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NONCOHERENT COMMUNICATION THEORY FOR COOPERATIVE

DIVERSITY IN WIRELESS NETWORKS

Abstract

by

Deqiang Chen

In a wireless network, users can relay information to exploit cooperative diversity,

thereby increasing reliability and reducing power consumption. This thesis focuses

on noncoherent communication theory for cooperative diversity.

This thesis develops a general framework for maximum likelihood (ML) demod-

ulation for cooperative diversity with a decode-and-forward protocol at the relays.

A piecewise-linear (PL) demodulator is developed as an accurate approximation of

nonlinear ML detectors. This PL detector leads to an involved yet closed-form ap-

proximation for the error probability of ML detectors. Numerical results show that

the approximation is very tight. Analysis based on the Bhattacharyya upper bound

suggests cooperative diversity with decoding relays does not achieve full diversity

order. This conclusion is supported by the high SNR approximation of error prob-

ability obtained from the PL approximation. This thesis also presents some results

about the application of convolutional codes in cooperative diversity. Given the

same spectral efficiency, simulation results suggest that cooperative diversity can

perform better than non-cooperative single-hop in the block fading channel given

both schemes use ML detectors designed for the i.i.d. fading channel.
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CHAPTER 1

INTRODUCTION

Relying on the propagation of electromagnetic waves in free space, wireless com-

munications has given people the freedom to communicate from almost anywhere,

even when they are traveling. However, the wireless channel in free space has proven

to be quite hostile as the signals suffer significant attenuation, shadowing, noise, in-

terference, etc. [21]. Among the countless efforts to guarantee the quality of service

under this hostile environment, this thesis focuses on how to combat path loss and

fading.

Path loss, or large-scale path loss, significantly reduces the strength of transmit-

ted signals such that the signal-to-noise-ratio (SNR) at the receiver can be very low.

There are a number of different models for path loss [21]. Most of them suggest an

inverse relationship between the path loss and the transmitted distance. To combat

the path loss, the transmitter power can be increased. However, the power can not

be increased without limit. Another method is to place some repeaters between the

transmitter and receiver to periodically amplify the signals or detect and regenerate

the signals. The latter method proves to be more efficient than increasing of the

power, even when total power is normalized.

Fading, also called the small-scale path loss, comes from the multipath propaga-

tion of signals. Fading significantly degrades the performance of wireless communi-

cation systems. For example, the probability of error for binary-phase-shift-keying
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Figure 1.1. Example for cooperative diversity.

(BPSK) in the additive white Gaussian noise (AWGN) channel decreases exponen-

tially in SNR [20]. However, if Rayleigh fading is considered, the probability of error

only decreases as 1/SNR [20]. Diversity techniques have been widely accepted as

one of the effective ways to combat multipath fading in wireless communications

[20]. Among other approaches, multiple transmit or receive antennas at the same

terminal are often desirable for spatial diversity. However, in many scenarios, such

as in cellular, ad hoc or sensor networks, multiple antennas can often be precluded

due to the size limitations of terminals.

Cooperative diversity [23, 24, 14] combines the idea of intermediate repeaters

and multiple antennas. It avoids the size limitations of multiple antennas at the

same terminal and provides spatial diversity by allowing the terminals to relay in

parallel, thus sharing multiple antennas belonging to different terminals.

The basic idea of user cooperative diversity can be seen in Fig. 1.1. It shows

a scenario in which both users, namely user 1 and user 2, want to communicate

with a third user, i.e., user 3. This can be a common scenario for ad hoc networks.

It can also occur in a mobile network in which user 3 can be the base station.

2



Cooperative diversity means that these two users form a group to help each other

transmit the information more reliably. A simple way for them to do this can be as

follows. Assuming a time-division-multiple-access (TDMA) system, user 1 sends the

information to user 3 at time t1. Due to the nature of the wireless transmission, user

2 can receive the communication from the source to destination at time t1. At time

t2, after some processing, the relay can send signals to the destination. These signals

include information that the source wants to transmit to the destination at time t1.

In the following time slots t3 and t4, user 1 and user 2 switch roles, with user 2

sending its own information and user 1 acting as a relay. In most wireless networks,

the two channels, namely, the channel between user 1 and user 3 and the channel

between user 2 and user 3, suffer independent fading as they are located in different

places. As the signals for the same information received by the destination pass

through two independent channels, spatial diversity can be achieved by diversity

combining techniques, and better performance can be obtained. This thesis focuses

mostly on the transmission of information between user 1 and user 3 with user 2

serving as a relay. Although this example is based on TDMA, cooperative diversity is

not limited to this particular accessing method. For example, cooperative diversity

based on code-division-multiple-access (CDMA) has been proposed in [23, 24].

The outline of the following chapters is as follows. Chapter 2 presents a lit-

erature survey for cooperative diversity from different perspectives. It highlights

the subtlety and flexibility of the cooperative diversity channel. It also provides

the motivation for exploring noncoherent cooperative diversity. Chapter 3 considers

noncoherent modulation and demodulation for cooperative diversity and develops

a general framework for maximum likelihood (ML) demodulation in cooperative

diversity with a decode-and-forward protocol at the relays. It develops a piecewise-

linear demodulator as an accurate approximation of the nonlinear ML detector.
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This piecewise-linear detector not only leads to a tight, closed-form approximation

for the error probability of the ML detector, but also has certain implementation

advantages. Based on this closed-form result, this thesis derives a high SNR ap-

proximation for the noncoherent decode-and-forward system, which suggests that

an optimal location for the relay can be different from that of the coherent amplify-

and-forward system. Chapter 4 extends the piecewise-linear detector in Chapter 3

to the cases of coherent cooperative diversity with a decoding relay, cooperative

diversity with two parallel relays and cooperative diversity with multiple antennas.

It illustrates the details of how to employ the piecewise-linear approximation to

obtain a tight closed-form approximation for the probability of error. Chapter 5

explores the problem of combining coding with noncoherent cooperative diversity

and provides some preliminary results. Focusing on convolutional codes, this chap-

ter develops noncoherent ML detectors for the independent identically distributed

(i.i.d.) fading channel. It shows the main advantage of cooperative diversity re-

lies on spatial diversity. Given the spectral efficiency constraint, future work for

cooperative diversity should be more focused on the block fading channel.

The main contribution of this thesis can be summarized as following:

• A general framework is proposed for ML demodulation of both coherent and
noncoherent cooperative diversity with decoding relays.

• A piecewise-linear (PL) detector is developed to closely approximate the non-
linear ML detector for the decode-and-forward protocol. This PL detector is
also extended to coherent cooperative diversity with a decoding relay.

• Based on the PL detector, a closed-form expression is presented for the un-
coded bit error rate (BER) of noncoherent cooperative diversity with a decod-
ing relay. The uncoded BER based on the PL detector for coherent cooperative
diversity with a decoding relay is expressed as an integration. The PL detec-
tor is also extended to cooperative diversity with two relays and cooperative
diversity with two antennas and yields closed-form expressions for noncoher-
ent uncoded BER. Numerical results show that all these expressions provide
tight approximations of the performance of ML detectors. Thus, the PL de-
tector is applicable to both coherent and noncoherent cooperative diversity
with decoding relays. It not only leads to tight approximations for the error
probability of ML detectors, but also has certain implementation advantages.
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• Based on the involved closed-form expression from PL approximation, a high
SNR approximation of the BER is provided for noncoherent cooperative di-
versity with a decoding relay. It is more concise, but provides a tight approx-
imation in high SNR regimes. It also suggests that the optimal location for a
decoding relay can be different from that of an amplifying relay [22], although
numerical results indicate that these two optimum locations are quite close.
The high SNR approximation also suggests that cooperative diversity with a
decoding relay does not achieve full diversity order 2.

• It is shown that the diversity order d for cooperative diversity with M − 1
decoding relays is bounded by 1 + (M − 1)/2 ≤ d ≤ M.

• We show that it is possible to use the amplify-and-forward protocol at the relay
even without CSI. However, we also point out the ML detection here poses a
particular challenge. The ML detector involves the ratio of two integrals that
must be evaluated numerically.

• Noncoherent and coherent ML sequence detectors are presented for cooper-
ative diversity with convolutional codes in the i.i.d. fading channel. These
detectors can be easily implemented via the Viterbi algorithm. Our analysis
provides a common expression of the Bhattacharyya upper bounds for coop-
erative diversity in the i.i.d. fading channel with different signaling, namely
noncoherent BFSK, coherent BFSK and BPSK. The expression shows that the
free distance of the convolutional code is a key factor for coding performance
in cooperative diversity for the i.i.d. fading channel. This common expression
also indicates that there is about a 3 dB loss for noncoherent BFSK compared
to coherent BFSK for cooperative diversity in the i.i.d. fading channel.

• The diversity order for noncoherent cooperative diversity with convolutional
codes is less than 2dfree in the i.i.d. fading channel. The loss of diversity gain
in cooperative diversity may come from the choice of a decode-and-forward
protocol at the relay. Given that single-hop and cooperative diversity use
maximum free distance convolutional codes with the same constraint length,
the analysis indicates that cooperative diversity does not perform better than
single-hop in the noncoherent i.i.d. fading channel given the same spectral
efficiency.

• Using ML detectors designed for the i.i.d. fading channel, simulation results
suggest that cooperative diversity can perform better than single-hop in the
block fading channel given the same spectral efficiency. Optimization of the
location of the relay is still critical in obtaining the improvement of perfor-
mance.
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CHAPTER 2

BACKGROUND

This chapter provides a survey of the existing literature about cooperative di-

versity. The current results of cooperative diversity are classified into two cat-

egories, namely information-theoretic and communication-theoretic perspectives.

The information-theoretic results are concerned with the capacity of cooperative

diversity, and the communication-theoretic results are more concerned with the

performance of cooperative diversity with some particular modulation or coding

schemes.

2.1 Information-Theoretic Perspective

Cooperative diversity can be viewed as a special case of the multiple-access chan-

nel with “generalized” feedback between the transmitting terminals [32, 33]. The

difference is that the “generalized” feedback output to the encoder might be related

with the output of the decoder at the destination; but in cooperative diversity, the

feedback is simply the signals observed by the relay. The following results are all

focused on cooperative diversity.

Assuming the channel state information (CSI) is available to the transmitters,

it is demonstrated in [23, 24] that cooperative diversity increases the sum-rate over

the non-cooperative transmission for ergodic fading. It also shows that cooperative

diversity improves the outage performance for non-ergodic fading and decreases the

sensitivity of the achievable data rate to the variations of the channels.

For the case that CSI is unavailable to the transmitters but available to the re-

ceivers, it is shown in [12] that cooperative diversity does not increase the maximum
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sum-rate comparing with the non-cooperative transmission. A variety of algorithms

that can achieve full diversity order for cooperative diversity are proposed in [12].

Cooperative diversity decreases bandwidth efficiency with the number of coop-

erating terminals since the orthogonal channel assumption in cooperative diversity

requires the relay not to transmit and receive at the same time. The practical side

of this assumption lies in the fact that the transmitting powers are much higher

than the receiving signal powers if they are in the same frequency band. Algorithms

based upon space-time codes are proposed in [15] to improve the bandwidth effi-

ciency by allowing all relays to transmit on the same subchannel. Requiring more

computational complexity in the terminals, these space-time coded cooperative di-

versity algorithms also achieve spatial diversity benefits. The design of distributed

space-time filtering (STF) schemes is also proposed in [4]. It also develops a neces-

sary and sufficient condition for ensuring the full diversity advantage. An interesting

conclusion is that the an optimal design for the distributed implementation may not

be optimal in the point-to-point scenario.

2.2 Communication-Theoretic Perspective

In [14], maximum likelihood (ML) detectors and the corresponding analysis, in

terms of uncoded bit error rate, are developed for coherent cooperative diversity.

It is also pointed out that systems with an amplifying relay appear to perform

comparably, if not better, than systems with a decoding relay. Due to the relative

simplicity of the amplify-and-forward protocol, this has inspired several extensions

[5, 22]. Using a moment-generating function method, [5] proposes a “blind” relay

that does not require instantaneous CSI between the source and relay, but it can not

satisfy the instantaneous power constraint. Building upon methods from [30], [22]

provides closed-form approximations of the average symbol error probability (SEP)

for general multi-branch, multi-hop cooperative diversity for asymptotically high

SNR. It also demonstrates that, in the sense of minimizing SEP with sufficiently

high SNR, it is best for a single amplifying relay to be in a location that has the

same distance from the source and destination.

The problem of combining channel codes with cooperative diversity has been

considered in [8, 9, 35, 17]. A key feature in [8] is that the information sequences

7



are not simply repeated by the partner on a symbol-by-symbol basis. Instead, [8]

suggests partitioning the codeword of each user into two subblocks; one subblock

is transmitted by the user and the other by the partner whenever possible. This

is referred to as “coded cooperation”. It is shown that cooperative diversity with

coding achieves impressive gains compared to a non-cooperative system given the

same information rate, transmit power, and bandwidth.

In particular, the existence of the relay provides an opportunity for the code word

to be interleaved and thus provide a distributed turbo coded system. This idea is

demonstrated in [35, 17, 9]. In [35], recursive systematic convolutional (RSC) codes

are generated in the source and transmitted to the relay and destination. The relay

decodes, interleaves, and then encodes the sequence with the same RSC code. The

destination can use a standard turbo decoder. In [17], the source generates a turbo

coded sequence and then punctures it before it is sent. The relay decodes and

generates the punctured part of the source sequence and sends it to the destination.

In [9], similar ideas about turbo codes in cooperative diversity are explored based

on coded cooperation [8].

In [34], the diversity order effects of various processing schemes at the destination

are investigated for cooperative diversity with up to two amplifying relays. The

results show that the diversity order is equal to the number of independent links

combined at the destination. Thus, a network with M relays can provide up to M+1

order diversity gain. On the other hand, the combination of correlated links does

not provide diversity but extra coding gains due to repetition of information.

The case in which the users can have more than one antenna has been considered

in [27, 26] to show that cooperative diversity can be exploited together with spatial

diversity from multiple transmit or receive antennas. However, it is not clear that

whether the combination of cooperative diversity with multiple antennas will con-

tinue to substantially improve the performance if the number of relays or antennas

is large.

2.3 Motivation

All of the previous work discussed above assumes that each receiver accurately es-

timates the fading coefficients along the corresponding path. If fading varies slowly,

8



such CSI might be obtained via estimating training sequences in the protocol head-

ers [21]. However, CSI cannot not be accurately obtainable if the fading coefficients

vary quickly within the period of one transmission block. As the coherence time

decreases, the estimation of CSI reduces the effective transmission rate substan-

tially since pilot tones must be inserted frequently. In these scenarios, noncoherent

modulation and demodulation can be more practical. In addition, noncoherent

modulation and demodulation are robust methods for realizing control signaling in

wireless networks. To the best of our knowledge, there has not been a comprehensive

treatment of noncoherent demodulation for cooperative diversity. This has been the

motivation for our work.

9



CHAPTER 3

UNCODED NONCOHERENT MODULATION AND DEMODULATION IN

COOPERATIVE DIVERSITY

As we discussed in Chapter 2, modulation and demodulation for coherent coop-

erative diversity have been extensively investigated by [14, 5, 22], but little is known

for noncoherent cooperative diversity. In this chapter, we focus on modulation and

demodulation for noncoherent cooperative diversity.

In the following sections, we develop:

1. A general framework for ML demodulation of both coherent and noncoherent
cooperative diversity with decoding relays.

2. A piecewise-linear (PL) detector is developed to closely approximate the non-
linear ML detector for noncoherent cooperative diversity with decoding relays.
This PL detector is also extended to coherent cooperative diversity with a de-
coding relay.

3. Based on the PL detector, a closed-form expression for the uncoded bit er-
ror rate (BER) of noncoherent cooperative diversity with a decoding relay is
presented. Numerical results show that this expression provide a tight approx-
imations of the performance of ML detectors. The PL detector not only leads
to a tight approximation for the error probability of ML detectors, but also
has certain implementation advantages.

4. Based on the involved closed-form expression from PL approximation, a high
SNR approximation is provided for noncoherent cooperative diversity with
a decoding relay. It is more concise, but provides a tight approximation in
high SNR regimes. It also suggests that the optimal location for a decoding
relay can be different from that of an amplifying relay [22] although numerical
results indicate that these two optimum locations are quite close. The high
SNR approximation also suggests that cooperative diversity with a decoding
relay does not achieve full diversity order 2.

5. It is shown that the diversity order d for cooperative diversity with M − 1
decoding relays is bounded by 1 + (M − 1)/2 ≤ d ≤ M.
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The remainder of this chapter is organized as follows. Section 3.1 describes the

channel model used in the chapter. Section 3.2 develops a general framework for ML

detection for both coherent and noncoherent cooperative diversity. For decode-and-

forward cooperative diversity, ML detectors are generally nonlinear functions, which

substantially complicates their analysis. As a practical alternative, for purposes

of both implementation and analysis, we develop a piecewise-linear detector that

closely approximates the ML detector and provides a tight upper bound on its

performance. A high SNR approximation is also presented. For the completeness

of this thesis, Section 3.4 describes issues for ML detection in noncoherent amplify-

and-forward and points out the complexity of this problem. At the end, Section 3.3

presents the simulation results and draws conclusions.

3.1 System Model

3.1.1 Notation

We adopt the following the notation. Vectors and sequences are denoted in bold

(e.g., x) with the ith element denoted as xi. Random variables are denoted using the

sans serif font (e.g., x) while random vectors and sequences are denoted with bold

sans serif (e.g., x). The vector is assumed in column form unless otherwise stated.

Calligraphic letters denote events (e.g., R). The probability density function (pdf)

of the random variable x is usually written as p(x).

3.1.2 Model

As shown in Fig. 3.1, the source terminal broadcasts the signal x0 to the relays

and destination in the first subchannel. The relays, denoted as Ri, i = 1, ..M − 1,

and destination receive y0 and yi, respectively. After some processing, the relays

retransmit signals to the destination in the remaining M−1 orthogonal subchannels.

For the signal processing schemes for the relay, amplify-and-forward and decode-

and-forward have been suggested in [14] for coherent demodulation. To model the

effect that circuits for transmitters can only work linearly in some power regime, the

energy of a symbol transmitted by a relay is constrained to Ei. We refer to this as an

instantaneous power constraint in the following. It is shown in Section 3.4 that the

detection and analysis for amplify-and-forward becomes mathematical intractable

11
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Figure 3.1. Block diagram for cooperative diversity with multiple relays.

in order to satisfy the instantaneous power constraint. For the decode-and-forward

protocol, the relays demodulate and retransmit the source signal and thereby avoid

power saturation. In addition, the decode-and-forward protocol provides more flex-

ibility for a variety of post-processing methods at the relay if channel coding is

employed [8, 9, 27, 26]. Thus, to ensure a power constraint at the relay with po-

tential coding applications in mind, we focus on the decode-and-forward protocol in

the remainder of this thesis.

Overall, the destination receives signals y0, y ′
i from M orthogonal channels. To

make the notation more compact, we also define y ′
0 = y0. After passing these signals

through the appropriate matched filters, we obtain a baseband-equivalent discrete-

time model. We focus throughout the chapter on binary frequency-shift keying

(BFSK) for simplicity of exposition. Assume that the bandwidth of cooperative

diversity is larger than the coherence bandwidth of the channel, for BFSK signaling,

the outputs from the matched filters can be modeled as

y
′
i1 = (1 − xi)

√

Eiai,M + n
′
i1 ,

y
′
i2 = xi

√

Eiai,M + n
′
i2 ,

(3.1)

where xi is the symbol sequence transmitted by transceiver i taking values {0, 1},
Ei is the average symbol energy of the source and relays, ai,j represents the fading

coefficient of the corresponding path between transceiver i and j, and ni1 and ni2 are

additive white Gaussian noise (AWGN). For y ′
i1, y

′
i2, the subscript i denotes that this

12



signal is corresponding to symbol xi and the second subscript, i.e., 1 and 2, denotes

the first and second complex baseband signal corresponding to BFSK modulation.

The fading coefficients ai,j are modeled as zero mean, circularly symmetric mu-

tually independent complex Gaussian random variables with variances σ2
ai,j

, and

the additive noises nij are modeled as zero mean, white complex Gaussian random

variables with variance N0. The average signal noise ratio is defined as

γ̄i,j
4
= σ2

ai,j
Ei/N0. (3.2)

3.2 Noncoherent Decode-and-Forward

In this section, ML detectors are developed for noncoherent cooperative diversity

with a decoding relay. Since ML detectors are nonlinear functions, a piecewise-

linear approximation is proposed. The piecewise-linear approximation not only leads

to a closed-form expression for uncoded BER, but also has some implementation

advantages.

3.2.1 Maximum Likelihood Detector

The ML detector will be implemented as shown in Fig 3.2. This detector struc-

ture extends immediately to all coherent and noncoherent binary modulation for-

mats by properly defining functions gi(y
′
i1, y

′
i2) and fi(ti). Thus, it provides a unified

framework for the analysis. It might facilitate changes between different transmis-

sion formats according to system requirements.

Using the fact that the noise in the orthogonal channels is independent, the

destination observations are conditionally independent given the transmitted signal

and average error probability of the relay. The ML detector for the noncoherent

cooperative diversity system can be shown to employ the functions

gi(y
′
i1, y

′
i2) =

Eiσ
2
ai,M

(Eiσ2
ai,M

+ N0)N0
(|y ′

i1|
2 − |y ′

i2|
2
) , (3.3)

and

fi(ti) = ln
(1 − εi)e

ti + εi

εeti + (1 − εi)
, (3.4)

where εi is the average probability of error at the relay Ri, which uses a conventional

envelope detector. Note that ti , gi(y
′
i1, y

′
i2). Fig. 3.3 shows the plot of the function

13
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(3.4) with different average error probabilities for the relay. It clearly demonstrate

the nonlinear behavior of (3.4)1. The analysis of the diversity transmission must

consider the nonlinear behavior of (3.4), which significantly complicates the effort

of obtaining a closed-form solution for the probability of error at the destination.

An interpretation of this detector structure from detection and estimation theory

is as follows. The matched filter outputs are processed by a function gi(r1, r2) to

produce sufficient statistics. Taking a sufficient statistic as input, the function fi(t)

essentially clips its input using the statistical knowledge of the transmission link.

Although this ML detector can be applied to the case of multiple parallel relays

and multiple antennas at the destination, the remainder of this chapter focuses

in the sequel on the case of one relay to illustrate the idea of this piecewise-linear

approximation. Chapter 4 demonstrates the flexibility of this ML detector structure

by considering two examples, namely cooperative diversity with two parallel relays

and cooperative diversity with two antennas at the destination.

1Note that the behavior of this function resembles that of the classical sigmoid function in

neural network.
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3.2.2 Piecewise-Linear Detector and Performance

As noted in [14], fi(ti) essentially “clips” to the values of ± ln[εi/(1 − εi)] for

large inputs, and is approximately linear between these extreme values for small

inputs. Thus in the sequel we develop a piecewise-linear approximation to fi(ti).

This approximation suggests an alternative detector, which we call the piecewise-

linear (PL) detector, that might be more amenable to practical implementation.

Furthermore, as we will see, this detector’s performance provides a tight upper

bound on the error probability of the ML detector.

Assuming ε1 < 1/2, our PL detector is obtained from the approximation

f1(t) ∼= fPL(t) =































−Ta for t < −Ta

t for − Ta ≤ t ≤ Ta

Ta for t > Ta

, (3.5)

where Ta , ln[(1 − ε1)/ε1]. This approximation is accurate for small average error

15



probability ε1 and the approximation error is biggest for t = Ta. We note that

the diversity combiner resulting from this piecewise-linear approximation relates to

the clipped-linear combiners in [11], where the basic idea is to limit the impact of

partial-band interference by clipping the output of envelope detectors with respect

to the signal output voltage. In our scenario, we limit the impact of uncertainty

from the decisions of relay. Since the detector in [11] employs knowledge of the

probability with which the interference appears, our approximations might provide

a mechanism for optimizing the clipping level in that context as well. It is obvious

that (3.5) is much simpler from the implementation point of view than (3.4) since,

(3.5) only requires a comparison device rather than a nonlinear function ln(·).
Now the PL detector is

t0 + fPL(t1)
0

≷
1

0 , (3.6)

where t0 and t1 are the sufficient statistics output by the functions g0(y
′
01, y

′
02) and

g1(y
′
11, y

′
12) respectively from (3.3).

Note that, conditioned on x0 = 0, t0 is the difference between two exponen-

tial random variables with rates λ0 and λ′
0, and t1 is the difference between two

exponential random variables with rates λ1 and λ′
1, where

λ0 =
1

γ̄0,2

,

λ1 =
1

γ̄1,2

,

λ′
0 = 1 +

1

γ̄0,2

,

λ′
1 = 1 +

1

γ̄1,2

.
(3.7)

Moreover, t0 and t1 are conditionally independent given x0. Thus, after determining

the probability density functions (pdf) of these two random variables, by apply-

ing the total probability law to (3.6) and performing the integral, we obtain the

complicated, but closed-form, expression for the bit error probability

Pb = A1 + A2 + A3, (3.8)
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where

A1 =h(λ′
0, λ0,−Ta) × {(1 − ε1) [1 − h(λ′

1, λ1, Ta)] + ε1 [1 − h(λ1, λ
′
1, Ta)]} ,

A2 =h(λ′
0, λ0, Ta) × [(1 − ε1)h(λ′

1, λ1,−Ta) + ε1 h(λ1, λ
′
1,−Ta)],

A3 =[q(λ′
0, λ0, λ

′
1, λ1,−Ta) (1 − ε1) + q(λ′

0, λ0, λ1, λ
′
1,−Ta) ε1]×

{[h(λ′
1, λ1, 0) − h(λ′

1, λ1,−Ta)] (1 − ε1) + [h(λ1, λ
′
1, 0) − h(λ1, λ

′
1,−Ta)] ε1}

+ [n(λ′
0, λ0, λ

′
1, λ1, Ta) (1 − ε1) + n(λ′

0, λ0, λ1, λ
′
1, Ta) ε1]×

{[h(λ′
1, λ1, Ta) − h(λ′

1, λ1, 0)] (1 − ε1) + [h(λ1, λ
′
1, Ta) − h(λ1, λ

′
1, 0)] ε1} .

(3.9)

The functions in (3.9) are defined as follows,

h(r0, r1, t) ,















1 − r0

r0 + r1
e−r1t for t ≥ 0

r1

r0 + r1

er0t for t ≤ 0

, (3.10)

q(r1, r2, r3, r4, t) , 1 − r1r3

(r1 + r2)(r2 + r3)
· 1 − e(r2+r3)t

1 − er3t
, (3.11)

n(r1, r2, r3, r4, t) ,
r2r4

(r1 + r2)(r1 + r4)
· 1 − e(r1+r4)t

1 − e−r4t
. (3.12)

Some interpretations are provided here to help understand these involved expres-

sions. Actually, A1 is the probability of error for the PL detector given t1 ≤ −Ta,

A2 is the probability of error for the PL detector given t1 ≥ Ta, and A3 is the prob-

ability of error for the PL detector given −Ta ≤ t1 ≤ Ta. Note that h(r0, r1, t) is

actually the probability distribution function of the difference between two exponen-

tial random variables with parameters r1 and r0, respectively. The tedious process

to obtain these expressions is fully illustrated in Chapter 4 using the example of two

parallel relays.

As we will see in the sequel, the error probability (3.8) of the PL detector using

(3.5) provides a tight upper bound on the error probability of the nonlinear ML

detector using (3.4) in all cases we consider. This observation suggests that we can

use the much simpler (3.5) rather than the more complex (3.3) in the detector while

maintaining the benefits of diversity. In Chapter 4, this technique has been extended

to the cases in which the system has two parallel relays or has two antennas at the

destination. The PL detector is also applicable to the coherent case as shown in

Section 4.1.
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3.2.3 High SNR Approximation

Although (3.8) provides a close approximation of the performance of noncoherent

cooperative diversity with a decoding relay, it is too complicated to provide more

insight about the system. Therefore, we develop an approximation of (3.8) suitable

for high SNR. In high SNR regimes, the performance of cooperative diversity can

be parameterized by the diversity order d and coding gain c, which are defined as

follows,

lim
γ̄→∞

Pbγ̄
d = c. (3.13)

Examining (3.7) and (3.8), we note that three SNRs, namely γ̄0,2, γ̄0,1, γ̄1,2, pa-

rameterize performance. Our high SNR approximation allows all three parameters

to become large, but keeps them in fixed proportions to one another. This con-

straint of proportionality is for the purpose of accounting for the effect of network

geometry on performance. Specifically, we assume

γ̄0,2 = k1γ̄, γ̄0,1 = k2γ̄, γ̄1,2 = k3γ̄, (3.14)

where γ̄ can be the average single-hop SNR and k1, k2, k3 are constants related with

the network geometry as well as the path loss model.

The following procedure describes how to obtain the high SNR approximation:

1. (3.14) is substituted into (3.7),

2. Express (3.8) as a function of
1

γ̄
, k1, k2, k3,

3. Take power series of (3.8) around the point
1

γ̄
= 0. The first term of the series

is regarded as an asymptotic approximation2.

The result is

Pb /
1

γ̄2

(

3

k1k3
+

2 − ln 1
k2

+ ln γ̄

k1k2

)

. (3.15)

As we will see, (3.15) provides a very tight approximation to the simulation

results as SNR becomes large. The geometric interpretation of (3.15) shows that

there exists an asymmetry in the performance of noncoherent cooperative diver-

sity. This is different from coherent cooperative diversity with an amplifying relay.

2This power series is done with the maple function asympt.
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For coherent amplify-and-forward cooperative diversity [22], the BER for coherent

amplify-and-forward cooperative diversity is shown to be P ′
b ≈

1

γ̄2

1

k1

(

1

k2
+

1

k3

)

,

which indicates the optimum location for the amplifying relay is halfway between

the source and destination. The asymmetry in (3.15) suggests the location for the

noncoherent decoding relay to maximize the system performance might be different

from that of coherent amplify-and-forward. Minimization of (3.15) given SNR values

indicates that, for the path loss model assumed in this thesis, the optimal location

for coherent amplify-and-forward is closed to the optimal position for noncoherent

decode-and-forward.

However, the expression (3.15) demonstrates that cooperative diversity does not

achieve full diversity order d = 2 for asymptotically high SNR since lim
γ̄→∞

Pbγ̄
2 = ∞

due to the existence of ln γ̄. This is contrary to what we might have expected since

there are two conditionally independent channel inputs for cooperative diversity. It

can be shown that

ln γ̄ < γ̄δ for δ > 0. (3.16)

Therefore, the diversity order for cooperative diversity can be expressed as 2− δ. It

can be arbitrarily close to 2, but never reaches 2. In Chapter 4, the analysis here

is extended to cooperative diversity with two parallel decoding relays. It turns out

that the diversity order obtained for cooperative diversity with two parallel decoding

relays is 2 rather than 3. These surprising observations have motivated the following

section in order to explain these unexpected results.

3.2.4 Analysis of Diversity Order for Cooperative Diversity with Multiple Relays

This section utilizes Bhattacharyya upper bound techniques to show that the

diversity order for cooperative diversity with M− 1 parallel decoding relays is lower

bounded by 1+(M−1)/2. As there are only two codewords, namely x0 = 0 and x0 =

1, the pairwise error probability is equal to uncoded BER assuming equiprobable

signals. The Bhattacharyya upper bound of the pairwise error probability between

these two code words is

Pb ≤
M−1
∏

i=0

∫

y ′

i1,y ′

i2

{p(y ′
i1, y

′
i2|x0 = 0)p(y ′

i1, y
′
i2|x0 = 1)}1/2

dy
′
i1dy

′
i2, (3.17)
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where

p(y ′
i1, y

′
i2|x0) =















































































exp

[

− |y ′
01|2

N0 + E0σ0,M(1 − x0)

]

π [N0 + E0σ0,M(1 − x0)]

exp

[

− |y ′

02|2
N0+E0σ0,M(x0)

]

π [N0 + E0σ0,M(x0)]
for i = 0

exp

[

− |y ′

i1|2
N0+Eiσi,M(1−x0)

]

π [N0 + Eiσi,M(1 − x0)]

exp

[

− |y ′

i2|2
N0+Eiσi,M(x0)

]

π [N0 + Eiσi,M(x0)]
(1 − εi) otherwise

+

exp

[

− |y ′

i1|2
N0+Eiσi,M(x0)

]

π [N0 + Eiσi,M(x0)]

exp

[

− |y ′

i2|2
N0+Eiσi,M(1−x0)

]

π [N0 + Eiσi,M(1 − x0)]
(εi),

(3.18)

where εi is the probability of error of relay Ri.

The difficulty of solving (3.17) lies in getting the terms outside the square root.

Utilizing the Gaussian inequality, i.e.,
√

a + b + c ≤ √
a+

√
b+

√
c, it can be shown

Pb ≤
4(1 + γ̄0,M)

(2 + γ̄0,M)2

M−1
∏

i=1

[

4(1 + γ̄i,M)

(2 + γ̄i,M)2

√

2ε2
i − 2εi + 1 + 2

√

εi(1 − εi)

]

. (3.19)

Assuming all relays are located at the same position, i.e.,

γ̄0,M = k0γ̄, γ̄0,i = k2γ̄, γ̄i,M = k3γ̄, (3.20)

and εi = 1/(2+ γ̄0,i) for i = 1, ...M−1, this upper bound at least has diversity order

1 + (M − 1)/2 since

lim
γ̄→∞

Pbγ̄
1+(M−1)/2 ≤ 2M+1

k1k
(M−1)/2
2

, (3.21)

if k0, k2, k3 are nonzero constants. This lower bound of the diversity order is still

valid when the relays are located in different positions as long as εi ∝ 1/γ̄0,i and

γ̄0,i ∝ γ̄ for asymptotically high SNR.

The trivial upper bound for the diversity order of cooperative diversity with M−1

relays can be M. This can be easily seen by assuming all relays are making right

decisions, cooperative diversity becomes a M transmit antenna system, which is well

known to have diversity order M. In summary, the diversity order for cooperative

diversity with M decoding relays will satisfy

1 + (M − 1)/2 ≤ d ≤ M. (3.22)
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This claim has been supported by the results from cooperative diversity with

one or two decoding relays. As analyzed in Section 3.2.3, the diversity order for

cooperative diversity with one decoding relay is less than 2. This clearly satisfies

(3.22). Moreover, it is suggested in (3.22) that the diversity order should be higher

than 1.5. This is verified to be true. From (4.15), it is clear that this claim is also

true for cooperative diversity with two decoding relays with M = 3. Although the

upper bound (3.19) is quite loose, it does not necessarily mean that this lower bound

for diversity order is loose. The example of cooperative diversity with two decoding

relays in Section 4.2 suggests this lower bound might be tight for multiple relays.

The bounds of diversity order (3.22) can be shown to apply to coherent cooper-

ative diversity with decoding relays as well.

3.3 Numerical Results

The numerical simulation conditions in this chapter follow the same lines as in

[14]. Specifically, the coordinates of the whole communication network are normal-

ized by the distance d0,2 between the source and destination transceivers, and the

positive direction is defined as from source to destination. Without loss of gener-

ality, the source is assumed to be located at (0, 0), and the destination located at

(1, 0). For simplicity of exposition, the relay is assumed to be located at (ρ, 0). In

general, the coordinates of the relay can be arbitrary. The fading variances σ2
ai,j

are assigned using a path-loss model in the form of σ2
ai,j

∝ d−v
i,j , where di,j is the

distance from node i to node j, and v is a constant, chosen as 4 in our setup. The

total network energy per transmitted bit is also normalized to 1. Specifically, we

set E0 = 1 for single-hop transmission; for diversity transmission, we assign equal

sharing of power among the transmitters, i.e., E0 = E1 = 1/2. We note that this

power allocation does not consider the channel condition and need not be optimal

in general.

Figs. 3.4–3.6 show simulated average bit-error rates for uncoded BFSK trans-

missions for relay locations (0.1, 0), (0.5, 0), and (0.9, 0) respectively. They show

that there is an apparent increase in slope on log scale for cooperative diversity in

all three cases. This is the effect of the diversity gain. Furthermore, in Figs. 3.4–3.6,

the curves for cooperative diversity transmission also demonstrate certain shifts to
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Figure 3.4. Error probability performance of cooperative diversity with a decoding
relay located at (0.1,0), i.e., close to the source.

the left, which combats path-loss. These coding gains vary depending on the loca-

tion of the relay. Optimizing the position of the relay to achieve the highest coding

gain might be a key objective when the terminals want to form a cooperative group

[22]. Among the three scenarios we simulated, cooperative diversity performs best

when the relay is located halfway between the source and destination.

Simulation results for the average bit error rate for cooperative diversity with

coherent BFSK and BPSK are also displayed in the plots. The shifts among the

curves vary slightly with the position of the relay, though, in general, coherent BFSK

is about 3 dB worse than BPSK, and about 3 dB better than noncoherent BFSK.

As the error probability for coherent cooperative diversity with a decoding relay

is not in closed-form, the closed-form (3.8) plus 3 dB will provide another type of

approximation for the uncoded BER in coherent cooperative diversity with BFSK.
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Figure 3.5. Error probability performance of cooperative diversity with a decoding
relay located at (0.5,0), i.e., halfway between the source and destination.
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Figure 3.6. Error probability performance of cooperative diversity with a decoding
relay located at (0.9,0), i.e., close to the destination.
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Figs. 3.7–3.9 compare the results from PL approximation and high SNR approx-

imation with simulation results for noncoherent cooperative diversity The curves

represented PL approximation overlap the simulation results of nonlinear ML de-

tectors in all SNR regimes simulated here. Since the error probability of the PL

detector is in closed-form and consists of only elementary functions, it is convenient

for estimating performance of both the ML and PL detectors, rather than resorting

to expensive Monte-Carlo simulations.

The curves for the high SNR approximations (3.15) are also presented in the

plots. Note that k1 = 1
2
, k2 = 1

2
d−4

0,1, k3 = 1
2
d−4

1,2 according to the path-model adopted

in this paper, and γ̄ is the average SNR for single hop transmission. In all scenarios,

the curves for (3.15) begin to overlap with simulation results when SNR is higher

than 15 dB.

3.4 Issues of Amplify-and-Forward in Noncoherent Cooperative Diversity

This chapter has so far focused on noncoherent cooperative diversity with a

decode-and-forward protocol at the relay. This section explores the problem of

amplify-and-forward protocol in noncoherent cooperative diversity. Analysis of the

amplify-and-forward protocol becomes quite complicated in the case of noncoherent

demodulation. To satisfy the power constraint without CSI greatly complicates the

effort of obtaining a ML detector as well as evaluating its performance. This section

focuses on the simple case of one relay to illustrate this point.

The matched filter outputs at the relay are

y11 = (1 − x0)
√

E0a0,1 + n11 ,

y12 = x0

√

E0a0,1 + n12 ,

(3.23)

respectively. These signals are amplified by a factor of β at the relay before they

are transmitted to the destination. To satisfy the power constraint at the relay, the

amplifier gain β can be written as

β =

√

E1

|y11|2 + |y12|2
. (3.24)
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Figure 3.7. Compare the results from PL approximation and high SNR approxima-
tion with simulation results for noncoherent cooperative diversity with a decoding
relay located at (0.1,0), i.e., close to the source.
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Figure 3.8. Compare the results from PL approximation and high SNR approxima-
tion with simulation results for noncoherent cooperative diversity with a decoding
relay located at (0.5,0), i.e., halfway between the source and destination.
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Figure 3.9. Compare the results from PL approximation and high SNR approxima-
tion with simulation results for noncoherent cooperative diversity with a decoding
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Thus, the matched filter outputs at the destination are

y
′
11 = βy11a1,2 + n

′
11 ,

y
′
12 = βy12a1,2 + n

′
12 ,

(3.25)

respectively. The received signals y ′
11, y

′
12 are conditionally independent given the

corresponding fading coefficients, source symbols, and the amplifier gain. For non-

coherent case in which the amplifier gain is unknown, y ′
11, y

′
12 are correlated random

variables given the source symbol x0. To obtain the joint pdf for the received signals,

we define an auxiliary random variable as

s =
|y11|2

|y11|2 + |y12|2
(3.26)

and express the received signals at destination as

y
′
11 =

√

E1sa1,2 + n
′
11 ,

y
′
12 =

√

E1

√
1 − s2a1,2 + n

′
12 .

(3.27)

To illustrate the challenge of obtaining the ML detector, we focus on getting the

pdf of y ′
11, y

′
12 given the signal x0 = 0 is sent. Through some algebra, the pdf of the

auxiliary random variable is

ps(s|x0 = 0) =















2cs
((1−c)s2+c)2

, for 0 ≤ s ≤ 1

0, otherwise

, (3.28)

where c = 1 + γ̄0,1.

Noticing the received signals at the relay are conditionally independent Gaussian

random variables given t, x0, the conditional pdf can be expressed as,

p(y ′
11, y

′
12|x0 = 0, s = s) =

1

π2N0(N0 + E1σ2
a1,2

)
exp

{

A

N0(N0 + E1σ2
a1,2

)

}

, (3.29)

with

A = − |y ′
11|

2
(N0 + E1σ

2
a1,2

) − y
′
12N0 + t2E1σ

2
a1,2

(|y ′
11|

2 − |y ′
12|

2
)

+ 2Re(y ′
12

∗
y
′
11)t

√
1 − t2E1σ

2
a1,2

.

(3.30)
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Combining (3.29) and (3.28), the joint pdf of y ′
11, y

′
12 given the signal x0 = 0 can

be evaluated as

p(y ′
11, y

′
12|x0 = 0) =

∫

s

p(y ′
11, y

′
12|x0 = 0, s = s)fs(s|x0 = 0)ds. (3.31)

Unfortunately, this integral is quite complicated. Although numerical methods can

be employed to evaluate this integral, the simulation still encounters significant

difficulty. The reason is that the ML detector is

t0 + ln
p(y ′

11, y
′
12|x0 = 0)

p(y ′
11, y

′
12|x0 = 1)

0

≷
1

0, (3.32)

where t0 is the sufficient statistics output from (3.3) for i = 0. The numerical

values for the second term in (3.32), i.e., ln
p(y ′

11, y
′
12|x0 = 0)

p(y ′
11, y

′
12|x0 = 1)

= ln p(y ′
11, y

′
12|x0 =

0) − ln p(y ′
11, y

′
12|x0 = 1), can be relatively large and have significant impact on

decision making when both p(y ′
11, y

′
12|x0 = 0) and p(y ′

11, y
′
12|x0 = 1) are very small so

that the numerical routines treat them as zeros. Therefore, more theoretical insights

about (3.29) are needed in order to further simplify (3.32) to provide more precise

simulation results for the noncoherent amplify-and-forward protocol.

The power constraint adopted here, i.e.

∣

∣β2
∣

∣ (|y11|2 + |y12|2) ≤ E1, (3.33)

can also apply to coherent scenarios. It is different with the power constraint nor-

mally adopted in the coherent case [14], i.e.,

∣

∣β2
∣

∣ (E0 |a0,1|2 + 2N0) ≤ E1. (3.34)

The difference between (3.33) and (3.34) is that (3.33) accounts for the instanta-

neous noise power and (3.34) focuses more on the average power of the AWGN. In

this sense, (3.33) is more rigid than (3.34). It can be verified by simulation that,

for coherent demodulation, there is no significant difference for these two different

power constraints in terms of uncoded bit error rate, as long as the amplifier gain

is available to the destination.
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CHAPTER 4

EXTENSION OF PIECEWISE-LINEAR TECHNIQUES

Chapter 3 develops a piecewise-linear (PL) approximation to the nonlinear ML

detectors for cooperative diversity with decode-and-forward protocol. This PL de-

tector not only has some implementation advantages, but also leads to a closed-form

approximation for uncoded BER in noncoherent cooperative diversity with a decod-

ing relay. This chapter further extends the PL techniques to three other cases,

namely coherent cooperative diversity with a decoding relay, noncoherent coopera-

tive diversity with two relays and noncoherent cooperative diversity with two receive

antennas at the destination. The first example shows that the PL detector is not

only useful for noncoherent cooperative diversity, but also applicable to coherent

cooperative diversity. The uncoded BER based on the PL detector for coherent

cooperative diversity with a decoding relay is expressed as an integral, and provides

a tight approximation of the simulation results with nonlinear ML detectors. The

second example serves the purpose of demonstrating the power and restriction of

the PL techniques in the case of multiple relays. It also provides an opportunity of

examining performance for cooperative diversity with two relays. The third exam-

ple shows the flexibility of the general detector structure proposed in Chapter 3 as

it can be modified to accommodate the ML detector for cooperative diversity with

two antennas at the destination. It also shows the importance of the PL approxi-

mation and verifies that cooperative diversity can be exploited together with spatial

diversity brought by multiple antennas at the destination.
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4.1 Coherent Cooperative Diversity with the Piecewise-Linear Detector

This section investigates the performance of the coherent demodulation with a

decoding relay. To facilitate the comparison between the coherent and noncoherent

cases, we again focus on BFSK. The extension to BPSK, another common coher-

ent modulation scheme, is straightforward. In this section, the PL approximation

technique of Section 3.2.2 is extended to the case of coherent demodulation. Al-

though coherent modulation and demodulation for cooperative diversity has been

extensively investigated in [14, 22, 6], little attention has been paid to coherent

decode-and-forward. An upper bound provided for coherent decode-and-forward in

[14] is only tight when the relay is close to the source.

Assuming the destination knows the average error probability ε1 at the relay, the

coherent ML detector can be employed as shown in Fig. 3.2 by using functions,

gi(y
′
i1, y

′
i2) =

2
(

Re{y ′
i1a

∗
i,2} − Re{y ′

i2a
∗
i,2}
)√

Ei

N0
(4.1)

for i = 0, 1, and f1(t1) as in (3.4). The superscript ∗ denotes the conjugate. This

detector can be further simplified to the detector structure in [14].

Using the piecewise-linear detector and following steps similar to the noncoherent

case, the error probability conditional on the instantaneous SNR is

Pb|γ0,2,γ1,2
=

[

1 − Q

(

Ta − 2γ0,2
√

4γ0,2

)]

×
[

1 − (1 − ε1)Q

(

−Ta − 2γ1,2
√

4γ1,2

)

− ε1Q

(

−Ta + 2γ1,2
√

4γ1,2

)]

+

[

1 − Q

(

−Ta − 2γ0,2
√

4γ0,2

)]

×
[

(1 − ε1)Q

(

Ta − 2γ1,2
√

4γ1,2

)

+ ε1Q

(

−Ta + 2γ1,2
√

4γ1,2

)]

+

∫ Ta

−Ta

[

1 − ε1
√

8πγ1,2

exp

(

−(t − 2γ1,2)
2

8γ1,2

)

+
ε1

√

8πγ1,2

exp

(

−(t + 2γ1,2)
2

8γ1,2

)

]

×
[

1 − Q

(

−t − 2γ0,2
√

4γ0,2

)]

dt,

(4.2)
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where ε1 =
1

2

(

1 −
√

γ̄0,1

2 + γ̄0,1

)

and Ta = ln

(

1 − ε1

ε1

)

. For the Rayleigh fading

assumption, the SNRs are exponentially distributed with average SNR as the pa-

rameter, i.e., p(γ0,2) =
e−γ0,2/γ̄0,2

γ̄0,2
and p(γ1,2) =

e−γ1,2/γ̄1,2

γ̄1,2
. Unfortunately, it turns

out that the averaging of (4.2) with respect to the instantaneous SNRs is very

involved and must be done numerically.

Simulation results for coherent cooperative diversity with a decoding relay is

presented in Figs 4.1– 4.3. The simulation conditions for Figs 4.1– 4.3 follow the

same line as in Chapter 3. The overlapping of curves for simulation results and

numerical averaging results of (4.2) with respect to the distribution of γ1,2 and γ0,2

shows that results using PL detectors provide a very accurate approximation of

the performance of ML detection for coherent cooperative diversity with a decoding

relay. Therefore, the PL detector is also applicable to coherent cooperative diversity

with decoding relays. It can also be observed from the plots that noncoherent

BFSK loses about 3 dB compared to coherent BFSK in cooperative diversity. This

conclusion is the same as in single-hop communication. Since we do not have a

closed-form expression for the BER of coherent cooperative diversity, the curve for

(3.8) plus 3 dB gain might provide another approximation to coherent cooperative

diversity with decode-and-forward.

4.2 Noncoherent Cooperative Diversity with Two Decoding Relays

In this section, we provide a detailed derivation of the uncoded BER for coop-

erative diversity with two decoding relays by using the PL detectors introduced at

Chapter 3. The derivation provides more insight about the techniques as well as

the difficulty in extending the analysis of Section 3.2 to multiple relays based on

piecewise-linear approximation.

Applying the total probability law and piecewise-linear approximation to the

case of two parallel decoding relays, it is easy to see that the uncoded BER based
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Figure 4.1. Error probability of coherent BFSK with the decoding relay located at
(0.1,0), i.e., close to the source.
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Figure 4.2. Error probability performance of coherent BFSK with the decoding
relay located at (0.5,0), i.e., in the middle of source and destination.
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Figure 4.3. Error probability performance of coherent BFSK with the decoding
relay located at (0.9,0), i.e., close to the destination.
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on PL approximation is

Pb = Pr(t0 − Ta1 − Ta2 < 0|x0 = 0) Pr(t1 ≤ −Ta1|x0 = 0) Pr(t2 ≤ −Ta2|x0 = 0)

+ Pr(t0 − Ta1 + Ta2 < 0|x0 = 0) Pr(t1 ≤ −Ta1|x0 = 0) Pr(t2 ≥ Ta2|x0 = 0)

+ Pr(t0 + Ta1 − Ta2 < 0|x0 = 0) Pr(t1 ≥ Ta1|x0 = 0) Pr(t2 ≤ −Ta2|x0 = 0)

+ Pr(t0 + Ta1 + Ta2 < 0|x0 = 0) Pr(t1 ≥ Ta1|x0 = 0) Pr(t2 ≥ Ta2|x0 = 0)

+ Pr(t0 + t1 − Ta2 < 0,−Ta1 ≤ t1 ≤ Ta1|x0 = 0) Pr(t2 ≤ −Ta2|x0 = 0)

+ Pr(t0 + t1 + Ta2 < 0,−Ta1 ≤ t1 ≤ Ta1|x0 = 0) Pr(t2 ≥ Ta2|x0 = 0)

+ Pr(t0 + t2 − Ta1 < 0,−Ta2 ≤ t2 ≤ Ta2|x0 = 0) Pr(t1 ≤ −Ta1|x0 = 0)

+ Pr(t0 + t2 + Ta1 < 0,−Ta2 ≤ t2 ≤ Ta2|x0 = 0) Pr(t1 ≥ Ta1|x0 = 0)

+ Pr(t0 + t1 + t1 < 0,−Ta1 ≤ t1 ≤ Ta1,−Ta2 ≤ t2 ≤ Ta2|x0 = 0).

(4.3)

where

Tai = ln

(

1 − εi

εi

)

(4.4)

for i = 1, 2.

To proceed, we need the following preliminary results. Suppose x1, x2 are inde-

pendent exponential random variable with distribution p(x1) = r1e
−r1x1 and p(x2) =

r2e
−r2x2, respectively. Defining y = x2 − x1, it can be shown that the pdf of y is

p(y) =















r1r2

r1 + r2

e−r2y for y ≥ 0

r1r2

r1 + r2

er1y for y ≤ 0

, (4.5)

and its cdf is

Pr(y ≤ y) = h(r1, r2, y) =















1 − r1

r1 + r2
e−r2y for y ≥ 0

r2

r1 + r2
er1y for y ≤ 0

. (4.6)

Given x0 = 0 and the decision of relays, the distribution function of the sufficient

statistics t0, t1, t0 are essentially the same with different parameters. And the dif-

ferent assumptions of the decision of relays will also result in the same distribution
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function with a switching of parameters. This observation can further be illustrated

by taking t1 as an example. We have t1 =
E1σ2

a1,2

(E1σ2
a1,2

+N0)N0
|y ′

11|2 −
E1σ2

a1,2

(E1σ2
a1,2

+N0)N0
|y ′

12|2.
Given relay R1 makes the right decision, both terms in t1 are exponential random

variables with r2 =
1

γ̄0,1
and r1 = 1 +

1

γ̄0,1
. If relay R1 is wrong, they are still

exponential random variables with a switching of parameters, i.e., r1 =
1

γ̄0,1
and

r2 = 1 +
1

γ̄0,1
. Therefore, the effort can be focused on the case in which all relays

are right, the expression of probability of error obtained in this way can then be

extended to other cases by switching the suitable parameters. This observation can

greatly simplify the derivation. We denote the event that relay Ri makes the right

decision as Ri, the event that it makes the wrong decision as R̄i.

Another observation to further simplify the derivation is to notice that the eight

terms among (4.3) can be classified as three basic types, i.e., terms including the

probability of a single random variable, terms including the joint probability of two

random variables and the last term including the joint probability of three random

variables. Specifically, the first four terms in (4.3) only requires the individual

distribution of t0, t1, t2, the following four terms in (4.3) requires the distribution of

t0 + t1 and t0 + t2, and the last term requires the distribution of t0 + t1 + t2.

In the following, we define the following parameter to facilitate the expression,

λi = 1 +
1

γ̄i,3

λ′
i =

1

γ̄i,3

,

(4.7)

for i = 0, 1, 2. Note that here i = 0 denotes the source, i = 1, 2 denote the two

relays and the subscript 3 denotes the destination.

It is easy to see that the first four terms in (4.3) can be expressed by using func-

tion (4.6). The general form for the following four terms of (4.3) can be expressed

as

Pr(t0 + t1 − Sb < 0,−Sa ≤ t1 ≤ Sa|R1, x0 = 0) =
∫ Sa

t1=−Sa

p(t1|R1, x1 = 0)

∫ Sb−t1

t0=−∞

p(t0|R1, x0 = 0)dt0dt1

(4.8)

From (4.5), the pdfs of p(t1|R1, x1 = 0) and p(t0|R1, x0 = 0) are different in

positive and negative region, therefore different integration paths have to be taken

38



according to the different values of Sa, Sb. Through some tedious algebra, the result

is,

Pr(t0 + t1 − Sb < 0,−Sa ≤ t1 ≤ Sa|R1, x0 = 0) = m(λ0, λ
′
0, λ1, λ

′
1, Sa, Sb)

=


































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


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
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


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

















































































































































h(λ1, λ
′
1, Sa) − h(λ1, λ

′
1,−Sa)

− λ0λ1λ
′
1e

−λ′

0Ta2

(λ0 + λ′
0)(λ1 + λ′

1)

[

1 − e−(λ1+λ′

0)Sa

(λ1 + λ′
0)

for Sb ≥ Sa ≥ 0

+
e−(λ′

0−λ′

1)Sa − 1

(λ′
0 − λ′

1)

]

h(λ1, λ
′
1, Sb) − h(λ1, λ

′
1,−Sa)

− λ0λ1λ
′
1e

−λ′

0Ta2

(λ0 + λ′
0)(λ1 + λ′

1)

[

1 − e−(λ1+λ′

0)Sa

(λ1 + λ′
0)

+
e−(λ′

0−λ′

1)Sb − 1

(λ′
0 − λ′

1)

]

+
λ0λ1λ

′
1e

−λ0Ta2

(λ0 + λ′
0)(λ1 + λ′

1)(λ0 + λ′
1)

for 0 ≤ Sb ≤ Sa

×
[

e−(λ0+λ′

1)Sb − e−(λ0+λ′

1)Sa

]

h(λ1, λ
′
1, Sb) − h(λ1, λ

′
1,−Sa)

− λ′
0λ1λ

′
1e

−λ′

0Ta2

(λ0 + λ′
0)(λ1 + λ′

1)(λ0 + λ′
1)

[

e(λ1+λ′

0)Sb for − Sa ≤ Sb ≤ 0

−e−(λ1+λ′

0)Sa

]

+
λ′

0λ1λ
′
1e

λ0Ta2

(λ0 + λ′
0)(λ1 + λ′

1)

×
[

1 − e−(λ1−λ0)Sb

(λ1 − λ0)
+

e−(λ′

1+λ0)Sa − 1

(λ′
1 + λ0)

]

λ′
0λ1λ

′
1e

λ0Ta2

(λ0 + λ′
0)(λ1 + λ′

1)

[

1 − e−(λ1−λ0)Sa

(λ1 − λ0)
for Sb ≤ −Sa ≤ 0

+
e−(λ′

1+λ0)Sa − 1

(λ′
1 + λ0)

]

(4.9)

The complexity of (4.9) mainly comes from the asymmetry of the pdf (4.5). This

asymmetry makes the computation of the last term in (4.3),

Pr(t0 + t1 + t1 < 0,−Ta1 ≤ t1 ≤ Ta1,−Ta2 ≤ t2 ≤ Ta2|R1,R2, x0 = 0) =
∫ Ta1

t1=−Ta1

p(t1|x1 = 0)

∫ Ta2

t2=−Ta2

p(t2|x2 = 0)

∫ −(t1+t2)

t0=−∞

p(t0|x0 = 0)dt0dt1dt2,
(4.10)
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extremely difficult. As demonstrated above, a general expression can be obtained

by separating the integration region step by step: first according to whether t1 + t2

is positive, then the relative values of t1 and t2 and then Ta1 and Ta2. To simplify

the derivation, it is assumed in the following that Ta1 = Ta2, which means both

relays are located at positions with the same distance from the source. This is the

bottle neck of the expressions provided in the following,

Pr(t0 + t1 + t1 < 0,−Ta1 ≤ t1 ≤ Ta1,−Ta2 ≤ t2 ≤ Ta2, t1 + t2 ≤ 0|R1,R2, x0 = 0)

=n1(λ0, λ
′
0, λ1, λ

′
1, λ2, λ

′
2, Ta1, Ta2)

= [h(λ1, λ
′
1, 0) − h(λ1, λ

′
1,−Ta1)] [h(λ2, λ

′
2, 0) − h(λ2, λ

′
2,−Ta2)]

− λ0λ1λ
′
1λ2λ

′
2

(λ0 + λ′
0)(λ1 + λ′

1)(λ2 + λ′
2)

[

1 − e−(λ2+λ′

0)Ta2

λ2 + λ′
0

] [

1 − e−(λ1+λ′

0)Ta2

λ1 + λ′
0

]

+
λ′

1λ2λ
′
2

(λ1 + λ′
1)(λ2 + λ′

2)

[

1 − e−(λ1+λ′

2)Ta1

λ1 + λ′
2

+
e−λ1Ta1(e−λ′

2Ta2 − 1)

λ2

]

− λ′
1λ2λ

′
2

(λ1 + λ′
1)(λ2 + λ′

2)

λ0λ1

(λ0 + λ′
0)(λ1 + λ′

0)

[

1 − e−(λ1+λ′

2)Ta1

λ1 + λ′
2

− e−(λ′

0+λ1)Ta1(e(λ′

0−λ′

2)Ta2 − 1)

λ′
0 − λ′

2

]

+
λ1λ

′
1λ2λ

′
2

(λ1 + λ′
1)(λ2 + λ′

2)

[

1 − e−λ2Ta2

λ2λ′
1

− 1 − e−(λ1′+λ2)Ta2

λ′
1(λ2 + λ′

1)

]

− λ0λ1λ
′
1λ2λ

′
2

(λ0 + λ′
0)(λ1 + λ′

1)(λ2 + λ′
2)
×

1

(λ′
0 − λ′

1)

[

1 − e−(λ2+λ′

1)Ta2

λ2 + λ′
1

− 1 − e−(λ2+λ′

0)Ta2

λ2 + λ′
0

]

(4.11)
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and

Pr(t0 + t1 + t1 < 0,−Ta1 ≤ t1 ≤ Ta1,−Ta2 ≤ t2 ≤ Ta2, t1 + t2 ≥ 0|R1,R2, x0 = 0)

=n2(λ0, λ
′
0, λ1, λ

′
1, λ2, λ

′
2, Ta1, Ta2)

=
λ0λ1λ

′
1λ2λ

′
2

(λ0 + λ′
0)(λ1 + λ′

1)(λ2 + λ′
2)
×

1

λ0 + λ′
1

[

1 − e−(λ2+λ′

1)Ta2

λ2 + λ′
1

− e−(λ0+λ′

1)Ta2
1 − e−(λ2−λ0)Ta2

λ2 − λ0

]

+
λ0λ1λ

′
1λ2λ

′
2

(λ0 + λ′
0)(λ1 + λ′

1)(λ2 + λ′
2)

1

λ1 − λ0

[

1 − e−(λ0+λ′

2)Ta2

λ0 + λ′
2

+
e−(λ1−λ′

2)Ta2 − 1

λ1 − λ′
2

]

+
λ0λ1λ

′
1λ2λ

′
2

(λ0 + λ′
0)(λ1 + λ′

1)(λ2 + λ′
2)

1 − e−(λ0+λ′

1)Ta1

λ0 + λ′
1

1 − e−(λ0+λ′

2)Ta2

λ0 + λ′
2

(4.12)

At the end, the error probability given R1, R2 both makes correct decisions is

defined as

u(λ0, λ
′
0, λ1, λ

′
1, λ2, λ

′
2) =h(λ0, λ

′
0, Ta1 + Ta2)h(λ1, λ

′
1,−Ta1)h(λ2, λ

′
2,−Ta2)

+ h(λ0, λ
′
0, Ta1 − Ta2)h(λ1, λ

′
1,−Ta1)[1 − h(λ2, λ

′
2, Ta2)]

+ h(λ0, λ
′
0,−Ta1 + Ta2)[1 − h(λ1, λ

′
1, Ta1)]h(λ2, λ

′
2,−Ta2)

+ h(λ0, λ
′
0,−(Ta1 + Ta2))[1 − h(λ1, λ

′
1, Ta1)][1 − h(λ2, λ

′
2, Ta2)]

+ m(λ0, λ
′
0, λ1, λ

′
1, Ta2)h(λ2, λ

′
2,−Ta2)

+ m(λ0, λ
′
0, λ1, λ

′
1,−Ta2)[1 − h(λ2, λ

′
2, Ta2)]

+ m(λ0, λ
′
0, λ2, λ

′
2, Ta1)h(λ1, λ

′
1,−Ta1)

+ m(λ0, λ
′
0, λ2, λ

′
2,−Ta1)[1 − h(λ1, λ

′
1, Ta1)]

+ n1(λ0, λ
′
0, λ1, λ

′
1, λ2, λ

′
2, Ta1, Ta2)

+ n1(λ0, λ
′
0, λ1, λ

′
1, λ2, λ

′
2, Ta1, Ta2)

(4.13)

And the error probability of the approximated piecewise-linear detector can be
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expressed as

Pb =u(λ0, λ
′
0, λ1, λ

′
1, λ2, λ

′
2)(1 − 1

2 + γ̄0,1
)(1 − 1

2 + γ̄0,2
)

+ u(λ0, λ
′
0, λ

′
1, λ1, λ2, λ

′
2)(

1

2 + γ̄0,1
)(1 − 1

2 + γ̄0,2
)

+ u(λ0, λ
′
0, λ1, λ

′
1, λ

′
2, λ2)(1 − 1

2 + γ̄0,1

)(
1

2 + γ̄0,2

)

+ u(λ0, λ
′
0, λ

′
1, λ1, λ

′
2, λ2)(

1

2 + γ̄0,1

)(
1

2 + γ̄0,2

)

(4.14)

Simulation results show this closed-form expression provides a tight approximation.

We emphasize here that this formula is only suitable for Ta1 = Ta2, which means

both relays have the same average error probability.

Assuming γ̄0,3 = k1γ̄, γ̄0,1 = γ̄0,2 = k2γ̄, γ̄1,3 = k3γ̄, γ̄2,3 = k4γ̄ and taking similar

steps as in Section 3.2.3, it can be shown that a high SNR approximation for (4.14)

is

Pb ≈

1

γ̄2

2

k1k2
. (4.15)

This high SNR approximation suggest that cooperative diversity with two parallel

decoding relays achieves diversity order 2. This coincides with the lower bound of

diversity order provided in (3.22) with M = 3, and might suggest that the lower

bound in (3.22) is tight. It is interesting to note that this high SNR approximation

does not rely on the distances between the relays and destination. This is different

from (3.15), in which the high SNR approximation relies on the distance between

relay and destination. Whether or not this has broader implications is not yet clear.

Simulation results of cooperative diversity with two parallel relays are presented

in Figs 4.4–4.6. It is assumed in the simulation that both relays are located at

the same position and share the same power with source under the total power

constraint, i.e., E0 = E1 = E2 = 1/3. The curves of (4.14) overlap with the

corresponding curves representing simulation results with nonlinear ML detectors.

This shows the tightness of the PL approximation. The curves for the high SNR

approximation (4.15) are also presented in the plots. It is easy to see that the high

SNR approximation is already tight in moderate SNR regimes for the two cases

when relays are not close to the source. However, Fig. 4.4 seems to suggest that this

high SNR approximation is not very tight in moderate SNR regimes for the case in
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which two relays are both sitting quite close to the source, i.e., [0.1,0]. But, if SNR

is increased up to 80 dB, the curve of (4.14) eventually overlaps with the curve of

(4.15). The reason is that in high SNR approximation, we throw away high order

terms of SNR such as c/γ̄3, where c is a constant determined by network geometry.

Although such terms are negligible as SNR approaches infinity, these high order

terms might still have significant impact at moderate SNR when the relays are close

to the source. Among the three scenarios simulated here, cooperative diversity with

two relays performs best when the relays are located at [0.1,0]. But in cooperative

diversity with one relay, the scenario in which the relay is located at [0.5,0] offers

better performance than the scenario in which the relay is located at [0.1,0]. These

different observations suggest the optimum location for relays might be close to the

source as the number of relays increases. Future work is expected to fully address

this problem.

4.3 Noncoherent Cooperative Diversity With Two Receive Antennas

In [27, 26], it has been shown that cooperative diversity can be exploited on top of

the spatial diversity provided by multiple antennas. We here provide a closed-form

approximation of the uncoded bit error rate for noncoherent cooperative diversity

with two receive antennas at the destination. Specifically, the first antenna RX1

receives y
(1)
01 , y

(1)
02 from the source and y

(1)
11 , y

(1)
12 from the relay. The second antenna

RX2 receives y
(2)
01 , y

(2)
02 and y

(2)
11 , y

(2)
12 , respectively from the source and the relay.

Assuming the signals received by the two antennas suffer identically independent

distributed fading if they came from the same transmitter, the ML detector can be

implemented by a detector as shown in Fig. 4.7. The function gi(·, ·) for i = 0, 1 is

just the same as (3.3) and f1(·) is the same as (3.4). It is easy to see that Fig. 4.7

is nothing more than a specific example of Fig. 3.2. Therefore, ML detectors for

cooperative diversity with multiple receive antennas at the destination can be well

incorporated into the general detector structure of normal cooperative diversity.

Applying the PL detector, the approximation for the uncoded bit error rate is
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given as

Pb =G(
2

γ̄0,2
, 1 +

2

γ̄0,2
, Ta1)×

[

(1 − ε1)G(
2

γ̄1,2
, 1 +

2

γ̄1,2
,−Ta1) + ε1G(1 +

2

γ̄1,2
,

2

γ̄1,2
,−Ta1)

]

+ G(
2

γ̄0,2
, 1 +

2

γ̄0,2
,−Ta1)×

[

1 − (1 − ε1)G(
2

γ̄1,2
, 1 +

2

γ̄1,2
, Ta1) − ε1G(1 +

2

γ̄1,2
,

2

γ̄1,2
, Ta1)

]

+ H1(
2

γ̄0,2

, 1 +
2

γ̄0,2

,
2

γ̄1,2

, 1 +
2

γ̄1,2

, Ta1)(1 − ε1)

+ H1(
2

γ̄0,2

, 1 +
2

γ̄0,2

, 1 +
2

γ̄1,2

,
2

γ̄1,2

, Ta1)ε1

+ H2(
2

γ̄0,2
, 1 +

2

γ̄0,2
,

2

γ̄1,2
, 1 +

2

γ̄1,2
, Ta1)(1 − ε1)

+ H2(
2

γ̄0,2
, 1 +

2

γ̄0,2
, 1 +

2

γ̄1,2
,

2

γ̄1,2
, Ta1)ε1,

(4.16)

where γ̄0,2, γ̄1,2 are the average SNRs per bit, respectively, between the source and

destination and between the relay and destination; ε1 is the error probability of the

relay; Ta1 = ln

(

1 − ε1

ε1

)

. The functions in (4.16) are defined as following,

G(r1, r2, x) =











1 − r2
2e

−r1x(a1(r1, r2)x + a2(r1, r2)) for x ≥ 0

er2x(a3(r1, r2)x + a4(r1, r2)) for x ≤ 0
(4.17)
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where

a1(r1, r2) =
r1

(r1 + r2)2
,

a2(r1, r2) =
r1

(r1 + r2)2
+

2r1

(r1 + r2)3
,

a3(r1, r2) = −r2 +
r2
2

(r1 + r2)
+

r1r
2
2

(r1 + r2)2
,

a4(r1, r2) = 1 − r2
2

(r1 + r2)2
− 2r1r

2
2

(r1 + r2)3
,

b1(r1, r2) =
r2
1

(r1 + r2)2
,

b2(r1, r2) =
2r2

1

(r1 + r2)3
,

b3(r1, r2) =
−r1

(r1 + r2)
+

r1r2

(r1 + r2)2
,

b4(r1, r2) =
1

(r1 + r2)
+

r1 − r2

(r1 + r2)2
− 2r1r2

(r1 + r2)3
,

P0(r1, x) =
1

r1
er1x,

P1(r1, x) = er1x(
x

r1
− 1

r2
1

),

P2(r1, x) = er1x(
x2

r1
− 2x

r2
1

+
2

r3
1

),

(4.18)

and

H1(r1, r2, r3, r4, x) = − r2
4a3(r1, r2)b1(r3, r4)[P2(−r2 − r3, x) − P2(−r2 − r3, 0)]

+ r2
4[a4(r1, r2)b1(r3, r4) − a3(r1, r2)b2(r3, r4)]×

[P1(−r2 − r3, x) − P1(−r2 − r3, 0)]

+ r2
4a4(r1, r2)b2(r3, r4)[P0(−r2 − r3, x) − P0(−r2 − r3, 0)],

(4.19)
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H2(r1, r2, r3, r4, x) =G(r3, r4, 0) − G(r3, r4,−x)

+ r2
2r

2
4b3(r3, r4)a1(r1, r2)[P2(r1 + r4, 0) − P2(r1 + rr,−x)]

+ r2
2r

2
4[−a1(r1, r2)b4(r3, r4) + a2(r1, r2)b3(r3, r4)]×

[P1(r1 + r4, 0) − P1(r1 + r4,−x)]

− r2
2r

2
4a2(r1, r2)b4(r3, r4)[P0(r1 + r4, 0) − P0(r1 + r4,−x)].

(4.20)

Assuming γ̄0,2 = k1γ̄, γ̄0,1 = k2γ̄, γ̄1,2 = k3γ̄, it can be shown that lim
γ̄→∞

Pbγ̄
2 = 0

and lim
γ̄→∞

Pbγ̄
3 = ∞. This suggests that the diversity order for cooperative diversity

with two receive antennas is between 2 and 3.

Figs 4.8–4.10 demonstrate the performance of cooperative diversity with two re-

ceive antennas at the destination. The simulation condition follows along the same

lines as in Chapter 3. The curves for (4.16) and simulation results are overlapped,

which shows that the theoretical prediction following piecewise-linear approximation

is very accurate. This further illustrates the power of the piecewise-linear approxi-

mation in addition to its implementation advantage. The results from cooperative

diversity with a single antenna are also presented in the plots. It is easy to see

that the combination of cooperative diversity with two receive antennas at the des-

tination will provide diversity gains. We also present the curves for single-hop with

three receive antennas in the same plots. When the relay is close to the destination,

there is a crossing between the curve for cooperative diversity with two antennas

and the curve for single-hop with three antennas. This shows the system still does

not achieve full diversity order 3 as compared with single-hop system with three

receive antennas. Similar trends can be identified for the scenario when the relay

is located halfway between the source and destination. When the relay is close to

the source, the curve for cooperative diversity shows a higher slope than that for

single-hop in moderate SNR regime. However, as SNR keeps on increasing, there

is a change of slope for the curve of cooperative diversity and the diversity order

for this scenarios is still less than 3. Observations here combined with those for

cooperative diversity with two relays suggest that, for moderate SNR regime, as the
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Figure 4.8. Comparison between single-hop with three receive antennas and coop-
erative diversity with two receive antennas at the destination. The relay is located
at (0.1,0), i.e., close to the source.

available diversity order increases, the optimum location for relays to achieve the

maximum coding gain is probably close to the source.
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Figure 4.9. Comparison between single-hop with three receive antennas and coop-
erative diversity with two receive antennas at the destination. The relay is located
at (0.5,0), i.e., halfway between the source and destination.
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is located at (0.9,0), i.e., close to the destination.
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CHAPTER 5

APPLICATION OF CONVOLUTIONAL CODES IN COOPERATIVE

DIVERSITY

5.1 Introduction

This chapter focuses on the application of coding techniques to cooperative di-

versity and provides some results.

We showed in Chapter 3 that noncoherent cooperative diversity substantially

improves the performance, in terms of uncoded BER, compared to non-cooperative

single-hop transmission. However, the orthogonal channel assumption in cooperative

diversity requires the relay not to transmit and receive at the same time. Therefore,

the spectral efficiency of cooperative diversity is essentially half that of single-hop.

Thus a simple conclusion based on the uncoded BER that cooperative diversity

is better than single-hop looks premature. This has motivated us to explore the

performance of cooperative diversity with channel coding. With coding, we are able

to compare cooperative diversity and single-hop under the constraint of the same

spectral efficiency.

Two of the most popular coding schemes are linear block and convolutional

codes. The complexity of ML decoding algorithms for linear block codes grows

exponentially with the block length. Therefore, in this thesis, we focus on convolu-

tional codes as the Viterbi algorithm provides a convenient way for the decoding of

convolutional codes. The complexity of Viterbi algorithm grows exponentially with

the constraint length, which is often short. In particular, the analysis is mainly

focused on the rate 1/n codes as this is the most common code. We again focus on

the case of a single relay for simplicity of exposition.
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5.1.1 Summary of Assumptions and Results

We consider two types of channels, namely independent identically distributed

(i.i.d.) fading channels and block fading channels. They are classified according

to the relationship between the coherence time and the symbol time [1]. For an

i.i.d fading channel, the coherence time is as short as the symbol duration and the

different fading coefficients between symbols are independent. On the other hand,

for a block fading channel, a common model [18] assumes that fading coefficients

remain constant during one coherence interval and change independently between

these intervals. In the following, we refer to the fading coefficients during the same

coherence interval as the fading block. Even though the coherence interval might

cover more than one symbol period, we can still model the channel as an i.i.d fading

channel if the allowable delay constraint is much larger than the coherence time. In

this case, an interleaver can be employed and essentially converts the channel into

an i.i.d. fading channel [20].

Among the many choices of signal processing schemes for the relay [13, 9, 8], this

chapter only focuses on decode-and-forward with symbol-by-symbol demodulation

at the relay. This processing differs from the “coded cooperation” proposed in [8].

Coded cooperation requires the relay to decode an entire coded frame from the source

to the destination. The relay verifies whether it receives the information correctly

using a cyclic redundancy check (CRC). Accordingly, it then decides whether it

should send its partner’s information or its own information. A heavily protected

overhead has to be inserted into each sequence sent by the relay to denote the owner

of the information. Also, coded cooperation requires extra memory at the relay to

store the frame in order to make the decision. Symbol-by-symbol demodulation at

the relay allows for a low-complexity relay as it does not have any of these issues,

and therefore might be easier to be incorporate into wireless networks. Throughout

this chapter, all of the discussion is about the decode-and-forward protocol unless

otherwise specified. Again, the previous works [13, 9, 8] focus on coherent decoding

and we focus mainly on noncoherent decoding.

The remainder of this chapter is organized as follows. Section 5.2 describes the

notation and model used in this chapter. Section 5.3 provides noncoherent ML

sequence detectors for cooperative diversity with convolutional codes in the i.i.d.
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fading channel. The technique of Bhattacharyya upper bound is used to analyze the

ML detector’s performance. Section 5.3.3 discusses issues of cooperative diversity in

the block fading channel. We illustrate the difficulty and complexity of noncoherent

ML detection in the block fading channel. Section 5.4 provides the simulation results

to support the conclusions drawn from the previous sections.

In summary, we establish:

1. Noncoherent ML sequence detectors for cooperative diversity with convolu-
tional codes in the i.i.d. fading channel. These detectors can be easily imple-
mented by the Viterbi algorithm. Our analysis provides a common expression
of Bhattacharyya upper bounds for cooperative diversity in the i.i.d. fading
channel with different signaling, namely noncoherent BFSK, coherent BFSK
and BPSK. The expression shows that, in high SNR regimes, the free distance
of the convolutional code is a key factor for coding performance in cooper-
ative diversity for the i.i.d. fading channel. This common expression also
indicates that there is an about 3 dB loss for noncoherent BFSK comparing
with coherent BFSK for cooperative diversity in the i.i.d. fading channel.

2. The diversity order for noncoherent cooperative diversity with convolutional
codes is less than 2dfree in the i.i.d. fading channel. The loss of diversity gain
in cooperative diversity may come from the choice of the decode-and-forward
protocol at the relay. Given that single-hop and cooperative diversity use
maximum free distance convolutional codes with the same constraint length,
and rates 1/2n and 1/n, respectively, the analysis indicates that cooperative
diversity does not perform better than single-hop in the noncoherent i.i.d.
fading channel.

It is also illustrated that noncoherent ML sequence detectors are very complex

in the block fading channel. Its complexity prevents further analysis as well as

numerical simulation. Therefore, we use noncoherent ML detectors for the i.i.d.

fading channel as suboptimal detectors for the block fading channel to simulate the

performance of the convolutional codes in the noncoherent block fading channel.

Numerical results indicate that cooperative diversity performs better than single-

hop in the block fading channel.
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Figure 5.1. Diagram of channel uses by single-hop and cooperative diversity. Each
block indicates a symbol transmitted in channel.

5.2 System Model

5.2.1 Notation

We express in the sequel the sequence of binary bits as a vector1. For example,

we use x0 to represent a sequence of code bits from the source, and x0i to denote

its corresponding ith element. The convolutional code can be expressed as a trellis

diagram with many paths representing different code words. We denote the sequence

corresponding to the mth path of this trellis as x
m
0 and the ith bit of this sequence

as x
m
0i.

5.2.2 Model

Focusing on the case of one relay, the source encodes the information bits with

a rate 2/n code into a sequence x0 with length N , and transmits the coded, BFSK

modulated signals for this sequence to the relay and destination in the first sub-

channel. As shown in Fig. 5.1, an empty symbol period is inserted between each

two symbols sent by the source. For every code bit x0i, the relay and destination re-

ceive y1i, y0i, respectively. The relay demodulates the signals symbol-by-symbol and

transmits its estimate as x1i to the destination utilizing empty symbol periods inside

the source sequence. Here, we assume perfect synchronization between the source

and relay to avoid collision. Assuming that the destination knows the average error

probability of relay, the choice of decode-and-forward enables us to easily express

the distribution of the received signals by the destination as well as to utilize some

1Please refer to Section 3.1.1 for the more detailed explanation of notation for vectors and

elements.
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results from Chapter 3. Overall, the destination receives signals y0 from the source

and y
′
1 from the relay. The length of both vectors is N . To make the notation more

compact, we also denote y0 as y
′
0.

The comparison between cooperative diversity and single-hop focuses on two

different constraints, namely the same spectral efficiency constraint and the same

code rate constraint. To have a fair comparison, both cooperative diversity and

single-hop have the same number of channel uses, i.e., 2N , as indicated in Fig. 5.1.

To achieve the same spectral efficiency, this thesis makes the code rate of single-

hop half that of cooperative diversity. Suppose cooperative diversity must use a

rate 1/n code, then single-hop uses a rate 1/2n code. With a rate 1/n code, the

number of information bits is N/n for 2N channels uses in cooperative diversity.

For single-hop, 2N channel uses with a rate 1/2n code also result in transmission of

N/n information bits. Thus, the spectral efficiencies for cooperative diversity with

a rate 1/n code and single-hop with a rate 1/2n are the same. For the same code

rate constraint, single-hop uses the same code as cooperative diversity with a rate

1/n. Thus, single-hop will transmit 2N/n information bits and cooperative diversity

will transmit N/n information bits for 2N channel uses under the same code rate

constraint.

5.3 Maximum Likelihood Sequence Detection for Noncoherent Cooperative Diver-
sity

This section focuses on ML sequence detection and its performance for nonco-

herent cooperative diversity with decode-and-forward in the i.i.d fading channel. At

the end, the difficulty and complexity of noncoherent ML sequence detection in the

block fading channel is also demonstrated.

5.3.1 Detector For I.I.D. Fading Channel

Because of independent noise at the receive antennas, the channel is discrete

memoryless [3] given x0 in the i.i.d. fading channel model, and therefore,

p(y′
0, y

′
1|x0) = p(y′

0|x0)p(y′
1|x0). (5.1)

It turns out that the symbol-by-symbol detection at the relay will enable us to
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write down the pdfs as

p(y′
0|x0) =

N
∏

i=1

exp

[

− |y ′

01i|2
(1−x0i)E0σ2

a0,2
+N0

− |y ′

02i|2
x0iE0σ2

a0,2
+N0

]

π2[(1 − x0i)E0σ2
a0,2

+ N0][x0iE0σ2
a0,2

+ N0]
,

p(y′
1|x0) =

N
∏

i=1

(1 − ε1)

exp

[

− |y ′

11i|2
(1−x0i)E1σ2

a1,2
+N0

− |y ′

12i|2
x0iE1σ2

a1,2
+N0

]

π2[(1 − x0i)E1σ2
a1,2

+ N0][x0iE1σ2
a1,2

+ N0]

+ ε1

exp

[

− |y ′

11i|2
x0iE1σ2

a1,2
+N0

− |y ′

12i|2
(1−x0i)E1σ2

a1,2
+N0

]

π2[(1 − x0i)E1σ2
a1,2

+ N0][x0iE1σ2
a1,2

+ N0]
.

(5.2)

Note that the subscripts here follow similar rules as in Chapter 3. Specifically, σ2
ai,j

is the variance of the fading coefficients ai,j between terminal i and j, in which 0

denotes the source, 1 denotes the relay, and 2 denotes the destination. N0 is the

variance of the additive white Gaussian noise, and Ei for i = 0, 1 correspond to the

average power per bit at the source and relay, respectively. ε1 represents the average

error probability of the relay for symbol-by-symbol detection. The code bit x0i is the

ith element of the source sequence x0. In y ′
kji, the subscript k denotes the terminal

from which this signal is sent; j = 1, 2 denotes which dimension in BFSK signaling

this signal corresponds to; and i means the received signal is corresponding to the

code bit x0i.

Based on (5.1) and (5.2), the path metric for the candidate transmitted sequence

x
m
0 is

Um =
N
∑

i=1

− |y ′
01i|2

(1 − xm
0i)E0σ2

a0,2
+ N0

− |y ′
02i|2

xm
0iE0σ2

a0,2
+ N0

− |y ′
11i|2

(1 − xm
0i)E1σ2

a1,2
+ N0

− |y ′
12i|2

xm
0iE1σ2

a1,2
+ N0

+ ln

{

1 − ε1 + ε1 exp

[

(2xm
0i − 1)E1σ

2
a1,2

(|y ′
11i|2 − |y ′

12i|2)
(xm

0iE1σ2
a1,2

+ N0)((1 − xm
0i)E1σ2

a1,2
+ N0)

]}

.

(5.3)

The ML decision rule is to find x
m
0 among all possible code words that maximize

Um.

To illustrate more insight into the decoder for cooperative diversity, it is useful

to provide some interpretation for the first two terms in (5.3). It can be seen that
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the first two terms can be simplified as

Um
p =

N
∑

i=1

− |y ′
01i|2

(1 − xm
0i)E0σ2

a0,2
+ N0

− |y ′
02i|2

xm
0iE0σ2

a0,2
+ N0

= −
N
∑

i=1

[

|y ′
01i|

2
(xm

0i) + |y ′
02i|

2
(1 − xm

0i)
]

.

(5.4)

It turns out that (5.4) is just the optimum decision metric for single-hop with

code word length N as shown in [20]. Moreover, the first four terms in (5.3) can be

simplified as

Um
p′ =

N
∑

i=1

− |y ′
01i|2

(1 − xm
0i)E0σ2

a0,2
+ N0

− |y ′
02i|2

xm
0iE0σ2

a0,2
+ N0

− |y ′
11i|2

(1 − xm
0i)E1σ2

a1,2
+ N0

− |y ′
12i|2

xm
0iE1σ2

a1,2
+ N0

=

N
∑

i=1

− 1

1 + γ̄0,2

[

|y ′
01i|

2
(xm

0i) + |y ′
02i|

2
(1 − xm

0i)
]

− 1

1 + γ̄1,2

[

|y ′
11i|

2
(xm

0i) + |y ′
12i|

2
(1 − xm

0i)
]

.

(5.5)

This can be regarded as the weighted sum of soft-decoding metrics for each sub-

channel and is the ML metric for a point-to-point communication scheme with two

receive antennas. The last term of (5.3) compensates the uncertainty introduced

by the processing of the relay. It is clear that (5.3) can be implemented with the

Viterbi algorithm if a convolutional code is employed.

5.3.2 Analysis of Performance

Two error probabilities to evaluate the performance of a convolutional code are

the first error event probability and bit error probability. Both can be represented

in terms of the pairwise error probability Pd as following [29],

PE ≤
∞
∑

d=dfree

a(d)Pd,

Pb ≤
∞
∑

d=dfree

c(d)Pd,

(5.6)
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where a(d), c(d) are the coefficients of

T (D) =

∞
∑

d=dfree

a(d)Dd,

dT (D, N)

dN

∣

∣

∣

N=1
=

∞
∑

d=dfree

c(d)Dd,

(5.7)

and the T (D) and T (D, N) are the transfer functions obtained from the state di-

agram. Here a(d) is the number of code words of weight d, and c(d) is the total

number of nonzero information bits on all paths with weight d. The length of the

transmitted sequence is assumed to be infinite here. If the code is truncated period-

ically, the summation in (5.6) should goes from dfree to the finite length of the code

word. The pairwise error probability Pd denotes the probability of error at a node

where one of the incorrect paths merging with the correct path accumulates higher

total metric value. This incorrect path differs in d bits from the correct path. We

focus on the criterion of the BER Pb.

As pointed out by [16], in high SNR regimes, the predominant term in (5.6)

would be the term with the minimum free distance dfree. Therefore, we have a more

loose bound for the bit error probability in high SNR regime as follows,

Pb / c(dfree)Pdfree
. (5.8)

The above paragraphs present a brief summary about how to evaluate the per-

formance of the convolutional code in terms of pairwise error probability. Interested

readers can refer to [16, 29, 20] for more details.

With soft decoding, the pairwise error probability of mistakenly decoding x
m
0

into x
m′

0 , two codewords that differ in d bits, can be written as

Pd = Pr

(

d
∑

i=1

t0i + ln
(1 − ε1) exp t1i + ε1

ε1 exp t1i + 1 − ε1
< 0

)

, (5.9)

where

t0i =
γ̄0,2

N0(1 + γ̄0,2)
(|y ′

01i|
2 − |y ′

02i|
2
),

t1i =
γ̄1,2

N0(1 + γ̄1,2)
(|y ′

11i|
2 − |y ′

12i|
2
).

(5.10)

Unlike the single-hop channel, the summation inside (5.9) does not belong to

the general quadratic form of complex-valued Gaussian random variables [20]. Nor
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is it easy to get the pdf of every term and use the method of moment generating

functions [25] to obtain the pdf. A simple upper bound can be provided as,

Pd ≤
d
∑

i=1

Pr

(

t0i + ln
(1 − ε1) exp t1i + ε1

ε1 exp t1i + 1 − ε1
< 0

)

, (5.11)

Another lower bound can also be obtained similarly, as follows,

Pd ≥
d
∏

i=1

Pr

(

t0i + ln
(1 − ε1) exp t1i + ε1

ε1 exp t1i + 1 − ε1
< 0

)

. (5.12)

The individual term in (5.11) and (5.12) has a closed-form approximation (3.8).

However, as we might expect, these bounds are quite loose.

Although it might be possible to employ the piecewise-linear technique on (5.9)

to obtain a closed-form expression, the complexity of derivation grows quickly with

d, as shown in Section 4.2. The whole deriving process is very cumbersome, and,

in view of the involved form of (3.8), the expression for (5.9) can be much more

involved to yield any insight.

Instead, we apply the Bhattacharyya upper bound [10] to gain some insight for

the governing parameters on the pairwise error probability,

Pd ≤
∫

y

{p(y|xm
0 )p(y|xm′

0 )}1/2dy

≤
∫

y0

{p(y0|xm
0 )p(y0|xm′

0 )}1/2dy0

∫

y
′

1

{p(y′
1|xm

0 )p(y′
1|xm′

0 )}1/2dy′
1.

(5.13)

As mentioned before, the length of the vector is assumed to be N and we have,

∫

y0

{p(y0|xm
0 )p(y0|xm′

0 )}1/2dy0 =

N
∏

i=1

[

4(1 + γ̄0,2)

(2 + γ̄0,2)2

]di

=

[

4(1 + γ̄0,2)

(2 + γ̄0,2)2

]d

, (5.14)

and

∫

y
′

1

{p(y′
1|xm

0 )p(y′
1|xm′

0 )}1/2dy′
1 =

N
∏

i=1

[

2
√

ε1(1 − ε1) +
√

2ε2
1 − 2ε1 + 1

4(1 + γ̄1,2)

(2 + γ̄1,2)2

]di

,

=

[

2
√

ε1(1 − ε1) +
√

2ε2
1 − 2ε1 + 1

4(1 + γ̄1,2)

(2 + γ̄1,2)2

]d

(5.15)

where di is the binary Hamming distance between the ith elements of x
m
0 and x

m′

0 ,

d is the total Hamming distance between x
m
0 and x

m′

0 , and ε1 = 1/(2 + γ̄0,1) is the
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average bit error rate of the relay. We have utilize the inequality
√

a + b + c ≤
√

a +
√

b +
√

c in the derivation.

Noticing the expressions (5.14) and (5.15) depend on the total Hamming distance

d between the two code words rather than the length of the sequence, a high SNR

approximation can be,

Pd /
(

4

γ̄0,2

)d
[√

4

γ̄0,1
+

4

γ̄1,2

]d

. (5.16)

By (5.8), we have the upper bound

Pb / c(df1)

(

4

γ̄0,2

)df1

[√

4

γ̄0,1
+

4

γ̄1,2

]df1

, (5.17)

for noncoherent cooperative diversity in the i.i.d. fading channel with df1 denotes

the free distance of the convolutional code used by cooperative diversity.

This type of upper bound (5.17) removes the dependency of (5.15) and (5.14)

on the particular length and distance property of the transmitted sequence. This

removal facilitates the comparison of cooperative diversity and single-hop under the

same spectral efficiency for they have different number of transmitted symbols for

the same time period under this constraint. This upper bound thus enables us to

compare cooperative diversity and single-hop as long as the distance properties of

the codes for these two different schemes are known.

The upper bound (5.17) demonstrates that the free distance dfree for the convolu-

tional code might be the key design parameter for noncoherent i.i.d. fading channel

[1]. This fact arises from the i.i.d. assumption in channel.

The upper bound (5.17) for cooperative diversity depends not only on the total

Hamming distance between code vectors x
m
0 and x

m′

0 , but also the network topology

among the source, relay and destination. This observation suggests that optimizing

the location of relay is still important to the performance of cooperative diversity

with coding. Indeed, as we will see later, it might be critical in terms of improving

BER in the moderate SNR regime. However, as it can be easily verified by sub-

stituting (3.14), this upper bound (5.17) suggests that cooperative diversity with

decode-and-forward does not achieve full diversity order, i.e., 2dfree, where 2 should

come from the spatial diversity and dfree should come from the time diversity of the
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i.i.d. fading channel. This observation combining with results in Section 3.2.4 sug-

gest that the loss of diversity gain may come from the choice of symbol-by-symbol

demodulation at the relay.

Moreover, it turns out that we can express this upper bound of BER for i.i.d.

fading channel in cooperative diversity as

Pb / c(df1)

(

k

γ̄0,2

)df1

[
√

k

γ̄0,1
+

k

γ̄1,2

]df1

, (5.18)

where different values of k correspond to different modulation schemes, i.e., k =

2 corresponds to coherent orthogonal BFSK, k = 4 corresponds to noncoherent

orthogonal BFSK. It can be easily verified that k = 1 is corresponding to coherent

BPSK. This interesting observation suggests that noncoherent BFSK in cooperative

diversity loses about 3 dB relative to coherent BFSK. As in [20], the error probability

for uncoded single-hop system in fading channel can also be represented as Pb =

k
4γ̄

, where different k represents different modulation schemes. It happens that in

both cases the same modulation schemes are represented by the same k values. It

is not clear at the current state whether this interesting observation has broader

implications.

To facilitate the comparison between cooperative diversity and single-hop, we

provide an upper bound for single-hop with noncoherent BFSK in the i.i.d. fading

channel as

Pb / c(df2)

(

1

γ̄

)df2

, (5.19)

where df1 denotes the free distance of the convolutional code used by single-hop.

Given cooperative diversity and single-hop are using the same code, (5.17) and

(5.19) indicates that cooperative diversity has higher diversity gain and is expected

to perform better for asymptotically high SNR.

Under the same spectral efficiency, single-hop uses a rate 1/2n code and co-

operative diversity uses a rate 1/n code. Because both (5.17) and (5.19) suggest

maximum free distance codes should be used to achieve lower BERs, we compare co-

operative diversity and single-hop assuming maximum free distance codes are used

in both schemes. Suppose both codes are maximum free distance codes with the

same constraint length, we assume
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df1 ≈

1

2
df2. (5.20)

This assumption is justified in the following way. By [20], an upper bound on the

free distance of a rate 1/n convolutional code is given by

dfree ≤ min
l≥1

⌊

2l−1

2l − 1
(K + l − 1)n

⌋

(5.21)

where bxc denotes the largest integer smaller than x, K is the constraint length and

l is a variable. Given the same constraint length, (5.21) suggests that maximum

free distance of the convolutional code grows linearly with n, which justifies the

assumption (5.20). We note that this upper bound is tight for low rate codes. For

high rate codes, the free distance is better approximated by the tight lower bound

provided in [2]. This lower bound shows a nonlinear relationship between the free

distance and code rate.

With the assumption of (5.20) and the same spectral efficiency constraint, (5.17)

and (5.19) suggest that cooperative diversity would not significantly outperform

single-hop for asymptotically high SNR. This is because the key advantage of co-

operative diversity is the spatial diversity provided by the relay being located away

from the source. But the i.i.d. fading channel assumption eventually introduces time

diversity for every code bit in both single-hop and cooperative diversity. Thus the

spatial diversity does not provide extra gains. However, cooperative diversity should

still perform better due to the spatial diversity gain if the i.i.d channel assumption

is not valid and time diversity gain is very limited. This motivates us to investigate

the performance of cooperative diversity in the block fading channel, which provides

limited time diversity since the fading coefficients remain constant during a block.

5.3.3 Issues in Noncoherent ML Detection for Block Fading Channel

If the fading channels vary slowly and there is a delay constraint such that full

interleaving of codes is impossible, the i.i.d. channel model is no longer valid. In

order to better model the correlated fading process, another common fading channel

is the block fading channel [18] in which the fading coefficients remain constant

during one coherence interval and change independently between these intervals. In
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this section, we will see how this change of channel model affects the detection and

performance of cooperative diversity.

The impact of this change of the model is immediately reflected in the signaling

design of the system. Since the fading coefficients remain unchanged among multiple

symbols, differential-phase-shift-keying (DPSK) is a natural choice as it only relies

on the phase difference of two adjacent symbols [20] and provides more bandwidth

efficiency than BFSK. However, this is under the assumption that we know the

exact coherence time since DPSK needs to use the first symbol as a reference [28].

Research for noncoherent communication in the block fading channel is intensively

going on [7, 31, 19, 28].

To illustrate the difficulty facing maximum likelihood detection in the block

fading channel, we use binary DPSK for it provides more compact notation. As

the fading coefficients are independent among different fading blocks, we focus on

obtaining the joint pdf of the input signals inside one fading block with length T,

given transmitted signals x0 and the instantaneous error probability of the relay ε1,

p(y0, y
′
1|x0, ε1) = p(y0|x0, ε1)p(y′

1|x0, ε1)

=

∫

a0,2

T
∏

i=1

p(y0i|x0i, ε1)da0,2

∫

a1,2

T
∏

i=1

p(y ′
1i|x0i, ε1)da1,2

(5.22)

The first term can be expressed as,

∫

a0,2

T
∏

i=1

p(y0i|xi, ε1)da0,2 =
1

(πN0)T

1

π[N0 + TE0σ2
a0,2

]
exp











−

∣

∣

∣

∑T
i=1 yix0i

∣

∣

∣

2

[N0 + TE0σ2
a0,2

]T











× exp







1

N0



− 1

T

∣

∣

∣

∣

∣

T
∑

i=1

yix0i

∣

∣

∣

∣

∣

2

+
T
∑

i=1

|yi|2










,

(5.23)

It turns out that the symbol-by-symbol detection at the relay will enable us to

write down the pdf of the second term as,

∫

a1,2

T
∏

i=1

p(y ′
1i|x0, , ε1)da1,2 =

∫

a1,2

1

(πN0)T

T
∏

i=1

(1 − ε1) exp

[

− 1

N0

∣

∣

∣
y
′
1i − (1 − x0i)

√

E1a1,2

∣

∣

∣

2
]

+ ε1 exp

[

− 1

N0

∣

∣

∣
y
′
1i − x0i

√

E1a1,2

∣

∣

∣

2
]

da1,2

(5.24)

66



The difficulty in solving this integral limits our further analysis. Note that (5.24)

should be further averaged with respect to the instantaneous error probability of the

relay, ε1, if the destination is assumed to only know the average error probability

of the relay. This further complicates the effort of obtaining a ML detector for

cooperative diversity in the noncoherent block fading channel. Although efforts are

focused on binary DPSK, similar conclusions and observations can also be drawn for

BFSK signaling schemes. As the block fading channel poses a particular challenge,

we, in the sequel, relies on numerical simulation to gain some hints.

5.4 Numerical Results

The conditions of the simulations presented here largely follow the same lines as

in Chapter 3. The convolutional codes used in simulations are the maximum free

distance codes chosen from [20]. The constraint length is chosen as 4. For the rate

1/2 code, its generators in octal are 15, 17 and the maximum free distance is 6. For

the rate 1/4 code, its generators in octal are 13, 15, 15, 17, and the maximum free

distance is 13. We would like to emphasize that we do not provide simulation results

for noncoherent ML detection for the block fading channel due to the difficulty

illustrated in Section 5.3.3. Instead, we provide simulation results of noncoherent

ML detectors for the i.i.d. fading channel working in the block fading channel. This

gives us a hint about how the performance in the block fading channel degrades

when detectors are designed according to the i.i.d. fading channel.

Fig. 5.2 demonstrates the performance of noncoherent cooperative diversity and

single-hop in the i.i.d. fading channel. The crossing of the curves for single-hop with

a rate 1/4 code and for cooperative diversity with a rate 1/2 code shows that given

the same spectral efficiency, cooperative diversity does not provide much benefit.

However, in low SNR regime, cooperative diversity with the relay located at [0.5,0]

can have better performance due to the repetition coding gain. Figs 5.3–5.4 provide

the performance of ML detectors for the i.i.d. fading channel working in the block

fading channel with different lengths of fading blocks. By comparing Figs 5.2–5.4,

it can be observed that there is significant degradation of performance in the block

fading channel. As time diversity gain is more difficult to exploit in the block fading

channel, cooperative diversity with appropriate locations of the relay demonstrates
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Figure 5.2. Average bit error probability of noncoherent BFSK with the decoding
relay located at different locations. Soft decoding based on the Viterbi algorithm is
used. The fading coefficients are assumed to be i.i.d. between symbols.

its advantage of spatial diversity gain. In particular, Fig. 5.4 clearly demonstrates

that cooperative diversity has higher diversity gain when the block length is long.

More promising, even when the length of the fading block is of moderate value, the

performance of cooperative diversity shows signs of improvement. This is demon-

strated by Fig. 5.3. In Fig. 5.3, the fading block only covers 8 symbol-periods, but

the curves for cooperative diversity in block fading channels are below the the curves

of the single-hop when the relay is located in [0.5, 0]. The gains are roughly 2 dB

when the lengths of the fading blocks are 4 and 8 symbol periods. This shows the

importance of optimizing the location of the relay.
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Figure 5.3. Average bit error probability of noncoherent BFSK with the decoding
relay located at different locations. Soft decoding based on the Viterbi algorithm is
used. The length of the fading block is assumed to cover eight symbol-periods.
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Figure 5.4. Average bit error probability of noncoherent BFSK with the decoding
relay located at different locations. Soft decoding based on the Viterbi algorithm is
used. The length of the fading block is assumed to cover 128 symbol-periods.

70



CHAPTER 6

CONCLUDING REMARKS AND FUTURE WORK

The goal of this research has been to explore several of the many issues involved

with cooperative diversity for use in fading environments. Specifically, this thesis has

addressed several questions related to noncoherent demodulation in these systems,

and the results are demonstrated through analysis and simulation.

Chapter 3 proposes a general framework for uncoded maximum likelihood (ML)

demodulation in multi-hop and cooperative wireless communication. This chapter

focuses on the decode-and-forward protocol for its lack of treatment in the litera-

ture as well as its importance in practical systems. In general, ML detectors for

cooperative diversity are nonlinear functions. Thus, a piecewise-linear demodula-

tor is developed as an accurate approximation of the ML detector for cooperative

diversity. This piecewise-linear detector is easier to implement than the nonlinear

ML detector. It also leads to a tight closed-form upper bound for the error prob-

ability of the ML detector. A high SNR approximation based on this closed-form

expression is presented. This chapter also shows that contrary to coherent case,

amplify-and-forward protocol poses a particular challenging problem in the context

of noncoherent demodulation.

Chapter 4 extends the techniques of PL approximation to three other cases to

show the powers and limitations of PL techniques. It shows that the PL approx-

imation is not limited to noncoherent cooperative diversity with a decoding relay.

The PL approximation is applicable to coherent cooperative diversity as well and

leads to an integral expression of BER. It provides closed-form BER expressions for

noncoherent cooperative diversity with two decoding relays and noncoherent coop-

erative diversity with two receive antennas at the destination. The complexity of
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derivation greatly increases as the number of relay increases and limits our capa-

bility of obtaining closed-form BER expressions for cooperative diversity with more

than two relays.

Chapter 5 describes the application of coding techniques in cooperative diver-

sity systems. It demonstrates that with symbol-by-symbol detection at the relay,

maximum likelihood sequence detection for convolutional codes in the i.i.d. fading

channel can be easily realized with a suitably modified Viterbi Algorithm. Using

the Bhattacharyya upper bound, the analysis shows that minimum free distance of

code words play a key role in determining the performance of coding for cooperative

diversity in fading environments. This holds true for both noncoherent and coherent

system with i.i.d. fading channel. Given the same spectral efficiency, the simulation

results suggest that cooperative diversity can perform better comparing with single-

hop in the block fading channel. The reason is that the block fading channel has

limited time diversity and cooperative diversity essentially exploits spatial diversity.

Several other important issues have been left for future work. Many of the results

of this thesis could be extended formally to multiple relays with the increasing

complexity. But a more general technique to get a high SNR approximation is

needed for the case of multiple relays. Also, the ML detectors for the amplify-and-

forward protocol in noncoherent cooperative diversity is still unresolved. Moreover,

in Chapter 5, we limited ourself to symbol-by-symbol detection at relay. More

flexible signal processing methods other than decode-and-forward and amplify-and-

forward are possible as shown in the literature [8, 9, 35, 17]. A comprehensive review

and comparison of different signal processing methods is a key to fully exploiting

the benefits offered by cooperative diversity. So far, all research about cooperative

diversity has been assuming perfect synchronization of the source and relay. It has

not been very clear that how this can be achieved. Resolving this synchronization

issue is critical in realization of cooperation diversity. Finally, a demonstration of

these schemes within a wireless testbed would provide a useful tool for verifying our

analytical results and assumptions.
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