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I. INTRODUCTION

Various Markov encoding and decoding techniques are often proposed for specific channels,
e.g, the multi-access channel (MAC) with feedback, the relay channel, the MAC with cribbing
encoders [1], [2], [3]. The goal of this report is to summarize the basic ideas of some block
Markov coding techniques and present them using two simple channels, namely the point-to-point
channel and the relay channel.

Transmission using block Markov coding operates over a number of blocks. In each block,
with the exception of the first or the last block, a new message is sent. However, the codeword to
send at each block depends on not only “fresh” information but also “past” information from one
or more previous blocks. Hence the name “Markov encoding”. The information from previous
blocks can be refined information for the previous message or cooperative information for other
users.etc At the receiver, since the channel output at each block is related with messages from
previous blocks, different decoding schemes have been proposed.

The rest of this summary is organized as follows. Sectionliscusses the application of
Markov coding in the point-to-point, discrete memoryless channel (DMC). Block Markov coding
is unnecessarily complicated for a simple point-to-point DMC, but studying this setting allows
for a simplified treatment of the scheme’s mechanics. To illustrate the benefits of block Markov
coding in multi-user information theory, Sectidh applies block Markov coding techniques to

prove an achievable rate for the relay channel. Sedtbreoncludes the paper.

[I. MARKOV CODING IN THE POINT-TO-POINT DISCRETEMEMORYLESSCHANNEL

For the proof of the capacity theorem in the point-to-point DMC, block Markov coding
techniques are not necessary. The benefit of these complicated techniques becomes clear when
they are applied to more complicated channels, as we will see in Sdtitiddevertheless, we

use this application as a toy example to illustrate the basic ideas of block Markov coding.
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Definition 1: A point-to-point DMC consists of an input alphah&t an output alphabey
and a probability transition functiof];", p(y;|x;) for all z; € X, y; € ¥, i =1,2,...,n.
Definition 2: A ([2"#],n) code for a point-to-point DMC consists of the following:
« Anindex setW := {1,2, ..., [2"#]}.
« An encoding functionf,, : W — &X".
« A decoding functiong, : Y — W.
Definition 3: The average probability of error for a uniformly distributed message WV is
defined as the probability that the decoded message is not equal to the corresponding transmitted

messagé,

P = Plgu(y) # w]
Definition 4: A rate R is said to be achievable for a point-to-point DMC if there exits a
sequence of[2"R],n) codes withP\™ — 0 asn — oo.

Theorem 1:For a point-to-point DMC, a raté is achievable if

R < r;l}(iiil(X;y)'

Sketches of proofs of Theoretusing different schemes will be provided in the following
sections. Throughout the whole summary, we consigldslocks, indexed byl < b < B, each
of n channel uses. A sequence Bf— 1 messages,, € W.,b =1, ..., B— 1, will be transmitted
usingn B channel uses. For the convenience of presentation, we assyimevg = 1 without

loss of generality. The rat®(B — 1)/B is arbitrarily close toR as B — oc.

A. Non-Markov coding
Recall that a standard non-Markov coding strategy is outlined as follows:
e Fix p(z)
. Codebook generatiorGenerate[2"?] independent codewords of length x(w),w € W,
drawn according td [}, p(z;)

« Encoding In block b, send the codeworg(w,).

1Random variables are denoted using the sans serif &0t &) while random vectors and sequences are denoted with bold
sans serif¢.g, x). A vector is assumed in column form unless otherwise stated. Instead of the more pxécisehe probability

density function (pdf) of the random variabieis denoted byp(z).
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Decoding At the end of blockb, the decoder estimates the message of the transmitter

w, = w Iff there exits a uniquev such that(x(w), y(b)) is jointly typical.

Remarks:

« The above coding strategy is used in the now standard proof in [4].

The codeword for block only depends on the current message Hence, there is no
Markov relationship between codewords of different blocks. Correspondingly, the receiver

only utilizes the channel output in blo¢kto decode the message.

B. Irregular Encoding and Successive Decoding

Irregular encoding and successive decoding are first proposed for the relay channel in [1]. For

a point-to-point DMC, the coding strategy is outlined as follows:

Fix an auxiliary random variable with distribution p(u)

Fix p(z|u)

Codebook generatioGenerate™* | R, > 0, lengthn codewordsu(s), s € {1, 2, ..., [2"1]},
drawn according tq ;" p(u;); for eachu(s), generate[2"*] independent codewords of
lengthn, x(w|s),w € W, drawn according tq [;_, p(z;|u;(s)).

Random partioning/binningRandomly throw each integer € W into one of2"f* bins;
denote the cell index oy ass(w).

Encoding For blockb, calculates, = s(w,_1), send the codeword(w,|s;).

Successive Decodindt the end of blockb, assumings, is known, the decoder estimates
the messagey, = w iff there exits a uniquev such that(u(s,), x(wl|$), y(b)) is jointly
typical. Thereafters,,; = s(w;) is available for decoding the next block.

Analysis of Error Probability It then can be shown that wheR < I(x;y|u), the error
probability approaches zero as— oo. Furthermore, considering the Markov chain—

X < y, we can show
max I(x;ylu) = maxlI(x;y).
p(w)p(z|u) Ciylu) p(z) (i)
To see this, we first notice thaty|z, v) = p(y|z), thus,
max I(x;y|u) > max I(x;y|u")
p(u)p(z|u) p(z|u*)

= maxI(x;y),
p(z)
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where the first inequality arises when we fix the distributiona@b be P(u = u*) = 1. For

the other direction, we can have

I(x;ylu) = H(ylu) = H(y|x, u)
= H(y|u) — H(y|x)
< H(y) - H(yl|x)
= I(xy),

such that

max I(x;y|lu) < maxI(x;y).
p(u)p(z|u) p(z)

Remarks:

For a point-to-point DMC, another simple decoding strategy is to look for a unigsech

that (x(w|$,), y(b)) is jointly typical givens, = s(w,_1).

« There is no constraint o®;. Thus, we can choosg&; = 0, from which we recover non-

Markov coding.

C. Regular Encoding and Backwards Decoding

Regular encoding and backwards decoding are proposed for the MAC with generalized feed-

back in [3]. For a point-to-point DMC, the coding strategy is outlined as follows:

Fix an auxiliary random variable with distribution p(u)

Fix p(z|u)

Codebook generatiorGeneratd 2"#] lengthn codewordsu(s), s € W, drawn according to
[T, p(w); for eachu(s), generatg2"#] independent codewords of lengthx(w, s), w €
W, drawn according tq [}, p(x:|u;(s)).

Encoding For blockd, send the codeword(w;, 1, w;).

Backwards DecodingThe receiver starts decoding from the last blaBkand proceeds
backwards. At block, assumingw, is known, the decoder estimateg_,; = w iff there
exits a uniquew such that(x(w, w), u(w), y(b)) is jointly typical.

Analysis of Error Probability It then can be shown that wheR < I(x, u;y), the error

probability approaches zero as— oo. Furthermore, noticing the Markov chain— x < y,
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we can show that
I(x,uy) = I(xy).

Remarks:

« Compared to irregular encoding in SectitB, this coding strategy does not require random
binning. However, the number of the total codeword8"i8 x 2" compared t@"# x 2"F
in irregular encoding. Recall that in SectidRB, there is no constraint oR;. Thus, we
can select?; < R such that the irregular encoding requires less storage.

« Backwards decoding has a delay®tlocks. In contrast, successive decoding only imposes

a delay of2 blocks.

D. Regular Encoding and Sliding Window Decoding

In [2], another scheme is proposed that can decode regularly encoded information and reduce
the delay. It utilizes the channel output in two blocks simultaneously for decoding. Hence the
name “sliding window decoding”. More specifically, at bloekassumingw,_; is known from
decoding of the previous block, the receiver estimaigs- w iff there exists a uniquev such
that (x(w, wy_1),y(b)) is jointly typical. Recall that, in the successive decoding, the receiver
estimates the “satellite” codeword given that the “cloud” center is decoded from the previous
block. However, in the window decoding, the whole codeword is directly estimated without
distinguishing between the “satellite” and the “cloud” center. In a point-to-point DMC, it is easy
to see that both backwards decoding and window decoding yield the same rate in THeorem
In more general channels, sliding window decoding reduces the delay compared to backwards

decoding, but can reduce the rate as well [5].

[11. M ARKOV CODING FOR THE RELAY CHANNEL

In the point-to-point DMC, Markov coding techniques are unnecessarily complicated and do
not increase the rate. This section applies Markov coding techniques to the relay channel to
illustrate the benefit of Markov coding in improving the rates of multi-user networks.

Definition 5: A relay channel consists of two input alphabéfs X>, two output alphabets
Y, Y5 and a probability transition functiof[", p(ys, y2.i|z1,, x2,) for all z1,; € Xy, z2,; € X,

Yo € Vo, Y3, € YV3i=1,2,...,n.
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Definition 6: A ([2"%],n) code for a relay channel consists of the following:
« An index setW :={1,2, ..., [2"]}.
« An encoding functiom,, : W — A7

« A set of relay functions f;}! , such that

Toi = fi(Yo1, Y22, Y2i-1) , 1<i<n

« A decoding functiong, : Y — W.
Definition 7: The average probability of error for a uniform message: )V is defined as
the probability that the decoded message is not equal to the corresponding transmitted message,

i.e.

P = Plga(ys) # w]

Definition 8: A rate R is said to be achievable for a relay channel if there exits a sequence
of ([2"7],n) codes withP") — 0 asn — oc.

The following theorem corresponds to [1, Theorem 1]. We will see that different Markov
coding techniques can be used to prove this theorem. However, in general, different Markov
coding techniques lead to different achievable rates. It is due to the special structure of the relay
channel that the three Markov coding techniques lead to the same achievable rate.

Theorem 2:For a relay channel, a ratR is achievable if

R < sup min{/(x;ys|x2), I(x1, %25 y3)}

p(zr1,22)

A. Irregular Encoding and Successive Decoding

This section outlines the original proof of Theor@wsing irregular encoding and successive
decoding [1]:

o Fix p(z9)p(z1|z2)

« Codebook generationGenerate2"' length n codewordsx,(s),s € W, drawn accord-
ing to [], p(z2,); for eachxy(s), generate[2"#] independent codewords of length n,
x1(w|s),w € W, drawn according tq [}, p(z1:[x2.:(s)).

« Random partioning/binningRandomly throw each integer € W into one of2" bins;
denote the cell index oy ass(w).

« Encoding
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— Node 1: Calculates, = s(w;_1), send the codewors; (w,|s).
— Node 2: Given s, = s(w,_) is estimated from the previous blodk— 1, send the
codewordx, (s,)

. Relay DecodingAt the end of blockb — 1, given w,_, and§,_, = s(w,_,) are estimated
from the previous bloclb — 1, node?2 estimatesﬁ/b_l = w Iff there exists uniquev such
that (x2(5,_1), X1 (w|s_1), y2(b — 1)) is jointly typical;

« Successive Decodingt the end of blockb, node3

— Estimatess, = s iff there exists a unique such that(x,(s), ys(b)) is jointly typical;
— Estimatesy, ; = w iff there exists a unique such thatx; (w|s,_1), X2(8_1), y3(b—1))
is jointly typical ands, = s(w;_1).

Remarks:

« An intermediate result showB; < I(xu;ys).

« R < I(x1;y2|x2) is required to guarantee successful decoding at the relay, Fand

I(x1, x2; y2) is required to guarantee successful decoding at the destination.

B. Regular Encoding and Backwards Decoding

This section uses regular encoding and backwards decoding to prove Th2otecan be

viewed as a simplified version of the proof in [3]. An outline of the proof is as follows:

o Fix p(x2)p(21]z2)

« Codebook generationGenerate[2"] length n codewordsx,(s),s € W, drawn accord-
ing to []", p(z2,); for eachxy(s), generate[2"#] independent codewords of length
x1(w, s),w € W, drawn according tq [\, p(z1,|x2,(s)).

« Encoding

— Node 1: At block b, send the codewors; (w,_1, w;).
— Node 2: Given w,_; is estimated from the previous bloék— 1, send the codeword
XQ(ﬁ/b—l)

« Relay DecodingAt the end of blocky, given wy_1, node2 estimatesy, = w iff there exists
uniquew such that(xs(wy_1), 1 (w, wy_1)), y2(b)) is jointly typical;

« Backwards DecodingThe receiver starts decoding from the last blaBkand proceeds

backwards. At block, assumew, is known following decoding of block+ 1, the decoder
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estimatesw, ; = w iff there exits a uniquev such that(x; (w,, w), xs(w), y3(b)) is jointly

typical.

C. Regular Encoding and Window Decoding

Again, we can improve on the decoding delay of backwards decoding by using the sliding
window decoding [2]. The codebook generation and encoding procedure is the same as that of

Sectionlll-B. The decoding procedure is as follows:

. Sliding Window DecodingAt the end of blockb, assumew, , is known, the decoder
estimatesw,_; = w iff there exits a uniquev such that(x; (w, wy_2), X2 (Wy_2),y3(b — 1))

is jointly typical and(xs(w), ys(b)) is jointly typical.

IV. CONCLUSION

This report summarizes various Markov encoding and decoding techniques [1], [2], [3],
focusing on the point-to-point DMC and the relay channel to illustrate the mechanics and
an important application. In the point-to-point DMC and the relay channel, various Markov
encoding and decoding techniques yield the same achievable rates. However, in general, in
more complicated networks, different Markov encoding and decoding techniques yield different

achievable rates and have various trade-offs in terms of delay and complexity.
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