routing protocols reduce routing overhead by sending
enquiry packets to discover the route only when there is a communication request.
Reactive routing protocols can scale well to large networks when traffic is mainly
directed to a few destinations and the network has low mobility [37]. Reactive rout-
ing protocols, in particular, Ad Hoc On Demand Distance Vector Routing (AODV)
and Dynamic Source Routing (DSR), have been extensively evaluated and are the

leading candidates for standardization [37]. In AODV, intermediate nodes learn

28



the path to the source by receiving the query packet from the source and enter
the route in the forwarding table. In DSR, the query packet sent out by the source
stores the ID of intermediate nodes that it goes through before reaching the destina-
tion. DSR also allows nodes to keep multiple routes to a destination, hence reducing
the demand of route rediscovery in the case of link breakage. The Location-Aided
Routing (LAR) protocol, another on-demand protocol, operates similar to DSR, but
reduces routing overhead by utilizing location information to limit the flooding area

of enquiry packets.

2.3.2 Routing Metrics in Wireless Networks

Routing metrics assess the quality of a route from a source to a sink based on
one or more criteria. Routing metrics are typically, but not always, the sum of the
individual link metrics. Widely cited wireless routing metrics include Hop Count
(HC) and Expected Number of Transmissions (ETX) [25, 24, 20].

We refer to routing based on minimizing HC as minimum hop-count routing.
Minimum hop-count routing is particularly appealing due to its simplicity. The
link metric for minimum hop-count routing is binary: either the link exists or it
does not. Hence, computing the hop count requires no additional measurements,
unlike the other metrics we will describe in this section. However, as shown in [20],
in low-mobility networks, minimum hop-count route does not necessarily maximize
the end-to-end flow because it does not take into account the effect of link qualities,
e.g., packet loss rate or bandwidth constraints.

The ETX routing metric estimates the total number of data transmissions re-
quired to send a packet from end to end, including retransmissions. In the presence
of an ARQ mechanism, the expected number of transmissions and retransmissions

on a link between node 7 and j is 1/Pf;, where P; represents an estimate of the
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probability that node i receives an acknowledgment sent by node j. In [20], the
acknowledgment probability is obtained by measuring loss rate of periodically sent
probes. ETX depends on a link layer retransmission mechanism to estimate the
packet loss rate by broadcasting probe packets. Hence, it increases routing over-
head. ETX also assumes that radios have a fixed transmit power level and the
probability that a given packet is lost in transmission is independent of the packet

size.

2.3.3 Algebraic Theories for Routing

Recent research [63, 64] has developed algebraic theories for studying the proper-
ties of routing protocols, e.g., convergence. These algebraic theories of [63, 64] work
on a weighted direct graph. The weight function of link L, i.e., W(L), can be a func-
tion of one or more parameters, e.g., delay and channel quality of a link. It turns out
that the convergence and correctness of Dijkstra’s algorithm and link state routing
depend on the isotonicity of the weight function [63]. In a network setting, the iso-
tonicity of the weight function means that the order between the weight of two paths
does not change if they are extended with the same new link. More specifically, the
weight function is isotonic if W (L) < W(Ls) implies both W (L1®Ls) < W (La® L3)
and W (Ls & L1) < W(Ls & Ls), where Ly @& Ly denotes the concatenation of two
paths L; and Ly. The weight function is strictly isotonic if W (L) < W(Ls) implies
both W(Ly @ Ls) < W(Ly @ L3) and W (Ls ® L) < W(L3 @ Ly). We note that
the isotonic property suggests any subpath of an optimal path is an optimal path,
hence leading to the correctness of Dijkstra’s algorithm [18, 63]. In [63], it is further
shown that isotonicity is necessary and sufficient for hop-by-hop routing. However,
without strict isotonicity, not every implementation of Dijkstra’s algorithm results

in loop-free hop-by-hop routing.
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The algebraic theories are further extended to distance vector routing in [64]
where it is shown that monotonicity is the property that guarantees the protocol
convergence in every network. In a network, the weight function is monotonic if for
any paths Ly, La, we have W(Ly) < W(Ly & Ls). Intuitively, monotonicity implies
that the weight of a path does not decrease when it is extended by a new link.
Furthermore, isotonicity assures convergence onto optimal paths for distance vector

routing [64].

2.3.4 Information Theory and Routing

Previous work on routing within the networking community, e.g., [20, 25], mainly
studies how to design new routing metrics to improve the throughput, and how to
modify existing routing protocols to incorporate new metrics. These models are
often built on link-level abstractions of the network without fully considering the
impact of the physical layer. There is little if any discussion about the fundamental
performance limits, such as Shannon capacity or spectral efficiency.

On the other hand, as Section 2.2.4 summarizes, the study of wireless networks
using information theory [31, 30, 41, 75] has led to several relaying protocols that
are asymptotically order-optimal as the number of nodes goes to infinity. How-
ever, all practical networks have a finite number of terminals. Furthermore, relay-
ing protocols derived from information theory often involve complicated multiuser
coding techniques, such as block-Markov coding and successive interference cancel-
lation, which are often too complex to implement in practical systems. Moreover,
information-theoretic relaying strategies may not be easily implementable in a dis-
tributed manner. The gap between information-theoretic analyses and practical
implementations has inspired us to study influence of different routing schemes on

spectral efficiency and designs distributed routing schemes based on insights from
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an information-theoretic analysis in Chapter 4.

The work that are most related with Chapter 4 are those in [62, 49, 50]. They
provide important guidelines for designing spectrum-efficient networks. Assuming a
one-dimensional linear network with AWGN channels, [62, 49, 50] show that there is
an optimum number of hops in terms of maximizing end-to-end spectral efficiency.
The results challenge the purely signal-to-noise ratio (SNR) guided traditional wire-
less routing paradigm of “the more hops the better”. Similar observations are also
made for non-ergodic Rayleigh fading channels in [49] by considering how the end-
to-end outage probability varies as a function of the number of hops. The trade-off
between the delay, e.g., length of coding intervals, and reliability is also studied
through the perspective of error exponent in [80]. However, [62, 49, 50, 80] assume
that the number of relays and their locations are design parameters. In practice,
the network geometry changes as the network operates and evolves; thus, neither
the number of available relay nodes nor their locations between a source and desti-
nation are design parameters. By contrast, Chapter 4 considers choosing a route in

a network comprised of an arbitrary number of randomly located nodes.

2.4  Optimization

Optimization has been widely used in information theory, communications, and
networking, e.g., the celebrated Shannon channel coding theorem requires maximiza-
tion of mutual information over all possible input distributions and Bellman-Ford
is a version of dynamic programming to find the shortest path in a weighted graph.
The increasing demand for wireless communications has made wireless resources,
e.g., power and bandwidth, scarce and made the potential benefits from optimizing
the resource allocation particularly important. Although optimization techniques

have been a subject of intensive study, it has not always been possible to solve an
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optimization problem efficiently as we will see in the next section.

2.4.1 Complexity Theory

The concept of P and NP can be useful in classifying optimization problems and
in helping us determine the strategy for tackling them.

An algorithm is called a polynomial-time algorithm if, given inputs of size n,
its worst case running time is O(n") for some constant k. Both Bellman-Ford
and Dijkstra’s algorithms belong to the class of polynomial-time algorithms. The
class of problems that can be solved by polynomial-time algorithms are called P
problems. NP problems refer to the class of problems whose solutions can be verified
by polynomial-time algorithms. Hence, a P problem is also a NP problem, but not
vice versa. A problem is NP-hard if any algorithm for solving it can be translated
into one for solving any NP-problem. Hence, NP-hard is at least as hard as any
NP problem. A problem is called NP-complete if it is both NP and NP-hard. No
polynomial-time algorithm has yet been discovered for the class of NP-complete
problems. In fact, if any NP-complete problem can be solved in polynomial time,
every NP-complete problem has a polynomial-time algorithm [18].

Although it has not been formally proven, NP-hard and NP-complete problems
are generally considered intractable problems. Hence, if a problem is NP-complete
or NP-hard, we in general do not further pursue an optimum solution. Instead,
we focus on efficient methods to provide suboptimum solutions. Many combinato-
rial optimization problems are NP-hard. It is also widely known that scheduling

transmission in wireless networks with interference is NP-hard [3, 35].

2.4.2 Convex Optimization

Convex optimization problems are a class of optimization problems that are well

behaved and lend themselves to both analytic tools and efficient numerical methods.
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A standard formulation of optimization problems is as follows:

min fo(x),

subjected to constraints

where x is a vector of finite dimension. This problem is a convex optimization if
the objective function fy(x) is convex ! and the constraint functions fi,i =1,...,m
and gj,7 = 1,...,n are also convex. A particular important property of convex
optimization problems is that any locally optimal point is also globally optimal [11].
This property allows numerical methods to stop at a locally optimal point.
Duality theory, particularly, the Lagrangian duality theory, is widely used in
analyzing optimization problems and can lead to efficient numerical methods [11].
The basic idea in Lagrangian duality is to augment the objective function with a

weighted sum of the constraint functions, leading to the Lagrangian
L(X, A1y ooy Ay V1, V) = fo(x) + Xm: i fi(x) + Zn: vih;(x).

i=1 j=1

We can define the Lagrangian dual function as

G, s Ay V1, 1) = igf{fo(x) + i Aifi(x) + i vih;(x)},

i—1 j=1

and define the Lagrangian dual problem as

max g(A1, ..oy A, V1, Vi)

subjected to

N>0, i=1,..m.

LA function f(z) is convex if f(Az1 + (1 — N)w2) < Af(z1) + (1 = A) f(x2) for 0 < A < 1.
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By the weak duality [11], the solution to the Lagrangian dual problem yields lower
bounds on the optimal value of the original problem. Note that the Lagrangian dual
function is always concave even if the original problem is not convex. For a convex
optimization problem, strong duality holds, i.e., the infimum of the Lagrangian
function yields the optimal value for the original problem. Furthermore, if the
objective and constraints functions are differentiable, we can further exploit the
Karush-Kuhn-Tucker (KKT) conditions, i.e., the primal and dual optimal points

x*, A, e=1,...,mand vj, j =1,...,n satisty the following conditions:

filx") < 0i=1,...,m

Nfix) = 0i=1,...,m

V fo(x }:MVﬁ }:uv% = 0

where V denotes the gradient operation. For a convex optimization problem, the
KKT conditions provide both necessary and sufficient conditions for the solutions
to be both primal and dual optimal [11]. Although convex optimization problems
can in principle be solved by existing numerical methods, in practice, straightfor-
ward application of general numerical methods often encounters difficulties if the
constraint functions are non-linear or the problem size is large. For such scenarios,
the KKT conditions are particularly useful as they often lead to insights about the
optimum solution and result in more efficient numerical methods.

In many cases, the optimization problem that we formulate based on practical
constraints, e.g., one variable must be an integer, often does not allow the application
of existing optimization techniques. A typical approach to avoid this difficulty is to

relaxr non-convex constraints, e.g., treat the integer variable as a real variable, to
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allow some analysis. The solution from the relaxation is then modified to satisfy
the original constraint, e.g., rounding the real number solution to an integer.

More comprehensive discussions of optimization techniques are available in [11,
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CHAPTER 3

RELAYING IN THE BLOCK-FADING MULTI-ACCESS CHANNEL

Emphasizing a graceful transition from existing wireless networks to wireless re-
lay networks, this chapter demonstrates the significant gains that multi-access users
can achieve from sharing a single amplify-forward relay in slow fading environments.
In this system, the users need not be aware of the existence of the relay, i.e., all
cost and complexity is placed in the relay and destination. Such an architecture
may be suitable for infrastructure networks, in which the relay and destination cor-
respond respectively to a relay station and a base station deployed and managed
by the service provider. It is worth noting that since a single relay is shared by
multiple users in the MARC, the extra cost of adding the relay is amortized across
many users and may thus be more acceptable, especially as the number of users in
the system grows. In contrast with some other alternative wireless relay networks,
e.qg., cooperative diversity, the MARC requires little, if any at all, effort of users
to benefit from relaying. Thus, this approach facilitates a graceful transition, both
technologic as well as economic, from existing systems to wireless relay networks,
e.g., cooperative diversity.

The remainder of the chapter is organized as follows. Section 3.1 describes the
channel model and defines the performance metric, namely, diversity-multiplexing
trade-off. Section 3.2 proposes the multi-access amplify-forward (MAF) protocol.

Section 3.3 presents the diversity-multiplexing trade-off (DMT) of MAF and com-
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pares the performance of MAF with several other alternative protocols to highlight
the advantage of MAF. Section 3.4 presents simulation results to support our DMT
analysis. Section 3.5 concludes this chapter.

The results of much of this chapter, particularly for the case of N = 2 users, are

to be published in [15].

3.1 Background
3.1.1 Channel

The MARC is distinguished from the standard multi-access channel by the exis-
tence of one or more relays solely intended to facilitate communication between the
users and the destination. Fig. 3.1 shows the MARC with two users and one relay.

All wireless links are assumed to be frequency non-selective and Rayleigh block
fading, i.e., the fading coefficients remain constant within a block of [ symbols, but
change independently from one block to the other according to a circularly symmet-
ric complex Gaussian distribution with zero mean and unit variance. The terminals
are assumed to be far enough from one another such that the fading coefficients of
different links are independent. Moreover, the block length [ is assumed to be long
enough such that the channel state information (CSI) can be tracked at the receiv-
ing end, though it is not available to or otherwise not exploited by the transmitting
end. It is assumed that the destination has knowledge of all CSI, including those of
the user-relay links. The variance of the AWGN is taken to be unity.

Since we focus on the block fading scenario in this chapter, the term “MARC”

therefore refers to the “block-fading MARC” in the rest of this chapter.
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Figure 3.1. The Multi-access relay channel (MARC) with two users, multiplicative
fading, and additive noise.

3.1.2  Analysis Method

In order to characterize the performance of the proposed protocol in the high
SNR regime, DMT is adopted as the performance metric [81]. In Chapter 2, we
have discussed the DMT for point-to-point channels. In this chapter, we extend
the DMT to the MARC. More specifically, this chapter focuses on the symmetric
case, i.e., the users transmit their messages at the same data rate of R/N bits per
channel use (bpcu), where N is the number of users in the system. Furthermore,
the users and the relay use the same transmission power p since power allocation
in the absence of transmitter CSI does not improve a protocol’s DMT performance.
Let C(p) = {Ci(p),Ca(p),...,Cn(p)} denote a family of codes indexed by SNR p,
such that user i’s codebook C;(p) has data rate R(p)/N and codelength [. As in
the case of point-to-point channels, we let Pe(p, R(p)) denote the error probability

of the joint ML decoder at the base station and define the multiplexing gain r and
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the diversity gain d as

Rlp) iy l08Pelp R(p))
p—o0 log p oo log p '

3.2 Multi-Access Amplify-Forward

This section describes the proposed MAF protocol. In MAF, the relay listens
to all users during the first half of the block; then, in the second half of the block,
it simply amplifies and broadcasts the signal it received in the first half. All users
continue transmitting their messages throughout the entire block. During the first

half of the block, the equivalent channels seen by the destination and the relay are

yalj] = Z hi axi[5] + zal3], (3.1)
yljl = Z hi-xil5] + z:[3], (3.2)

respectively, where 1 < j < [/2 denotes the time index; h; 4 and h;, denote the
fading coefficients of the user i-destination and user i-relay links, respectively; and
x; denotes the signal transmitted by user i. Likewise, the equivalent channel seen

by the destination during the second half of the block is

yalil = hiaxili] + hraxelf] + zalj] for 1/2 < j <1, (3.3)

i=1

where h, 4 denotes the fading coefficient of the relay-destination link, and x, denotes

the signal transmitted by the relay. Note that
x-[J] = by, [7 —1/2] for 1/2 < j <,

where b denotes the relay’s amplification coefficient. In practice, b should be chosen
to, e.g., minimize the outage probability at the target data rate and SNR, subject

to the relay’s transmission power constraint, i.e.,

b2 < p . 3.4
|| SN h P+l (34)
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However, as shown in [5], the particular value of b does not affect the DMT of
the protocol as long as its exponential order remains zero (which is guaranteed by
(3.4)). Therefore, the optimization of b is not further pursued in this chapter. Note
that the base station needs to know the value of b to decode the two messages.
As the last comment, in the single user scenario, the MAF protocol reduces to the
non-orthogonal amplify-forward (NAF) protocol of [5].

As mentioned earlier, one of the features of MAF is that it allows the users
to operate as if in a normal MAC. In fact, the users may not be aware of the
existence of the relay. Therefore, they simply use the capacity-achieving codebook
for a standard MAC, i.e., each codebook consists of i.i.d complex Gaussian random
variables. Such inputs may not be optimal in terms of capacity or outage probability
for MAF, due to the correlation that exists between the relay’s signal and those of
the users. However, as Theorem 1 shows, Gaussian inputs are optimal in terms of

DMT at high multiplexing gains for the two-user MARC.

3.3 DMT of MAF

As introduced in Chapter 2, several other alternative relaying protocols, e.g.,
DDF and CF have been proposed and studied for MARC [5, 79]. This section
compares MAF with DDF and CF.

We first discuss different factors that impact these protocols based on intuition.
DDF requires the relay to wait until it can fully decodes both users’ messages, hence
removing the impact of fading and noise on source-relay links from the destination.
However, as a result, the listening interval for the relay depends on channel realiza-
tions and rate requirements. In practice, the dynamic interval requirement might
increase the difficulty of coding and scheduling. Moreover, when MARC operates

with a high rate requirement, e.g., a high multiplexing gain, DDF might require a
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large portion of listening interval to decode at the relay such that the relay might not
have enough time to transmit its decoded information. The CF strategy employs
Wyner-Ziv source coding at the relay to compress its receive signal. The compressed
signals are then coded using channel codes and are sent to the destination. The des-
tination needs to first decode the compressed signals correctly and then decodes the
sources’ messages using the compressed signals and the signals directly transmitted
from the sources jointly. Obviously, a high compression rate leads to low distortion,
but also results in a higher rate requirement for the relay-destination link. And a
higher rate for the relay-destination link might results in more interfere with signals
from the sources. At last, for MAF, amplifying the signal at the relay will also am-
plify the noise as well. Another disadvantage of MAF is that it treats signals from
both users unanimously by amplifying them with the same amplification coefficients
even though one of the users might suffer from a deeper fade than the other.

The above comments highlight the different factors impacting the performance
of DDF, CF and MAF. However, from these qualitative discussions, it is not im-
mediately clear how the performance of MAF compares with that of CF and DDF
given that they all have unique trade-offs. This section collects our results on the
DMT for the symmetric MARC to allow a quantitative comparison between the
performance of MAF, CF and DDF. Although the proofs for these DMT consist of
an important part of this dissertation, due to the length of the proofs, we collect
them at Appendices and focus on discussing insights offered by our DMT results in

this section.

3.3.1 Symmetric Two-User MARC

The following theorem demonstrates the optimality of MAF protocol in the high

multiplexing regime for the symmetric MARC with two users.
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Theorem 1 For the symmetric MARC with two users and one relay, the DMT of
the MAF protocol is given by

dMAF(m:{ 2° = i (3.5)

3(1—r), for2<

Proof: See Appendix A. =
For purposes of comparison, an upper bound on the achievable DMT for the
symmetric two-user MARC is first provided, along with the DMT’s of the DDF and
CF protocols. For the symmetric MARC with two users and one relay, an upper

bound on the achievable DMT for 0 <r <1 is [7]

2—r, for0<r<
dayrarc(r) < : (3.6)
3(1—r), fori<r<i1

On the other hand, the DMT of DDF for 0 < r <1 is [7]

(

2—r, for0<r< %
dppr(r) = {3(1—r), for ;<r<2, (3.7)
M, for % <r<l1
\ T
and that of CF for 0 <r <1 is [79]
-3, for0<r< %
der(r) = : (3.8)

3(1—r), fors<r<1
To highlight the advantage gained from adding a single relay, the DMT of a sym-

metric MAC with two users is also provided [68], i.e.,

2
1-3, for0§r§§

dMAC(T) = . (39)
N(1—r), for2<r<1
Fig. 3.2 shows these trade-offs, along with the trade-off for MAF as given by (3.5).

Inspecting these results and Fig. 3.2, the following observations for the symmetric

two-user MARC can be made:
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1. The MAF protocol achieves the optimal DMT for 2/3 < r < 1. In fact, over
this range of multiplexing gains, MAF behaves like a MISO system with three
transmit antennas and one receive antenna. This observation together with
our proof in Appendix A suggests that in the high multiplexing regime, the

dominant error event is that both users cannot be decoded.

2. MAF outperforms the CF protocol in terms of DMT, i.e., dpyjap(r) > dep(r), Vr.
Relative to MAF, CF appears to suffer from a significant loss in diversity gain
at low multiplexing gains. In particular, MAF achieves the full diversity gain
of 2 as r vanishes to 0; in contrast, CF only achieves a diversity gain of 1 as
r vanishes to 0. Compared to CF, MAF enjoys another advantage of lower

complexity at the relay.

3. It is interesting to observe that for 2/3 < r < 1, MAF outperforms DDF
in terms of DMT, despite the fact that AF protocols generally suffer from a
significant performance loss relative to DDF in the single user relay channel
[44, 5]. The advantage of MAF over DDF at high multiplexing gains can be
attributed to the fact that in this operating regime, DDF requires the relay
to spend a large percentage of time on decoding the two users’ messages. As
a result, the relay may not have enough time to re-transmit the decoded in-
formation. On the other hand, it has been observed that the performance of
AF protocols improves in certain multi-user scenarios, e.g., for the cooperative
multi-access channel, the nonorthogonal amplify-forward (CMA-NAF) proto-
col achieves the optimal DMT [5]. Therefore, the advantage of MAF over

DDF at high multiplexing gains should not be surprising.

4. In the regime of 2/3 < r < 4/5, neither DDF nor CF is optimal, but MAF

is. To the best of our knowledge, MAF is the only protocol that achieves the
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optimal DMT in this regime.

5. Even over the range of multiplexing gains for which MAF becomes suboptimal,
i.e., 0 < r < 2/3, the achieved DMT is identical to that of the NAF relay
[5] with a single user. In other words, for low multiplexing gains, each user
benefits from the relay as if it is the only user present. Our proof in Appendix A
further suggests that in the low multiplexing regime, the dominant error event
is that only one user cannot be decoded. Also, in this regime, the DMT gap
between DDF and MAF is much smaller compared to the gap between DDF
and CF.

6. For all multiplexing gains, MAF outperforms MAC in terms of DMT. This
observation reveals the significant advantage that users can potentially gain
from a single MAF relay. The DMT of DDF approaches that of the MAC
in the high multiplexing regime. Thus, the gain of a complicated DDF relay
diminishes for high multiplexing gains. The DMT of CF overlaps with that of
the MAC for low multiplexing gains. This suggests that there may be little
advantage of employing a CF relay for multiple users when the multiplexing

gain is small.

Although the above discussions are limited to the two-user MARC, a lot of
insights also hold for the MARC with more than two users as we will see in the

sequel.

3.3.2 Symmetric N-User MARC, N > 2

The following theorem provides the upper and lower bounds on DMT for the

symmetric MARC with N users, N > 2.
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Figure 3.2. DMT of the different protocols for the two-user symmetric MARC.
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Theorem 2 For the symmetric MARC with N users, N > 2, and one relay, the
DMT of the MAF protocol satisfies

2 — Ny for 0<7"<N(N 2)
d > N -3 3.10
mar(r) {N(l—r) for N]\(,];f D <pr<1’ (3.10)
and -
2 — LN 0<r<
dyar(r) < N Jor N(er) N2+N-3 (3.11)
(N+1D)(A=7)  for garys <r<1

Proof: See Appendix B. =
We also provide a cut-set bound on the DMT of the symmetric MARC with N

users,

2—r for 0 <r< N2(+N1)3

darar(r) < (3.12)

(N+1)(1—7r) for P <r<1

Fig. 3.3 and Fig. 3.4 provide these trade-offs for the symmetric MARC with 3
and 4 users, respectively. Inspecting these plots together with Theorem 2 and (3.12)

suggests that

e The DMT lower bound for MAF (3.10) overlaps with the upper bound (3.11)

N(N-2)
NZ=3 *

in the low multiplexing regime, i.e., r < Hence, the upper bound
(3.11) is tight in the low multiplexing regime. As a result, the observation
that, in the low multiplexing regime, MAF allows each user benefit from the

relay as if it is the only user present, holds for the more general N-user MARC.

e Note that (3.11) provides a tighter upper bound on the DMT of MAF in the
low multiplexing gain regime than the cut-set bound (3.12). However, both
upper bounds, i.e., (3.11) and (3.12) overlap in the high multiplexing gain

regime.

e The multiplexing gain regime in which the upper bound (3.11) is tight grows as

the number of user increases. Moreover, as N — oo, the upper bound (3.11),
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the lower bound (3.10), and the cut-set bound (3.12) all approaches 2 — r for
0 <r <1, indicating that, as the number of users grows, the performance gap

between MAF and an optimum protocol becomes smaller.

For N =2, (3.11) is the same as (3.5), i.e., (3.11) is also a tight bound for the
two-user MARC in the whole multiplexing regime. This is surprising because
(3.11) and (3.5) are proved via different methods. This observation leads us
to conjecture that (3.11) is tight in the whole multiplexing regime. If our
conjecture holds, MAF is DMT-optimal in the high multiplexing regime for
the N-user MARC due to the fact that the curve of (3.11) overlaps with that
of (3.12) in the high multiplexing regime. Although we have tried to prove
this conjecture, it appears rather difficult and is not further pursued in this

dissertation.
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Figure 3.3. Bounds on the DMT of 3-user MARC
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Figure 3.4. Bounds on the DMT of 4-user MARC

3.4 Numerical Simulation

Section 3.3 compares the performance of MAF, DDF and CF in terms of DMT.
The analysis of DMT relies on taking the limit of SNR to infinity. This section
provides simulation results for high but finite SNR to show that many insights
offered by the DMT comparisons hold for finite SNR. The simulation results also
highlight the importance of system parameters that are neglected by the DMT

analysis, e.g., coding gain, for a comprehensive system design.
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3.4.1 Symmetric Two-User MARC

This section presents some simulation results for CF, MAF and DDF for the two-
user symmetric MARC. For CF, it is assumed that the relay listens to the source
for the first half of the block, and then re-encodes and transmits the messages in
the second half of the block. This assumption may not be optimum in terms of
minimizing the outage probability of CF, but it does not affect the DMT of the
protocol [79]. For MAF, the amplification coefficient b is chosen such that (3.4)
holds with equality. This choice of amplification coefficient may not minimize the
outage probability of MAF, but it again does not affect the DMT. For a multiplexing
gain of 7, the total data rate R is chosen to be rlog(1 + p).

Fig. 3.5 and Fig. 3.6 show the outage probabilities Po(R) of CF, DDF and MAF
for r = 0.4 and 0.8, respectively. As can be seen in Fig. 3.5, for r = 0.4, the outage
probability curve of DDF enjoys a steeper slope compared to that of MAF and CF,
indicating a higher diversity gain for DDF. Fig. 3.5 also shows that for » = 0.4,
MAF offers a better diversity gain relative to CF. For » = 0.8, the intersection
between the curve of MAF and that of DDF in Fig. 3.6 suggests that MAF has a
higher diversity gain. These observations are in line with the DMT analysis, i.e.,
the diversity gain of MAF is higher than that of DDF at high multiplexing gains
(e.g., r = 0.8), but smaller at low multiplexing gains (e.g., r = 0.4).

It is interesting to notice that even though Fig. 3.2 suggests both MAF and CF
provide a better DMT than DDF for 4/5 < r < 1, DDF yields a better outage
probability than both MAF and CF over a large range of SNRs as can be seen
from Fig. 3.6. Furthermore, Fig. 3.6 demonstrates outage performance differences
between MAF and CF, despite the fact that their DMT curves are identical for
4/5 < r < 1. In particular, the slopes of the outage curves for CF and MAF appear

to differ slightly. This small difference could be due to the finite SNR at which these
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simulations have been carried out, and the suboptimum choice of the amplification
coefficient b in MAF. These discrepancies between the outage simulation results and
the DMT results suggest that the complete system design requires characterization
of not only the DMT, which captures the exponential behavior of the error proba-
bility with SNR, but also the multiplicative coefficient that captures the geometric

dependence and the coding gain of the relaying protocols.

0

10

Figure 3.5. Outage probabilities Py(R) for CF, DDF and MAF in the two-user
MARC. The multiplexing gain is » = 0.4. Note that R = rlog(1+ p)
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Figure 3.6. Outage probabilities Po(R) for CF, DDF and MAF in the two-user
MARC. The multiplexing gain is r = 0.8. Note that R = rlog(1 + p)

3.4.2 Symmetric N-User MARC, N > 2

This section provides simulation results for the N-user MARC for N > 2 to
show that MAF also exhibits very good performance in MARC with more than two
users. Other than the number of users, the simulation setup in this section is the
same as those in Section 3.4.1.

Fig. 3.7 and Fig. 3.9 show the outage performance curves of MAF, DDF and CF
with » = 0.4 for the MARC with 3 and 4 users, respectively. Similar with the case of
two-user MARC, the outage performance of MAF is slightly inferior compared with

DDF. However, a comparison of Fig. 3.5, Fig. 3.7 and Fig. 3.9 clearly indicates that
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the slope difference between the outage curve of MAF and that of DDF decreases
as the number of user increases. This observation from simulation is consistent
with our previous prediction from analysis, i.e., as the number of users grows, the
performance gap between MAF and an optimum protocol becomes smaller. By
contrast, the outage performance of CF is significantly worse than both MAF and
DDF.

In the high multiplexing regime, as Fig. 3.8 and Fig. 3.10 clearly indicate, MAF
enjoys a better diversity gain compared with DDF and CF, supporting our conjec-

ture that MAF is optimal in terms of DMT for MARC with more than two users.

Outage Probability

0 20 40 60 80 100
SNR (dB)

Figure 3.7. Outage probabilities Po(R) for CF, DDF and MAF in the 3-user MARC.
The multiplexing gain is » = 0.4. Note that R = rlog(1 + p)
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Outage Probability

SNR (dB)

Figure 3.8. Outage probabilities Py(R) for CF, DDF and MAF in the 3-user MARC.
The multiplexing gain is = 0.8. Note that R = rlog(1 + p)
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Outage Probability

SNR (dB)

Figure 3.9. Outage probabilities Py(R) for CF, DDF and MAF in the 4-user MARC.
The multiplexing gain is = 0.4. Note that R = rlog(1 + p)
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Outage Probability

SNR (dB)

Figure 3.10. Outage probabilities Py(R) for CF, DDF and MAF in the 4-user
MARC. The multiplexing gain is » = 0.8. Note that R = rlog(1+ p)

3.5 Conclusion

In contrast to the majority of previous works on muti-access relay channel
(MARC), which focus on protocols that require complicated signal processing at
the relay [7, 79], this chapter proposes a linear relaying protocol, i.e., the multi-
access amplify-forward (MAF), which not only enjoys a low complexity at the relay,
but also exhibits a very good performance in slow-fading environments.

In particular, for the two-user MARC, MAF achieves the optimal diversity-

multiplexing trade-off over the range 2/3 < r < 1. Interestingly, for 2/3 <r <4/5
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neither DDF nor CF, despite their complicated relaying algorithms, is optimal. In
the low multiplexing gain regime, i.e., 0 < r < 2/3, MAF allows each user to
gain cooperative diversity as if there is no interference from the other users and no
contention for the relay.

For MARC with more than two users, this chapter provides upper and lower
bounds on the DMT of MAF. The bound is tight in the low multiplexing regime.
We further conjecture that the upper bound is tight in the high multiplexing regime
as well. We support our conjecture through simulations.

In conclusion, MAF provides good performance at a low complexity, and is

therefore an appealing architecture for wireless relay networks.
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CHAPTER 4

SPECTRUM-EFFICIENT ROUTING IN MULTIHOP NETWORKS

Chapter 3 demonstrates a single relay station can benefit multiple sources in a
multi-access channel. This chapter considers a different scenario in which multiple
relay stations are available for relaying information from one source to the base
station, 7.e., a multihop network. This scenario can appear for a wireless backbone
network consisting of multiple wireless relay stations or for a wireless mesh network
in which nodes rely on their peer to relay information to reach the access point.
As Chapter 2 summarizes, research from different perspectives, e.g., networking
and information theory, often results in different relaying paradigms for wireless
networks [31, 30, 41, 75, 37, 20, 25]. The goal of this chapter is to study the wireless
routing problem combining networking and information-theoretic perspectives. We
focus on routing, a practical relaying protocol, as analysis for other more complicated
relaying protocols gets more difficult for multiple relays. We discuss the trade-off
between the power and bandwidth for a multihop network and utilize the insight
from an information theoretic analysis to design routing protocols.

The remainder of the chapter is organized as follows. Section 4.1 describes the
system model and assumptions. Section 4.2 formulates the problems of finding a
route with the maximum spectral efficiency assuming both the optimal bandwidth
allocation and the equal bandwidth allocation. Since bandwidth allocation requires

exchange of at least some global information, most of the chapter focuses on provid-
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ing solutions for the case of equal bandwidth sharing. Specifically, Section 4.3 pro-
poses approximately-ideal-path routing (AIPR), a location-assisted routing scheme,
and Section 4.4 proposes distributed spectrum-efficient routing (DSER) scheme as
another near-optimum solution. The spectral efficiency of AIPR and DSER closely
follows the optimal spectral efficiency. Furthermore, DSER can be implemented
with standard distributed algorithms that are guaranteed to converge and gener-
ate loop-free paths. Section 4.5 discusses the applications of AIPR and DSER in
interference-limited networks, the connections between DSER and other well-known
routing schemes, and the potential impact of finite input alphabets on our routing
schemes. Section 4.6 presents simulation results, and Section 5.7 concludes the
chapter.

Most results of this chapter are to be published in [16].

4.1  System Model

For simplicity, we only consider routing for one source-destination pair and limit
our study to single-path routing. Also we do not allow the links to exploit cooper-
ative diversity, e.g., [60, 44]. We represent the nodes in a network and the possible
transmissions between nodes by a complete graph G = (V, ), where V represents
the set of nodes in the network and & represents the set of edges (links). In general,
nodes are arbitrarily located. For each link e € €, we use t(e) to represent the
transmit end of the link and r(e) to represent the receive end. A path L from node
s to node d, s # d, consists of an ordered sequence of unique links [y, ls, 3, ..., 1, € €
that satisfies the following: for each 1 < k < n — 1, r(lx) = t(lpy1); t(ly) = s;
and r(l,) = d. We also denote the source and destination of a given path L as
t(L) =t(ly) and (L) = r(l,), respectively. The length of the path |L| is the number

of links or hops in the path.
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We assume all links in the network is corrupted with AWGN and path-loss. We
adopt the path-loss model in (2.2) and (2.3). We denote the path-loss factor from
node ¢ to node j, i,j € V as G, j or Gy, t(l) = i,7(l) = j. And we define the SNR on
link [ as

pr = pGi. (4.1)
Except Section 4.5.3 and Section 4.6.2, we assume Gaussian input throughout this
chapter.

In general, optimum scheduling in networks is NP-hard [35]. To avoid the dif-
ficulty of jointly optimizing routing and scheduling, we first assume the network
operates with time division multiple access (TDMA) without spatial reuse, i.e.,
each node transmits in its own unique time slot. For a network with spatial reuse
of bandwidth, it is important to design the medium access control (MAC) layer ju-
diciously to mitigate interference. In this case, the interference stays approximately
constant over time, and our framework is directly applicable by adding the interfer-
ence to the noise. In Section 4.5.1, we will discuss extensions of our routing schemes

to a simple scheduling scheme that allows for some spatial reuse.

4.2 Optimal Routing

This section discusses selection of routing paths that maximize the end-to-end
spectral efficiency. The resulting optimization problem and its solution depends on
whether the bandwidth or time slots can be optimally allocated across links.

Given optimum bandwidth allocation among links, [49] shows that the maximum

spectral efficiency along a route L is
1
- (12)
EZGL log(1+p;)

Since the denominator of (4.2) is additive, we can use Bellman-Ford or Dijkstra’s

algorithms with a link metric of 1/log(1 + p;) to find the route that maximizes the
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spectral efficiency by minimizing »,(1/log(1 + p;)) [49]. We refer to such a routing
scheme as optimal routing with bandwidth optimization (ORBO). Although ORBO
can be performed in a distributed fashion, allocating bandwidth requires propagating
the value of (4.2) backwards to the nodes on the route [49]. As we will see, ORBO
is most beneficial in the low SNR regime, where the power spent in distributing this
knowledge may not be neglected. Another concern about bandwidth optimization is
the issue of fairness, as one node with a larger share of the bandwidth might spend
more energy than other nodes with a smaller share of the bandwidth. For these
reasons, the rest of the chapter focuses on the case of equal bandwidth sharing.
Under the constraint of equal bandwidth sharing, the end-to-end spectral effi-

ciency of a given path L is [22, 53]

.1
Ry = rlléanm log(1 + py), (4.3)

where the factor 1/|L| results from the sharing of bandwidth among relay links.
For a path L, the signal quality is reflected by the worst link SNR p} = miney, p;,
and the bandwidth use is characterized by inverse of the number of hops |L|. The
spectral efficiency (4.3) increases as pj increases or | L| decreases. However, for routes
connecting a given source and destination, if the number of links |L| increases (or
decreases), there are more (or less) relay nodes and pj is more likely to increase (or
decrease) due to shorter (longer) inter-relay distances. This trade-off can be seen by
comparing the nearest-neighbor route and the single-hop route (the source directly
transmits to the destination) in a linear network. Among all routes connecting a
given source and destination, the nearest-neighbor route has the largest pj but also
the largest |L|. On the other hand, single-hop has the smallest pj, but also has
the smallest |L|. Therefore, there is a trade-off between physical layer parameters,
i.e., signal quality and bandwidth use, in selection of routes. The optimal routing

scheme takes this trade-off into account by providing a solution to the optimization
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problem

1
Tz lost 44
L:t(L)IEL?;{(L):d Ifé%l|L| Og( +pl)7 ( )

where nodes s and d form the desired source-destination pair.

Unfortunately, generalized Bellman-Ford and Dijkstra’s algorithms cannot be
used to solve (4.4), because the routing metric (4.3) is neither isotonic nor monotone
(63, 64]. In general, the computation of the spectral efficiency by (4.3) requires
global information about a path. Therefore, the problem in (4.4) does not exhibit
the optimal substructure that is necessary for the use of dynamic programming
methods [18]. The solution to (4.4) can in principle be obtained by an exhaustive
search method. However, for a network with n relays, there are at least 27! different
reasonable routes connecting the source and destination. This exponential growth
makes exhaustive search unrealistic in practice if the network has a moderate to
large number of relay nodes. More importantly, an exhaustive search method is
not amenable to distributed implementation. In the following, Section 4.3 and
Section 4.4 provide two suboptimal solutions to (4.4) that are more amenable to

distributed implementation.

4.3 Approximately Ideal Path Routing (AIPR)

The motivation for our first scheme is to approximate the ideal regular path; we
thus refer to this routing scheme as the approximately ideal path routing (AIPR)
scheme. AIPR directly utilizes the Euclidean distance to select relays, and thus
differs from the n'*-nearest-neighbor routing schemes [33].

For a given source and destination, [62] suggests that in a regular linear network
there is an optimum number of hops n,,. More specifically, the number of links in
an optimal regular linear network satisfies [62]

a+ W(—ae @)
In2 ’

(4.5)

noptR ~
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Figure 4.1. Hlustration of the first step in AIPR.

where R is the path spectral efficiency, and W(-) is the principal branch of the
Lambert W function [17]. Combining (2.3), (4.3) and (4.5), we obtain the number

of hops in an optimal regular linear network given the network SNR p:

_ 1/a
2[a+W(fae ]/In2 __ 1
Nopt R ( : (4.6)

p
+

where [-]. rounds the operand to the nearest positive integer. Assuming that the
distance between the source and destination D, 4 and the network SNR are known,

the optimum inter-relay distance Dy, is
Dhop - Ds,d/nopt- (47)

Thus, an optimum regular linear network connecting node s and d consists of n,,
hops with a per-hop distance Dj,p.

The above discussion applies to networks in which both the number and locations
of relays can be designed. However, such a regular linear path with an ideal inter-
relay distance most likely will not exist in more general network scenarios. As
an alternative, we propose the procedure as shown in Algorithm 1 to find a path
approximating this ideal path given that location information is available. The basic
idea is demonstrated in Fig. 4.1. Starting from the source, we look for a relay node

that lies within a distance Dj,, and in the right direction to the destination. A
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transmit node is assumed to know the destination location in order to proceed in
the right direction and to know location information for at least neighboring nodes.
To prevent the path from going in the wrong direction in the two-dimensional plane
[33], the search for the relay is limited inside a sector originated from the transmitter
with a radius Dj,, and with an angle ¢/2,0 < ¢ < 7 of the axis to the destination
as suggested in[33]. After a transmit node choose its relay node, the relay node
obtains the value of Dj,, from the transmitter and repeats the process of finding
its next relay node until the destination is reached. If at any stage no such node is
available, Algorithm 1 increases the per-hop distance Dy, by . Only the source

needs to know D; 4 to compute Dpp.

Algorithm 1 AIPR
1: {Node s and d denotes the source and destination respectively; Path[0...N] is
a sufficiently large array with initial value NULL and will contain the path;
sect(a,b,r, $/2) denotes the sector originated from node a, with a radius r and
an angle ¢/2 of the axis from the node a to b; § is the given step in increasing
the inter-relay distance D.}

2: calculate Dy, based on (4.7);

3 §=s d=NULL; Path[0] = s; n = 0; D = Dp;

4: while d # d do

5. if No relay node lies in sect($,d, D, ¢/2) then

6: D=D+¢;

7. else if node d lies in sect(s,d, D, ¢/2) then

8: d = d; Path[n++] = d;

9: else

10: choose the relay node in sect(s,d, D, ¢/2) with the shortest distance to the
destination, denote it as node d and Path[n++] = d;.

11:  end if

12: end while

4.4 Distributed Spectrum-Efficient Routing (DSER)

The motivation for our second routing scheme, namely, the distributed spectrum-
efficient routing (DSER) scheme, is to balance the trade-off between the power

efficiency and bandwidth efficiency, thus improving the spectral efficiency. More
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specifically, the discussion in Section 4.2 suggests that longer per-hop distances
might result in power inefficiency, and shorter per-hop distances might result in
bandwidth inefficiency. Thus, there is both a penalty and a reward, in terms of
spectral efficiency, with the addition of intermediate relay links. This motivates us

to solve the following problem for a spectrum-efficient route:

: g

L:t(L)Iilsl,Irl(L):d Z L E’ (4.8)
where, as before, nodes s and d form the desired source-destination pair, and G > 0,
referred to as the routing coefficient, is a parameter that can be designed. Intu-
itively, the additive constant 1 represents the penalty on bandwidth efficiency for
additional hops; the factor 1/p; characterizes SNR gains by using links with short
distances; and the parameter § weights the impact of power and bandwidth. A
routing algorithm can use 1+ (3/p; as the link metric and use distributed Bellman-
Ford or Dijkstra’s algorithms to solve (4.8). As we will see, this routing scheme can
offer significant gains in spectral efficiency compared to nearest-neighbor routing or
single-hop. The DSER scheme does not depend on the particular path-loss model in

(2.3). In practice, the link SNR can be directly measured by received signal strength

indicators (RSSI) available on most devices and fed back to the transmitters.

4.4.1 Values of the Routing Coefficient

To determine the routing coefficient 3, we note that (4.6) provides the opti-
mum number of hops n,, for the design of a regular linear network. Now, if we
assume that DSER is used to design a regular linear network connecting a particular
source-destination pair with a unit distance and SNR p, the objective function to

be minimized becomes

sz =1zl 1+ 222

(4.9)
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We relax |L| as a real number, differentiate (4.9) with respect to |L| and set
df (|L|)/d|L| = 0 to obtain an expression for the optimum number of links |L|,,. By
setting |L|opt = Nept, We obtain

eoa—ﬁ-W(—Oce"") -1

8= . (4.10)

a—1

The routing coefficient determined by (4.10) is independent of the network SNR and
can be determined by the channel model. Furthermore, in the range 1 < o < 5,

(4.10) can be very accurately approximated as
B~ 2% (4.11)

In Section 4.6 we present simulation results to show that DSER performs quite
well using these approximations. It can be observed from (4.11) that the value of
routing coefficient increases drastically as the path loss exponent increases. This
suggests that the SNR gain of shorter hops is assigned a higher weight as the path
loss exponent increases. As a result, DSER favors a route with a shorter per-hop
distance to combat the path loss when the path loss exponent is large.

We note that (4.10) is developed essentially assuming there are an infinite num-
ber of nodes and a continuum of locations from which to choose. Moreover, our
derivation has not fully taken into account the effect of modulation, coding, queue-
ing, and so forth. Therefore, for an arbitrary network with a finite number of nodes
and practical communication schemes, the value of # can be further tuned, e.g.,
for a specific route geometry, network SNR, modulation format, and so forth, to

improve the spectral efficiency of the DSER scheme.

4.4.2 Properties

From (4.8), it is straightforward to see that for a given network, the route gener-

ated by DSER depends on the link SNRs. In the high SNR regime, 3/p; < 1, i.e.,
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the cost of sharing bandwidth among many links outweighs the SNR gains of shorter
inter-relay distances. Thus, the DSER route will approach single-hop between the
source and destination in this regime. In the low SNR regime or the high path loss
exponent regime, 3/p; > 1, i.e., the SNR gains of shorter links outweigh the cost of
sharing bandwidth. In such scenarios, the performance of DSER will approach that
of nearest-neighbor routing. The discussion here agrees with simulation results we
will present in Section 4.6.

For the DSER scheme, the weight of a path L is W(L) = Y., 14+ 3/p. It
can be easily verified that the DSER metric is strictly isotonic and monotonic.
As Chapter 2 summarizes, for link-state routing protocols, isotonicity of the path
weight function is a necessary and sufficient condition for a generalized Dijkstra’s
algorithm to yield optimal paths. If the path weight function satisfies strict isotonic-
ity, forwarding decisions can be based only on independent local computation, and
the resulting path is loop free. For distance vector routing protocols, monotonic-
ity of the path weight function implies protocol convergence in every network, and
isotonicity assures convergence of algorithms to optimal paths [64]. Therefore, the
DSER scheme can be implemented in existing networks with link-state or distance
vector routing protocols. Also, the path metric of the DSER scheme is additive,
meeting a standard assumption of most existing implementations of Bellman-Ford
or Dijkstra’s algorithms [18]. Thus, DSER can be implemented on top of existing
wireless network routing protocols such as DSR and AODV [37, 20]. By contrast,
ATPR is not as easy to incorporate into existing routing protocols. However, as we
will see, AIPR offers certain advantages in low SNR regimes, thus is a good alter-
native for routing in wireless sensor networks, where location information can be

available to sensor nodes.
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4.5 Extensions

4.5.1 Spatial Reuse

AIPR and DSER have so far been developed without taking into account the
effect of spatial reuse of bandwidth, i.e., without considering interference. However,
it is worth noting that the condition (4.5), which guides our design of AIPR and
DSER, turns out to be equivalent to, up to a factor of 2, the condition for maximizing
the intensity of transmission in an interference-limited network [38]. In the context
of [38], ng can be viewed as the number of orthogonal sub-bands and R as the
required spectral efficiency on each link.

Asindicated in Section 4.1, joint design of routing and scheduling can be difficult.
For the purpose of illustrating that our routing schemes can benefit from spatial
reuse, it suffices to consider a separate design approach: apply the routing scheme
assuming no interference to obtain a route, and then apply a scheduling algorithm
to the selected route. In particular, we consider modulo-K scheduling [62], also
called K-phase TDMA [76]: two links /;,[; € L can use the same time slot if (i — j)
mod K = 0 where mod is the modulo operation. Note that we assume the
transmission is scheduled in the right order. The idea of modulo-K scheduling is
to limit the co-channel interference while reusing wireless resources spatially. For
each route, we choose an optimum K that maximizes the path spectral efficiency.
Even though allowing nodes to transmit with different levels of power might improve
the efficiency of networks via power control, we only consider the constant transmit
power assumption as argued in Section 2.1. Note that both modulo-K scheduling
and constant transmit power assumption are not optimal in general, but they suffice
to show that spatial reuse can improve the spectral efficiency of the DSER scheme.
In Section 4.6, we present simulation results showing that at low SNR the spectral

efficiency of DSER with modulo-K scheduling is larger than without spatial reuse.
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Note that once a path L is determined, the spectral efficiency of the path with

leL 1 ; th '

where K is the number of time slots needed for scheduling and ~; is the signal-to-

interference-and-noise ratio (SINR) of link [ € L, i.e.,

Pl
= , 4.13
1+ > PG(;),r(1) (13
{li:lieLLi#Lr(l)=7(1)}

with 7(1) denoting the time slot used by link /.

4.5.2 Relation of DSER to Other Protocols

It turns out that DSER is related to several widely known routing metrics. As
we will show in the sequel, by adjusting the routing coefficient 3, the DSER metric
specializes to the minimal hop-count or to the expected transmission count (ETX)
routing metric. These connections demonstrate the robustness of DSER and also
provide a different interpretation of DSER.

When g = 0, DSER falls back to minimal hop-count routing. As demonstrated
in [24], minimal hop-count routing is very robust and provides good performance
when network devices are highly mobile. Thus, even though DSER is developed
assuming a relatively static network, it can still apply to a highly mobile network
by choosing 5 = 0.

With proper choice of 3, the DSER metric can also approximate the ETX routing
metric [20], a well-known metric for improving the throughput of wireless networks.
To illustrate, we consider a network with an independently identical distributed
(i.i.d) block Rayleigh fading model for each channel. Signals also suffer path loss
as described in Section 2.1. The fading coefficients are complex Gaussian random

variables with zero mean and unit variance. Each link [ has a desired link data rate
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R and uses automatic repeat-request (ARQ) until the message is correctly received.
Denoting the packet error rate for link [ as P?, the average number of transmissions
for a packet on a link is 1/(1 — Pf). To minimize the end-to-end delay, the ETX
scheme proposed in [20] aims to minimize the expected total number of packet

transmissions, i.e.,

1
min - (4.14)
Lit(L)=s,r(L)=d = 1—- P
In terms of diversity-multiplexing trade-off, [81] shows that the main error event
causing packet losses is outage. Thus, we approximate the packet loss rate by the

outage probability,

(4.15)

2f —1
szl—exp[— ]
Pl

Substituting (4.15) into (4.14), and making use the approximation e ~ 1 + x for

small z, i.e., small R or large p;, (4.14) becomes

) 2f 1
min E 1+ , (4.16)
L:t(L)=s,r(L)=d el Pl
which is the same as (4.8) with
g=2"_1 (4.17)

Thus, with a proper choice of 3, the DSER metric approximates the ETX routing
metric for fading channels at high SNR. Comparing (4.17) with (4.10), we note that
for ETX in the fading channel, the per-link data rate R assumes the role that o held
in (4.10). As the per-link data rate requirement R increases, 3 increases, suggesting
that the SNR gain provided by a shorter per-hop distance becomes more important
in guaranteeing reliability.

The approximation of ETX by DSER offers another interpretation of (4.8) as a
routing scheme to find a route that maximizes the reliability. When a path contains a

large number of hops, the SNR gain of shorter inter-relay distance results in a smaller
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error rate for each link along the path. However, as the number of links increases,
the probability that all links are decoding correctly might actually decrease. From
this perspective, the constant term 1 captures the requirement that all links are
functioning, and the factor 1/p, characterizes the gain in smaller individual link

error probability by using shorter hops.

4.5.3 Finite Input Alphabet

So far, we have assumed Gaussian inputs, corresponding to an alphabet with
infinite size. In practice, the input alphabet size is usually finite. The size of
alphabet limits the maximum spectral efficiency as we will see in the sequel. Hence,
it is of practical interest to see how our proposed routing schemes perform with a
finite input alphabet.

We assume the input alphabet of X = {aj,as,...,ap}, where M is the size
of alphabet. We assume the input is of equal amplitude; hence the SNR for an
AWGN channel with finite input is defined as p = |a1|*/Ny. As the input is of
equal amplitude, we can further assume equiprobable inputs. A more general finite
alphabet and a more general distribution of input letters might further increase the
capacity. However, our assumptions are sufficient to demonstrate the effect of finite
input alphabets. It can be shown [28, 69] that the channel capacity for a AWGN

channel under the above constraints is

1 & al |z + a; — ;|2 — |z|?
_ i — 45
Cy = logM — — ;:1 E |log E exp{— N, M, (4.18)

j=1
where the expectation E[ | is with respect to the Gaussian random variable z of
zero mean and Ny variance. Unfortunately, the evaluation of (4.18) turns out to be
difficult for a general input size M. Hence, we will rely on Monte-Carlo simulation to
evaluate (4.18). Fig. 4.2 demonstrates the impact of finite input size on a single input

single output (SISO) AWGN channel. From Fig. 4.2, it is straightforward to see that
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the constraint of finite input alphabet size adds another trade-off to the problem, i.e.,
instead of power and bandwidth, the size of alphabet could also become the main
constraint in limiting spectral efficiency. The impact of the constraint of alphabet
size in multihop networks can be further seen in Fig. 4.3 and Fig. 4.4, which show
the spectral efficiency as a function of SNR for linear regular multihop networks
with Gaussian and BPSK input, respectively. From Fig. 4.4, we can observe that
the finite alphabet size often becomes the dominant constraint in limiting the rates
of multihop networks. The impact of the constraint of alphabet size in multihop
networks is even more obvious if we consider a curve that represents the supremum
of all curves with different number of hops. Comparing Fig. 4.3 and Fig. 4.4, we
can see that the supremum curve for a small size alphabet has much more drastic
changes in slope compared to that of an infinite size alphabet. As a result, we
can expect the performance curves of routing schemes for a finite size alphabet to
become less smooth compared to that with Gaussian inputs. Also, the supremum

curve of finite size alphabets is upper bounded by log M.
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Figure 4.2. Spectral efficiency of a single-input single-output AWGN channel with
finite size alphabets
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Figure 4.4. Spectral efficiency of linear regular multihop networks with BPSK input

4.6 Simulation Results

This section presents simulation results to compare spectral efficiencies of dif-
ferent routing schemes averaged over random network realizations. Our simulations
focus on uniformly random networks. For a one-dimensional linear network, we as-
sume the source and destination are located at coordinates (0,0) and (1,0), respec-
tively, and the horizontal coordinates of intermediate relay nodes are independent
random variables uniformly distributed between 0 and 1. For a two-dimensional

network, we assume the source and destination are located at (0,0) and (1,1), re-
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spectively. The horizontal and vertical coordinates of the potential relay nodes
are independent random variables uniformly distributed between 0 and 1. To es-
timate average spectral efficiency over the ensemble of random networks, we take
the mean over 10* network realizations. In our simulations, the boundaries of the
95% confidence interval are within +2% of the average value, assuming the spectral
efficiency of a routing scheme is Gaussian distributed. Thus, the confidence interval
is sufficiently-small, allowing us to compare routing schemes using these simulation
statistics.

We also assume a path-loss model described in (2.2), taking the path loss ex-
ponent o = 4 and the far-field distance D; = 107® unless specified otherwise.
Motivated by the approximation § ~ 2% in Section 4.4, the routing coefficient is

taken to be f = 16.

4.6.1 Gaussian Inputs

This section presents simulation results with Gaussian inputs.

As two examples, Fig. 4.5 and 4.6 show the average spectral efficiency of different
routing schemes including nearest-neighbor routing, single-hop, AIPR, and DSER
for uniformly random linear networks with 5 and 9 nodes, respectively. To see a
wider dynamical range around the low SNR regimes, the horizontal coordinate is
taken as Ej, /Ny, i.e., the ratio between the SNR and the average spectral efficiency.
In Fig. 4.5 and 4.6, the optimal spectral efficiency is obtained by an exhaustive
search method and is provided as a reference. It is clear that the performance of
single-hop only approaches the optimum performance in the high SNR regime and
suffers from a significant loss in spectral efficiency in the low SNR regime. The
performance of nearest-neighbor routing approaches the optimal performance in the

low SNR regime, but degrades in the high SNR regime due to its inefficient use
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of bandwidth. By contrast, one can observe that the curves of the DSER scheme
track the optimal curves throughout the whole SNR regime. In particular, in the
moderate SNR regime, DSER offers significant gains in spectral efficiency relative
to AIPR, nearest-neighbor routing, and single-hop. In particular, when E,/Ny is
around 5 dB or the network SNR is around 0 dB, the spectral efficiency of the DSER
scheme is twice as large as those of nearest-neighbor routing and single-hop. Thus,
networks can benefit significantly in spectral efficiency from the use of DSER.

In random networks, AIPR suffers from a significant performance loss in the
moderate SNR regime because it is difficult to find a regular linear path. However,
AIPR performs reasonably well in either the low SNR or the high SNR regimes in
our simulation. This is because at low SNR, AIPR degenerates into nearest-neighbor
routing. Hence, the impact of path irregularity at low SNR is not as serious as at
moderate SNR. In the high SNR regime, AIPR degenerates to choosing the direct
link from the source to destination, which is the optimum route. We stress that our
simulation does not fully consider the impact of fading, which might cause significant
degradation in performance for AIPR. We note the curves of AIPR bend backwards
around 5 dB E,/Ny. This is because the horizontal coordinate is Ej /Ny, not p.
More specifically, we simulate the average rate as a function of SNR, i.e., R = f(p).
However, what we draw is f(p) vs p/f(p) in order to see a larger dynamical range.
The regime that the AIPR curve bend backwards is the regime in which the rate
of AIPR grows extremely slow as SNR increases. Consider the example of linear
network with 9 nodes, at p = 9dB, the rate R is 2.5. The corresponding Ej/Nj is
5.0dB. However, at p = 10dB, the rate R is 3.5, which corresponds to E,/Ny = 4.6
dB. The reason that the rate of AIPR as a function of SNR grows so slow is as follows.
Around this regime, the optimum number of hops is approximately 2. So, the source

node always look for a relay node between it and the destination node. Now, the

78



relay node can be quite far away from the ideal locations, which causes degradation.
In particular, around this regime, even the spectral efficiency gain of an ideal two-
hop linear regular path is small relative to the single-hop scheme. Therefore, the
degradation caused by the non-optimum location of the relay is particular serious
in this regime and cause the “bending backwards” behavior. This is a price to pay
for doing routing distributively.

Fig. 4.7 shows the average spectral efficiencies of different routing schemes in
a two-dimensional random network with 9 nodes. Note that the nearest-neighbor
routing in Fig. 4.7 selects its nearest neighbor that lies within an angle ¢/2 of the
line from the source to destination, i.e., Strategy A in [33]. We choose ¢ = 7/2.
Compared to the case of one-dimensional random networks, the performance of
DSER in two-dimensional random networks degrades in the low SNR regime. This
could be explained by the fact that DSER does not require its relay node to lie
within angle ¢/2 of the line from source to destination, i.e., DSER does not require
location information even in two-dimensional random networks. In contrast, both
nearest-neighbor routing and AIPR require location information in two-dimensional
networks. Other than this difference, most other observations from one-dimensional
networks carry over to two-dimensional networks. Thus, in the remainder, we will
only focus on the results from the one-dimensional case with the understanding that
these observations carry over to the two-dimensional networks.

Fig. 4.8 shows how DSER and AIPR adapt to different network SNRs, choosing
different paths in a sample linear random network with 8 nodes. Note that based on
(4.6), the optimum hop number of an optimum regular linear path for the network
SNR of -20, 0 and 20dB is 8, 3 and 1, respectively. As shown in Fig. 4.8, DSER
and AIPR choose paths with shorter hops when SNR is low. As the SNR increases,

they tend to choose paths with longer inter-relay distance. Paths selected by AIPR
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and DSER are not necessarily the same. In particular, Fig. 4.8 shows that, relative
to DSER, AIPR can choose a more balanced route at low SNR due to its utilization
of location information. This observation is in line with our previous observation
that AIPR can provide better performance at low SNR. Together with Fig. 4.6 —
4.7, Fig. 4.8 demonstrates that DSER and AIPR adapt to changes of the network
SNR as we expected.

Fig. 4.9 compares the performance of DSER with that of optimal routing with
bandwidth optimization (ORBO). The spectral efficiency improves for ORBO mainly
in the low SNR regime. However, as the network SNR increases, the benefit of band-
width optimization decreases and eventually vanishes. This is because at high SNR,
ORBO corresponds to single-hop, which is also the case for DSER.

Fig. 4.10 show the average spectral efficiency as a function of the path-loss ex-
ponent for uniformly random linear networks with 9 nodes and network SNR of
-40 and 20 dB. It might seem counter-intuitive that the average spectral efficiency
grows as the path-loss exponent increases. However, this is because our network
SNR is end-to-end normalized SNR. Thus, as the path-loss exponent increases, the
effective link SNRs on intermediate links increases as well. From Fig. 4.10, when the
network SNR is high, the impact of different path loss exponent on routing schemes
decreases. When the network SNR is small, relative to single-hop, routing schemes
with multi-hop relaying benefit significantly from the high path loss exponent.

Fig. 4.11 shows that even though DSER and AIPR are proposed assuming
TDMA without spatial reuse, a modulo-K scheduling can further improve their
performance at low SNR. Moreover, we observe that in the high SNR regime, there
is not much to gain from spatial reuse, as single-hop between the source and desti-

nation is optimal.
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Figure 4.5. Average spectral efficiencies of different routing schemes for uniformly

random linear networks with 5 nodes and o = 4.
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without spatial reuse and the solid lines correspond to modulo-K scheduling.

4.6.2 Finite Input Alphabet

We consider the impact of finite size alphabet on our selected AIPR and DSER
routes by replacing the expression log(1 + p;) in (4.3) with (4.18). We assume that
all nodes are constrained with the same finite alphabet. This assumption models
wireless transceivers, e.g., Berkeley motes, that do not allow adaptive modulation.
However, we note that the finite alphabet constraint often penalizes a multihop

route by preventing it from fully taking advantage of link SNR improvement. A
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better optimization of routing coefficient in DSER and a further modification of
AIPR that takes the finite alphabet size into account might further improve the
performance of our routing schemes. This direction is not further pursued in this
dissertation.

Fig. 4.12 and Fig. 4.13 demonstrate the impact of BPSK on the performance
of routing in uniformly random linear networks with 5 and 9 nodes, respectively.
We assume that all nodes are using the same alphabet. The rate for all routes
are computed based on (4.18). As we predicted before, the performance curves of
all routing schemes often have drastic slope changes due to the impact of finite
size alphabet on the spectral efficiency. Similar with that of Gaussian input, the
performance curves of DSER and AIPR bend backwards due to representing the
horizontal coordinate in Ej,/Ny. It is also straightforward to see that the minimum
Ey /Ny value at which the direct communication becomes optimal for finite input
becomes smaller compared with that of AWGN input. This suggests that, due to
the finite size of input alphabet, the cost of more hops becomes even more significant
for low or moderate SNR. We can explain this by observing that (4.18) is upper
bounded by the logarithm of the input alphabet size. Hence, even if an intermediate
hop enjoys significant SNR gains due to multihop, the SNR gains along intermediate
links could have very little impact on the end-to-end spectral efficiency. This also
explains why the performance curves of both DSER and AIPR do not converge to
the optimum curve as fast as in the AWGN input cases. DSER and AIPR assume
AWGN input and choose route accordingly. As a result, DSER and AIPR still
favors multiple hop routes when in fact, due to the finite alphabet size, the direct
communication is already optimum. However, in contrast of the nearest-neighbor
routing, DSER and AIPR eventually adapt themselves and choose the direct link

as the route. A comparison of Fig. 4.12 and Fig. 4.13 also indicates that in the
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Figure 4.12. Average spectral efficiencies of different routing schemes for uniformly
random linear networks with BPSK, 5 nodes and a = 4.

low SNR regime, more hops could increase the end-to-end spectral efficiency. The

minimum Fj, /Ny at which we have non-zero end-to-end spectral efficiency decreases

as the size of networks grows.

Fig. 4.14 and Fig. 4.15 demonstrate the impact of 8-PSK on the performance of
routing in uniformly random linear networks with 5 and 9 nodes, respectively. Not
surprisingly, as the constellation size increases, the gap between the performance of
our proposed routing schemes and that of optimum performance becomes smaller.
Hence, a high dimensional constellation could be key to gain the benefit of adaptive

routing in practical implementations.
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Figure 4.13. Average spectral efficiencies of different routing schemes for uniformly
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4.7 Summary

This chapter studies end-to-end spectral efficiencies of different wireless routing
schemes. This chapter’s main contribution is to introduce two suboptimal solutions,
namely, approximately ideal path routing (AIPR) and distributed spectrum-efficient
routing (DSER), to the problem of finding routes with high spectral efficiency. AIPR
is a location-assisted routing scheme. DSER can be based upon local link quality es-
timates, can be implemented using standard Bellman-Ford or Dijkstra’s algorithms,
and can be integrated into existing network protocols. Furthermore, the perfor-
mance of DSER and AIPR is close to that of nearest-neighbor routing and that
of minimum hop-count routing in the low and high SNR regimes, respectively. In
the moderate SNR regime, DSER provides significant gains in spectral efficiency

compared with both nearest-neighbor routing and minimum hop-count routing.
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CHAPTER 5

RESOURCE ALLOCATION FOR BROADBAND MULTIHOP NETWORKS

In Chapter 4, we have observed that there exists a trade-off between the number
of hops and the end-to-end spectral efficiency for multihop networks with AWGN
channels. However, for a broadband system with frequency selective fading, when
fading is slow and fading coefficient is available at the transmitter, it is well known
that power allocation such as water-filling increases spectral efficiency [22]. Hence,
it is not immediately clear whether the observation for narrowband system carriers
over to broadband multihop networks. This chapter discusses the trade-off between
the number of hops and the end-to-end spectral efficiency for broadband multihop
networks by studying a resource allocation problem to maximize the end-to-end rate
in a broadband multihop wireless network.

Assuming an orthogonal frequency division multiplexing (OFDM) system, we
considers allocating power and subcarriers jointly according to channel state infor-
mation. We focus on proposing low-complexity efficient algorithms for the multihop
network with one destination, one source, and one or more relays. Simulation results
suggest that the performance of our proposed algorithms closely follows the opti-
mum performance. More importantly, our results yield that more hops help in the
power limited regime, but do not help in the bandwidth limited regime, consistent

with previous discussions for a narrowband system in Chapter 4.
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5.1 Background

In [73], an algorithm for joint multiuser OFDM power, subcarrier and rate al-
location is developed to minimize the total power consumption for a broadcast
channel. In [78], the problem of assigning discrete frequency bins in a Gaussian
multiple-access channel with intersymbol interference (ISI) to maximize a weighed
sum rate is studied, and a practical low-complexity algorithm is proposed. Relative
to [73] and [78], this chapter considers a multihop network, which adds flow conser-
vation constraints to the problem formulation. As we will see, the addition of flow
conservation constraints makes the optimization problem much more involved.

Even though [48] considers a broadband multihop wireless network, a frequency
subcarrier is shared in a time division fashion by different hops along a path. By con-
trast, this chapter considers allocating subcarriers exclusively to different hops along
the path, i.e., subcarriers assigned to different hops do not overlap. Furthermore,
this chapter also considers power allocation jointly with subcarrier allocation.

The remainder of the chapter is organized as follows. Section 5.2 describes the
network and channel models. Section 5.3 formulates the joint power and subcarrier
allocation problem for wireless networks with one destination and multiple sources
and relays. Not surprisingly, it turns out that this problem is a combinatorial op-
timization problem. To gain some insight on the optimum solutions, we relax the
problem to a convex optimization problem by adjusting the requirement on the sub-
carrier allocation. The relaxed problem provides an upper bound to the solution of
the original problem. Moreover, Section 5.4 discusses Karush-Kuhn-Tucker (KKT)
conditions for optimal solutions to the relaxed problem and provides important in-
sights that motivate low-complexity algorithms for solving the original problem in
Section 5.5. Specifically, Section 5.5.1 proposes a high-SNR approximation algo-

rithm based on the observation that the optimal frequency allocation in a two-hop
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network has a two-band structure assuming high SNR. For a network with more
than two hops, a low complexity greedy algorithm is proposed in Section 5.5.2. Sec-

tion 5.6 provides numerical simulation results and Section 5.7 concludes the chapter.

5.2 System Model

In this chapter, we formulate a power and subcarrier allocation problem for a
wireless network with one base station (BS) and multiple sources and relays. A
special case of this type of network is the multihop network of one source, one
destination, and one or multiple relays. We assume relay stations do not have their
own information to send and the BS is the only information sink for all sources.
Following Chapter 4, we represent the network as a directed graph § = (V,€),
where the set of nodes V represents stations in the network and the set of links &
represents potential communication between two stations in the network. For each
link e € €, we use t(e) to represent the transmit end of the link and r(e) to represent
the receive end. We denote by § the set of nodes with information sources and by
R the set of relay stations. We assume that sources do not relay information, i.e.,
SR = 0. The sink is denoted d. Hence, t(e) # d,Ve € € and d € R|JS.

We consider an OFDM-type system in which the whole frequency band is split
into multiple subcarriers to share among different transmissions. We neglect the
impact of cyclic prefix on rates. We denote by X the set of available frequency
subcarriers. The bandwidth of a subcarrier £ € K is w, Hz. Note that in practice,
the bandwidth of all subcarriers is often identical. We denote by h;x,l € €,k € K,
the fading coefficient of the kth subcarrier for link [. We assume channel gains of
all links are available to a central scheduler to allow for subcarriers allocation. We
also assume channel gains are available for transmitting nodes to allocate power.

Following [44], we assume that the nodes cannot transmit and receive at the
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same time. Furthermore, we consider no frequency reuse inside the cell, i.e., in the
network we study, any part of the bandwidth cannot be assigned to more than one
link.

Each transmit node ¢ € V has a total power constraint of p;, i.e.,

Z Zﬂz,k < Pis (5.1)
{:t(1)=i} keX

where p;;, denotes the allocated power on link [ € € at subcarrier k£ € X.

For simplicity of presentation, we assume the one-sided noise power spectral

density level Ny is equal to unity for all subcarriers and all nodes.

5.3 Problem Formulation

The goal of the optimization is to maximize the total information received by
the sink from the sources subjected to transmit power and subcarrier constraints.
Furthermore, we impose a flow conservation constraint to reflect the fact that the
rate of a multihop route is limited by the rate of the bottleneck link, i.e., the link
that has the minimal rate among all intermediate hops [62, 49]. As we will see in
the sequel, the problem of allocating power and subcarriers optimally becomes much
more involved due to this constraint.

To find out optimal allocation of power and subcarriers, we formulate the fol-
lowing optimization problem:

cr = maxz Z Cik, (5.2)
keX {l:t(1)e8}

subjected to the following constraints:
Crpe < wiglog(1 4 |hug? pre/wie), VI € €,Vk € K, (5.3a)

0< Cup,Vl€EVEeX, (5.3b)
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0< Wy k < wy, Yk € ﬂC, (53C)

Wy Wy = 0,1 7& 7, Vk e K, (53(1)

Z sz,k < pi,Vi €V, (5.3e)

{l:t(1)=i} keX

0< pu ¥l € &Yk € K, (5.3)
Z Z Clk>z Z Clk,VZER (53g)
keX {l:t(l)=i} keX {l:r(l)=4}

where: Cj, is the information rate transmitted on link [ at subcarrier k; w; ;, denotes
whether the subcarrier £ is used on link /; and p;; denotes the transmit power of
link  at subcarrier k. The constraint (5.3g) captures flow conservation at the relay
stations, i.e., the rate of flow arriving at the node must be no larger than the rate
of flow coming out of the node. Under this constraint, the rate of a multihop route
is limited by the minimum of the rates of intermediate hops, consistent with the
conclusions from information theoretic study in [62, 49]. Constraint (5.3¢) repre-
sents the transmit power constraint at the node, and constraint (5.3c) reflects the
bandwidth constraint of the carrier k. Finally, constraint (5.3d) reflects the practi-
cal constraint that one subcarrier is allocated to one link only. Constraints (5.3c)
and (5.3d) suggests that w; is either 0 or wy.

Unfortunately, the combination of (5.3c) and (5.3d) makes the problem in-
tractable due to its combinatorial nature. In order to utilize convex optimization
techniques to gain some insight on the problem, we relax the frequency constraint
and allow a subcarrier to be shared by multiple links, i.e., w;; can take continu-
ous value between 0 and wy. This relaxation corresponds to further splitting the
subcarrier’s bandwidth. The relaxed problem is

* = maxz Z Clk7 (54)

keX {L:t(1)e8}
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subjected to the following constraints:

Crr < wiplog(1+ |hw*pie/wik), V1 € EVE € K,

0< CUC,VZ € &, Vk e X,
0< Wy < wk,Vk‘ € iK,

sz,k < wg, Vk € X,
lce

Z Zplk<pzvvzev

(1:4(1) =i} ke
0< ka,VZ e & Vk e X,

Z Z Clk>z Z Clk,VZEZR

kEXK {1:t(1)=i} keX {1:r(

(5.5a)

(5.5b)
(5.5¢)
(5.5d)
(5.5¢)
(5.5f)

(5.5g)

We note that (5.5d) ensures that frequency is not reused, 1.e., there is no interference.

Thus, (5.5a) holds.

It can be shown that the new problem is a convex optimization problem. Hence,

standard optimization tools such as the KKT conditions can be employed, leading

to insights on optimum solutions that can help design suboptimum, yet efficient,

numerical algorithms. We note that the constraint set of the new problem, e.g.,

frequency constraints, is no smaller than that of the original problem; thus, the

solution to the new problem provides an upper bound on the solution of the original

problem (5.2).

5.4 KKT Conditions After the Relaxation

The Lagrangian for the relaxed optimization problem (5.4) is
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LY Y a

keX {I:t(1)eS}

- Z Z Ak Cre — wig log(1 + [hu k| pr/wi)]

keX €€
+ Z V[ —wy + Z wy ]
keX leg
+ ZTi[_pi + Z Z P
i€V keX {l:t(l)=i}
+Zﬁi[—z Z Clk+z Z Cuil,
iE€R keX {1:t(1)=i keX {l:r(l)=i}

where \; i, v and 3; are Lagrange multipliers.

The partial derivatives of the Lagrangian with respect to the optimization pa-

rameters, i.e., rate, power and bandwidth, are as follows:

(

— Bty + Bry + Mg, H(1) € 8, r(1) # d,

oL —Buw) + Ak t(l) € 8,r(l) =d,
oCr.
W 14 B+ e tD) eS8, r(l) £d,
-1+ )‘Uf t(l) €3, T(l) =d,
\
oL log ¢ Akl ho g wi g 4
- = 1)
Opuk Wy + Pkl l? ")
oL Pkl hukl? el Pk 2 puk
= —Nylo +—— ) +loge — :
Owy g1+ Wi ke ) s Wik + [hk| o0k
+Vk7
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A necessary condition for the optimal solutions (Cfy, o, wf;) are that

(

oL =0 for Cf >0,
3Gy Ctustamia (59
’ >0 forCyL=0
\ b
(
oL =0 for pj;, >0,
aplk|(czk’p?:k7wzk) (51())
’ >0 for p;, =0,
K b
(
=0 for wy, >0,
oL
mhc;k,p;k,wfk) >0 for wj, =0, (5.11)
<0 for wl’ik = Wy,

and

A =0,
Bi > 0,
v; > 0,
7 > 0

From (5.11), if a subcarrier £ is assigned exclusively to a link [, i.e., wf;, = wy,
the necessary condition is

Akl bkl 07 g
W'y, wi'y, + [hwl?of)

(5.12)

An important observation from (5.12) is that its left hand side only depends on
the subcarrier k; hence, only the link with the largest right hand side can use the
subcarrier exclusively. Thus, the subcarrier assignment problem can be viewed as a
bidding process. Consider the right hand side of (5.12) as the bidding price offered
by link [ towards subcarrier k for utilizing its bandwidth; the highest bidder win
the exclusive right to use the bandwidth in subcarrier k. When there are multiple

highest bidders, the bandwidth of subcarrier k is shared.
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Following (5.10), the optimal power allocation for a node given a subcarrier

assignment and Lagrange multipliers is,

. o L) (5.13)
pin = wy |loge—— — ——| . :
Lk Lk Ty hagl?

The power allocation (5.13) is similar to the standard water-filling solution [22].
From (5.11) and (5.6), the following necessary conditions for C}}, # 0 can be

inferred,

M= By — By t(1) & 8,7(1) #d, (5.14)
Ne= Byt €8,r(l) =4, (5.15)
A = 1, t(l) € 8,r(l) = d, (5.16)
M= 1-PB, tI)esr(l)+d (5.17)

We can further unifiy (5.14) — (5.17) into a single expression,
Ak = By — Bry, (5.18)
by the following extension of j3;, i.e.,
Ba=0 , Bi=1 Vies. (5.19)
Similarly, the necessary condition for C7; = 0 is

Ak = Bray — Br)- (5.20)

An analogy between information flow inside the wireless network and water flow
inside a pipeline network can be drawn by considering ; as the pressure at node
i €V and A as the resistance of link [ at subcarrier k. By (5.20), information will
flow through link [ via subcarrier k only if the difference in pressure between the

transmit node and the received node, i.e., 3;;)— 3, is no smaller than the resistance
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Ark. Expression (5.18) further suggests that the pressure inside the network reaches
an equilibrium, i.e., the difference in pressure is equal to the resistance, at the
optimum solution. Again, it is interesting to observe that the pressure difference
between two nodes does not depend on the subcarrier index.

Even though the relaxed problem (5.4) is convex and can be solved efficiently
[11], the computational complexity can still be large for a large number of subcar-
riers. Furthermore, solutions to the relaxed problem (5.4) do not always provide a
feasible solution to the original problem (5.2). Hence, the following section further
exploits characteristics of multihop networks and insights from the relaxed problem

to develop practical, low-complexity algorithms for the original problem (5.2).

5.5 Low-Complexity Algorithms

This section focuses on developing practical, low-complexity algorithms for mul-
tihop networks with one destination, one source, and one or multiple relay stations.
In Section 5.5.1, we develop a practical algorithm for a two-hop network motivating
by the observation that a two-band partition of bandwidth is an optimum solution
to the relaxed problem under certain assumptions. For the network with more than

two hops, a greedy approach is proposed in Section 5.5.2.

5.5.1 High-SNR Approximation Algorithm for Two-Hop Network

For a two-hop network, we denote the source as node 1 and the relay as node
2, the source-relay link as link /; and the relay-destination link as link /5. We also

define the per-subcarrier effective SNR as

A kP kP
P = logeltt wal” 1, i=1,2 (5.21)
Ti
It can be verified from (5.21) and (5.13) that
Iéli,k = Zjl%k ’hli,k 2 for Plik > 0. (522>

CR]
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The following Proposition indicates the optimum frequency assignment for the
relaxed problem is a two-band partition of the total available bandwidth given a set
of Lagrange multipliers, hence suggesting a way to significantly reduce the compu-

tation complexity.

Propostion 1 Assuming
1. Lagrange multipliers N, i, i, i, VK are known;
2. pux>1,Vk, i=1,2;
3. [y k| 2A0k [y |22k decreases as k increases;

the optimum subcarrier allocation to (5.4) is a two-band partition of bandwidth, i.e.,
there exits 1 < Ly < |X|, such that

Wy k= Wk, Wiy = 0 fO’I” k< Ll,
w k=0, wy,r=w; for Ly <k < Ls.

Proof: The proof of Proposition 1 follows similar lines as Theorem 2 in [78]. See
Appendix C for details. =

We note that Assumption 3 can be easily met by reordering the subcarrier in-
dices. Recall (5.22), Assumption 2 can be met if SNR is high. Also, by the KKT
conditions, it can be shown that A\;, y = A1 > 0, A\, = A2 > 0,Vk, and A} + Ay =1
for the two-hop network. Combining this observation with Proposition 1, we propose
Algorithm 5.5.1 that returns the optimum rate given ;.

A line search method [8] can then be employed to find A\; that maximizes the

rate, i.e.,

A 5.23
e gr( A1), (5.23)

where gy (A1) is the function that returns the optimum rate of the two-hop network
given \;, as defined in Algorithm 5.5.1. We refer to this method as the high-SNR

approximation algorithm.
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1: Function gy(A;)

2: {return the optimum rate of the two-hop network given \;}

3: initialize an array c[1, ..., |X|[;

4: relabel subcarrier indices such that |hy, |21 /|y, 1|23~ ™) decreases as k in-
creases;

5. for k=1to |X|—1do

6:  Perform water-filling for node 1 using subcarrier 1 to k;

7. Perform water-filling for node 2 using subcarrier k£ + 1 to |X];

8:  Calculate the end-to-end rate based on the above subcarrier assignment and

power allocation; store the rate into c[kl;
9: end for
10: return the maximum element inside the array c.

Although the high-SNR, approximation algorithm is motivated assuming high
SNR, Section 5.6 shows by simulation that it also works reasonably well for even
moderate SNR. Unfortunately, the algorithm only applies to two-hop networks. For
the more general multihop network, we suggest the following greedy algorithm as

an alternative suboptimum solution.

5.5.2  Greedy Algorithm

The greedy algorithm proposed in this section is motivated from the KK'T condi-
tion (5.12), which suggests nodes bid for exclusive rights to subcarriers. Obviously,
the price each node would offer to a subcarrier depends on how much reward this
subcarrier bring to the system. The better the channel quality of a subcarrier, the
more reward it brings. This idea has been exploited by opportunistic communication
in a multi-access channel (MAC) [67, 39]. Opportunistic communication [67, 39] in
MAC achieves a higher throughput by assigning resources to the user with the best
channel condition. However, straightforward extensions of opportunistic communi-
cations to a multihop network, e.g., assigning a subcarrier to the link with the best
channel, might result in a waste of bandwidths as the end-to-end system rate is

limited by the minimum rate of all hops. Instead, we propose the greedy algorithm
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to assign subcarriers to hops with the best reward in increasing the end-to-end rate
for the whole network. Consider that, initially, we have a set of available subcarriers
that are not assigned to any links. To increase the end-to-end rate of a route, we
choose one available subcarrier that maximizes the rate of the bottleneck link and
assign it to the bottleneck link. After this assignment, the bottleneck link that limits
the route performance may change and we repeat the above process until all sub-
carriers are assigned. Note that at each step, the end-to-end rate is non-decreasing.

A more precise description of the greedy algorithm is given as Algorithm 2.

Algorithm 2 Greedy Algorithm

Initialize the first link as the bottleneck link ;;

. Initialize the set of unassigned subcarrier X' as X;

: for k=1 to |X| do
Assign from X’ the subcarrier j with the maximum |k, ;|* to the bottleneck
link [,; remove subcarrier j from X'.

5:  Each transmit node performs water-filling based on the current subcarrier

assignment.
6:  Calculate each link’s rate; designate the link with the smallest rate as the new
bottleneck link .

: end for

: Each transmit node performs water-filling based on the current subcarrier as-
signment; calculate each link’s rate and return the minimum rate.

= ow o o

® 3

In general, the greedy algorithm is only suboptimum.

5.6 Simulation Results

This section provides numerical simulation results for a linear uniform multihop
network with independent multipath fading among links. Specifically, all nodes are
located on a straight line, and the distance between the source and destination is
normalized to be 1. Without loss of generality, the source is assumed to be located

t (0,0), the jth relay station located at (i/N,0) for ¢ = 1,...., N — 1, and the

destination located at (1,0), where N is the number of hops. We adopt a 4-path

106



Rayleigh fading model with unity power decay factor and exponential power delay

—v

.7 » where

profile for all links. The path-loss factor is assumed to be proportional to d
d; ; is the distance from node 7 to node j, and v is a constant value, chosen to be
4 in our setup. Each node is assumed to have a transmit power constraint p. All
subcarriers have the same bandwidth of 1/|X| such that the total system bandwidth
is normalized to 1, i.e., >, qowy = 1.

We consider a fixed allocation of subcarriers as a baseline reference. In the fixed
scheduling algorithm, each subcarrier is assigned to a hop regardless of channel
conditions. Specifically, assuming X = {1, ..., K'}, for nth hop, if n+ (|£ )N > K
!, we assign subcarriers [n,n+ N, ..,n+ (|| = 1)N]; and if n + (| £])N < K, we
assign subcarriers [n,n+ N, ..,n+ (|5 ] — 1)N,n+ (|5 |)N]. After the subcarriers
are assigned, we run water-filling power allocation for each hop, compute the rate
for each hop and find the minimum of rates of all hops.

Fig. 5.1 and Fig. 5.2 compare the performance of different algorithms for two-
hop and three-hop wireless networks, respectively. The optimum performances in
Fig. 5.1 and Fig. 5.2 are obtained by exhaustively searching all possible subcarrier
allocations. We note that the complexity of exhaustive search grows exponentially
as the number of subcarriers increases. Fig. 5.1 and Fig. 5.2 demonstrate that the
greedy algorithm offers significant gains, up to 5 dB, compared with the fix schedul-
ing in the high SNR regime. This is because that a better allocation of subcarriers
results in more significant improvement of rates in the bandwidth limited regime.
The average performance of high-SNR approximation algorithm is slightly better
than that of the greedy algorithms. However, the performances of both algorithms,
i.e., the greedy algorithm and the high-SNR approximation algorithm, are close to

the optimum performance. Note that given the same number of subcarriers, the

x| rounds z to the nearest integer towards minus infinity.
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Figure 5.1. Average rate versus SNR for a two-hop wireless network with 8 subcar-
riers.
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Figure 5.2. Average rate versus SNR for a three-hop wireless network with 8 sub-
carriers.
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Figure 5.3. Average rate versus SNR for a three-hop wireless network with different
number of subcarriers. The greedy algorithm is used.

performance gap between the greedy algorithm and exhaustive search increases as

the number of hops increases.

Fig. 5.3 shows that as the number of subcarriers increases, the performance
of the greedy algorithm generally improves due to a finer partition of bandwidth.
The gain, however, diminishes when the number of subcarriers is large because of
increasing correlations of channel states between adjacent subcarriers.

Fig. 5.4 compares the performance of networks with different number of hops
given the same number of subcarriers. It is clear from Fig. 5.4 that as SNR in-

crease, the optimum number of hops in terms of maximizing the spectral efficiency
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Average Rate

Figure 5.4. Average rate versus SNR of networks with different number of hops, 16
subcarriers. The greedy algorithm is used.

decreases. We emphasize that even though this observation is made for a broad-

band OFDM system assuming frequency selective fading channels and channel state

information available to transmitters for power allocations, it is consistent with the

observation from a narrowband AWGN system [62, 49].

5.7 Conclusion

This chapter formulates an optimization problem for the joint power allocation
and subcarrier assignment for a multihop network with OFDM. More importantly,

the chapter proposes two low-complexity algorithms, namely, the high-SNR approx-
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imation algorithm and the greedy algorithm, to solve the optimization problem.
Simulation results suggest both algorithms closely tracks the optimum performance.
Furthermore, our simulations results indicate that in a broadband OFDM system,
more hops help in the power limited regime, but do not help in the bandwidth

limited resume, consistent with previous observations from a narrowband system.
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CHAPTER 6

CONCLUSIONS

This chapter summarizes contributions of the dissertation and suggests future

research directions.

6.1 Contributions

The overarching message of this dissertation is that there exist relaying or routing
protocols that can take advantage of relay stations in improving performance of
wireless networks, and yet are simple enough for practical implementation. Design
of these protocols must consider different trade-offs in wireless relay networks, e.g.,
complexity versus performance, power efficiency versus bandwidth efficiency, and
diversity versus multiplexing. Various previous works have focused on proposing and
studying complicated relaying protocols. Not surprisingly, these works demonstrate
significant benefits of adding complicated relay stations. By contrast, we emphasize
throughout this dissertation that wireless networks can benefit from addition of
simple relay stations. We designed simple relaying (routing) protocols that led to
improved robustness to fading or substantial power savings.

Specifically, in Chapter 3, we propose a simple relaying protocol, namely, multi-
access amplify-forward (MAF), for the block fading multi-access channel with one
relay station. We derive the diversity-multiplexing trade-off (DMT) of MAF for the

two-user symmetric MARC. We demonstrate that MAF is optimal in terms of DMT
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in the high multiplexing regime for the two-user symmetric MARC. Surprisingly, for
a regime in which the more complicated relaying protocols, i.e., dynamic decode-
forward (DDF) and compress-forward (CF), are not DMT-optimal, the simple MAF
protocol is proved to be DMT-optimal. For the MARC with more than two users
employing MAF, we provide upper and lower bounds on the DMT, and show that
the upper bound is tight in the low multiplexing regime. We further show that MAF
outperforms DDF in the high multiplexing regime and outperforms CF in the low
multiplexing regime.

For a wireless network with many relay stations, Chapter 4 develops distributed
routing schemes that offer higher spectral efficiency compared to nearest neighbor
routing and direct communication. By contrast with previous works, Chapter 4
intends to put a networking problem on a solid information-theoretic basis. Specif-
ically, Chapter 4 proposes two routing schemes, approximately-ideal-path routing
(AIPR) and distributed spectrum-efficient routing (DSER), that take into account
the trade-off between power and bandwidth efficiency. AIPR finds a path to ap-
proximate an optimum regular path and requires location information. DSER is
more amenable to distributed implementations based on Bellman-Ford or Dijkstra’s
algorithms. Our simulations show that the spectral efficiencies of AIPR and DSER
for random networks approach that of nearest-neighbor routing in the low signal-
to-noise ratio (SNR) regime and that of single-hop routing in the high SNR regime.
In the moderate SNR regime, the spectral efficiency of DSER is up to twice that of
nearest-neighbor or single-hop routing when path-loss exponent is 4.

Given that a route is selected, Chapter 5 further considers resource allocation,
e.g., power and bandwidth allocation, along multiple hops in the selected route.
Based on intuition from KKT solutions to a convex relaxation of the problem, we

propose a low-complexity efficient algorithm that is optimum at high-SNR for a
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two-hop network. Extending the idea of opportunistic transmission, we propose a
greedy approach for subcarrier allocation for a route with more than two hops. Fur-
thermore, we also observe that more hops do not always improve spectral efficiency

in a broadband system, consistent with previous results for a narrowband system.

6.2 Future Research

In this section, we collect a few directions for future research on wireless relay

networks as follows:

e Practical Coding and Decoding Algorithms: Throughout the dissertation we
have employed random coding arguments to evaluate performance of various
relaying and routing schemes. Although recent work [36, 14] has appeared for
designing coding schemes for the relay channel and MARC, further effort in
designing coding and decoding algorithms and evaluating their performance is
necessary for practical implementation of MAF protocols. In practice, prac-
tical coding schemes are often combined with ARQ schemes and can induce
new trade-offs for wireless multihop networks. For example, a larger coding
block length reduces the error probability per link, but might increase the

end-to-end delay and increase the probability of queueing overflow [49].

e Low SNR Analysis: Most practical systems operate in the regime of moderate
SNR. However, in general, an analysis for the regime of moderate SNR is
difficult. Hence, in Chapter 3, we have focused on the high SNR DMT analysis
to get some insight. It might be also possible to develop an analysis for the
MARC in the regime of low SNR. And a combination of different perspectives
from high and low SNR can provide a more comprehensive perspective on how

wireless relay networks operate. Recent work on the outage probability at low
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SNR [4] and work at the wideband spectral efficiency [72] provide promising

frameworks that can be applied to the MARC and multihop networks.

Practical Radio Implementation: We have focused on proposing simple pro-
tocols for wireless relay networks. Recent emergence of software defined radio
(SDR), e.g., GNU-Radio, has offered a powerful, flexible and inexpensive plat-
form to implement the proposed protocols. A testbed implementation would
indicate the degree to which the assumptions in the dissertation, e.g., block
and symbol synchronization among the radios and availability of channel state
information, are reasonable. A testbed would also allow for study of the impor-
tant issues of overhead required for channel estimation, multi-access control,

and routing.

Routing with Cooperative Diversity: In Chapter 4, we have focused on de-
signing routing protocols that improve spectral efficiency of networks without
exploiting cooperative diversity. Combining a judiciously chosen route with
user cooperation schemes might further increases the rate and improve the
reliability. However, interactions between routing and user cooperation have
not been fully studied. To study the impact of user cooperation on designing
routing protocols remains a challenging task. Recent work in [77] may pro-
vide a useful framework for studying the interaction between routing and user

cooperation.

Queueing: This dissertation has adopted the typical assumption of continuous
traffic from the source(s), hence allowing us to make use of Shannon theory.
This assumption corresponds to scenarios in which networks are heavily loaded
with traffic, highlighting the importance of spectral efficiency. However, when

networks are not heavily loaded with traffic, the bursty nature of traffic should
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not be neglected and requires a potentially different perspective. Formulating
the relaying or routing problem in the MARC or the multihop network under
the assumption of bursty traffic can lead to related, but different, communica-
tion strategies and requires further combination of networking and information
theoretic perspectives. The unification of networking and information theory
has remained a challenging but promising topic [27]. Different sets of anal-
ysis tools, e.g., dynamical programming, and different performance metrics,
e.g., queueing delay, might be needed for further pursuing this direction. An
interesting work on this direction is in [56], where it is shown that, by exploit-
ing the large number of idle users, the throughput of a cooperative wireless
random-access network with Rayleigh fading approaches that of random-access

network with AWGN.

Distributed Resource Allocation: Resource allocation in wireless relay net-
works becomes difficult as more information and constraints need to be con-
sidered. Chapter 5 has developed a centralized approach towards subcarrier
allocation, but allowed distributed power allocation in each transmit node. A
promising approach in developing distributed resource allocation algorithms
is the network utility optimization framework [51]. The challenge in applying
network utility optimization to wireless relay networks is in taking into ac-

count, in a distributed way, the broadcast nature of wireless communication.

General networks: This dissertation has focused on two types of wireless net-
works, i.e., the MARC and multihop networks. Further study of more general
networks would provide more guidelines for building wireless relay networks.
One challenge in studying general networks is to come up with a basic net-

work model that is more general than what we studied in this dissertation,
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but not so complicated that the resulting analysis becomes intractable. The
work in [12] provides an interesting framework that models how cooperating
terminals can be connected to each other in wireless relay networks subjected
to different system resource constraints. Much more work is needed to obtain

better understanding of such models and issues involved.
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APPENDIX A

PROOF OF THEOREM 1

Proof: The proof uses the machinery of Theorem 2 in [68] and Lemma 2 in [7] as
well as some of the techniques of Theorem 3 in [5]. Section A.2 and Section A.3
provides the lower and upper bound, respectively. We provide detail development
on bounding the error probability that only one user cannot be decoded in Sec-
tion A.2.2. Section A.2.2 also intends to familarize readers with the standard proof
technique for DMT so that we don’t have to provide detail development in other
part of the disserataion. On other parts of the proof, e.g., bounding the error prob-
ability that both users cannot be decoded and bounding the outage probabilities,
we only provide a sketech on the standard part and focus on the novel part of our

proof.

A.1 Preliminary
A.1.1 Notation

In this chapter, random variables and random vectors are denoted using the sans
serif (e.g., x) and bold sans serif (e.g., X) fonts, respectively. Calligraphic letters
denote events or sets (e.g., §),and 8¢ represents the complementary set. RY and €V
represents the set of real and complex N-tuples, respectively, and RV represents the
set of non-negative real N-tuples. 8°* represents the non-negative complementary
set provided § is a non-negative set, i.e., 8" ;= §¢(RN* if § € RN. HT represents

a Hermitian transpose of H and 2 means max{z,0}.
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A.1.2 Exponential Equality

Exponential equality is denoted by =, e.g., f(p) = p” when

i 108 (P) _
p—oo  logp

In this expression, v is called the exponential order of f(p). < and > are defined
similarly.

For a Gaussian random variable h with zero mean and unit variance, the expo-
nential order v of 1/|h|? is

. log|hf?
v = lim — .
p—oo  logp

And the probability density function (PDF) of v is shown [7] to be
P,(v) = lim log pp™" exp(—p~").
p—00
Using the definition of exponential equality, we can have

p~ v forv >0,
Py (v) = (A1)

0 for v < 0.

Intuitively, (A.1) simplifies diversity-multiplexing analysis by allowing us to focus
on the non-negative set of exponential orders of random variables. More precisely, for
random variables {v; }é\le that are independent and identically distributed according
to P,(v), the probability Ps that (vi,..., vy) belongs to set 8 can be characterized

by
Ps = p_ds7 (A2)
where

ds = inf Z v;. (A.3)

(vi,e. 7VN)'€5jL
In general, for the fading coefficient between node ¢ and j, i.e., h;;, we denote

v, ; as the exponential order of 1/ |h; ;|*.
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A.1.3 Codebooks

We consider the ensemble of i.i.d Gaussian random codes. Specifically, each user
generates a codebook G containing p"**! codewords, denoted as Xl(i), Xz(i), s X;?ix,
for i = 1,2. Each codeword is a 2 x [/2 matrix with C.N.(0,1) i.i.d. entries.
Once picked, the codebooks are revealed to the receiver. In each block period, the
transmitted signals of users are simply chosen from the corresponding codebook

C? equiprobably according to the message to be transmitted. We focus on the

symmetric case, i.e., r; = r/2 for i =1, 2.
A.2 Lower Bound

Following the outline of [68] and [7], we split the joint error event € into mutually

exclusive error events €1, €5 and 3, i.e.,
8 - 81U82U83, (A4>

where £; (€2) represents the error event that only user 1 (2) is detected in error, and
€3 represents the error event that both of the users are detected in error. Applying

the union bound to (A.4) yields
Pe < Pgl + PgQ + PgS. (A5>

Pe,, Pe, and Pg, are bounded by first eliminating the contribution of the correctly
decoded user, if any, from the received signal, and then bounding the corresponding
pairwise error probabilities for the remaining user(s) [5].

To proceed, we consider the average pairwise error probablity for a linear Gaus-
sian MIMO channel Y = HX + Z assuming Gaussian codewords. From [7, 81], the

average pairwise error probability is approximated by
1
P,, = det(I + inzHHZ;l)*l, (A.6)
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where: [ is a unity matrix; 3, and X, denote the covariance matrices of signals X
and noise Z, respectively and [ is the codeword length.
Utilizing (A.6), we have the average pairwise error probabilityies corresponding

81, 82 and 83, i.e.,

r 2 2 472
P, 2 plhial” + [bhyahi "+ 5 byl .
P < [1+=|h - f =1,2 AT
':pgi|H - + 2 | 7Cl| + 2 1 —I— |bhr7d|2 or 1 ( )
i 2 2 2 2 2
p 2 o P (hal” + [hal”) + [bhral” ([ " + |hoy|7)
P < 1 = h h ~ B 9 ) B B

—1)2
p* (Ihyal” + [hoal”)? + [bhy.al* [y ahsr — ho by, | (A.8)
4 1+ |bh,.g4|° ’ '

+
where H = [hL’r‘: h2,7’7 h?“,d) hl,d7 h27d]'

A.2.1 Bounding Single User Error Event

First, we consider bounding Pe, from (A.7). Applying the union bound on
o2 codewords and taking high SNR approximation, we have the following error

probability conditioned on channel realizations:
Pen < p—{max[1—v17d,2(1—vl,d),l—vr,d—er]—r}%' (A.9)
We define the following set
G1={(vig, Vra,viy) > 0 :max [l — vy 4,2(1 = vigq), 1 —veg—vi, | <r}. (A.10)
By Bayes’ rule, we can bound Pg, conditional on Gy, i.e.,

Pe, < P, g; + Pg,, (A.11)

where: Pg, is the probability that exponential order of channel realizations belongs
to set Gy and Pg, g is the probability that the event €; happens and exponential

order of channel realizations belongs to set §f.
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Recall (A.2), we can have

Pg, = p~%1, (A.12)
where
dg, = inf Vid + Ved + Vi, (A.13)
(V1,d:Vr,a,v1,r)EGT
= (==, (A14

We then average (A.9) on channel realizations that belongs to set Of to bound

P51,9§7 z'.e.,
P8179'13 ép_d9%7 (A15)
where
. )
dge = inf Vigt+Veatviy+= {max [l —vi 4, 2(1 —vig), 1 —vog —vi, | —1}.
(Vi,dsVr,d,vi,r) €SS 2
(A.16)

Since we assume [ is large, the infimum in (A.16) is achieved when the equality

in G{ holds. After some algebra manipulation, we have
dge = (1— r/2)t+(1—r)". (A.17)

We combine (A.12), (A.15) and (A.11) to have

P51§pid81> (A18>
where
de, = [(1= 5 + (1 =), (A.19)

Similar results are obtained for P, .

A.2.2 Bounding Two User Error Event

Next, we bound Pe,. However, averaging (A.8) to bound Pe, is not straightfor-

ward due to the term

|hy.ahoy — hoghy .|
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which involves subtraction. To circumvent this problem, define

e — h2,rh1,d - hl,th,d and (AZO)

|hl,r|2 + |h2,7"|2

b hyg -+ bk
Q = b T aeRd (A.21)

VI 4 o,

It is then straightforward to see that conditioned on hy, and hy,, © and € are two

complex Gaussian random variables with zero mean and unit variance. Furthermore,
E{©Q*|hy,, hy,} = 0, meaning that © and Q are conditionally uncorrelated and

therefore independent. Realizing that,
(OF + 192" = |hial* + |hoal”

(A.8) can be written as

(181> + 1) + [bhyal® (|hi,* + | o)
1+ |bh,.4|°

p p
Preyn < |1+ 5(10F+ Q) +5
—1/2
N (18F +19%) + [bhral* (I, [* + |h2,]*) [
4 1+ |bh,.q|?

(A.22)

Note that since ©, €, hy . and hy, are correlated, the techniques of [5] cannot directly
be applied to average (A.22). However, by averaging in two steps, i.e., fixing hy
and hy, and taking the conditional average with respect to ©, 2 and h, 4, and then
taking the average with respect to hy, and hy,, Pe, can be bounded.

We denote the average error probability conditional on |hy .| and |hy,,| as Py, , b, -

Utilizing the Bayes’ rule, we have

Pegihaphor = Peglhvrhze S,y T o0y g,
where Gy, 5, is a set of (ve,vq, vy a).
By defining
Shivhe, = {(ve,va,vrq) € R** : {max[2(1 — min(ve,vq)),1 — Vg — min(vy ., Vo),
2 — UT,d — Ve — min(vlﬁ‘a UQ,T)]}+ S 2T}7 (A23>
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we have

— inf ve+vQ+vr g
P = e a)€9hy kg
Shl,rth,r )

(A.24)

and

7d/
- &31hy pho
Peglhi oSy py, =P 0" (A.25)

where: vg and vq are the exponential order of 1/|©]* and 1/|Q|?, respectively; and

Calhdin, = inf Ve + v + Urd (A.26)

(v@ﬂ)fbvr,d)egzl rsho

l
+§{max[2(1 — min(ve, vq)), 1 — v q — min(vy,, va,),

2 — Vg — v — min(vy ., va, )] — 21}, (A.27)

Consider a large [, we can see that the infimum for both (A.26) and (A.24) is

achieved at the boundary of Gy,  4,,, leading to

Peyjny o, SpEslr it (A.28)
where
d83|h1 T h2 r = lnf v@ + UQ + v’r’ d (A29)
T (vo,vQ,vr,d)€Sh . ko . '
2(1—r)* for min{vy,,va,} > (1 —7)"
= (A.30)

[3(1 —r) — min{vy ,v9, ] for 0 <min{vy,, v} < (1—7)"

To obtain (A.30) from (A.29), we first notice that when r > 1, deyn,, h,, = 0.
Therefore, in the following, we assume 0 < r < 1. In Fig. A.1 and Fig. A.2.2, we
then show the projection of Gy, p,, on the plane vq = €' > 1 — r as the shaded
region for 0 < min{vy,,ve,} <1—r and min{v; ,,ve,} > 1 —r, respectively. From

Fig. A.1 and Fig. A.2.2, it is then clear that (A.30) is the desired infimum.
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1 —2r —min{vy ., ve,} 2 — 2r —min{vy,, va, }

Figure A.1. The shadowed regions are feasible regions for (ve,v,4) on the plane
vg=C>1—7r when 0 <min{vy,,vg,} <1—rfor0<r<1
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1 —2r —pin{vy ., ve, }

Figure A.2. The shadowed regions are feasible regions for (ve,v,4) on the plane
v =C >1—r when min{vy,,v9,} >1—rfor0<r <1
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It then follows that
P53 = Eh1,r,h2,r I:P83|h1,r7h2,r:| ép_df:?,‘ (A?’l)
where E[| denotes the expectation operation and

dg3 = inf 0d83|h17r,h2¢ + U1,r + Vo r (A32)

'Ul,'ra'UQ,'rZ

= 3(1-r)" (A.33)

From (A.5), it is then straightforward to conclude that the ML error probability

of two-user MARC with MAF is upper bounded by

Y

P < pe
where

dg Z min{dgl,dg3}

= min{(1 — g)Jr +(1=r)"301—-7)"}

2—-%  for 0<r<2/3

3(1—r) for 2/3<r<1

A.3 Upper Bound

As Lemma 5 of [81] shows, the outage probability is a lower bound on the error
probability; hence, it will provide an upper bound on the DMT.
Following the outline of [68] and [7], we split the joint outage event O into

mutually exclusive ouage events O, Oy and O3, i.e.,
0=0,U0,U 03, (A.34)

where O; (O9) represents the outage event that only user 1 (2) is in outage, and O3

represents the outage event that both of the users are in outage. From (A.34), it is
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straightforward to see

Py > max{Pey,, Po,, Po, } (A.35)

A.3.1 Bounding Single User Outage

First, we bound the outage event that only user 1 is in outage, i.e.,

1 2 |hial” + [bheahis| + plhial*, _
Py = P |=log(l+ plhi4l” + : . : < -lo
o, 5 log(L+ plhial” +p T+ [bh P ) < glogp

(A.36)

For large SNR, we can simplify (A.36) as
Py, = P{max[l—v14,2(1 —vi4),1 —v,q—vi,] <7} (A.37)
- p_dol (A.38)

where the second exponential equality comes from (A.2) and

do, = inf Vig+ Veg+ Vi (A.39)

(Vi,d:Vedvi,r ) EST
= (1—-r/2)"+(1—-1r)". (A.40)

Note that G; is defined in (A.10).

A.3.2 Bounding Two User Outage

Next, we bound the outage event that both users are in outage, i.e.,
(1hval” + lhaal®) + |bheal” (1ol + [ho|)
1+ |bh, 4

(Ihral® 4 [hoal®)? + | bhyal|” |y .ahsy — hoahy |
1+ |bh,.g4|°

1
Po, = P{alog Ut pllhnal + o) + o

)

+p?

< Tlogp} (A.41)

Again, bounding (A.41) gets more involved due to the existence of subtraction
|h1.aha, — hyahy |2. We can exploit similar techniques as in the development of error

probability that both users are decoding incorrectly, i.e., utilizing transformations
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(A.20) and (A.21), fixing hy, and hy, and taking the conditional average with
respect to ©, Q and h, 4, and then taking the average with respect to hy, and hy,.
However, we provide another technique that is general and simple in providing the

lower bound on the outage probability. We note that
\hiaho, — haghe | < 2(1hy gho |* + |hoahi ). (A.42)

Hence, Py, can be further bounded

(Ihval® + [haal?) + [Bhral® (|hyp|* + [hay]?)
1+ |bh,.g4|°

1+ p(|hval® + | haal®) + p

1
Po, > P{élog

2 2192 2 2 2
o2 Ul & o)+ 2 bl (| Brabrl* + b >)] Smgp} (A.43)

1+ |bhyg4|°

At high SNR, we can simplify (A.43) as

Py, > P{max [l —v14,2(1 —v14),1 — Vpg — Vi,
1— Vo d, 2(1 - V2,d), 1- Ved — V2,
2— Vid — Vi,d — V2,7 2 - Vid — V2.d — Vl,ra] < 2T} (A44)

= p oy (A.45)

where the exponential equality comes from (A.2) and
do, = 3(1—-r)*. (A.46)
Combining (A.44), (A.37) and (A.35), we obtain
Pe > p %,
where
de > min{do,,do,}

— min{(1 - g)+ + (1)t 301 -1}
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We conclude our proof by noticing that the upper bound and lower bound on
DMT overlaps.
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APPENDIX B

PROOF OF THEOREM 2

In this appendix, we provide a proof for Theorem 2. As we have provided a detail
description on the standard development techniques for DMT in Appendix A, we

only provide a sketch of key steps in this appendix.

B.1 Proof of Lower Bound

Proof: We consider the ensemble of i.i.d C.N. random codes. Specifically, each user
generates a codebook €’ containing p"i*! codewords, denoted as X 1(i), Xéi), e X,Ei)ixl-
Each codeword is a 2 x [/2 matrix with C.N.(0,1) ii.d. entries. Once picked,
the codebooks are revealed to the receiver. In each block period, the transmitted
signals of users are simply chosen from the corresponding codebook € equiprobably
according to the message to be transmitted. We focus on the symmetric case, i.e.,
r; = r/N. In general, for the fading coefficient between node i and j, i.e., h;;, we
denote v; ; as the exponential order of 1/ |h;|°.

Following methods in [68, 7], we bound the system error probability with the

type-8 error probability, i.e.,
Pe < ZPSS, (B.1)
8

where: 8 is a subset of users; £g is the event that the receiver decodes messages of
users in set § incorrectly and decode user in 8¢ correctly.

Pe. is bounded by first eliminating the contribution of the correctly decoded

s
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user, if any, from the received signal, and then bounding the average corresponding

pairwise error probabilities for the remaining user(s) [5]. The average pairwise error

probability for type-8 error is defined as the probability that an arbitrary codeword

from users in 8, e.g., [Xfil), ..,Xfi‘g')],S = {i1,...,73/}, is detected as another code-
(1)

word, e.g., [ X5 ,..,Xéi‘s')],S = {i1,..., 7|3}, averaged over ensemble of codes. The

average pairwise probability corresponding to type-8 error is bounded by

(|hial” + |bhrahis|*)

P 2, P Zies
Posiv < 1+52]Wﬂ+§

i€8 ]'+_|bhrd’2
. |12 —1/2
+'0_2 (Zies |hi7d’2)2 + Zies |hi7d|2 Zies |bh?“7dhiﬂ”’2 B |Zies bh”’dhi’rhi’d (B 2)
4 1+ |bh,.4|°
From Cauchy-Schwarz inequality, we have
2
D hial® Y b ahi |* > > bhyahi b7y
i€ i€$ i€
Hence, (B.2) can be further bounded by
2 2
P 2, P 2ies(hial” + |bhyahis|")
P < |1+z hial” + 5
ps|H 21628’ 7d| 9 1+|bhr7d‘2
—1/2
P’ (Zies |hi,d|2)2
= . (B.3)
4 1+ |bh, 4

For high SNR, we apply the union bound to (B.3) and obtain

Pegu < p_é{max[maxies(1_Vi,d)amaxi68(1_Vr,d_Vi7r)amaXi,kES(2_Vk,d_Vi,d)]_ines Ti}(B 4)
s < .

We follow the standard methods in the development of DMT in averaging (B.4)

over channel realizations, i.e.,

P = 0% (B.5)
where
= inf . , |
dS Vi,d7ViIr17Vr,d>0 ZGS: Vi.d + Vi,r + Vid (B 6)
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subject to

2—vig—Vvja < QZTZ' for i,5 €8,

€8

2(1 —vq) < QZTZ' for €S8,
€8

l—Viy — Vg < QZTi for 7€8.
€8

Assuming r; = r/N, (B.6) can be simplified as

s s
ds = |8|(1—%7‘)++(1—2’ L,

)t (B.7)

Combining (B.1) with (B.7) provides a lower bound on the DMT of the sym-

metric N-user MARC, 1.e.,

: I S 4
> _ B — ol .
dyrare(r) > m81n|8|(1 NT) +(1 QNT) , (B.8)
p— 1 _— + - e + B
ke{r?’.l.r}N} k(1 )T 4 (1 QNT) (B.9)

B.2  Proof of Upper Bound

Proof: The upper bound of the DMT is obtained by bounding the outage proba-
bility. Following methods in [68, 7], we bound the system outage probability with

the type-8 outage probability, i.e.,
PO > HléiXPoS, (Bl())

where Og is the event that the receivers in set § are in outage and users in 8¢ are

not in outage.
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Type-8 outage probability is defined as following;:

Sics([hial® + |bhyah; %)

L+p > [hial*+p

1
Poy = P{glog

ic8 1+ |bhrvd|2
. |2
+p2 (Zies |hi,d’2)2 + Zies |hi7d|2 Zies |bhr,dhi,r|2 - }Zies bhr,dhi,rhi,d
1+ |bh,.g4|°
< Zrilogp} . (B.11)
i€8

When |8] =1, (B.11) is equivalent to the outage probability of NAF [5]. Hence,

Py, > p (A=r/NTHA=20/N)) for |8] = 1. (B.12)

S -

In the general case of |§| > 1, it is straightforward to see that (B.11) can be

bounded by
1 2 > s(|hz‘d|2 + |bhy.ahi|?)
PO Z PT _log 1+p |h’L,d| +p S ? ’ ’
) {2 zeZS 1+ |bhr,d|2
—|—p2 (Zies |hi,d|2)2 + ZZES ‘hz‘,d|2 ZiES |bhr,dhi,r|2
1+ |bh,.4|°
< Zri 1ogp} . (B.13)

i€$

Following the standard techniques in [81, 5], to bound (B.13) results in

S pmAHSIA=FDT g 18] > 1. (B.14)

S -

Po

Combining (B.12), (B.14) and (B.10) leads to the upper bound on the DMT of
MAF

Y

dyar(r) <min{((1 —r/N)* +(1—2r/N)), min (1+k)(1—kr/N)"}. (B.15)

" k=2,...N
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APPENDIX C

PROOF OF PROPOSITION 1

Proof: We define the following function

FUhuwl® T el®) = A [log (14 |y 1?0, 1 /05 )
€|hl1,k|2,071,k 1
wi o (U [y g P0f /w7 )
— Aok [log(l + |hl2,k|2p72,k/wl*2,k)
| hay k> 07, 1 1
wp o (U [hy k205, /w7 )

— log

—loge (C.1)

The discussions following (5.12) of Chapter 5 clearly suggest that a subcarrier k
is assigned to link Iy if f(|hy, &|% |Pusk[?) > 0, and to link Iy if f(|hy, k|2, [y k]?) < O.
Recall the definition of per-carrier effective SNR in (5.22), we can rewrite (C.1)

mto

Sl okl Pael?) = Xk [log(l + P k) — 10g€pl—1ik}
L+ puy ok

R Dls. ke
— Ny k {log(l + Piok) — loge1 +2/312,1j . (C.2)

Making use of Assumption 2 and (5.21), we further simplify (C.2) as

hy, k|2 log e\, & log e\,
FUhy kl? i il?) = log % + Ay log =5 — 3 log ——24(.3)
| Py 1|12k €Ty €Ty

Recall Assumption 1, we can see from (C.3) that f(|hy, x|?, |hu,.x]?) monotically
decreases as the subcarrier index k increases. Hence, we know there can only exists
one L such that f(|h, k|?, |yxl?) > 0for k < L and f(|hy, k|?, |hyx]?) < 0for k> L.
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