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Comments on Literature

¥ This presentation covers just the BC and MAC with FB
from Ozarow, Cover, and Leung in 1981-4.

¥ There are still a number of open problems in channels
with FB.

¥ Fourier MEC is promising for some problems. [Kramer
2002]

¥ Duality between MAC and BC is also promising. [Wu,
Vishwanath, and Arapostathis 2005]



Acronyms and Notation

The following notation is used throughout this report:

A, refers to the OtimeO indel for the variable @O.
Aap refers to the OtimeO indelx for the variable Q0.

AP generally refers to a b-length vector holding the results { Ao, Ay, ..., Av}.

The following acronyms are used throughout this presentation:

AWGN Additive White Gaussian Noise

BC Broadcast Channel (a type of SIMO channel)

DM Discrete and Memoryless

FB Feedback

LMMSE Linear Minimum Mean Squared Error

MAC Multi-Access Channel (a type of MISO channel);
also Multi-user Access Channel

MISO Multiple Input Single Output

SIMO Single Input Multiple Output

SISO Single Input Single Output



Overview

¥ Introduction
¥ Comments on Literature
¥ Acronyms and Notation
¥ MAC with FB
¥ DM [Cover and Leung 1981]
¥ AWGN [Ozarow 1984]
¥ AWGN BC with FB [Ozarow and Leung 1984]



Generic MAC with FB
Feedback
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¥ The messageasy, ..., M are generated:
Independently of each othend

¥ Uniformly over each source's alphabet.
¥ The message encodérs...,fk have knowledge of each other through the feedback «

not through any direct information exchange, and thus, conditioned upon the feed
generate output codewords independently of each.other

¥ Feedback can be information obtained before, during, or after processing by the.c



DM MAC with FB Achievable
[Cover and Leung 1981]

Rbwm.mac B is the convex hull of the union of all rate pairs
(Ry, Ro) satisfying

0! R1<I1(X1;Y[X2,U),

0! Ry < I(X2;Y[|X,U), and

Ri+ Ry < 1 (X1,X2;Y)
where

¥ U is a discrete random variable which takes on values in the
set U={1, 2, ... Mu};

¥ Mu = min(Xa| ¥ X2/, [Y]) and [¥] denotes the alphabet size (refer
to [Salehi 1996] for a proof);

¥ The joint probability distribution function for U, X, and Y is of
the form

Pux.x,y (U, X1,X2,Y) = Py (U)Px,ju (X1|u)Px,ju (X2|u)Py x, x, (YIX1, X2)



DM MAC with FB Achievable
|dea (1/8)

¥ Each source generates messagesmy ! {1,2,...,"2"R«#
Independently of each other; assume uniformly created

¥ Ateachblock b! {1,2,...,B}, one message per encoder will
be sent to the receiver

¥ Use an auxiliary RV U to create sequences that are jointly
typical with incoming message indices

¥ For any given block, encoders send n values
¥ At the end of the block:
¥ Receiver bnd typical index of U, saves received values

¥ Receiver uses typical U index to Pnd jointly typical message
Indices for the previous block!s saved received values

¥ Encoders bnd jointly typical indices for each other!s message
¥ OtypicalityO in all cases provides the overall probability of error



DM MAC with FB Achievable
Random Coding (2/8)

¥ Fix Py (u) and Py, ju (Xk|u)

¥ Generate u"(j) = (ug,us,...,u,) according to
Pr(u"()) = |.; Pu(ui(j)). There are!2™°" ii.d. random
vectors, each with n elements, indexed by j ! {1,2,...,"2" % #

¥ For each u" () ) generate the conditionally independent n element
vectors xJ (ix,j), with iy ! {1,2,...,"2"R«#  according to
!II

Prixg (i, DIU" ()1 = PxyqulXici (i, i) ui(j)]
=1



DM MAC with FB Achievable
Encoding (3/8)

¥ Indices of interest for each block are (j, i1, i2)
¥ j resolves receiver!s uncertainty about previous block!s (i1, i2)
¥ (1, 12) are the indices of this block!s messages

¥ For any block, encoders send the n values of x{ (ix,j)

¥ For block b = 1, encoders use predetermined P;

¥ For block b = B, encoders use predetermined (P1, )



DM MAC with FB Achievable
Decoding (4/8)

Receiver )
1. Declares jQ = jb was sent iff f is the unique value of jpbsuch
that (u"(jp), Y p) are jointly typical;

2. Declares & p 1 = ik p 1 Was sent |fo< n 1 are the unique
values of iy p 1 such that (x7 (i1 p 1,Pb) X3(iop 1,F), YH 1)
are jointly typical;

3. The number of j indices (thence Rp) is small enough such that
(2) Is successful.

¥ SavesYyp :discards Y} ;.
¥ Y p is fed back to both encoders, each of which (shown for #1)
4.,5. Declares ¥, = i2p was sent by encoder 2, iff ¥, is the
unique value of i, such that (X} (i1p,)b)s X5 (i2p,jb), Yi)
are jointly typical. This can be done because encoder #1
knows Yy ,i1p,andjy.

¥ Debne the current block!sn received values asY |



DM MAC with FB Achievable
Probability of Errors (5/8)

1. (u"(jp), Y ) not jointly typical
Means: |, not properly decoded by the receiver
a. Joint AEP: Pe, = Pr[(u"(ju), Yp) "W/ ]< 14
b. Joint AEP with marginals:!2"Re" = W | # 211 (U:Y)! 3t
Result: Rog < I (U;Y)

2. ((X7(@1p 1,P), x5 (i2p 1,P], Y4 1) notjointly typical
Means: (i, 1,i2p 1) NOt properly decoded by the receiver

a. Joint AEP: ) )
Pe, = PrI([XT (i1 1,P), X5 (2 1,0)]s Y 1) " WII< Iy



DM MAC with FB Achievable
Probabillity of Errors (6/8)

3. The number of |, indices is small enough such that the
decoder!s resolution of the previous block!s uncertainty is
successful. Refer to [Cover and Leung], Lemma 4 for the proof.

Lemma 4: Forany ! > 0,R1 > 0,R, > O, there exists an ngsuch
that for n! ng, and with

1 (X (i1,P). x5 (i2,P)1.Y™) arejointly typical
F itz 0 otherwise

and |Sy|= ! then Pr |Sy|> 2" (RitRal 1OGX2YIUH D) o

11,02

11,12
Result; 2n(RitR2! 1(X1. X2 ¥V [U)+1a) < 120Rom = (W | # 20l (U5Y)! 3t
'l

Ri+ Ry < [ (X1, X2 Y|U)! 13+ 1(U:Y)! 3,

(Chain Rule for Information) R; + Ry < | (X1, X2;Y)



DM MAC with FB Achievable
Probabillity of Errors (7/8)

4. (X7(i1p,jb), Y ) notjointly typical
Means: 11, not properly decoded by encoder 2
a. Joint AEP: Pe, = Pr[(x](i1p,jb), Yp) "W\ ] < 14
b. Joint AEP with conditionally independent marginals:
!2nR2u — |W|n | # 2n[| (X 2;Y [ X 1,U)! 714]
P4

Result: Rz < I (X2;Y|X1,U)

5. (X3(i2p,jb), Yp) not jointly typical
Means: 1, ,, not properly decoded by encoder 1
a. Joint AEP: Pe, = Pr{(x5(i2p,jb), Yp) " W] < 15

b. Joint AEP with conditionally independent marginals:
| 2NRam = (W | # 200 (XY IX2,U)! 7l
' 5

Result: R; < |(X1,Y|X2,U)



DM MAC with FB Achievable
Probability of Errors (8/8)

Using the union bound for the overall probability of error:

! 5 | 5
Pe’b! Pel — I|
=1 =1
let!|< — ! | . Then Pup < — .
'~ 5B Peb < 5

Thus the average probability of error for set of B blocks is
bounded by : , which can be made arbitrarily small.



DM MAC with FB Outer Bound
[Ozarow 1984]

Com M Ac FB,outer IS the union of all rate pairs (Ri1, R2) satisfying

0! Ri! 1(X1;Y[X2),
0! Ry | I(X2,Y|X1),and
R+ Ry ! I(X1,X2:Y).

for some joint p(x1, X2).

Notes:

¥ This result is the same as provided by the cut-set bound for 3
nodes (2 transmitting and 1 receiving).

¥ This result can be reverted back to the known capacity region
for the DM MAC without FB by constraining p(xi, x2) = p(x1) p(x2)
and applying the closure of the convex hull of all rate pairs.

¥ Proof during AWGN MAC with FB
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MAC AWGN Replacement Block
and Conditions

Zo ¥ k! {1, 2}is the user / encoder
l ¥ i {1,2,..N} is the time index
for each block

X1—T>

. — > Yi =Zoj + X,

- —Ple v ¥ 0i +2_i

o ¥ Zoi ~N (0,No)

Xk— T , .
u ¥ E[XZ2;]! P« is the average powe

MAC constraint




AWGN MAC with FB Capacity Region
[Ozarow 1984]

Caw GN.MAC FB =

(Rl,Rz):O! Rq |

or r1 1
0! Ry!
Ri+ Ry |

i 5 -
“log 1+ > 1" 127

2 0

L ps o
—log 1+ — 1" ! , and
2 " 0

1 P+ Py+ 2l PP
—|Og 1+ 1 2 1m2

No

When ! = Othere is no cooperation and the capacity region
reverts back to that for the AWGN MAC with no FB.



AWGN MAC with FB Capacity Region
Achievability (1/7)

¥ Incoming messages my; ! {0,1,...,My" 1} mapped to real
numbers via My ; 1
(Mg i) = l 2
(M) = 71! 2

¥ For large My, E(68) ! 15
¥ One message (per user) sent per block
¥ Feedback is the actual received value Y; = Zg; + Xk.i
¥ Encoder computes k
¥ Message Estimate .q(,i depending on |
¥ Estimate Error !y ; = 9! "y
¥ Estimate Error Variance ! ; = var("x.i) .
¥ Correlation Coefbcient Between \ariances ! = l':'[! k#k’i]
k TTK,i




AWGN MAC with FB Capacity Region
Achievability (2/7)

¥ Attimei =1, transmitter 1 sends X1 = !; 12P
¥ ReceivergetsY, = |1 12P + Zy 1 and forms

) 3 Yq | No
0,,=0,=12 = +" 112! N0, —2
1.2 1.1 5 1 1.1 with 11 ( 12P)

¥ Transmitter 2 ignores this time slot

¥ Attimei = 2 transmitter 2 sends X, = !> 12P
¥ Transmitter 1 ignores this time slot

¥ Receiver gets Y, = 1, 12P + Zo, and forms

.. Y> . Ngo
O,= 12 =1,+" hly,0 N(O,—2
b 2 o5 2+ "20 with 155 ( TP )

¥ Notethat ! o= 3% and!2 =0



AWGN MAC with FB Capacity Region
Achievabillity (3/7)

¥ Fortime 3!i! N, the transmitters send
P P
Xoj=l1ii1 7 X2 =sgnlii 1) 2,1 1 m -
1,1 1 2,11
1 x! 0

where sgn(x) = keeps the estimates sign-

[ 1] 1 < O
aligned, to avoid signal cancellation at the receiver

¥ Thereceivergets Y, = Zgi + Xy,

k
and forms the LMMSE estimate
L E["cii 1 Yi]
Qi = Hin 1! E[Y?] Yi
Similarl
¥ g | Elera Yl
€k,i — €k,i! 1 - Yi

E[Y.?]




AWGN MAC with FB Capacity Region
Achievability (4/7)

¥ Working through some mathematics
[ — | !i! 1N0! Sgn(!i! 1)(1' ||2| 1) P1P2
I = |
(P1(X! 15 1)+ No)(P2(1! 4 ;) + No)

¥ This series convergesto !; = ! 1'E with & the (largest)

(Ng +P1(1! 2))(Ng +Pa(1! I'?))
No(No + P1 + P2 +2I" P1P;)
which is obtained by taking 1! !i2|!i2='2 - \

i1
¥ There is at least 1 solution because the equation" switches
sign when goingfrom£=0to =1

solution in (0,1) of =1



AWGN MAC with FB Capacity Region
Achievabillity (5/7)

After N blocks, the message estimate Is q< N = Tkt kN
Debning Cy () = Iog 1+ —(1I £Y)

thenvar(ly n) = "N = Kge 2N Ck(g) for some constants Ky
which do not depend on N, g, or Ci(g).

Receivers pick the closest actual value of !¢ then compute the

send messages i = (Mg ! [l + 3]

Probability of Error is if either message is not properly decoded
Prlerror] = Primi; £ my; ormy; £ my;]



AWGN MAC with FB Capacity Region
Achievabillity (6/7)

¥ With Q(x) = X' LZ_ 2y’ Y"dy and My eNRkm <« eNRi 9
1
hen Prlerror] = Pr |! or |[!
then Prlerror] |1,|N| (M1 1) |2N| (M, 1 1)
# ' 1
! Pro|len|>
k i 2(M ! 1)
" $ 1 %
= 2 +
) ? 2(M ! 1) "N :
" $ 1 0
11 2 Q #

) 2eN Rk K e NCk(9)

¥ Thus Pr[error]can be driven zero with increasing N so long as
Rk < Ck(9)



AWGN MAC with FB Capacity Region
Achievability (7/7)

¥ Summing the R rates
R+ R, < }Iog 1+ —(1I bz)
Kk

- }|og 1+ _(1| )1+ 2(1! )]
O

#

(No+Pa(1! ))(No+Ra(1! )

¥ Substituting e
No(No + P1 + P2 + 2" P1Py)

=1

P+ P+ 25 PiP;
No

1 .
then R{+ R> < élog 1+



AWGN MAC with FB Capacity Region
Converse (1/11)

¥ Given that mg are equiprobable, and with 'y = Pr[y £ my]
then H(mi|Y", my) I H(ma|Y"™)

! H(mgi|m,)

I Tilog(M1 " 1) + hp(!s)
I NRp!1+ hp(!q)

H (m3)

NR;
where hy(!1) Is the binary entropy function.

and H(mqi|my)

llo 11

Removing conditioning cannot decrease entropy

Data processing inequality: @, = f (Y ")

Fano!s inequality

Entropy of uniform distribution: M, = 1eVR1" < NR1 4 1
Entropy of uniform distribution

©T Q0o



AWGN MAC with FB Capacity Region
Converse (2/11)

¥ Subtracting H (m1|m,) ! H(m|Y", my) = I (my:Y "|m.)
" NRy! NRyl1! hp(ls)

L 0y Y " img) + hy(1)]

iting: Rp !
¥ Rewriting: R " TN

. 1 1
¥ Reversingmiand mp: Ry ! TN [1(Mm2;Y "Imq) + hp(!5)]
- 2
¥ Similarly for 11, = Pr[h1 £E my or i, £ my]
1 1
Ri+ Rx! — [1 (M1 m2;Y ™)+ hp(!12)]
1" 1o N

f.  DebPnition of mutual information



AWGN MAC with FB Capacity Region
Converse (3/11)

IN . h IN
¥ Working over H (Y ") 2 HY; Y"1t H(Y;)
=1 =1
IN |
¥ Working over H (Y "|my) 2 HY Y™t my)
=1
~IN _
= H(Yi[ Xk, Y h my)
=1
ph !N
! H(Y;[Xk,i)
=1

g. Entropy chain rule
h. Removing conditioning cannot decrease entropy
I. X are each a function of Yi-1 and nm so its addition does not change entropy



AWGN MAC with FB Capacity Region
Converse (4/11)

¥ Similarly H(Y"|m, m>)

g. Entropy chain rule

J

IN
H(Yi Y"1, my,my)
=1
!N
H(Yi X1, X2i, Y™ 1 my, my)
=1
IN
H(Yi|X 1, X2;)
=1

h. Removing conditioning cannot decrease entropy
I.  Xki are each a function of Yi-1 and mx so their addition does not change entropy



AWGN MAC with FB Capacity Region
Converse (5/11)

Ril I (my;Yi|lm2) + hp(!1)
1  i=1
-"N #
1 1
— " TN H(Yilm2) " H(Yilm1,m2) + hp(l1)
!Iil:ll #
1 1
RN H(Yi[X2;i) " H(YilX1,X2;)+ hp(!1)
‘1 i=1
N #
1 1
= S (X5 YilX2i) + hp('1)
‘1 i=1
p P ?

J
!

1
pe XY TIX2) + he(t)

]. Jensen!s inequality: the average of the mutual information is no
greater than the mutual information of the average



AWGN MAC with FB Capacity Region
Converse (6/11)

. 1 1
¥ Similarly R, ! — | (X2;Y|X1)+ —hp(!>)
1" 1 N
1 1
Ri+ R — I (X1, X2;Y) + —hp(!12)
1" 140 N

¥ Letting 'x! 0,!'12! O results in an outer bound for the DM
MAC with FB. An outer bound for the AWGN MAC with FB
must be inside this region.

¥ This could also have been found using the cut-set bound when
using the general p(xi1, x2) [not necessarily equal to p(x1) p(x2)],
but that wasn!t developed until 1989 [Hekstra and Willems].



AWGN MAC with FB Capacity Region
Converse (7/11)

For the Gaussian Channel: h(Y [X 1, X>2) = %Iog(Z! eNp)
For the general RV Q: h(Q) ! %Iog(Z! e var(Q))
With ! 2 = var (Xi),and ! =E[X1X]
thenH(Y) = h(X1+ X, + Z)
! %Iog(Z! evar(X1+ X, + Z))

1
= éIog(2! e("f+ "% + 2# + Ny))
|

Debne a linear estimate of X2 given X1=Xx;1 as: ¥, = X1..'—2
1



AWGN MAC with FB Capacity Region
Converse (8/11)

¥ Assuming that X3 = xi, then

def
var(Xs|X1) = Exl[lVar(X2|>I<|1 = X1)]
k M
! EXl EX2|X1 [XZH K.)Z]Z
% (
L 20 Xoxy  12x2
= EX1 E)(2|)(1 X22 ) 1+ "—41
% ( % & (
. | 2y 2 . 2! XoX
= Ex, %‘l' ..41 Ex, EX2|X1 n 2 -
1 1
s z 21 2
2 ||2 ||2
1 1

k. Letfyx(!)=Ex[(X! !)2]. Thenfyx (Ex[X])! fx (') for any value of! .



AWGN MAC with FB Capacity Region

¥ ThenH(Y|X1)

© =5 3 7

Converse (9/11)

Ex, [n(Y[X1 = X1)]
Exl[% log(2! evar[X; + X, + Z|X1 = x1])]

Exl[% log(2! evar[X,|X1 = x1]+ Ng)]

}Iog[Z! e (Ex,[var(X2|X1 = X1)] + No)]

2

1

~ log(2! e[var(X2|X1) + No])

2 | ||! # $#
1 n2mn #2

Slog 2le "3" &5 + Ng

2 1

h(Q)! Zlog(2! evar(Q))

. (1) var[X1|X1] = 0 (2) Xk and Z are independent.
Jensen!s inequality, since the log function is convex (concave)
Substituting linear estimate



AWGN MAC with FB Capacity Region
Converse (10/11)

¥ Then
[(X2:Y[X1) = h(Y[Xy)! .ﬂ(lel,X%; o
1 L 1
élog 2le "5 "z + No | élog(Z! eNp)
% )
1 2! 77 * No,
= _|Og&
2 No
! ! #
= 1|O 1+ % 1! i i
- 2 g NO . ||%||§

¥ Similar can be computed forl (X 1;Y|X>)



AWGN MAC with FB Capacity Region
Converse (11/11)

¥ Also
(X1, X5:Y) = h(Y)' h(Y|X1,X2)
b #$ 1
Iog 2! e "5+ 2#+ Ng | —log(2! eNp)
299 2
Y0 &
_ 1|O ||%+ ||§+ 2#+ NO
- 2% No
%
_ 1|O 1+ ||%+ ||§+ 2#
- 2% No

¥ Now have to restore the 'il time index: 1k — 'k and! ! I

1 " 1 !
¥ Debne (Pnally!): | 2 = N g, and! = — #

=1 =1
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Generic BC with FB
Feedback

L g g T , I
Message 3 3 Message >
Source 1 M Yl Decoder o @

: M X SR LI B

L essage > = : = -

- Encoder BC = P om "
Message ﬂ) ; vl X l} |;/|essage. - .u
Soree P(Y1...Yk| X) Decoder

¥ The messagew, ..., mk are generated:
¥ Independently of each oth&nd

¥ Uniformly over each source's alphabet.
¥ The message decodeys ...,0x have no knowledge of any other decoder's informatic

and thus generate both the feedback and output message independently of other
¥ Feedback can be information obtained before, during, or after processing by the d

though generally all feedback is taken at the same processing location.



BC AWGN Replacement Block
and Conditions

BC

N_éu Gb—N

—> Y1

—> Yk

¥ k' {1, 2}is the user / encoder

¥ i {1,2,..N} is the time index
for each block

¥ Yei=Xi +Zoj + Z
¥ 7;~N (ON) for I' {0, 1, 2}
¥ N"0 for I' {0, 1, 2}
¥ E[ZniZi]=0! m"I|;
m: KO, 1, 2}

¥ Xand z are independent

for 1' {0, 1, 2}
¥ E[X?]! P isthe average power

constraint



AWGN BC with FB Achievable
[Ozarow and Leung 1984]

There exists a code that achieves the rate region Raw ecn,BC FB

I
! 1 No+ Np+ P
(R1,Rz) : 0! Ry < >log e
2 No+ N1+ 50°(1" B

# $ o

1 No+ N+ P
0! Ry < —IOg 0 f:) -~
where 2 No+ N2+ = (1" B

¥ O = 1+ g2+ 2g& normalizes the power to satisfy the average
power constraint;

¥ yis a non-negative number which allows trading off of the
achievable rates between the receivers; and

¥ & is the largest solution in (0,1) of

(No! + N1Ny)B! ;Tjg'l! o2

O!' g

| B= u#

o N EFUL D) Nt Nar 51 B
' = P+ Ng+ N7+ N>
"= (P + No+ Ni)(P + No+ No)



AWGN BC with FB Achievable
Derivation (1/6)

¥ Incoming messages my; ! {0,1,..., My
numbers via

1} mapped to real

_ Mmoo 1
(M) = s ! 3

¥ For large My, E(62) !
¥ One message (per user) sent per block
¥ Feedback is the actual received value Yy ; = Xy + Zg;i + Zki
¥ Encoder computes

¥ Message Estimate .q(,i depending on |

¥ Estimate Error ! ; = 9! ",

¥ Estimate Error Variance ! ; = var("x.i)

¥ Correlation Coefbcient Between \ariances ! |

— E—[, k"k,i]
DR




AWGN BC with FB Achievable
Derivation (2/6)

¥ Attimei = 1, transmitter sends X; = |1 12P
¥ Receiver 1 getsY; 1 = !1' 12P + Z; ; and forms

L [ Yl 1

0,=0,=1 - =1,4+"

- 1,2 - 1,1 T — -1 1,1
12P

¥ Receiver 2 ignores this time slot

¥ Attimei = 2 transmitter sends X, = !, 12P

¥ Receiver 1 ignores this time slot

¥ Receiver2getsY,, =15, 12P + Z,, and forms

. Y
0,, = % =lo+ "5

¥ Notethat!y,= NetNe and!, =0



AWGN BC with FB Achievable
Derivation (3/6)

¥ Fortime 3! i! N, the transmitter sends

i1 i1 P

Xi= +—+ "——gsgnf# 1) D
1,i! 1 T2 1 it 1
¥ with
¥ g! Otrades off the receivers! achievable rates

_ 1 x! 0 _ . .
¥sgnx) = .7 | . o keeps the estimates sign-aligned

¥ D; = 1+ ¢g*+ 29|'i| normalizes the transmitted power to
satisfy the average power constraint

¥ The receivers get Yii = Xi + Zo+ Zy,i
and form their LMMSE estimates

s a8 E"c,iv 1Yk.i]
i = B E[Yi]

Yk i



AWGN BC with FB Achievable
Derivation (4/6)

.

203 b Y

— < by H - .:
o ik . . - I|I..-: ._ . 'I-FI . I »
‘\? t ' ""TTEEI*J |'_:i_F : I -{r-—rl-.: S
-} ; . _r:l::l:'l_-!F'_'g - 1"1."-. SR "_l.,- g
Il ; Y

ﬂ 1
L35

"l think you should be more
explicit here in step two."

Errr ... not a miracle, just working through some mathematics

Comic used with permission from Sidney Harris, Copyright 2006. All rights reserved.



AWGN BC with FB Achievable
Derivation (5/6)

After N blocks, the message estimates are ﬂ(,N = Ik + "k.N

1 No+ N+ P
C1(g) = 5 log e
e 27 No+ Ni+ 521! ©)
ePning _
1 No+ No+ P
C2(g) = = log L

2 No+ N2+ &(1! ©)
then var(ly n) = "k n = Kie 2N for some constants K
which do not depend on N, g, or Ci(g).

Recelvers pick the closest actual value of !¢ then compute the
sent messages i = (Mx! L)'« + 3]

Probability of Error is if either message is not properly decoded

Prlerror] = Pr[@1; £ my; ory; £ myj]



AWGN BC with FB Achievable
Derivation (6/6)

N[

¥ With Q(x) =, *i-e"2¥'dy andMy = 1eNRe" < eNRe + 1

2!

1 1
hen Prlerror] = Pr |[! > or |! >
the | ] | 1,|N| 2M .1 1) "| 2N | 2M, 1 1)
# ' 1
< % T
# 1
= 2 H——
) ? 2(M ! 1) "N :
4 % . %
1 2 Q ﬂ

) 2eN Rk K g NCk(9)

¥ Thus Pr[error]can be driven zero with increasing N so long as
Rk < Ck(9)



AWGN BC with FB Outer Bound
[Ozarow and Leung 1984]

Caw GN,IBC,Outer I G G with

(R1,R2)
o1 111

C1:

(R1,R2)
o1 11 1

Ry !

Ry |

R |

Ry |

1Iog 14 I P

9 NN

2 O/O NO+ Nll'"sz

1 1" )P

—log 1+ ( )

2 P + Ng+ N>
% &

1 1" P

—log 1+

2 ' P + Ng+ Ny
# $

1 P

—log 1+ PN

2 Ng + —N11+N22

where ' trades off between the rates for receivers 1 and 2.



AWGN BC with FB Outer Bound
Derivation (1/2)

¥ One receiver (say #1) obtains both Y1 and Y, which
forms a physically degraded BC with FB with the
Markov chain X I (Y1,Y2) ! Ys .

¥ Same can be done for the other receiver. The outer
bound is the intersection of these two regions,
substituting in the correct SNR for the receiver obtaining

both Y1 and Yo.

¥ For the receiver using both Y; and Y2, the peak SNR is
found by the linear combination of Y; and Y2 as

\ﬁ_ Y2,

N1+N2Y1' N1+N2



AWGN BC with FB Outer Bound
Derivation (2/2)

¥ Effective Noise Power for that receiver is then

- NN
N = No+ Ni+ N,

¥ Channel capacity is known for the physically degraded
BC (with or without FB) satisfying X ! (Y1,Y2)! Y,
[El Gamal 1981]

-

| (R1,R2) : Ry ! }Iog”1+ P
N 1. R2) Ryt 5 NoT N,
o 1 p 3
R,! Zlog 1+ '
2 3199 P+ No+ N,



R2 in bits per channel use

0.2

Capacity of AWGN BC with P = 10, NO =0, N1 =2, N2 =1

----- Capacity without Feedback N \

Achieved Rate with Feedback ; ; ; '~ :
— — — Quter Bound with Feedback : : : -
I I | | | |
0.2 0.4 0.6 0.8 1 1.2 1.4

R, in bits per channel use
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