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I. INTRODUCTION

A multiple access channel (MAC) with generalized feedback)({S a communication network where
two or more sources transmit information to a single destinaand each source observes a different
feedback from the channel output. Such a channel with twesuseshown in Fig. 1, wher&l/;, W, are
the messages to be transmitted to the recei¥er,X, are signals transmitted by the encodérsis the
channel outputy; andY; are feedback to encodérand?2 respectively, and’; and W, are the decoded
messages.
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Fig. 1. Two-user MACGF.

The capacity region for MACGF is not yet known. On one hand, €alrl[1] and Willems [2] have
independently found the achievable rate region via su#ipo and block Markov coding. Though it is
difficult to compare these two regions for general casesgZarmd Kuhlmann [3] have shown that for
some special cases, Willem’s region is strictly larger tRamleial’s. Another approach for obtaining the
achievable rate region is developed by Gastpar [4], whi@nigxtension of the linear feedback strategies
of Ozarow [5] for the AWGN MAC with noiseless feedback. On thiey hand, Gastpar and Kramer
[6] have established outer bounds for a special case of MA@@BEre the noisy feedback is a degraded
version of the channel output.

The rest of the summary is organized as follows. Sectionsiéusses Willems’ and Carleial’'s achievable
rate regions for discrete memoryless (d.m.) MACGF. Carlemtid Gastpar’s regions for AWGN MACGF
are briefly introduced in Section Ill. The outer bounds depet by Gastpar and Kramer are then illustrated
in Section IV.

II. D.M. MACGF
A. Channel Model

The two-user d.m. MACGF is depicted in Fig. 1. Denote the ckabn (X, x X, p(y, y1, y2|T1, 22), YV X
V1 x )»), whereX; and X, are the input alphabet3] is the output alphabel); and), are the feedback



output alphabets, and(y, v, y2|z1, 22) is the conditional probability law ofy, yi,v2) € YV x V1 X Vs
given (z1,x9) € X} x X,. All the alphabets are finite. Since the channel is memaosyle® have

p™N y yd oY, ) = T 0(Yn, Yin, You|Tin, Ton, vy y5 )

=TI (Yo, Yins Yon|Tin, T20), 1)
wherey” € YN, yN € YN, 4N € YV, 2N e &Y, andx) € XN,
An (M, M,, N) code for the d.m. MACGF consists of:

. Two independent message sourdeand 2, which produce random integei$; € {1,2,---, M}
andW, € {1,2,--- , My}.
« Two sets of N encoder functions

Tin = fln(Wla }/{L—l)a (2)
x2n:f2n(W27)/én_l>an:]-a2)"' 7N‘ (3)
« One decoder function
(w1, w2) = g(Y™). (4)
The error probabilityP., for Wi, W, uniform and independent, is defined as
I PT{(Wl, WQ) # (Wi, Wa)}. (5)

A rate pair(R;, R,) is said to be achievable for a d.m. MACGF, if for any> 0 and N sufficiently
large, there exists a\/;, M,, N) code such thalog(M;)/N > R, —¢,i = 1,2, and P, < e.
C,r, the capacity region for a d.m. MACGF is the closure of the $etll@achievable rate pair&?;, R»).

B. Willems’ Achievable Rate Region

Theorem 1:For a d.m. MACGFX; x X5, p(y, y1, y2|z1, 22), Y X Vi x V»), the capacity regiol,; 2
R4¢, Where the achievable rate regi@),; is defined as:

Ry £ {(R1, Ry) :R1 = Ris + Ri1, Ry = Ro1 + R,

0 < Rip < I(Vi; V2| X, U), (6)
0 < Ryy < I(V; 1] X, U), (7)
0 < Ry < I(Xy;Y[Xp, V3, U), (8)
0 < Rop < I(Xp; Y[Xy, Vo, U), 9)
0 < Ry + Rop < I(Xy, Xy Y|V, Vo, U), (10)
0 < Rig + Rt + Ryy + Ry < I(Xy, Xo;Y) for (11)

p(u, vr, vz, w1, 22, y) = pw)p(or|u)p(vafu)p(zs vy, u)
'P(M\U%U)p(y,yhyz!ﬂ?lafcz)}-
Note thatR,, is convex so that the convex hull is not needed.
Proof: To prove the achievability oR,;, Willems constructs a random coding scheme with block
Markov encoding and backward decoding that yields arlilgramall probability of error.

First fix the distributionp(w, vy, v, 21, 22) = p(u)p(v1|u)p(ve|uw)p(z1|vy, w)p(xa|ve, u). The message
Wiy = (Wiap, Win), Wiy € {1,2,--- , Mip = [exp(NRi2)]}, Wi € {1,2,--- , My = [exp(NR11)1},
Wo, = (W21b,W22b), Wan € {1,2, s My = (GXP(NRzlﬂ}, Waa € {1>2> s My = (GXP(NPQQH},
b=1,2,---,B — 1, will be sent over the MACGF inB blocks each ofN channel usesiVis,, Wiy,
Wo1, Wagp are uniformly distributed and independent of each othee Jdime codebook is used for each
of the B blocks

The encoding process is outlined as follows:



1) GenerateM,M,, sequencest = (u, us, - -+ ,uy) With Pr(u) = 1% p(u,). Label themu(wy),
Wy = (w(n, IU()Q), Wo1 € {1, 2, ,Mlg}, andUJQQ S {1, 2, ,Mgl}.

2) For everyu(wy) generateM;, sequences/; = (vi1,v12, - ,v1y) and My, sequencesv, =
(Va1, V99, -+, van ), €ach with probabilityPr{v,,|u(wy)} = T p(vyn|un(wy)), m = 1,2. Label
them aSV1<U}0, ’wlg), Wig € {1, 2, ,M12}, andVQ(’wo, wgl), W1 € {1, 2, ,Mgl}, respectiVEly.

3) For every pair(u(wy), vy, ve), generateM;; sequencesx; = (xi1,Z19, - ,21n) With proba-
bility Pr{x:|vi(wo, wia),u(we)} = TIN_p(x1,|v1n(wo, wiz), un(wo)), and My, sequencest, =
(1]21, XTog, - ,.I'QN) with probabilityPr{xﬂvQ(wo, w21)7 U(w())} = HnNzlp($2n|U2n(wg, w21), Un(wo)).
Label them aS(1<w0, W19, U)H), w1 € {1, 2, s ,MH} andX2<wO, Wa1, w22), Woo € {1, 2, s ,MQQ},
respectively.

4) The messageld/ o, Wiy, Wa1, and Wag,, b = 1,2,--- , B — 1 are block Markov encoded in the
following way:

a) In blockl,

X1 = X1<<17 1), w121, w111)7

Xo1 = X2((17 1)7 w211, w221)- (12)
b) Before blockd, b = 2,3,--- , B, because of the feedback links, encodenas the estimate

Wy, (1) for messagevs;,-1) and encodee has the estimate?, ,, for messageviap-1).
Then in blockb, b =2,3,--- ,B—1

~/
X1y = Xl(wozﬁ W12, wllb)»

Xob = Xz(ﬁ)gb, Wa1p, Wazb), (13)
and in blockB
x15 = X1 (W, 1, 1),
Xop = Xo(Wyp, 1, 1), (14)
Wherewé)b - (w12(b—1)7w/21(b—1)> andwgb = (@AU/1/2(b—1)= w21(b—1))’ b=23,---,B.

The decoding process uses the principle of backward degodin
1) First, in the last blockB, the decoder looks fotigg = (w15, Woep) Such that

(u(@)a Vl(@a 1)7 V2(@7 1)7 Xl(@a 17 1)7 X2(%7 17 1)7 YB)
GAE<U7‘/17‘/27X17X27Y)7 (15)
where A.(-) denotes jointly typical set [7]. The unknown messages aceulimed.
2) In blockb,b=B—-1,B—-2,---,1, the decoder sets
Wigp = Wo1(b+1)s
Warp = 11702(1;+1)- (16)
Then in blockb the decoder looks for the tripl@igy, w11s, wWee) Such that
(u(%), Vi (m, 117121)), Vo (%, 117211;), X1 (%, W12y, 117111)), XQ(wOba Wa1p, 1?1221)), }’b)
eAe(U7%7%7X17X27Y>' (17)

Note in block1, sincewy = (1,1), the decoder looks fofuw 1, w90 ) satisfying (17) withb = 1
instead.

3) Recall that the encoders need to obtain the estimajgsand wy,, from the feedback link at the
end of blockb. Therefore, the encoders also perform decoding operattémsoderl choosesis,,



such that

(u(w()b)a Vi (UA’()b? Wiap), VQ(wébv wélb)? Xl(wém W12b, W11p), Y1b)

S A(%(Ua‘/la‘/Qqua}/l)a (18)

and encodel choosesuy,, such that

(u(wgb)a Vi (wgm w/1,2b)7 V2 (wgbv Warp), X2(w6/b> Watp, Wa2p), Y2b)

S AE<U7‘/17‘/27X27Y72)7 (19)

wherew, = (wiap—1), Wh, b_l)) andw(, = (w;'%b_l),le(H)) are from the results of the previous
decoding operations peréormed by the encoders after bieek.

From the encoding and the decoding process, it is clearwha@and wy, contain information to be
sent directly to the receivetw,, andw,; are new information with high rate to be sent to the receivar v
feedback, whilew, is the resolution information the encoders cooperativelydsto resolve the receiver’s
residual uncertainty.

The error probability analysis for this random coding scheis similar to that of other multiuser
channels, such as MAC without feedback and the broadcastnehawhich uses union bounds and
properties of jointly typical sequences. Details can bentbin [2]. It can be shown that given> 0 and
N sufficiently large, if(Ri2, Ro1, R11, Ra2) Satisfies (6) to (11), the®. < ¢, which completes the proof.

[ |

C. Carleial's Achievable Rate Region

Carleial [1] develops another achievable rate region for ¢hannel depicted in Fig. 1, also via
superposition and block Markov coding, but windowed dexgds used rather than backward decoding.
This superposition coding scheme is graphically represemt Fig. 2.
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Fig. 2. Representation of Carleial’'s superposition coding scheme faCGR

The achievable rate region for d.m. MACGF is given in [1], atgdproof is similar to that of Willems’
region. The details will not be discussed here. We only surim@aCarleial’s idea as follows:
1) Time-sharing random variabl@ is used to make the region convex such that the convex hubtis n
needed.
2) Messages are sent i blocks of N channel uses.
3) The messages of souree, m = 1,2 are decomposed into two components; (for sourcel and
k.l for source2), represented by random sequenégsandV,,. U,, represents the high rate new



message that is sent to the receiver via feedback linksgewhilis the message that is sent directly
to the receiver. )

4) At the end of eacrl block, encodémakes an estimatd/, of U, via feedbackY;, and encodep
makes an estimaté/; of U; via feedbacky.

5) The encoding functions; = ¢:(i, j,7, k') andx, = ¢1(k, 1,7, k') are denoted by

t t t t ~t
Ty = fl(uliv V15 Wyyrs Wopys Q)

xg = f2 (nga Uélu wi%n wékH Q)u (20)
fort = 1,2,---,N. ' denotes that the message is pertaining to the last precduding, and
a=(q,q, - ,q,) is the time-sharing sequence.

6) The decoder uses channel outputs in two blocks simultetgdor decoding. The decisions are
made by means of joint typicality. Moreover, the encodergehi@ decodel/; and U; from the
previous block. The decisions are also made by means of tigantality.

7) Probability of error analysis is performed in the same v@aythe achievability proofs of other
channels.

Remarks:

1) Compared to Willems’ approach, Carleial uses two randonabksi¥; andWW, for the cooperative
information while Willems only uses one random variable

2) The encoder output¥’; and X, are deterministic gived/;, Vi, W; andU,, V5, W5. Therefore, they
do not appear in the conditions of the achievable rate region

D. Comparison of Willems’ and Carleial’s Achievable Rate Regi
For general cases, it is not clear whether Willems’ regiotaiger than Carleial’s or not. However,
Zeng and Kuhlmann [3] studied two special cases of d.m. MAGIBH, proved that for these two special

cases, the region obtained by Willems’ method is strictigea than that by Carleial’s. These two special
cases are:
1) Channel withY” degraded from; and Y5;
2) Channel with one-sided feedbatk andY is also degraded fronn;.
HereY is degraded fronY; or Y5 in the following sense [1]:
Definition 1: In the MACGF of Fig. 1,Y is a degraded version of, with respect to the channel inputs
if there exists a “test channel” froi; to a random variabl@” such that
1) (X1, X5),Y: andY’ constitute a Markov chaiX;, Xo — Y} — Y/, i.e., p(¢'|x1, 22, 1) = p(v/|11),
and
2) Y’ is statistically equivalent t&” with respect to the inputs, i.e., the sample spaces’andY” are
isomorphic, and for all corresponding valugs~ v, p(v/'|x1, 2) = p(y|x1, x2).

1. AWGN MACGF
A. Channel Model

A two-user AWGN MACGF, which is also depicted by Fig. 1, has reglut and output signals
X1, X5,Y,Y1, Y5, The two input signals subject to average-power consgdtand P;:

N
%Z () < B,i=1,2. (21)

t=1
The output signals are
Y=X1+Xs+ 7,
Y1 =X+ Xo + 74,
Yo = Xy + Xy + 2o, (22)



where 7, 7, Z, are zero-mean Gaussian random variables and constituh#mnel noise. Those noise
powers areN = E[Z?%], N; = E[Z}], and N, = E[Z3]. Without loss of generality, we assun§ < N,
and N = 1 by appropriate normalization.

While Carleial develops an achievable rate region for the gg@®&VGN MACGF, Gastpar [4] considers
a special case of the AWGN MACGF, where the noisy feedback ischamnel output plus additional
white Gaussian noise,

Y=Y + VW,
Yo=Y + Vs (23)

Here V; and V, are i.i.d. Gaussian with zero mean and variange and o7, respectively. The block
diagram of the channel model is shown in Fig. 3.
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Fig. 3. The AWGN MAC with degraded noisy feedback.

This channel model is further simplified by adding the samisento the feedback links, and thus
Yi=Yo=Y+Vi=Y 4+, (24)

Gastpar’s achievable rate region is obtained for this sfraglcase.

B. Carleial's Achievable Region

The achievable rate region is given in [1]. It is formally #an to the region for the d.m. MACGF
with the following differences:

1) The time-sharing random variabdg is not used.
2) The encoding functiong; and f, are linear combinations of the information-bearing aaxiyli
random variables, which have the zero-mean unit-variaremes&an distribution.

ot = [(0nB) s+ (@0180) 0ty + (@0h) Py + (@) Py, | P2

Ty = [(04252)1/2%1@ + (a2ﬁ2)1/2v§l + (5‘2)‘1)1/2“’;%/ - (5‘2)‘2)1/2@0;’“'} B, (29)

whereaq, as, 31, 52, A1 are power-allocation parameters each freely chosen betae® and unity, and
M=1—-A,a0=1—m and@gzl—ag.
More details about the decoding process and the probabiligrror analysis are provided in [1].
Remarks:

1) Computation of the region is very complicated by the largeber of free parameters involved.



2) Fortunately, the region can be much simplified’ifis at least as noisy &g, the least noisy of the
feedback signals. In other wordd); < 1.

3) Whenl < N; < N,, it turns out that not much simplification can be made, and tine region is
hard to calculate.

C. Gastpar's Achievable Rate Region

Gastpar [4] considers the special case where the feedbatheast as noisy as the channel output, and
the same noise is added to the feedback links. As is discumede, this is the scenario where Carleial's
region is hard to compute.

Unlike Willems and Carleial, who use the random coding s@pgté&astpar [4] employs the linear
deterministic feedback strategy of Ozarow [5] to obtaindbbievable rate region via joint source-channel
coding.

First, a statement analogous to the converse to the sepathBorem for a point-to-point channel can
be formalized for the two-user AWGN MAC described in SectitrAl.

Proposition 1: Denote the capacity region of the network &¢P;, P»), where P;, P, are the average
channel input cost constraints. Consider a set of sourcésdieal to be transmitted accross this channel
network, and suppose the rate-distortion region for thecgsuis given byR (D1, D). If a distortion pair
(D1, Ds) is achievable, theR(Dy, Dy) NC(Py, Py) # @.

The interpretation to Proposition 1 is
1) For arbitrary sources with respect to an arbitrary digiormeasure, we devise a joint source-channel
coding strategy that observe the channel input cost canstid,, P») and incurs a certain distortion
<D17 DQ)

2) Then achievable rates can be derived according to Ptagpodi thatR(Dy, Do) NC(Py, P) # .

Gastpar’s strategy to obtain the achievable region foll@zsrow’s approach for AWGN MAC with
noiseless feedback [5], but Ozarow’s approach is slightignged in order to use Proposition 1.

1) First, consider the transmission of two independent &anssources; and S, of mean zero and

variances? with respect to mean-squared error.

2) In the first two channel uses, the two transmitters takestand transmit their source without further

coding, using a power oP; and P», respectively.

3) In subsequent channel uses, the sources send maximédymative updates according to the

feedback linksy;(Y5).

4) The receiver produces the MMSE estimatessofand S; after N channel uses. Denote the vector

channel outputs by = (V,Y,,---,Yy)T. The MMSE estimate can be written as
S — B[S, YTI(E[YYT])'Y, for m =1,2. (26)

m

5) The distortion is
DN = o2 — B[S, YT(E[YYT]) ' E[YS,], form=1,2. (27)

m

6) The achievable rate is then given by

1 o’ 1 o2
R,y — “log, —2— + = log, —2— . 28
F m]\é}X (2 082 DgN) + 92 082 DéN)) ( )

Remarks:

1) The maximum of (28) is not achieved a5— oc.

2) R,r does not have a closed-form solution, but numerical resaltsbe obtained through simulation.

3) Strictly speaking, what Gastpar has derived is not theeaable rate region but the achievable
sum-rate.



IV. OUTER BOUNDS

Gastpar and Kramer [6] introduce an outer bound on the cgpeagjion of a special case of AWGN
MACGF where the noisy feedback is the channel output plustiaddi white Gaussian noise (Fig. 3),
and generalize the result to all MAC with degraded noisy lieett. Here the noisy feedback is said to
be degraded in the sense thiaf;, X5), Y, (Y1, Ys) constitute a Markov chainX;, Xo — Y — Y}, Y5.

A. General Outer Bound
Definition 2: For arbitrary random vectord and B, define the following quantity:

Vo8 det ZAB
A|B det ZB s

where) , 5 denotes the covariance matrix of the random ve¢tarB), and)  ; the covariance matrix
of the random vectoi3.

Theorem 2:The capacity region of the MAC with degraded noisy feedbackadntained within the
union of the regions

(29)

Ry < I(X1;Y[X,,T) (30)
Ry < I(X5;Y[X41,T) (31)
Ry + Ry < I(X1, Xo; Y, T) (32)
over all p(t, z1, s, y,y1, y2) that satisfy the following conditions:

(i) T — (X1, Xs) =Y — (Y1, V), (33)
(i) I(X1; Xo|T) < I(X1; Xo|Y3, Yo, T), (34)

VY Yo|X T:tVY Ya| X Tt)
i) 0< t)1lo L2l LIz , 35
( ) N zt:p( ) . ( VY1,Y2\T=15VY1,Y2\X17X2 (33)

whereT" has cardinality at mosi.
Remarks:
1) Auxiliary random variablel’ = (Q,Y,* ", Y;2"!), whereQ is the time-sharing random variable.
Therefore,T" satisfies (33).
2) Starting from the seemingly trivial inequality

0< [(Wl; W2|Y1N7Y2N)v (36)

we can arrive at condition (34).
3) Condition (35) is proved with the aid of the Hadamard-Fescimequality.
4) Weaker outer bounds are obtained by omitting any or alhefdonditions (33)-(35).

B. Degraded AWGN MAC Outer Bound

For the AWGN MACGF, consider the scenario where the noisy faekls the channel output plus
independent white Gaussian noise, given in (23).
Theorem 3:The capacity region of the AWGN MAC with noisy feedback as i8)(i contained within

Ry < I(X1;Y[Xo) (37)
Ry < I(X2;Y|X)) (38)
R1+R2 SI(Xl,XQ,Y) (39)

for joint GaussianX; and X, satisfying
(X5 Xa) < I(Xy; Xo|Y1, Ya). (40)



Remark:

1) For the casé&’; =Y, =Y/, this theorem coincides exactly with the cut-set bound.

2) This outer bound can be evaluated explicitly and is coexbém lower bounds appearing previously
in the literature in [6].
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