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ABSTRACT:
We describea real-timealgorithmfor learningaircraft parametersto be
usedby anadaptive controller. Learningconsistsof traininga collection
of radialbasisfunctionneuralnetworksto approximatetheincomingdata
streamin theleast-squaressense.Only theheightsof thebasisfunctions
aretrained;heuristicsareusedto find their centersandwidths. Sincethe
heightsentertheequationslinearly, we employ recursive least-squaresto
quicklyobtainthenew heightswhenweincorporateadditionaldatapoints
andbasisfunctions. In orderto keepthe computationsmanageable,we
breakthedatastreaminto segments,with eachsegmentapproximatedby
about10basisfunctions.Weillustratethealgorithmonasetof F-15flight
data.

INTRODUCTION

Designinggainsfor aircraft flight controllersrequiresestimatesof the stability and
control derivatives,which are the primary componentsof the A and B matricesin
a state-spacemodel of the dynamics. Estimatesof thesederivatives are normally
obtainedfrom a databaseof aerodynamicinformationderived primarily from wind
tunnel testing. Controllerdevelopmentproceedswith the gainsbeingdesignedini-
tially using the aerodynamicdatabaseand then refinedusing information obtained
overmany flight tests.

There is a desirein the aerospacecommunity to provide a better responseto
changesin aerodynamicloading,control surfacefailures,or minor aircraft damage
duringflight by adaptingtheflight control laws in real time. However, this approach
requiresonlineestimatesof the time-varyingstability andcontrolderivatives. To es-
timatetheseparameters,theaircraftdynamicsmustbeexcitedin sucha way thatthe
parametersinfluence(areobservable in) the sensormeasurements.For example,a
derivative with respectto α requiresmovementin the α dimension.During periods
whenaccurateestimatesarepossible,they mustbestoredandmadeavailablefor when
accurateestimatesarenotpossible.Thisstoragefunctioncanbeprovidedby aneural
network.
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A radialbasisfunction (RBF) neuralnetwork is a goodcandidatefor this online
storagefunctionbecausethelearningcanbelocalizedto theareaof currentflight, and
becausethesenetworks canbe trainedquickly. Localizationalongthe trajectoryis
accomplishedby placingthe centersof the RBFsalongthe flight pathin parameter
space.Thewidthsof thebasisfunctionsandtheirspacingarechosenin advanceusing
heuristics,e.g., requiringeachpoint alongthe trajectoryto be supportedby at least
four basisfunctions.With thewidthsandcenterschosen,theheightsof theRBFscan
bequickly determinedto satisfytheleastsum-of-squarederrorscriterionby usingthe
recursive least-squaresmethodology.

Recursiveleast-squares(RLS)is amethodfor maintainingaleast-squaressolution
asnew datapointsareaddedto thetrainingcasesor asnew basisfunctionsareadded
to theRBFnetwork. RLShasbeenusedextensively in adaptivefilter theory(Haykin,
1991)andadaptive control (Åström andWittenmark,1989). If pointsor basisfunc-
tionsareaddedoneat a time, no matrix inversionsarerequiredby this process;only
matrix multiplicationsandadditionsarenecessary. However, whena basisfunction
is added,thesizeof theprimarymatrix grows by onerow andonecolumn. We take
additionalstepsto limit thesizeof thismatrixandensurethepossibilityof a real-time
implementation.

Theremainderof thispaperis organizedasfollows. In thenext sectionwedevelop
the RBF network modelusedin our approximations.We derive the RLS equations
usedto incorporatenew basisfunctionsanddatapointsinto thetrainingmodel,andwe
discussstepstakento reducetheamountof computationrequiredtomaintaintheleast-
squaressolution. Finally, we illustrateour algorithmby approximatingaerodynamic
derivativesfrom a segmentof flight data.

TRAINING RBF NETWORKS USING RECURSIVE LEAST-SQUARES

Supposedata
�
zi � yi � n

i � 1 is given, wherezi is the input vector � zi1 ��������� zi	�
 T and the
measurementyi is a scalar. A radial basis function (RBF) neuralnetwork is a model
of theform

y � b1 f1 
 z ����������� bm fm 
 z � (1)

wheretheorderof themodelsatisfiesm � n to achievecompression.Here
�

f j 
 z � � j �
1 ��������� m � aretheradialbasisfunctions,which arederivedfrom a radially symmetric
function f 
 z � , calledthe basic RBF (Bishop,1995). The vectorof coefficientsb �� b1 ����� bm 
 must be determinedso that the model fits the datain the least-squares
sense.

Sincetheb j occurlinearly in (1), we maywrite themodelasa setof linearequa-
tions.Specifically, let themeasurementdatavectorbey ��� y1 ����� yn 
 T , andlet R � 
 ri j �
bethen � m regressionmatrixdefinedby ri j � f j 
 zi � . Then(1) becomesy � Rb, and
we assumethatthecolumnsof R arelinearly independent.To fit thedatain theleast-
squaressense,thatis, to find theheightssuchthat

b̂ � argmin
b

 Rb � y � T 
 Rb � y �

requires
b̂ ��� RT R 
�� 1RT y (2)



which is thestandardleast-squaressolutionto anover-determinedsetof linearequa-
tions(Strang,1980).

Adding a New Basis Function to the Model
Given a solutionin the form of (2), supposewe wish to addan additionalfunction
fm � 1 
 z � to the modelandcalculatethe new solutionwith a minimum of additional
computation.TheregressionmatrixbecomesR ����� R H 
 , where

H �! fm � 1 
 z1 � ����� fm � 1 
 zn �#" T
Let

b̂ � �  b̂ �1 ����� b̂ �m � 1 " T
bethenew vectorof coefficientsto bedetermined.By (2),

b̂ � �%$ RT R RT H
HT R HT H & � 1 $ RT

HT & y (3)

A calculationshowsthat$ RT R RT H
HT R HT H & � 1 � 1

θ
$ θ � RT R 
 � 1 � ccT c

cT � 1 & (4)

wherec �'� RT R 
 � 1RT H andθ � 
 Rc � H � T H. Equation(4) is valid whenever θ (� 0.
Substituting(4) into (3) gives

b̂ � � $ b̂ � αc
α & (5)

in which

α � 
 Rc � H � T y
θ

(6)

Thus(4) maybeusedto efficiently calculatethenew inversematrix from theold, and
(5) maybeusedto obtainthenew least-squaressolution.

Adding a New Data Point to the Training Set
Given a solution in the form of (2), supposeit is desiredto addan additionaldata
point

�
zn � 1 � yn � 1 � to the trainingsetandcalculatethenew solutionwith a minimum

of additionalcomputation.In thiscase,theregressionmatrixbecomesR �)��� RT GT 
 T ,
where

G �* f1 
 zn � 1 � ����� fm 
 zn � 1 �#"
andtheoutputvectorbecomes

y � �  y yn � 1 " T
Let P � RT R, andP �+� P � GT G. Startingwith (2) andutilizing thematrix inver-

sionlemma(Haykin,1991),wereducethesolutionto

b̂ � � b̂ � K 
 yn � 1 � Gb̂ � (7)

P � � 1 � � I � KG 
 P � 1 (8)

where
K � P � 1GT �GP � 1GT � 1
�� 1 (9)

Equations(7),and(8)maybeusedto find thenew solutionheightsandthenew inverse
matrix from theold, all withoutmatrix inversion.



Finding Centers and Widths
In our application,thedatais a functionof time. That is, zi � z 
 ti � andyi � y 
 ti � for
somesequenceof timevalues

�
ti � . Therefore,thedatapointsform aone-dimensional

trajectory in an ,-� 1 spaceof parametervalues.In orderto giveapproximatelyequal
treatmentto eachof thedimensionsin parameterspace,theinputis scaledsothateach
parametervariesbetween-1 and+1. Also we assumethebasisfunctionshave equal
widthsin all dimensions,whichwe defineasthenumberσ.

Thebasisfunctionsmustbeplacednearthetrajectoryin orderto beresponsive to
the incomingdatastream,andthey shouldbeapproximatelyequallyspacedin order
to give uniform coverage.With eachnew datapoint, theEuclideandistancefrom the
lastdatapoint is computed.We adda seriesof thesedistancesto approximatethearc
lengthalongthetrajectory. WhenthetotaldistanceexceedstheintendedRBFspacing,
∆, anew basisfunctionis centeredat thecurrentzi andincorporatedinto thesolution.

Given∆, theintendedRBF spacingin parameterspace,we computethewidth, σ,
accordingto aheuristic:roughlyfour basisfunctionsshouldbenon-zerofor eachdata
point in orderto form accurateapproximations.(This heuristicresultsfrom experi-
mentswith RBF approximationsto multi-dimensionalpolynomials.) Ensuringsuch
a conditionrequiresthe width of the basisfunctionsto satisfyσ . 
 3/ 2� ∆ which is
easilyverifiedin thesingledimensionalcase.

Segmenting the Data
Equation(4) shows that thenew P matrix grows by onerow andonecolumnwhena
new basisfunctionis addedto themodel.If stepsarenot takento restrictthisgrowth,
P will eventuallygrow too largefor real-timeimplementationof thealgorithm.

Our approachis to allow thewindow to grow to a fixedsize,e.g., 10 basisfunc-
tions, storethe entirewindow, andbegin a new window. This approachinherently
segmentsthedatatrajectory, with eachsegmentapproximatedby 10 basisfunctions.
To evaluatethis approximationat a point on a trajectory, thesegmentcontainingthis
point is determinedandevaluated.Theproblemis that for a givenpoint, it is not ob-
viouswhichsegmentit belongsto. Thesolutionweadoptis to find thebasisfunction
which is closestto thegivenpointandusethesegmentcontainingthatbasisfunction.
With thisapproach,theonly timethatminimumleast-squaresaccuracy is notobtained
is whenthewrongsegmentis determinedfor a point,andthena closeapproximation
is still obtained.

APPLICATION TO ONLINE LEARNING OF AIRCRAFT PARAMETERS

We now considerthe problemof learningaircraft parametersonline usingan RBF
network trainedwith RLS. We wish to approximatea portion of the surfaceof an
aerodynamicderivative in the least-squaressense,by placingthecentersof thebasis
functionsalongthetrajectoryandadjustingtheirheightsto provideanoptimumfit.

Thevariablesof interestareaeronauticalstateinputssuchastheangleof attack,
α, the angleof sideslip,β, the speedin machunits,andthe deflectionanglesof the
stabilatorandthecanard,δS andδC. Theseinputsareusedwith theaircraftequations
of motion in orderto estimatethe aerodynamicderivativesCmα andCmδS

, which are
the ratesof changeof the coefficient of pitching momentwith respectto α andδS,
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Figure 1: Segmented RLS approximation to Cmα with ∆ 1 2 and 10 RBFs per window,
42 RBFs total.

respectively. It is requiredto saveCmα andCmδS
asfunctionsof α, β, mach,δS andδC

usinganeuralnetwork.
A datasetfrom F-15flight testsis usedto demonstratetheapproach.Thedatais

sampledat40Hz,andthedurationof ourexampleflight is 20seconds.Maneuversare
beingperformedduringthis flight, but thetypeof aircraftmovementis not important
to the approach.Centersareplacedalongthe trajectoryin (α � β � mach� δS � δC)-space
usingthe above heuristicswith ∆ � 2 (in normalizedcoordinates),andRLS is used
to determinethe heightsso that the RBF approximatesCmα andCmδS

in the least-
squaressense.The segmentingapproachis usedto limit the requiredcomputation
time. Thetruevalueof Cmα andits approximationin timefor theflight dataareshown
in Figure1. Similarly, theapproximationfor CmδS

is shown in Figure2.
The total rangeof Cmα is the interval �2� 0 � 035� 0 � 019
 and the rangeof CmδS

is�2� 0 � 0136� 0 � 0014
 . Dividing the error by the sizeof theseintervals shows that our
approximationsareaccurateto lessthan1.5%of the rangeof the approximatedpa-
rameter. Evidencethat theseestimatesareaccurateenoughfor useby thecontroller
comesfrom internalstudiesatMcDonnellDouglas,whichhaveshown thatstability is
maintainedif all thederivativesareaccurateto within 12%of range.

Thecompressionratioresultsareasfollows. Ourdatasetcontains797datapoints,
and42 basisfunctionsareusedto approximateit asFigures1 and2 indicate. Thus,
thecompressionratio for this datasetis roughly19:1. Fromtheseresults,we expect
compressionratiosof 20:1to beachievableandeffective.

The averagetime to adda point usingactualflight dataon a SPARCstation2 is
1.34ms,andtheaveragetime to evaluatea point is 1.02ms. Sincetheupdaterateof
theaircraftcontrolleris expectedto be12.5ms,thereis reasonto believethattheRBF
neuralnetwork canbetrainedandevaluatedquickly enoughto operatein realtime.
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Figure 2: Segmented RLS approximation to CmδS
with ∆ 1 2 and 10 RBFs per window,

41 RBFs total.

CONCLUSIONS

Adaptiveaircraftcontrollersareof interestbecausethemaintenanceof excellentcon-
trol is desiredwhentheaircraft structurechangesor unexpectedconditionsoccurin
flight. A quickly trainedlocalizedneuralnetwork consistingof radialbasisfunctions
canbeusedto provide anadaptive aircraftmodelfor sucha controller. Simulations
have shown that the algorithmworks in real time. Flights for the purposeof testing
thisconceptareexpectedto occurin 1997.
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