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1 Introduction

This report is a survey of currently known literature with respect to noiseless (“perfect”) feedback (FB) for
the multi—user access channel (MAC, “MISO”) and broadcast channel (BC, “SIMQO”), for both the discrete
memoryless (DM) case as well as for the additive white gaussian noise (AWGN) case. A motivating example
is the FB uplink from a controlling ground terminal to a satellite, where for all practical purposes the signal
power can completely dominate the noise and hence the link can be viewed as noiseless.

A review of literature on noiseless FB in information theory is provided in the next section. The MAC
achievable rates as found in [1] and [2] will be discussed in Section 2.1. The BC achievable rates as found
in [3] will be discussed in Section 2.2. Complete determination of the capacity region of some MACs and
BCs with FB remain an open problem, e.g. the inner and outer bounds do not coincide.

1.1 Literature Review

The effects of FB on capacity was initiated by Shannon [4], where he proved that for a DM single—user
(“SISO”) channel the channel capacity is not increased through the use of FB. This was subsequently shown
to be true for additive white Gaussian noise (AWGN) FB channels (see, e.g. [S][6][7] and more recently [8]).
In particular, Schalkwijk and Kailath published a set of papers in 1966 [9][10] providing coding schemes for
additive noise channels for both bandlimited and non—bandlimited channels. They showed that, although the
capacity does not increase with FB for white (“time independent”) additive noise channels, the complexity of
encoding and decoding as well as the transmission latency can be greatly reduced with the added FB. Many
of the achievability arguments for additive noise channels with FB are based upon the “Kailath—Schalkwijk”
coding scheme.

If the added noise is not white (i.e. “correlated” or “colored”: the channel is not memoryless), then
the channel capacity can be increased [11] since the FB provides the encoders with better knowledge of
the channel and hence allows them to combat the noise more effectively. Cover and Pombra in 1989 [12]
summarize and characterize the AWGN FB capacity, with the results that Cypp < Crp < 2Cnp ! and
Cnre < Crp < CnFB + %, where Cyrp and C'rp are the capacity without and with FB respectively.
Cover’s celebrated Feedback Capacity Conjecture (“Feedback Doesn’t Help Much” [14]) has been discussed
by Ordentlich in 1996 [15], Chen and Yanagi in 1997-9 [16], and most recently by Kim in 2006 [17].

Gaardner and Wolf [18] are credited with publishing in 1975 the first results showing that capacity can
be increased by moving from a DM SISO channel with (or without) FB to a DM 2—user MAC with FB. In
essence, the senders can decode each other’s transmissions as the receiver does (before, at the same time, or

"This was proved by Ebert in 1972 [13] and repeated by Cover and Pombra in 1989 [12].
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after — depending on the model). The encoders can then cooperate to resolve the uncertainty at the receiver,
sending information at the higher cooperative rate rather than the lower non—cooperative rates. Cover and
Leung [1] in 1981 determined an achievable region for the 2—user MAC with FB using superposition, block
Markov encoding, random coding, and list decoding. This same result was found independently in 1977
by Carleial [19], who went on to consider the case of two users observing different (generalized) FB in
1982 [20]. Ozarow’s 1979 dissertation [21] showed that FB can increase capacity of the AWGN MAC,
and provided the capacity region for the 2—user DM MAC with FB; Ozarow’s findings were reported in
1979 [22]? and 1984 [2]. Thomas in 1987 [23] proved that the total capacity (sum of the rates of all the
senders) of a k—user AWGN MAC with FB is less than twice the total capacity without FB. In 1989, Zeng,
Kuhlmann, and Buzo [24] offered a different’ proof of the achievability for the 2—user DM MAC with FB.
In 1994, Pombra and Cover [25] show that this “factor of 2 bound” on capacity holds even when cooperation
and prediction are combined in a k—user MAC with FB with non—white additive Gaussian noise. lacobucci
and Benedetto in 1997-8 [26][27] developed a k—user coding scheme for the MAC with FB using the
constraint of equal power per user. They found that their scheme provided varying capacity gains depending
on the number of users, with the greatest capacity gains for k£ € {2,3}. Kramer in 1999 [28] discusses FB
strategies for some 2—user MACs.

Cover [29] published the initial research into the broadcast channel (BC) in 1972, and Bergmans pro-
vided a simple converse to show the complete capacity region of the k—user AWGN BC in 1974 [30]. In
1977 Leighton and Tan [31] showed that the addition of noiseless FB in a 2—user strongly degraded DM
BC does not increase the system capacity. El Gamal in 1977 [32] discussed the 2—user BC with and with-
out FB, and later showed that the capacity of the 2—user physically degraded* DM BC[33] and physically
degraded AWGN BC [34] do not change with FB. Ozarow’s 1979 dissertation [21] showed that FB can
increase capacity of the AWGN BC, and provided the an achievable region and outer bound for the 2—user
DM BC with FB; Ozarow’s findings were reported in 1979 [22]. Dueck in 1980 [35] is credited with the first
peer—reviewed publication showing by example that the capacity of a 2—user BC can be improved through
partial FB. In 1984 Ozarow and Leung [3] showed a new way to achieve the capacity region for the 2—user
Gaussian BC> with FB. In 1998, Cover [36] provided a general overview of the BC, though he only touched
on FB by primarily citing the references provided here to that date.

Kramer in 2002 [37] discussed FB strategies for AWGN interference networks, including the MAC
and BC as special cases. He extends the Kailath—-Schalkwijk coding scheme from 2 users to k users via
the Fourier modulated estimated correction (“Fourier MEC”), which assigned each user’s message in the
network a distinct modulation frequency from the rows of a DFT matrix. The Fourier MEC achieves the
sum-rate capacity for MACs as long as the transmitter powers are all the same and beyond some threshold.
In 2005, Wu, Vishwanath, and Arapostathis [38] (:onjectured6 that the k—user AWGN MAC and BC with
FB are duals of each other under the constraint that the total transmit power remain constant. Kramer and
Gastpar in 2006 [39] generalize and refine the Hekstra and Willems [40] dependence balance bounds, and
apply their updated dependence balance to the AWGN MAC with FB. They find the sum-rate capacity when
all users have the same per—symbol power constraints.

For “a blast from the past” make sure to review Van der Meulen’s 1977 survey of multi-way chan-

This document was a NASA internal report which was apparently not further disseminated.

3The authors claim: “and simpler”.

* A physically degraded, or cascaded, channel, is one for which p(y1, y2|x) = p(y1|z)p(y2|y1).

>By definition, the AWGN BC with N, # N, V a # b is stochastically degraded, i.e. p(ye|z) = >y, P(yi]2)p(y2ly1), but
not necessarily physically degraded.

SThe conjecture is in their accompanying presentation.
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nels [41] and El Gamal and Cover’s 1980 summary of multiple user information theory [42]. Both of these

articles have sections on FB, though their use is marginal since they came before much of the work on MAC
and BC with FB was published.

1.2 Acronyms and Notation

The following notation is used throughout this report.

Ay refers to the “time” index “b” for the variable “A”.
A, refers to the “time” index “b” for the variable “A,”.
A’ generally refers to a b-length vector holding the results Ag, A1, . .., Ap.

For quicker reference, here is a list of acronyms used throughout this report, provided in alphabetical
order.

AWGN Additive White Gaussian Noise

BC Broadcast Channel (a type of SIMO channel)
DM Discrete and Memoryless
FB Feedback

LMMSE Linear Minimum Mean Squared Error

MAC Multi—Access Channel (a type of MISO channel); also Multi—user Access Channel
MISO  Multiple Input Single Output

SIMO  Single Input Multiple Output

SISO  Single Input Single Output

2 Results

In this Section results from the achievability and converse (where available) for the MAC and BC with FB
will be presented. For the purposes of this discussion, feedback is causal in that the received values (Y;)
are available to the encoders before the next values (X;1) are to be encoded. Note that all of the theorems
discussed here are for £ = 2 users, and in general are difficult to expand to more users without significant
changes.

2.1 MAC with FB

The capacity region for a MAC with FB would intuitively be no smaller than that without due to the en-
coders’ learning about each other’s transmissions via feedback and hence “cooperating” with each other
indirectly. In the worst case, encoders can learn nothing about each other and the situation reverts back
to the MAC without FB. In the best case, encoders have full knowledge each other’s messages, will fully
cooperate, and hence can realize maximum system capacity.

Figure 1 shows a generic MAC with FB. Regarding this figure, unless otherwise stated for specific
derivations: (1) the messages my, ..., my are generated (a) independently of each other, and (b) uniformly
over each source’s alphabet; (2) the message encoders fi, ..., fr have knowledge of each other through
the feedback only, not through any direct information exchange, and thus, conditioned upon the feedback,
generate output codewords independently of each other; and (3) the feedback can be information obtained
before, during, or after processing by the decoder.
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Figure 1: Generic k—User Multiple Access Channel with Feedback
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Figure 2: k—User AWGN Replacements for the Similarly—Labeled Boxes from (a) Figure 1 and (b) Figure 4.

Theorem 1 (Cover and Leung [1]) Let U be a discrete random variable which takes on values in the
setU = {1,2,...,m}, where m = min{||X1|| - || X2||, |V} and || X}|| denotes the alphabet size of user
k € {1,2}. Consider the set P of all joint distributions of the form

Pux, x,v (u, 21, 22, y) = Pu(u)Px v (21|u) Px, v (z2|u) Py x, x, (y]71, 22)

where Py |x, x, (y|z1, x2) is fixed for the channel, and the channel is DM. Then an achievable rate region
for the 2—user DM MAC with FB as shown in Figure 1 is Rpu,nvac,FB defined’ as the convex hull of all
rate pairs (R1, Ry) satisfying

0< R <I(X;Y|X5,U),
0< Ry < I(XQ;Y’XI, U) , and
Ri+ Ry < I(Xl,XQ;Y) .

An outline of the achievable coding scheme is as follows: B blocks each of length n will be sent, and
the messages to be sent at each block are my, € {1,2,...,[2"%]} and k € {1,2}; this range for k will be
used throughout the discussion. For the messages to be transferred in block b € {1,2,..., B}, (j, 41, 2,5)
denotes the indices of interest to encode, with j; being the index sent to resolve uncertainty from the previous
block and iy, € {1,2,..., [2"7%]} being indices representing the new messages to be sent for the current
block. The encoders actually generate X} (i p,jp) for transmission, which are found as follows: Fix a
choice of Py(u) and Py, |y (zk|u). Generate a sequence of i.i.d. random vectors u" = (u,...,up)
according to Py (u1,...,u,) = [[1—; Pu(u;), indexed as u™(j,), for j, € {1,2,..., [2"0]}; it turns out
that Ry < I(Y;U). Now for each u"(j,), generate the conditionally—independent sequences X} (ix, j»)
according to [ [, Px, v (zg,ilui(jp)) where zy ; is the it" entry of this X2 (ik b, Jb)-

"We disagree with Cover and Leung that the rate region has closure.
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Encoding is done as follows: In the first block, all encoders use the same predetermined (“initialization’)
index 31 and look up xZ(%k,l, 51) for transmission from the indices set (31, %1,1, %271). For any block, each
encoder sends its n values of x’g(ik,b, Jv)- Inblock b : 1 < b < B the transmitters split the available rate into
two parts: one part (the j;) provides enough information so that the receiver can resolve any uncertainly left
over from the previous block; the other part (the 7y, ;) is new information. The rate of this new information
must be small enough so that, through the FB link, each transmitter can reliably determine each other’s
message. In the last block (B), each encoder sends only the information needed to resolve the uncertainly
of the previous block; no new information is sent (i.e. ¢, g are set to predetermined “termination” indices).

Decoding is done as follows, for any block b: (1) The receiver declares j;, was sent iff it is the unique
value of jj such that (u"(j),y") are jointly typical, where y” is the set of n current received values. (2)
Given the j, from part (1), the receiver declares i;@b_l as the intended message indices iff they are the
unique values of iy 1 such that (27 (ixp—1, 7b),yp—1) are jointly typical. (3) Both encoders estimate the
transmitted message of the other encoder. This is done by declaring that (for encoder 1) 527;, was sent iff it
is the unique value of i such that (x7 (41, js), X5 (12,6, jb), y") are jointly typical; encoder 1 knows the
values for 41 p, jp, X7 (1., J»), and y™ (through FB).

The bounds on each encoder’s transmission rate are found by examining the probability of error at both
the receiver and the encoders required for successful decoding. If the number of blocks B is large, then the
effective transmission rate will be negligibly affected by the lack of new information in the last block. The
bound on the cardinality of ¢/ was determined by Salehi [43].

There exists no converse to show that the achievable rate region in Theorem 1 is the capacity region, and
this still remains an open problem. However, Ozarow [2] provides a converse for an outer bound assuming
that the encoders fully cooperate to determine what to transmit. This bound, Cps,a Ac, F B,0Outer 1 the union
of all rate pairs (Ry, Rg) satisfying

0< R < I(X1;Y[X2),
0< Ry < I(X2;Y|X1) ,and
Ri+ Ry < I(X1,X2;Y)

A

for some joint p(x1, z2). This result is the same as provided by the cut-set bound [11, Section 14.10] for
3 nodes (2 transmitting and 1 receiving). Interestingly, this result can also be reverted back to the known
capacity region for the DM MAC with no FB by constraining p(z1,22) = p(x1)p(z2) and applying the
closure of the convex hull of all rate pairs.

In the same article, Ozarow also found the capacity region for the AWGN MAC with FB and 2 users:
Theorem 2 (Ozarow [2]) For the AWGN MAC with FB and k = 2 users as shown in Figures 1 and 2(a)
under the constraints

ke {1,2}
i €{1,2,..., N} is the time index for each block
Yi=X1i+ X0+ 2
Z; ~ N (0, Ny)
E[X;,] < P,

where the expectation E is over all messages my, and feedback Y™, then the capacity region is



DRAFT of November 16, 2006 6

1 P
CAWGN,MAC,FB = U {(31,R2):0§R1§210g<1+N1(1—p2)),
0<p<1 0
1 P, )
0§R2§210g<1+NO(1p)) , and
1 P+ Py + 20/ P P
R1+R2§210g<1+ 1+ 2-;P 12)}.
0

Note that when p = 0, then there is no cooperation and the capacity region reverts back to that for the
AWGN MAC with no FB. Here is an outline of the achievable coding scheme: Transmissions are in blocks
of length N; one incoming message my, ; € {0,1,..., M} — 1} is transmitted during each block. Assume
that the incoming messages my, ; are equally—likely and independent for each source. Each encoder maps

the incoming message via the function

M. i 1
(i) = —d M

M, —1 2
such that 6, is uniformly distributed over the M} equally—spaced values in [—%, %] When M, are both
large, then E(G,%) ~ % After transmission ¢ € {1,2,..., N}, the receiver computes a linear minimum
mean squared error (LMMSE) estimate ék,i of 0. Define the estimation error € ; = ék,i — 0, and its
variance oy, ; = var(eg ;). At time ¢ = 1, only encoder 1 sends information, and it sends X 1 = 6, V12P;.
The receiver gets Y1 = X 1+ Z1, and forms an estimate of 0 via HAM = 01+€1,1 whereeg 1 ~ N (0 &);

" 12P;
thus a1 = 112V]%1 . Attime 7 = 2, only the second encoder sends information, and it sends X5 2 = 02/12P5.

The receiver gets Yo = X9 + Z5, and similarly forms 0A272 = 0 + €22, where €39 ~ N(0, 1]2\[—1%2); thus
Qg9 = 112\[—}%2. Also at time 2, the receiver sets 9172 = 91,1 so—as to be prepared for the rest of the transmission.
At each time 7, the decoder feeds back the received value Y;_1, with Yy = 0. Since the encoder knows 6y, it
can compute €y, ; at each step.

At time 3 < 7 < N, the encoders send

P P.
X1, =€1,-1 ! and Xoi = sgn(pi—1)€2,i-1 2
a1 Q251
with
1 >0
sgn(x) = - , 2
gn(z) { 1 2<0 2
and the correlation coefficient between the €, ;
E[[1x €x.q]

P Meons &

The “sgn” in X5 ; is used to keep both encoders’ transmissions the same sign. The receiver gets Y; =
Zi + Y, Xj, and forms the LMMSE estimate of ), given the previous estimates (6 ;—1), the previous
estimation errors (€ ;—1), and the current received information (Y;) as®
E[Yie i—1]
v Vi

E[Y;]

This process is continued until time ¢ = N, or when a predetermined variance threshold as been met, at

Ori = Oki—1—

which point the receiver will use the closest available true value of 6 as the final estimate and reverse

80zarow’s paper has the typo “1” instead of “4” for the receiver index in Equations (5) and (7).
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Figure 3: Capacity Regions for the AWGN MAC with and without FB

computes 1y, ; from Equation 1. The capacity bounds are found by examining the probability of error at the
receiver required for successful decoding.

The converse to Theorem 2 starts by proving an outer bound for the general DM MAC with FB, and
noting that the capacity of the AWGN MAC with FB must be included within this region. The capacity
region is then (1) specialized for the particular p(y|z1x2) being jointly Gaussian and thus H (Y| X1 X2) =
%log 2meNy, and (2) generalized noting that for any random variable W with variance 0‘24,, H(W) <
%log 27rea%v. Jensen’s inequality is used to swap expectation and log functions multiple times, with the
final result that the achievable rate region as found in Theorem 2 represents the actual capacity region.

Figure 3 shows the capacity region for the AWGN MAC with and without FB. Note that the point at
around (R, Re) = (0.73,1.08) (where the AWGN MAC with FB capacity curve would not have a contin-
uous derivative) is most likely an artifact of the computation, and this curve should ideally be continuously
differentiable. This point is where R; + Ro equals the sum-rate constraint. Note that at least for the 2 user
system FB provides capacity gains relative to no FB.

2.2 BC with FB

The generic BC with FB is shown in Figure 4. Regarding this figure, unless otherwise stated for specific
derivations: (1) the messages my, ..., my are generated (a) independently of each other, and (b) uniformly
over each source’s alphabet; (2) the message decoders g1, . . . , g have no knowledge of any other decoder’s
information, and thus generate both the feedback and output message independently of other decoders; and
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Figure 4: Generic k—User Broadcast Channel with Feedback

(3) the feedback can be information obtained before, during, or after processing by the decoders, though
generally all feedback is taken at the same processing location.

All of the theorems presented here are for £ = 2 users, and in general cannot easily be expanded to
higher numbers of users without significant changes. All derivations summarized in this report are found
under the following conditions:

o~
m

{1,2}
{1,2,..., N} is the time index for each block
Yii = Xi+ Zoi+ 2y
N(0,N,;) for I € {0,1,2}
N; # 0forl e {0,1,2}
E[Z:iZ1;] = 0Vm#1, m,l€{0,1,2}
E[X}] < P

.
m

N
2

where the last expectation E is over all messages mj and feedback Yzi_l . Yz_l, and P is the average

power.
Theorem 3 (Ozarow and Leung [3]) For the AWGN BC with FB and k = 2 encoders as shown in Fig-

ures 4 and 2(b), there exists a code that achieves the rate region defined by

1
RawenN,Bo,FB = U {(Rth) : 0< R < 3 log
0<g

No+ N1+ P
No+Ni+ E-g2(1—p*2) |’

No + Ng + P }
No + No + 5* (1—p*?)

where D* = 1+ g% +2gp*, g is a non-negative number which allows trading off of achievable rates between

1
OSR2<§10g

the receivers, and p* is the largest solution in (0, 1) of °

(NoX + NiN2)p* — 29 (1 - p?)

¢ﬁ¢Nd+Ny+ﬁyﬂl—m%vﬁ%+Né+§ﬂl—m%
Z:P+N0+N1+N2
H:(P+N0+N1)(P+N()+N2)

*

There is a typo in [3, Equation 8] of the denominator’s second square root: “o3” should read “o3”.
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Note that this region is not necessarily convex, and nor is the closure or a convex hull operation applied
to the union. Here is an outline of the achievable coding scheme, somewhat following that provided for
Theorem 2: Transmissions are in blocks of length /N, during which time the encoder will transmit two
messages, call them my; and myj, one each from the alphabets M, = {0, 1,..., M}, — 1} for k € {1,2}.
Each message is uniformly generated independently of the other, and is mapped into a real number in [— %, %]
via Equation 1. When Mj, are both large, then E(6%) ~ 1—12

For the first two time slots in each block (¢ = 1, 2), the encoder transmits X; = 6; v/12P. Each receiver
estimates its message by é;“ = 0), + €}4. For the first transmission (¢ = 1), only the first decoder does

i i — Y Zoa+Zia -
any processing, and it computes 61 = Nl 0, + N The first decoder ignores the second

transmission and sets él’g = 9A171 in preparation of the rest of the algorithm. For the second transmission

. . . A _ Yo Za+Za2
( = 2), only the second decoder does any processing, and it computes 03 o = TisP = 02 + N At

each time ¢, the encoder receives via feedback the values Y}, ;1 from the decoders, with Y}, o = 0. Since the

encoder knows 0, it can compute €, ; at each step. Defining oy, ; = E[ezl] and p; as in Equation 3, then
_ No2+Npo

Q2 = —13p and P2 = 0.
For transmissions 3 < ¢ < NN, the encoder sends
€1,i—1 €2,i-1 P
Xi= g Sgn(pi—l):| ;
VOLi—1 /021 D;_

where ¢ is a nonnegative number which trades off between the receivers, sgn(z) is defined as in Equation 2,
and D; = 1 + g% + 2g|p;| is a normalization parameter for satisfying the average power constraint. The
receivers get Y. ; = X; + Zo; + Zj; and form their estimates as linear combinations of the old and new

information via
Eler,i—1Y% ]

Ori = Oki—1— E[YZ)
N2

ky -

This process is continued until time ¢ = N, or when a predetermined variance threshold as been met,
at which point the receivers will use the closest available true value of 6;, as the final estimate and reverse
computes my; from Equation 1. The rate bounds are found by examining the probability of error at the
receiver required for successful decoding.

In the same paper, Ozarow and Leung also derive an outer bound on the capacity of the AWGN BC
with FB. This is done by allowing one receiver (say receiver 1) to obtain both Y7 and Y5, and hence form a
physically degraded BC with FB for the Markov chain X < (Y7,Y5) < Y5. This process can be reversed
by allowing the other receiver (2) to obtain both received values. Since the channel capacity is known for
physically degraded BC’s with FB, the outer bound on the capacity for the AWGN BC with FB can be found
as the intersection of these two regions via the following theorem.

Theorem 4 (Ozarow and Leung [3]) For the AWGN BC with FB and k = 2 encoders as shown in Fig-
ures 4 and 2(b), an outer bound on the capacity region for this channel is Cawan,BC,0uter < C1(1C2
with
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Figure 5: Rate Regions for the AWGN BC with and without FB

1
a= U {(Rl,Rz) Ry < 3 log
0<a<l1
R <11
2_2og
1
Co = U {(RluRQ) : ngil()g

1+

1+

1+

1+

aP

N1 Ns
No + N1+N2

(1—a)P

9

aP+No+N2] }’

aP + Ny + N;

(1-a)P ]

aP

N1 No
No + N1+N2

b

1.4

Figure 5 shows rate regions for the AWGN BC with and without FB. Note that, at least for the 2 user
system, FB provides rate gains relative to no FB.
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