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Abstract — This paper investigates a non-coherent
discrete-time memoryless Rayleigh fading chan-
nel. A logarithmic transform converts it into an
induced channel with additive noise that is in-
dependent of the channel input. From this per-
spective, it is natural and convenient for us to
revisit many known results and gain several new
insights. In particular, we specify a class of sim-
ple log-scale uniform channel input distributions
that performs well for moderate to high signal-to-
noise ratio (SNR). Furthermore, for this class of
input distributions, its limiting continuous distri-
bution is asymptotically capacity-achieving in the
sense that the gap between the resulting mutual
information and the channel capacity approaches
zero as SNR becomes large. The induced channel
modeling approach can also be applied to analyz-
ing other performance metrics such as the cutoff
rate and the error exponent, as well as be ex-
tended to certain multiple-antenna channels and
multiple access channels.

I. INTRODUCTION

In contrast to the thorough understanding of the addi-
tive white Gaussian noise (AWGN) channel, much less is
understood about the non-coherent discrete-time memo-
ryless Rayleigh fading channel. The simplest case is that
for which the channel is scalar, i.e.,

x=s-h+z, (1)

where s € C is the channel input, and x € C is the channel
output. The fading coefficient h € C and the additive
noise z € C are both zero-mean circular complex Gaussian
random variables, and independent for different channel
uses. Hence in (1) we suppress all of the time indexes.
For sake of simplicity and without loss of generality, we
let h and z both be of unit variance, and s be average-
power-limited so that

E{lsy=P. (2)
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Consequently, the average signal-to-noise ratio (SNR) of
this channel becomes

E{Ih]*} - &{Is[*} >
= =&{s|"} = P.
E{lzl*}
Throughout the paper we consider the case that the real-

ization of h, the fading coefficient, is available to neither
the transmitter nor the receiver.

3)

Neither the capacity nor the capacity-achieving input dis-
tribution is fully known. The authors of [1] prove that the
capacity of channel (1) is achieved by a discrete input dis-
tribution with a finite number of mass points, including
a mass point at s = 0. However, they do not provide any
specific signaling design, partly because the proof tech-
nique employed is non-constructive in nature. Further-
more, the capacity-achieving input distribution changes
for different SNR. The number of mass points, their lo-
cations, and their probabilities, all depend on the op-
erating SNR, and can only be determined through nu-
merical nonlinear optimization. In [2] the authors obtain
upper and lower bounds on the channel capacity, con-
structing an explicit discrete input distribution to give
the lower bound. They show that, at high SNR, the
channel capacity grows double-logarithmically, that is,
C = O(loglogp) as p — oo. This double-logarithmic
growth rate is refined in [3] [4] for more general models
such as Ricean fading, non-memoryless fading processes,
and multiple-antenna channels. It is shown that for very
general channel models, the channel capacity always be-
haves like C' = loglogp + x + o(1) as p — oo, where
x is called the fading number varying for different chan-
nel configurations. Another relevant work is [5], in which
the authors derive necessary and sufficient conditions for
continuous input distributions that lead to unbounded
mutual information as SNR goes to infinity.

In addition to the high-SNR analyses mentioned above,
for sufficiently low SNR it is known that the channel
capacity is achieved by using on-off keying (OOK), for
which the non-zero input has amplitude that becomes
unbounded as SNR approaches zero [1] [6]. Numerical
results [1] indicate that, for SNR less than roughly —3.5
dB, optimized OOK is capacity-achieving, and for SNR
less than 10 dB, there is at most 4% gap to capacity from
the mutual information achieved by optimized OOK.

The main idea of this paper stems from the following



observation: As SNR approaches infinity, most of the
channel randomness results from the fading coefficient
h rather than the additive noise z. Intuitively we may
approximate the limiting channel behavior at high SNR
as log x| = log [s| + log |h|, i.e., a channel with additive
noise only. This limiting approximation is validated and
employed as a proof technique in [5]. In this paper, we
further observe that such an additive-noise channel inter-
pretation holds for all SNR. Specifically, by taking the
logarithm of the channel output’s magnitude |x|, we can
decompose this transformed channel output into the sum
of two terms. One term is merely a deterministic function
of the channel input s, and the other term is indepen-
dent of the channel input and can therefore be viewed as
an additive noise. This equivalent additive-noise channel
model is conceptually more intuitive to communication
engineers, and yields a natural geometric interpretation
for many earlier results. The effects of both the mul-
tiplicative fading and the additive noise in the original
channel (1) are now described by a single induced addi-
The inefficiency of communication over the
original fading channel (1) can be intuitively understood
as the log-scale transform rescales the original SNR p to
roughly log p. Consequently, the double-logarithmic ca-
pacity growth behavior immediately follows.

tive noise.

We briefly summarize the main results of the paper as
follows.

1) In Section IT we derive the induced additive-noise chan-
nel model from the original fading channel model (1).
The two channel models are equivalent, thus the prob-
lem is converted to communication over an additive-noise
channel with certain non-Gaussian noise.

2) Based upon the induced additive-noise channel per-
spective, in Section III we establish new necessary and
sufficient conditions for channel input distributions to
achieve unbounded mutual information as SNR p —
o0, and to asymptotically achieve the channel capacity.
These conditions are qualitatively similar to those estab-
lished in [5]. However, we feel that our treatment using
the induced channel model involves much less mathemat-
ical machinery, and appears more straightforward.

3) In Section IIT we further show that a simple input dis-
tribution called the log-scale (continuous) uniform distri-
bution is asymptotically capacity-achieving. To provide
practical signaling design, we re-interpret a class of dis-
crete input distributions, which, in the induced channel
perspective, turn out to be nothing but pulse amplitude
modulation (PAM) with uniformly spaced pulses. For
moderate SNR we demonstrate that these discrete input
constellations with appropriate size achieve mutual infor-
mation higher than that achieved by the log-scale (con-
tinuous) uniform input.

Some extensions of this work are included in [7]. Specif-
ically, we study the issue of maximum-likelihood (ML)
decoding and derive commonly used lower bounds on the

cutoff rate and the error exponent, again based upon the
induced additive-noise channel perspective. These results
may be useful in the design of practical communication
systems. Furthermore, as initial attempts of generaliza-
tion, we extend the induced channel modeling approach
to certain multiple-antenna channels and multiple-access
channels (MAC).

We use bold font to represent random variables, for
which capital letters distinguish random matrices from
random scalars and vectors. For a matrix A, AT (A")
represents its transpose (conjugate transpose). N(m,X)
(CN(m, X)) represents Gaussian (circular complex Gaus-
sian) distributions with mean vector m and covariance
matrix . We frequently use Euler’s constant v =
0.5772 ... Throughout the paper, all logarithms are taken
with natural base e.

II. LOG-SCALE TRANSFORM: FROM FADING
CHANNEL TO ADDITIVE-NOISE CHANNEL

For the scalar channel (1), because the fading coefficient
h totally distorts the phase information contained in the
channel input s, we can simply let s be real and non-
negative. The channel output x has a sufficient statis-
tic [x|> = xx, ie., its energy, or equivalently, |x|,
i.e., its magnitude. Conditioned on s = s, we have
x ~ CN(0,5%41), and its energy r = |x| is exponentially
distributed with probability density function (PDF)
eiﬁ ifr>0

0 otherwise

fers(rls) —{ e (4)

Taking the logarithm of /v = |x|, and denoting the re-
sulting random variable by t = %log r, we have

902t o2t
s2+1eXp{—s2+1 (5)

- 9. 62(157% log(52+1)) . exp{_e2(t7% log(32+1z2}}

ft\s(t|8)

for t € (—o0, 0).
From (5), we observe a convenient shift-invariance prop-

erty of fys(t|s), i.e.,

1 1
Teis (t—|—§ log(s% +1) |51) = fys (t—|—§ log(sg +1) |32) (7)
for all t € (—o0,00) and any s1, s2 € [0, 00).

The shift-invariance property (7) immediately suggests an
additive-noise perspective for the original fading channel
(1) after the log-scale transform. If we introduce a new
random variable

of 1
u 3 log(s® + 1), (8)

then, via simple manipulations, we establish an induced
additive-noise channel equivalent to the original fading
channel (1) as

t=u+w. (9)



The additive noise w is independent of u, and has PDF

fuw(w) = 2™ exp{—e™'} (10)

for w € (—o0,00). From the average power constraint (2)
for s, the equivalent channel input u should satisfy

E{ey=p+1, (11)

and has a support set u € [0, 00).

Remark: The induced channel (9) is equivalent to the
normalized channel (1), in which the fading coefficient
h and the noise z are both CN(0,1) random variables.
For general parametrization, i.e., h ~ CA(0,0%) and z ~
CN(0,02), the induced channel (9) still holds, except that
the induced channel input u becomes

u % log(ops® + 02), (12)
with constraint
E{*"} =0t - P+ o0, (13)

and support set u € [%logog,oo). We note that the
definitions of t and w do not change under different
parametrization.

Figure 1 plots the PDF of the additive noise w. We ob-
serve that, the noise density is not symmetric, and it de-
creases much slower on the left side than on the right
side. These qualitative observations are more precisely
quantified by the following lemma.

0.6

0.2

Figure 1: The probability density function (PDF) of the

induced additive noise w

Lemma I1.1 (Properties of the induced additive noise
w, the scalar channel case)

1. The cumulative distribution function (CDF) of w
15

Fy(w) =1 — exp{—e®"}. (14)

2. The mean of w is

E{w}=—-1, (15)

and the mazimum of fw(w) is attained at w = 0.
3. The variance of w is

2 L

=—. 1
ok =1 (16)
4. The differential entropy of w is
pw) = = [ ful)log fulw)an
= 1-—log2+7. (17)

II1I. CHANNEL MUTUAL INFORMATION

The induced additive-noise channel perspective (9) is a
convenient tool for studying the channel behavior. In this
section we investigate the channel mutual information,
focusing on the high SNR regime.

For non-coherent channels, an asymptotically tight char-
acterization of the channel capacity is given by [3]

lim (C —loglog p) = ¥,

p—o0

(18)

where x is called the fading number, and x = —1 — ~ for
the scalar memoryless Rayleigh case (1).

Using the equivalent induced additive-noise channel (9),
we can write the channel mutual information as

I(s;x) = Z(u;t)

= h(t) — h(tju) = h(t) — h(w). (19)

From Lemma II.1 h(w) = 1 —log2 + +, hence the chan-
nel capacity corresponds to maximizing h(t), differential
entropy of the channel output t.

A. A Capacity Upper Bound Revisited

The problem of maximizing h(t) is non-trivial, because
one of the constraints is implicitly given by t = u + w,
where the support set of u is [0, o). If we relax the above
constraint to

E{t} =E{u} + E{w} =\ > —%7 (20)

and incorporating the input constraint (11) to have that
E{e™} = E{™E{M™y = p+ 1, (21)

then, following the standard maximum entropy analysis
[8], the resulting entropy-maximizing distribution of t has
pdf

* _ 14 " 1 ut 14 t
ft (t)—2 (m) meQ exp{_me2 }7 (22)



where p is determined by the relation

¥(p) —log p = 2X —log(p + 1),
and ¥(x) =l - JogT'(w) is the psi function [9]. Thus, we
can obtain an upper bound on the channel capacity by
letting A = —%,

(23)

C= sup I(wt) < h(fe(®)=—z —h(w)

= logp —pp(p) +p—v—1,(24)

where

log = ¥(p) = log(p +1). (25)

This is exactly the same upper bound obtained in [2]
using variational methods. Here we derive it from the
induced additive-noise channel. We note that a tighter
upper bound on the channel capacity is given in [3] using
duality methods.

B. Conditions for Good Continuous Input Distributions
and Log-Scale Uniform Inputs

In addition to the aforementioned capacity upper bounds,
we have the following upper/lower bounds for any given
input distribution:

2

Z(u;t) < %logoﬁ—klog 27re(1+0—v2v)—h(w)(26)
Ou

Z(u;t) > h(u) +log /1+e2hW)—hW] — h(w)(27)
The upper bound (26) is a straightforward application of
the property that Gaussian distribution maximizes the
entropy over all distributions with the same variance [8,
Theorem 9.6.5], and the lower bound (27) is obtained
using the entropy power inequality [8, Theorem 16.7.1].
From (27) we observe that if h(u) — oo as p — oo then
Z(u;t) — oo; on the other hand, from (26) we observe
that if Z(u; t) — 0o as p — oo then o2 — co. We thus ob-
tain necessary and sufficient conditions for the unbound-
edness of channel mutual information as SNR becomes
unbounded.

Proposition 111.1 The channel input u achieves
Z(u;t) — 00 as p — o0 if
h(u) — oo as p — oo; (28)

on the other hand, if u achieves Z(u;t) — oo as p — oo,
then

2
Oy — 00 as p — 0.

(29)

Neither of the above sufficient and necessary conditions
can be simultaneously necessary and sufficient. Two sim-
ple counterexamples using discrete channel inputs are

given as follows. On one hand, since the channel capac-
ity is always achieved by discrete inputs whose differen-
tial entropy is —oo, h(u) — oo is not necessary. On the
other hand, a symmetric OOK input leads to unbounded
variance as p — o0, but the resulting channel mutual
information is always upper bounded by log 2 nats.

We compare the sufficient condition in Proposition III.1
and those obtained in [5, Theorem 4.3]. In [5] it is
established that, if h(log|s|) — oo as p — oo, then
Z(s;x) = Z(u;t) — oo. The two sufficient conditions
are obviously similar, except for different transforms of
the channel input.

Proposition II1.1 immediately explains why circular com-
plex Gaussian input s performs poorly for channel (1). In
fact we have

Corollary II1.2 If s ~ CN(0,p), then its resulting
equivalent input u has

h(u) — h(w)=1-log2+~y (30)

(31)
as p — o0.

Comparing the mutual information lower bound (27) and
the capacity asymptote (18), we further obtain a suffi-

cient condition for input distributions that asymptotically
achieve capacity.

Proposition II1.3 A sufficient condition for

le (C=Z(u;t))=0 (32)
lim (h(u) — loglog p) > —log 2. (33)

p—00

Now we introduce the log-scale (continuous) uniform in-
put distribution as follows.

Definition II1.4 A log-scale (continuous) uniform input
distribution for the induced additive-noise channel (9) has
PDF

1 .
_ 7 f0<u<A
Fulu) { 0  otherwise (34)
where A > 0 is determined by
|
—1=np. 35
54 p (35)

For the log-scale uniform input distribution, the channel
output t has PDF

ﬁ®:/hmmm—mmzﬂ%®—?a—

. (36)



We can then numerically evaluate the corresponding
Z(u;t). Furthermore, the log-scale (continuous) uniform
input distribution is asymptotically capacity-achieving.

Corollary IIL.5 The log-scale (continuous) uniform in-
put achieves

lim (C —Z(u;t)) = 0.

p—00

(37)

We compare the log-scale (continuous) uniform distri-
bution with that used in [3], which lets logs take a
uniform distribution over a certain interval with width
roughly log p. Both of them are asymptotically capacity-
achieving. This is intuitively reasonable since, for large
s, u = log+/s?2 + 1 and log s are essentially identical.

For the log-scale (continuous) uniform input in the high
SNR limit, the lower bound (27) attains the channel ca-
pacity, and the upper bound (26) cannot be met, with a
gap of log \/me/6 ~ 0.1765 nats. For finite SNR, both
these bounds may be useful in characterizing the achiev-
able rate. In Figure 2, we plot the lower/upper bounds
and actual mutual information for log-scale (continuous)
uniform input. For comparison, we also plot the numeri-
cally computed channel capacity at low SNR [1], the ca-
pacity upper bound given by (24) [2], the capacity upper
bound given in [3] using duality methods, and the asymp-
totic fading number limit (18) [3].

We make several observations based on Figure 2. First,
the actual mutual information is close to its lower bound
for low and high SNR, while its upper bound is a tight
estimate for SNR between 10 and 30 dB. Second, at
high SNR the gap between the asymptotic fading num-
ber limit (18) and the mutual information lower bound
(27) is approximately 0.2 nats, even at p ~ 80 dB. This
indicates that the asymptotic fading number limit may
under-estimate the actual channel capacity for a rather
wide range of SNR. Indeed these two curves remains sep-
arated by about 0.05 nats at p ~ 400 dB. Finally, at
low SNR, there exists a significant rate loss by using
the log-scale uniform input rather than optimized OOK,
which is capacity-achieving in that regime. In fact, in the
low SNR limit, the log-scale uniform distribution yields
A = O(p), so the fourthegy [10] of the input is vanishing
with SNR. As a consequence, the channel mutual infor-
mation is quadratically vanishing with SNR.

C. Log-Scale Discrete Uniform Inputs

For practical purposes we are interested in discrete input
distributions. Motivated by the log-scale (continuous)
uniform distribution, and the idea of maximizing mini-
mum distance in the induced additive-noise channel, we
introduce the following M-ary log-scale discrete uniform
input distribution.

capacity upper -
bound (24) -

- upper bound (26)

-

P
- utual information for _
» log-scale (continuous) -

—~
n
e
]
[=} .
=
—~
by uniform input

duality-based capacity
upper bound in [3]

- asymptotic fading
number limit (18)

0.5 capacity at /
low SNR [1]

L L L
50 60 70 80

Figure 2: Comparison of different channel mutual informa-
tion bounds vs. channel SNR

Definition I11.6 A M-ary log-scale discrete uniform
distribution for the induced additive-noise channel (9) has
probability mass function (PMF)
2 prob (u=mA) = 1
Pm = = =N
form =0,..., M —1. The spacing A is determined by
SNR through the relation

(38)

2MA _

We note that this type of input is precisely that proposed
in [11, Theorem 3]. In [11] it is shown that this type of
input maximizes the Kullback-Leibler (KL) distance be-
tween the output PDFs conditioned on different inputs.
From the induced additive-noise channel perspective, this
type of input distributions is nothing but log-scale PAM
with uniformly spaced pulses. For M = 2 the log-scale
discrete uniform input reduces to symmetric OOK, and
for M — oo it approximates the continuous log-scale uni-
form input.

We numerically compute Z(u; t) for log-scale discrete uni-
form inputs with different M and plot the results in Fig-
ure 3. We observe that, at low SNR, binary (M = 2)
inputs outperform higher-dimensional inputs. As SNR
increases beyond roughly 12.5 dB, higher-dimensional in-
puts with M = 3,4,5,... successively dominate. Al-
though the log-scale (continuous) uniform input (i.e.,
M — oo limit) is asymptotically capacity-achieving, for
moderate SNR it is outperformed by log-scale discrete
uniform inputs. At low SNR, we also plot the channel
capacity, achieved by optimized OOK. We observe that
the rate gain by using optimized OOK instead of sym-
metric OOK can be significant. Finally we note that, the
capacity lower bound obtained in [2] approximately cor-
responds to the envelope of all the curves in Figure 3.
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Figure 3: Mutual information vs. SNR, for M-ary log-scale
discrete uniform input (M = 2,3,4, 5, c0) and optimized OOK

IV. CONCLUSION

In this paper we address non-coherent discrete-time mem-
oryless Rayleigh fading channels. By taking the loga-
rithm of the channel output’s magnitude, we transform
the fading channel into an equivalent induced channel
with additive noise that is independent of the channel
input. This additive-noise channel model holds for all
SNR. Using this novel perspective, we revisit and estab-
lish a series of known and new results. We in partic-
ular examine the high SNR channel behavior. We ob-
tain simple conditions for channel input distributions to
achieve unbounded mutual information as SNR becomes
unbounded, and to asymptotically achieve the channel ca-
pacity in the high SNR limit. We show that a simple in-
put distribution called the log-scale (continuous) uniform
distribution is asymptotically capacity-achieving. We fur-
ther re-interpret a class of log-scale discrete uniform input
distributions, and demonstrate that for moderate SNR
they perform better than the log-scale (continuous) uni-
form input.

The log-scale transform approach in this paper naturally
prompts a further question: “Is it possible to generalize
this approach to other channels, say, general non-coherent
fading channels?” Such a generalization, if it exists,
doubtlessly would enhance our understanding of channel
behavior and communication system design. Some ex-
tensions to restricted classes of multiple-antenna channels
and multiple-access channels are developed in [7]. How-
ever, we note that currently this approach seems to be
applicable only to memoryless Rayleigh fading channels;
extensions to more general scenarios are not immediate.
There are primarily two obstacles. First, for other fading
distributions, the “non-Rayleighness” precludes the con-
venient shift-invariance property of the log-scale trans-
form. For example, in Ricean channels or phase non-
coherent Gaussian channels, the “additive noise” after the
log-scale transform becomes input-dependent. More fun-
damentally, for channels in which the output sufficient

statistic is multivariate rather than scalar, we have not
yet found an immediate analog of the log-scale transform.
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