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. INTRODUCTION

Network coding broadly refers to the processing of data atitbermediate nodes of a network in
addition to routing data from source to destination. Theotbtical framework for network coding was
first provided by Ahlswedet al. in [1]. In this paper, the authors demonstrate the benefitsebivork
coding over mere routing in improving the throughput of agirsourcemulticast transmission, i.e.,
when the same data at a source is to be transmitted to mulidenations in the network. Specifically,
a communication network is modeled as a directed graph with-&ee links, each of finite transmission
capacity; by means of a random coding argument, the authmw that it is possible for a source to
achieve a multicast rate equal to the minimum of riex-flowsto the individual destinations via network
coding.

This work has been followed by several results on the exptionstruction of network codes. In
particular, Liet al. [2] show thatlinear network codesuffice to achieve the max-flow rate for the
single-source multicast scenario. In [4], algorithms toe tonstruction of such linear network codes are
presented, which execute in time that is polynomial in thmber of edges and vertices in the network.

An algebraic framework for network coding is developed byeKer and Médard in [3] — they address
the more general case of multiple sources communicatiniy mitltiple destinations; further, necessary
and sufficient conditions for a given set of connections tddaesible under linear network coding are
derived. In addition, [3] and [4] also address the problendesigning multicast network codes that are
robust to link failures.

In this report, we shall focus primarily on the results foe #ingle-source multicast scenario obtained
in [1] and [2].

Il. NOTATION AND GRAPH-THEORETIC BACKGROUND

The networks we shall deal with consist of communicatingesothat are interconnected by non-
interfering point-to-point links. The links are assumedbideal, i.e., error-free, and of finite information

carrying capacity (bits per unit time). The network as a whisl represented by @irected graphG =



(V,E), whereV = {1,2,--- |V} is the set of vertices anf C V x V is the set of edgéqordered pairs
of vertices). With edged:, j) we associate aedge capacityR?;; > 0 corresponding to its information
carrying capacity.

A directed graph is said to beyclic if it contains a directed cycle, i.e., there exists a segeenfc
edges(ig,i1), -, (im, o) for somem. Otherwise, the graph iacyclic

A cut between a source nodeand a sink node is a set of verticed3 such thats € B andt ¢ B.
Define the set of edges the cut to beEp = {(i,j) € E : i € B,j ¢ B}. Then thevalue of a cut is
given by 3= jyem, Rij-

A flow from a sources to sinkt (s,t € V) is an assignment of real numbef; to edges(s, j) such
that0 < Fj; < R;;, and for alli € V' not equal tos or ¢, we have

Z Fyy = Z Fij, (1)

i':(i' i)EE j:(i,j)€EE
i.e., the total flow into node = total flow out of nodei. The value of the flow is defined as the total

flow out of s which is equal to the total flownto ¢. The max-flowfrom s to ¢ is a flow whose value is
greater than any other flow fromto ¢. We shall denote the value of the max-flow betweeandt as
max-flows — t).

The Max-flow Min-cut theoreni5] says that the value of the max-flow fromto ¢ is given by the
minimum value of a cut betweenandt, i.e., if B is a cut betweern andt¢ and Ez is the set of edges
in the cut, then:

max-flon(s — t) = mEi}n | Z R;; (2)
(Z,])EEB

[1l. THE NETWORK MULTICAST PROBLEM

Consider a network given by the directed gra@gh= (V, E). Let R = [R;;, (i,j) € E] denote the
vector of edge capacities associated with this graph,the.average transmission rate over edge)
cannot exceed?;; bits per unit time. Lets be the source node aril = {t; : 1 < i < L} be a set
of L sink (destination) nodes. The nodds associated with an information sourde that produces:
bits per unit time. Thenulticast problenis to design a coding strategy using which these bits can be
communicated at the same rdtgo the set of sinkg".

Given a vectoR of edge capacities, we are interested in the maximum valhelwdt can be supported,

i.e., for which the multicast problem has a solution. Eql@xty, we can attempt to characterize the RBet

Later we shall make use of a slightly different and more ganeefinition of E which allows for multiple parallel edges

corresponding to the same ordered pair of vertices.



of all R that support a given source information rateEvery such rate-tupl® is said to beadmissible

In order to obtain bounds on the admissible rate-tufi¥esit is necessary to obtain a complete and
general characterization of any coding scheme that may pkedpto an arbitrary network to solve the
corresponding multicast problem. This is an extremely hagk. Instead the authors in [1] propose a

fairly general subclass of network coding schemes callenbdes

Definition 1 (a-code, [1]) An (n, (7, (i,5) € E),h) a-code on a graphG consists of a sequence of
K transmissions that take place in chronological order. Thessager to be communicated to the sinks

T by the source node is chosen from a se® with a uniform distribution, where

Q={1,--, (znh"l}. 3)

In the kth transmission, node(k) transmits a message;, to nodev(k). The message: is chosen
from a set4d;, = {1,---,|Ax|} according to an encoding functiof)., which takes into account messages

already received by node(k) from previous transmissions. #(k) = s, then

If u(k) # s, then
foo T] Aw — A (5)
k'eQr

where[] denotes the Cartesian product of sets, @hdis the set of all prior transmissions to nod¢k),
i.e.,
Qr={1<K <k:vk')=uk)} (6)

At the end ofK" transmissions, each sirtk (1 < I < L) applies a decoding functiog to the messages
it has received, as follows:

g: J] Aw—Q, 1<i<L (7)
k'eW,;

wherelV; is the set of all transmissions to nodgei.e.,
Wi={1<k<K:vk)=t} (8)

such that the application qf; results in the original messagefor any x € Q2 chosen at the source.

The total number of bits transmitted over eddgj) is given bylog, 75, i.e.,

mij = 11 Akl 9)

keT;;



where
Tij ={1<k < K:(u(k),v(k)) = (i)} (10)

Definition 2 (a-admissibility, [1]) A tuple (R, h,G) is a-admissible if for any > 0 there exists, for

sufficiently largen, an (n, (;;, (,7) € E),h — €) a-code onG such that

1

- logymij < Rij + ¢ (11)
for all (i,j) € E.

Thus, a-admissibility implies the existence of a solution to theltisast problem. In [1], the authors
characterize the region of all rate-tuples for which a patéir multicast problem can be solved using
a-codes. Their main result is that a tugR, 7, G) is a-admissible if and only if the max-flows from

tot;,1 <1< L, resulting due taR, are all at least in value. This can be formally stated as follows.

Theorem 1 ([1]). If

R ={R: (R,h,G) is a-admissiblé (12)

and
Rhc = {R:maxflows — ;) >h, 1<I1<L} (13)

then
Rh’G == R?L,G (14)

A. The ConverseR, ¢ C R},

This part of the argument relies primarily on the max-flow +oirt theorem and standard information
theoretic inequalities.

Let X denote the message generated at nad€hus, given an(n, (n;;, (i,j) € E),h) a-code, we
have

h—e< l-H(X). (15)
n

For any sink¢;, consider a cu3 C V with s € B andt; ¢ B. Define

Ep={(i,j) e E:i€ Bandj ¢ B}. (16)

Then, using information theoretic arguments, it can be shihat the total number of bits carried on the

edges inEp mustexceed the source entropy, if sinkis to be able to decode the message correctly.



Thus,

H(X)< > logyn 17)
(’iJ)EEB
However, by assumption
1
- logymij < Rij + € (18)

Putting all of this together, we obtain

h—e< Y Rij+|Ele (19)
(i7j)EEB

Minimizing over all B and lettinge — 0, we have

ho < min Z Rij (20)
(ZJ)EEB
= max-flow(s — t;) (21)

by the max-flow min-cut theorem. Thus, we obtain the desiesllt.

B. Admissibility: R},  C Ru.c

In [1], the authors prove this part in two steps — first it iswhao be true for acyclic graphs, and
then the proof is extended to cyclic graphs.

The proof for acyclic graphs relies on the fact that in acydiaphs, the vertices can be numbered
such that any edge originates from a lower-numbered vertdxerminates in a higher-numbered vertex.
This presents a natural ordering of transmissions foraode. Specifically, the transmissions can be
ordered such that encoding functigiy is applied beforef; ;. if ¢ <4 ,and f;; is applied beforef;; if
j < j'. This simplifies the analysis significantly, and it is shownrbeans of a random coding argument
that such amv-code that is admissible can be constructed if the max-floas & to each sink exceed
h. The details of the proof are omitted here and can be found]in [

For cyclic graphs, there is no natural ordering of edges whitows encoding functions to be applied
sequentially. Instead, we can map a cyclic grd@ptio an acyclic graphG* by “expanding” it out as
follows: the graphG* consists ofA layers of nodes, each layer containing a replica of the noués
however, edges are allowed only from a layérn6 the next successive layet+ 1’ (no edges within a
layer) and only connections corresponding to edges ere valid. The edge capacities@# are also as
dictated by those iii7. The exact details can be found in [1]. As an example, if trepQry corresponds
to the state transition diagram of a finite state machine géegnvolutional encoder), the&* is similar

to the trellis diagram that represents the time-evolutibpassible state sequences.



It can be easily seen that the graghis acyclic. It is shown in [1] that the set of multicast reguirents
and max-flow conditions o7 translate to a corresponding set of multicast requiremants max-flow
conditions onG*, and also that--admissibility for G* under these conditions impliesadmissibility for
G. But sinceG* is acyclic, it isa-admissible under the translated conditions (accordinipecfirst part

of the proof). Consequently, the desired result is provedcfelic graphs as well.

IV. LINEAR NETWORK CODING

It has been shown in [2] that the “minimum max-flow” rate for Ittmast (discussed in the last
section) can be achieved usiligear network codes, which significantly simplify encoding anaaging
operations at the nodes. By “linear” we mean that the engpdird the decoding consist of taking linear
combinations of received symbols over some finite field. Wilsbe elaborated upon in the following.

We shall assume for the sake of simplicity that the edge ctg®mdz;; are non-negative integers.
Consequently, in our grapfi, we can view an edgg, j) as being made up a&;; parallel edges each of
unit capacity. We denote this new transformed graplizas- (V, E’). Also, we use the notatiofy, j)
to denote thekth edge from nodé to nodej in G’ (1 < k < R;;). It is easily seen that the max-flow
between any two nodes is the sameGnand G’. Another assumption we make is that the graphs
and hence&’ are acyclic, although this is not assumed for most of the Idpweent in [2]. This is not a
problem as any cyclic graph can be translated to an acydiptgfalong the lines described in Section
IlI-B), and the code constructed for the acyclic graph caentbe translated back into a code for the
cyclic graph.

A linear network code is first constructed for the graghwith the same multicast requirements, and
this code can easily be translated back into a linear codthéographGG. The main features of this code

are:

1) The symbols transmitted over the network belong to a (gefitly large) finite field 7. By
assumption, over each edge we can transmit one such symbohjdime.
2) Letw be ad-dimensional vector space over the base fi€l¢he choice ol will be given shortly).
3) At the source, the information to be transmitted is mapfedn information vectoru € w.
Associated with each edgein the graph is a&ode vectow, € w such that the symbol transmitted
overe is u’v, (i.e., the inner product).
The value ofd is chosen as

= Al 22
d Uen‘%;smax oWs — v) (22)



The desired properties of the network code are formallyedtat the following definitions.

Definition 3 (Linear-code multicast, [2])A linear-code multicast (LCMY on the networlG’ = (V, E')
is an assignment of a vector spafév) to everyv € V and a vectorZ((i, j)x) to every edgéi, j), € E’
such that

1) L(s) = w;

2) L((i,9)k) € L(i);

3) for any collectionX of non-source nodes,

({Lw):veX }) = ({ L) i ¢ X,7eX }) (23)

(‘(-)’ denotes linear span).

The definition of an LCML implies the following:

1) The vector spacé&(v) associated with a vertex is spanned by the vectors associated with its
incoming edges.
2) The vector assigned to an outgoing edge fronmust be a linear combination of the vectors

assigned to the incoming edgesof

Thus, an LCML can be viewed as a network code with coding vect6($i,j),) associated with
each edgq, j)x, such that the outgoing symbols from any node are deriveah fappropriate linear
combinations of the (received) incoming symbols.

Clearly then, if an LCML is to be used as a network code, the amount of informationdaatbe
collected by a node from the symbols it receives depends on the dimensionafityh@ vector space
L(v) associated with it. Specifically, assume that the sourgesinétsd symbols of information, i.e., it
utilizes all of the available dimensions af in constructing the information vector; themnly those nodes
v in the network for whichdim(L(v)) = d can recover all the information. Such nodes may or may not
exist, depending on the LCM chosen.

Thus, we need to impose suitable constraints on an LCMhich ensure thatlim(L(v)) is the

maximum possible for each e V.

Definition 4 (Generic LCM, [2]) An LCM L is said to be generic if for any collection oi(< d) edges
(41, 1)k, 5+ 5 (4ms Jm )k, » W€ have the following equivalence condition:

L(i1, 1) ks> L(im, Jm)k,, are linearly independent <= L(i,) € ( { L(ig,jg)r, : ¢ # p } ) for
I<p<m.



Theorem 2 ([2]). Given any LCML, for every vertex) # s,

dim(L(v)) < max-flows — v). (24)
If £ is generic, then for alb # s,

dim(L(v)) = max-flows — v). (25)

Thus, a generic LCM, if it exists, is the “best” possible LCM. particular, given a generic LCM,
for any nodev such that max-flogs — v) = d, we havedim(L(v)) = d. Hence, it is possible for the
source tomulticastd symbols of information tall nodes with a max-flow equal t@. Note thatd is the
maximum possible max-flow (from) in the network. Thus in short, using a generic LCM, it is poles
to meet the multicast demand for the special case when tlreesodformation raté: and the max-flows
to the intended sinkare all equalto the maximum possible max-flow in the network.

However, as pointed out in [2], using a generic LCM it is alesgible to tackle the following general
problem — the source transmitsd’(< d) symbols of information and it is required thahy node v
with max-flow(s — v) > d’ be able to recover all the information. This relies on the that, in G,
removing an incoming edge to any node with a higher max-flomnoareduce lower max-flows to other
nodes. Thus, by removing the incoming edge(s) to the node tlvé maximum max-flow at any stage
and proceeding in a recursive manner, the maximum max-flotheofyraph can be brought down to any
desired value!'. If a generic LCM then exists for this new graph, then the moatit requirements on the
old graph can be met. The reader is referred to [2] for a datadlescription of this procedure.

It remains to be seen if a generic LCM can be constructed fpi&nThis is answered by the following

theorem.

Theorem 3 ([2]). A generic LCM exists on every acycli¢, provided that the base fiel#f of w is an

infinite field or a large enough finite field.

The proof of the above is constructive and exploits the ta&t in an acyclic directed graph, there exists
an ordering of vertices such that any edge always originates lower indexed vertex and terminates
in a higher indexed vertex. The process of choosing a codaajoy for each edge can then be done
by proceeding from the lowest indexed vertex to the high@stsequently, when edde, j); is being
processed, all edges terminating drhave already been assigned coding vectors. Let the spareof th
incoming vectors ta be £(:). Then, the vector for edgg, j)i is chosen such that it lies id(:), but

does not liein the span ofany collection of at mostd — 1 assigned coding vectors that do not span
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Fig. 1. A single-source two-sink network

L(i). Such a vector is guaranteed to exist if the base ffeld large enough. The resulting allocation of
vectors by this algorithm results in a generic LCM [2].

(Note: Among all the results presented in this section, this is thly theorem that actually requires
G’ to be acyclic. In other words, all the previous results captoeed to be true regardless of the acyclic

assumption [2].)

A. An example

Consider the network represented by the graph in Fig. 1. dhece node is given by, and there are
two sinkst; andt,. All edges in this graph are afnit capacity. Information is to be multicast from
to t; andts. We shall construct a network code for this example.

At the outset, note that max-fldw — ¢;) = max-flow(s — t2) = 2. Consequently, according to our
discussion so fartwo bits of information can be transmitted fromsimultaneously ta; andt,. Also,
the maximum max-flowl = 2 in this network.

The finite field we consider %5, i.e., the binary field0, 1} under addition and multiplication modufo

(i.e., bit-wise addition and multiplication). It turns aihiat a field size of two is sufficient for this network.
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With d = 2, the vector space for this example isF3 — the set of 2-tuples of elements i, which
can be enumerated & 0], [0 1],[1 0] and[1 1].

A generic LCM £ for this network can be constructed by systematically allimg vectors to edges

in the following manner:

1) Since the graph is acyclic, we order the vertices,asy, z, w for encoding. Note that the sinks
andt, do not need to encode in this particular example as thereammtgoing edges from them.

2) Node s: L(s) = w = F3.

a) LetL((s,z))=][10].
b) SinceL((s,y)) should not lie in the linear span df((s,x)), it can be eithef0 1] or [1 1].
We chooseC((s,y)) = [0 1].

3) Node z: L(x) = {[0 0],[1 0]}. Note that the only possible allocations até&z,¢;)) = [1 0] and
L((z,z) = [1 0]. These allocations still satisfy the desired conditions,, ithey do not lie in the
span of{[0 1]}.

4) Node y: Similarly, £(y) = {[0 0],[0 1]} and L((y,t2)) = L((y,2)) = [0 1].

5) Node z: Note thatL(z) = w, the entire vector space. Thus, there is seemingly moreldraen
picking £((z,w)). However, recall thai((z,w)) should be linearly independent (l.i.) with every
assigned vector that does not sp&x) (note thatd — 1 = 1 for this case). Hencé&((z,w)) should
be Li. with {[0 1]} and with {[1 0]}. Thus, the only possibility i€ ((z,w)) = [1 1]

6) Nodew: L(w) = {[0 0], [1 1]}. Thus, again the only possibility 8((w,t1)) = L((w,t2)) = [1 1],
and this does not violate the conditions for the constractiba generic LCM.

Consequently, if the information vector at the soufeg b;] consists of bitsh; and bs, then the bits
transmitted along the edges of the graph are as indicatedjinlFIt is easily seen that both sinks can

decodeb; andb, from the bits they receive.

V. OTHER RELATED WORK

We have reviewed the results of [1] and [2] regarding the Isksgurce multicast problem in com-
munication networks. These papers deal with ideal linkg tlever fail. An interesting problem is —
what happens if the links in a network are error-free but ah(f.e., can be permanently removed) ?
It has been shown by Koetter and Médard [3] that there in éx@dts astatic solution to the network
coding problem that is robust to the occurrence of any faipattern which does not render the multicast
problem infeasible. The code is static in the sense that deisigned prior to the failure of any edges

and the coding vectors at any edge need not be changed adtaoféka failures (i.e., the network code
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need not be redesigned). The assumptions are that the &digels transmit the zero symbol, and that
the sinks are informed of the failure pattern. The same prolik also dealt with by Jaget al. in [4],
and they improve on the field size requirement given by Koettel Médard [3].

Interestingly, it has been shown by Doughegtyal. [6] that linear network coding techniques are, in
general,insufficientfor general network information flow problems involving riple sources. In fact,

the class of linear codes that they consider is larger thaat vehdiscussed here.
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