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1 Introduction

Relay channel was firs introduced by van der Meulen [1, 2, 8heTsharing approaches were used to find
inner bounds for the capacity. Most of the known results dtem the publication [4] by Dr. Thomas M.
Cover and Dr. Abbas A. El Gammal. In this paper, capacity afrdéed relay channels, relay channels
with feedback is computed. Also lower bounds using Block kdarcoding (decode and forward) and side-
information coding (compress-and-forward) were cal@datA new lower bound was proposed in [5] using
partial-decode and forward. More history about the relegnectel is given in the introduction section of the
doctoral thesis of Sina Zahedi [6].

In this report, the bounds on the capacity results [4] fortiay channel are studied. These results are in
most cases the best bounds and the only known capacitiesnef dasses of channels. Most of the material
in this report is taken from [4, 7, 6]. The thesis of Dr. Sinah&di and the presentation slides [8] of Dr.
Abbas El Gammal in MSRI 2006 are a good reference.

2 Channel Model
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A discrete memoryless relay channel denoted by x Xa, p(y, y1]21,22), V1 x Vo), consists of the four
finite sets X}, x>, V1, V> and a collection of probability distributior3(., .|x1, z2) 0N, x Vs, one for each
(z1,x2). Eachzy is the input from the encoder, and is the input from the relayy, is the output of the
channel to the relay, anglis the output to the decoder. A/, n) code for the relay channel consists of a set
of integers

M={1,2,...,M} (@)



an encoding function

1 M — AT (2)
a set of relay function$f;}_, such that
wo; = fi(Y11, Y12, Y1io1), 1<i<n (3
and a decoding function
d: YY" — M 4)

Observe that the relay function is casuas, depends only on the previous outputs, up to includirgl.
The rateR of the (M, n) code is defined by

1 . -
R = —log M bits/transmission (5)
n

There exists a variant of the relay, called as Relay Withaeiaip (RWD) which is non causal in the sense

that, the relay can instantaneously use the informatiorattsinit,i.e.
xo; = fi(Y11, Y12, ..., Y1iim1,014), 1<i<n

The relay channel we are considering is also calledthssical relay. A more general form of the relay can

be introduced by the concept of Sleep-Listen-or-TlKT introduced in [9].

Definition The relay channeglX; x Xo, p(y, y1|z1,x2), Y1 X V=) is said to bedegraded (or ratherY is a

degraded form o¥7) if p(y, y1|z1,22) can be written in the form
p(y, valz1, z2) = pyr|z1, 22)p(ylyr, 22) (6)

i.e, X1 — (X2,Y7) — Y form a Markov chain.

Definition The relay channdlX; x Xo, p(y, y1|z1, z2), Y1 x V) is said to beeversely degradedor rather

Y; is a degraded form df) if p(y, y1|z1, 22) can be written in the form

p(y, yilw1, x2) = p(yley, v2)p(y1ly, v2) (7)

i.e, X1 — (X2,Y) — Y7 form a Markov chain.

The following lemma [4] will be used to bound the error eveintshe subsequent proofs. L&t, .S, be

conditionally independent givesy, with the marginals
p(s1]s3) Zp s1,52,53)/p(s3)
82‘83 Zp 51732753 /p(sd)



Lemma 2.1. Let (31752,53) ~ H:»L:l p(317$2,53) and (Si,Sé,Sg) ~ H:):I p(811‘|33i)p(32i|83i)p(83i).
Then, for n such that P(A.(S1, S2,53)) > 1 —¢,

(1 — )27 IESaISHT) < P{(S5], 55, 85) € Ac(S1, Sz, 53)} < 27" (F1ialS)=70
Theorem 2.2. For a general relay channel

C< (max)min{I(Xl,Xg;Y)J(Xl;Y7Y1|X2)} (8)
p(x1,T2
Proof. This bound can be obtained by applying the cutset bound [A0]Qonsider the following cuts’
andSy

Sl Y1 . X2

X
VRN Y
For the cutS; we have,
Rx,v + Rx,v, <I(X1;Y1,Y|X2) 9
For the cutS; we have
Rx,y + Rx,y < I(X1,X2Y) (10)

Observing thatlR x,y, Rx,y, > 0 and combining both the above inequalities, we have the reguesult.
For an alternate proof using Fano’s inequality (was dewaddpefore the cutset bound) see [4]. This upper

bound is tight in all the cases in which capacity is known. O
Theorem 2.3. For any relay channel [4, 6]

C > sup min{l(Xy,Xo;Y), [(X1;Y1]X2)} (11)

p(z1,22)

Proof. The basic idea of proving achievability is as follows
e Encoding consists of “Random coding, Block Markov encoding Binning”
e Relaydecodes the complete messagead sends the bin number of previous block message

e Decoder decodes the present message and removes the ayrdiiguit the previous message by using

the bin number send by the relay.



Codebook Generation:We generate a sequence of codebabks
Cn = {(&"(w]s), z}(s)) :w € {¢,1,2,..., 2"} s e {¢,1,2,... 2" Fol}} (12)
such thatP’* — 0 asn — oc if equation 11 is satisfied. Let the random codebook be gésres follows:
e Fors e {¢,1,2,...,2"%0} generate an i.i.d sequeneg(s) , with 2% (s) ~ p(x2),Vs,i € [1,n].

e for eachs andw € {¢,1,2,...,2"%}, generate:}(w|s)conditionally independent from3 (s), with

distributionp(z1|z2;(s))

Random Binning: For each messadd, 2, ...,2/"%11, assign an index at random frof, 2, . .., 2["Fol},
Denote this assignment (now no longer random once fixedytgpaing g : {1,2,...,2/"F1} — {1,2,..., 2ol
Also letg=!(y) = {x : g(z) = y} denote the inverse mapping . Aléalenotes the estimate @fand belongs

to the same space to whiatbelongs!

The sequence of messages transmitted are as folltds...,Wx_1,¢). The relay estimates are
(Wl, e WB,l,QS). The receiver estimate(sb,Wh .. .,WB,l). The first message send by the encoder
is xl(wl\gb)



Block i, Messagev; | Typicality Decoding Rate required for correct
decoding
Encoder:
Transmits 2 (w;lg(wi—1))
Relay :
Already Knows | (wy,...,w;—1)
Receives Y (7)
Transmits 2B (g(w;—1))
Decodes W, Declares  w; is sent if | R<I(Xy;Y1]X2)
(27 (wilg(Wi—1), 25 (9(wi-1)), y7 (1))
€ A? (X4, X5, Y1)
Decoder:
Already Knows | (w1, ...,w;—2),
L(y"(i - 1))
Receives y™ (i)
Decodes g(wi—1) Declares g(w;—1) as the bin| Ry < I(X2;Y)
number in ¢ — 1 block if
(a3 (g(wi—1)),y" (1)) € A
W1 Declares w;_1 is sent in block| R < I(X;;Y|X2)+ Ry
i — 1 if it is the unique index in
{o7H(g(wi-1))} N L(y"(i — 1))
The ambiguity set Set of all w; such that
L(y™ (i) (af (wilg(@i-1)), 25 (g(bi—1)), (i)
€A
O
Theorem 2.4. If Y isa degraded form of Y7, then
C' = max min{I(Xy,X5;Y), I(X1;Y1]|X2)} (13)

p(x1,22)
Proof. From the definition of degradedness, we h&v&;Y,Y:1|Xs) = I(X1;Y1|X2). Hence the cutset

bound simplifies to

CS max min{I(Xl,XQ;Y)7I(X1;Y1‘X2)}
p(z1,22)

Also from general block Markov encoding with complete dengdi.e theorem 2.3, we have the reverse

inequality. O



Theorem 2.5. If p(y, y1|x1,x2) isan arbitrary relay channel with feedback from (y, y;) to both z; and -,
then
C' = max min{I(Xy,Xs;Y),[(X1;Y,V1|X3)} (14)

p(w1,22)

Proof. Feedback changes an arbitrary relay channel to a degradedeah Clearlyy” is a degraded form of
(Y, Y1) O

Theorem 2.6. Let (X x X, p(y,y1|x1,22), Y1 X Vo) be any discrete memoryless relay channel. Then the
capacity C' [5, 4, 6] islower bounded by

C> sup {min{l(Xy,X2;Y),I(U;Y1|X1) +I(X;Y|X1,U)}} (15)

p(u,x1,22)

where the supremum is taken over all joint distributions p(u, z1,z2) on U x X; x X5 such that U —
(X1,X2) — (Y, Y1) formaMarkov chain.

Proof. This method is also called &artial decode and forward. The basic idea of achievability is as follows.

e Encoding consists of “Random coding, Block Markov encodamgl Binning”. Message is divided
into two independent partew = (w’,w”). Do the encoding and decoding @f by using the same

procedure as in previous theorem with the help of the reldyis decoded straight by the decoder.
e Only thefirst part of the messagew’ is decoded by the relay

e Decoder takes the help of the relay to decode the firstipattemove the ambiguity, using the bin

number send by the relay) and decodes the second part of #sage” directly.
Codebook Generation:Let R = R; + R,. We generate a sequence of codebdfks
Cn = {(u"(w']s), 2] (w" W', s), 25 (s)) : w' € {9, 1,2,.. .,Qr"Rl]}
w' e {p,1,2,..., 2" s e {p,1,2,... 2y

such thatP!* — 0 asn — oo. The random codebodk, is generated as follows

e Forsc {¢,1,2,...,2["F1} generate an i.i.d sequeneg(s) according tgp(z4)..

e Foreachsanduw’ € {¢,1,2,...,2["f11} generate ani.i.d sequenagw’|s) according tg(u"|z5 (s)).

Souw is the cooperative information.

e For all pairs(w’, s) and for eachw” € {¢,1,2,...,2/"%1} randomly generate an i.i.d. sequence

a2 (w"w’, s) according to probability mass functigria? | (w’|s), 25 (s)).



Random Binning: For each messadé, 2, ...,2/"%11}, assign anindex at random frofm, 2, . . ., 2[ o1},
Denote this assignment (now no longer random once fixed) typingg : {1,2, ..., 2" 1} — {1,2,.. . 2["Fol},

Also letg—!(y) = {z : g(x) = y} denote the inverse mapping.

Block i, Message|l Typicality Decoding Rate required for correct
w; = (wi, wy) decoding
Encoder:
Transmits P (wlg(wi_y), wh)
Relay :
Already Knows | (w1,...,w}_)
Receives y1'(4)
Transmits x5 (g(w}_y))
Decodes w; Declaresw, = w) is sent if it| R <I(U;Y1|X>)
is the wunique index such that
(u™ (wilg(w; ), 25 (9(w; 1)), y1 (i)
€ A X1, X5, Y1)
Decoder:
Already Knows | (w1, ..., w;—2),
Ly"(i—1))
Receives y" (i)
Decodes gwi_q) Declares g(w;_,) as the bin| Ry <I(X2;Y)
number in i — 1 block if
(5 (g(wi_1)), y" (i) € AZ
wh_y Declares w}_, is sent in block| Ry < I(X1;Y|X2)+ Ry
i — 1 if it is the unique index in
{g71(g(w;_1))} N L(y" (i — 1))

The ambiguity sef Set of all w, such that
L(y"(z)) (u™ (wilg(wi_y)), 25 (g(;_1)), y())

€ An




(%) = (@7 (wi_y [ @5y, g(wi_y)), u™ (i1 [§(wi_y)), 25 (§(wi_y)), y" (i—1)) € AZ. Colored regions of the
table denote the encoding and decoding operations diffese¢he previous theorem. Combining the required

rates and using the Markov property we get the required aligu O

Theorem 2.7. Let (X1 x Xo, p(y,y1|x1,22), Y1 X Vo) be any discrete memoryless relay channel. Then the

rate R} isachievable [6, 4], where

R; = sup I(X1;Y,Y1|Xy) (16)

p(z1)p(x2)p(Y1|y1,22)

subject to the constraint
I(X2;Y) > I(Y1;Y1[X2,Y) (%%) (17)

Proof. This method is also callecbmpress and Forward method.

e Use block Markov coding.

e Relay “quantizes™ its received sequence in previous blackl sends it to the receiver. The receiver
considers the information received directly form the erra@s side information and decodes the quan-
tized information received from the relay (Wyner Ziv). lethuses this decoded information to decode

the directly received information from the encoder.

e Relay and sender do not cooperate. Independent codebaldset by the sender and relay.
Codebook Generation:We generate a sequence of codebagks

Co = {(@ (wls), 25 (s), 47 (2]s)) : w € {¢,1,2,..., 21}, (18)

se{6,1,2,....2R0 e (41,2, 2R (19)

such thatP!’ — 0 asn — oo if equations 16 and 17 are satisfied. For each fixed joint fnitibamass

function of the formp(x1)p(x2)p(91|y1, x2), the random codebook is generated as follows
e Forwe {¢,1,2,...,2I"11} generate an i.i.d sequeneg(s) according top(z7)..
e Forsc {¢,1,2,...,2["F11} generate an i.i.d sequeneg(s) according tgp(z%)..

e For eachs’ € {¢,1,2,...,2[""11} and for each index € {¢,1,2,...,2/"%1} generate an i.i.d

sequenceg;' (z|s) according top(g1' x5 (s)), wherep(g|za(s)) = 32, ey, P(yrlz2)p(d1]za(s), v1)-

Random Binning: For each messad@, 2, . ..,2/"%1}, assign an index at random frof, 2, . . ., 2711},
Denote this assignment (now no longer random once fixed) pomgg : {1,2,..., 281} — {1,2,... 2[R},

Also letg=!(y) = {z : g(x) = y} denote the inverse mapping.



Block i, Messageu;

Typicality Decoding

Rate required for correc

decoding
Encoder:
Transmits P (w;)
Relay :
Already Knows | (z1,22,...,%i-1)
Receives Yt (i)
Transmits x5(g(zi—1)) = (%)
Decodes 2 % = z is estimated R > I(Yi;Y1]X5)
[01 (2lg(zi-1)), 7' (i), 25 (9(2i-1))]
€ A?
Decoder:
Already Knows | (w1, ...,w;—2)
(215, 2i-2)
Receives Y™ (4)
Decodes g(zi—1) (Removing| Declaregj(z;_1) as the quantized eg- R; < I(X5;Y)

the channel effects timate send by the relay inhblock if

from the quantized
relay transmission)

The ambiguity set
Ly"(i—1))
Z;—1 (unquantizing
the quantized value

from the relay)

(23 (g9(2i-1)),y" (1)) € A?

Set of al =z such that

07 (2]9(zi-1)), 25 (9(zi-1)), y™ (1 —
1] e A

Receiver declares that it i_1, that

lay if it is the unique index such thg
Zicr € {971 (9(zim1))y N L(y" (i —

1))

t

R<I(Y1;Y|X1)+ Ry

> was quantized and send by the re-




(*) : Quantization and encoding at the relay. The colored steptha onlynon - Wyner-Ziv steps. Combin-

ing the rate constraints ol and R, we get the required constraint. O

Proof using block Markov and Wyner-Ziv coding: For further information regarding Wyner-Ziv see

the report by Shiva Kotagiri [11] and the references within.

Y1 (’L — 1) 5172(7,) W
Relay Channel Decodef——— -

y(i—1)

The relay at block sends information about message 1. Hence the information that the relay wants to
send at block is correlated ta;(i — 1). Now the problem translates to the following. Suppose weahte

to correctly decode the information send by the receivehatdecoder (i.e mitigate the channel or give the
copy ofx, to the decoder or in probabilistic sense condition on thewvkhavingzs) , what is the minimum
rate with which the relay can encode the information. So wee libe following Wyner-Ziv problem. The
decoder has side informatiatii — 1). The relay wants to encodg (i — 1) which is correlated withy (i — 1)

(all of these under the condition given ). What is the minimum rate of quantization? Also we don't leoth
about the distortion. (Having some extra information atréeeiver is better than having nothing). So from

the result of Wyner-Ziv we have that the quantization rateshould be
Ry > I(Y1; V1| Xo) — I(Y1; Y| Xy)

whereY — Y; — Y. We want to transmit this information across the chatiigl Y and decode it correctly.

This would require

I1(X2;Y)

Y

Ry

v

I(Y1;Y1|Xa) — I(Y1; Y| X2).

H(Y1|X5) — H(Y1| X2, Y1) — H(Y1|X5) + H(Y1]|X2,Y)
H(Y1|X2,Y) — H(Y1| X2, Y1)

= HW1|X,,Y)— H(Y1|X5,Y1,Y)

= I(V1;Y1]X5,Y)

After having the information abou; (i—1) the decoder uses joint informati¢¥, Y; ) to decode the message.
Hence the rat& < I(Xy;Y, V1| X5).

10
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