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Comments on Literature

¥ This presentation covers just the BC and MAC with FB 
from Ozarow, Cover, and Leung in 1981-4.

¥ There are still a number of open problems in channels 
with FB.

¥ Fourier MEC is promising for some problems. [Kramer 
2002]

¥ Duality between MAC and BC is also promising. [Wu, 
Vishwanath, and Arapostathis 2005]



Acronyms and Notation

The following notation is used throughout this report:

Ab refers to the ÒtimeÓ index b for the variable ÒAÓ.
Aa,b refers to the ÒtimeÓ index b for the variable ÒAaÓ.
Ab generally refers to a b-length vector holding the results { A0, A1, ..., Ab} .

The following acronyms are used throughout this presentation:

AWGN     Additive White Gaussian Noise
BC       Broadcast Channel (a type of SIMO channel)
DM       Discrete and Memoryless
FB       Feedback
LMMSE    Linear Minimum Mean Squared Error
MAC      Multi-Access Channel (a type of MISO channel);
         also Multi-user Access Channel
MISO     Multiple Input Single Output
SIMO     Single Input Multiple Output
SISO     Single Input Single Output
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¥ The messages m1, ..., mk are generated:
¥ Independently of each other, and

¥ Uniformly over each source's alphabet.
¥ The message encoders f1, ..., fk have knowledge of each other through the feedback only, 

not through any direct information exchange, and thus, conditioned upon the feedback, 
generate output codewords independently of each other.

¥ Feedback can be information obtained before, during, or after processing by the decoder.



where 

R D M ,M AC ,F B                       is the convex hull of the union of all rate pairs 
(R1, R2) satisfying

0 ! R1 < I (X 1; Y |X 2, U) ,

0 ! R2 < I (X 2; Y |X 1, U) , and

R1 + R2 < I (X 1, X 2; Y )

¥ U is a discrete random variable which takes on values in the 
set     = {1, 2, ..., MU} ;

¥ MU = min(|X1| ¥ |X2|, |Y|) and |¥ | denotes the alphabet size (refer 
to [Salehi 1996] for a proof);

¥ The joint probability distribution function for U, Xk, and Y is of 
the form

U

PU X 1 X 2 Y (u, x1, x2, y) = PU (u)PX 1 |U (x1|u)PX 2 |U (x2|u)PY |X 1 X 2 (y|x1, x2)

DM MAC with FB Achievable 
[Cover and Leung 1981]



¥ Each source generates messages
independently of each other; assume uniformly created

¥ At each block                           , one message per encoder will 
be sent to the receiver

¥ Use an auxiliary RV U to create sequences that are jointly 
typical with incoming message indices

¥ For any given block, encoders send n values

¥ At the end of the block:

¥ Receiver Þnd typical index of U, saves received values

¥ Receiver uses typical U index to Þnd jointly typical message 
indices for the previous block!s saved received values

¥ Encoders Þnd jointly typical indices for each other!s message

¥ ÒtypicalityÓ in all cases provides the overall probability of error

DM MAC with FB Achievable
Idea (1/8)

b ! { 1, 2, . . . , B }

mk ! { 1, 2, . . . , "2nR k #}



¥ Fix            and

¥ Generate                                        according to
                                             .  There are            i.i.d. random 
vectors, each with n elements, indexed by 

¥ For each          generate the conditionally independent n element 
vectors               , with                                     , according to

DM MAC with FB Achievable
Random Coding (2/8)

PU (u) PX k |U (xk |u)

un (j ) = (u1, u2, . . . , un )

j ! { 1, 2, . . . , "2nR0 #}

un (j )
xn

k (i k , j ) i k ! { 1, 2, . . . , "2nR k #}

! 2nR 0 "Pr (un (j )) =
! n

l =1 PU (ul (j ))

Pr[xn
k (i k , j )|un (j )] =

n!

l =1

PX k |U [xk ,l (i k , j )|ul (j )]



DM MAC with FB Achievable
Encoding (3/8)

¥ Indices of interest for each block are (j, i1, i2)

¥ j resolves receiver!s uncertainty about previous block!s (i1, i2)

¥ (i1, i2) are the indices of this block!s messages

¥ For any block, encoders send the n values of 

¥ For block b = 1, encoders use predetermined

¥ For block b = B, encoders use predetermined 

öj 1

xn
k (i k , j )

(öi 1,öi 2)



DM MAC with FB Achievable
Decoding (4/8)

¥ DeÞne the current block!s n received values as

¥ Receiver
1. Declares             was sent iff     is the unique value of    such 

that                     are jointly typical;

2. Declares                        was sent iff           are the unique 
values of           such that
are jointly typical;

3. The number of     indices (thence R0) is small enough such that 
(2) is successful.

¥ Saves       ; discards          .

¥       is fed back to both encoders, each of which (shown for #1)
4.,5.  Declares                 was sent by encoder 2, iff        is the

unique value of       such that
are jointly typical.  This can be done because encoder #1 
knows       ,       , and    .

Y n
b

öj b = j b öj b j b

(un (j b), Y n
b )

öi k ,b! 1 = i k ,b! 1 öi k ,b! 1

i k ,b! 1

Y n
b Y n

b! 1

Y n
b

i 2,b

öi 2,böi 2,b = i 2,b

(xn
1 (i 1,b, j b), xn

2 (i 2,b, j b), Y n
b )

Y n
b i 1,b j b

j b

(xn
1 (i 1,b! 1, öj b), xn

2 (i 2,b! 1, öj b), Y n
b! 1)



DM MAC with FB Achievable
Probability of Errors (5/8)

1.                     not jointly typical
     Means:      not properly decoded by the receiver

a. Joint AEP:
b. Joint AEP with marginals:

Result:

2.                                                         not jointly typical
     Means:                       not properly decoded by the receiver

a. Joint AEP:

(un (j b), Y n
b )

j b

R0 < I (U; Y )

(i 1,b! 1, i 2,b! 1)
([xn

1 (i 1,b! 1, öj b), xn
2 (i 2,b! 1, öj b], Y n

b! 1)

! 2nR 0 " = |W n
! 1

| # 2n [I (U ;Y ) ! 3! 1 ]

Pe1 = Pr[(un (j b), Y n
b ) !" W n

! 1
] < ! 1

Pe2 = Pr[( [xn
1 (i 1,b! 1, öj b), xn

2 (i 2,b! 1, öj b)], Y n
b! 1) !" W n

! 2
] < ! 2



DM MAC with FB Achievable
Probability of Errors (6/8)

3. The number of     indices is small enough such that the 
decoder!s resolution of the previous block!s uncertainty is 
successful.  Refer to [Cover and Leung], Lemma 4 for the proof.

Lemma 4: For any                                   , there exists an     such 
that for             , and with

and                             then

Result:

(Chain Rule for Information) 

j b

! i 1 ,i 2 =
!

1 ([xn
1 (i 1, öj ), xn

2 (i 2, öj )], Y n ) are jointly typical
0 otherwise

! > 0, R1 > 0, R2 > 0
n ! n0

n0

Pr
!
|SY | > 2n (R1+ R2! I (X 1,X 2;Y |U )+ ! )

"
< !|SY | =

!

i 1 ,i 2

! i 1 ,i 2

2n (R 1 + R 2 ! I (X 1 ,X 2 ;Y |U )+ ! 3 ) < ! 2nR 0 " = |W n
! 1

| # 2n [I (U ;Y ) ! 3! 1 ]

R1 + R2 < I (X 1, X 2; Y )

R1 + R2 < I (X 1, X 2; Y |U) ! ! 3 + I (U; Y ) ! 3! 1



DM MAC with FB Achievable
Probability of Errors (7/8)

4.                            not jointly typical
      Means:       not properly decoded by encoder 2

a. Joint AEP:
b. Joint AEP with conditionally independent marginals:

   Result: 

5.                            not jointly typical
      Means:       not properly decoded by encoder 1

a. Joint AEP:
b. Joint AEP with conditionally independent marginals:

    Result:

(xn
1 (i 1,b, j b), Y n

b )
i 1,b

i 2,b

(xn
2 (i 2,b, j b), Y n

b )

R2 < I (X 2; Y |X 1, U)

R1 < I (X 1; Y |X 2, U)

Pe4 = Pr[(xn
1 (i 1,b, j b), Y n

b ) !" W n
! 4

] < ! 4

! 2nR 2 " = |W n
! 4

| # 2n [I (X 2 ;Y |X 1 ,U ) ! 7! 4 ]

Pe5 = Pr[(xn
2 (i 2,b, j b), Y n

b ) !" W n
! 5

] < ! 5

! 2nR 1 " = |W n
! 5

| # 2n [I (X 1 ;Y |X 2 ,U ) ! 7! 5 ]



DM MAC with FB Achievable
Probability of Errors (8/8)

Using the union bound for the overall probability of error:

Let                     .  Then                 .

Thus the average probability of error for set of B blocks is 
bounded by   , which can be made arbitrarily small.

Pe,b !
5!

l =1

Pel =
5!

l =1

! l

Pe,b <
!
B

! l <
!

5B
! l

!



for some joint p(x1, x2).

Notes:

                               is the union of all rate pairs (R1, R2) satisfying

¥ This result is the same as provided by the cut-set bound for 3 
nodes (2 transmitting and 1 receiving).

¥ This result can be reverted back to the known capacity region 
for the DM MAC without FB by constraining p(x1, x2) = p(x1) p(x2) 
and applying the closure of the convex hull of all rate pairs.

¥ Proof during AWGN MAC with FB

CD M ,M AC ,F B ,Out er

0 ! R1 ! I (X 1; Y |X 2) ,

0 ! R2 ! I (X 2; Y |X 1) , and

R1 + R2 ! I (X 1, X 2; Y ) .

DM MAC with FB Outer Bound 
[Ozarow 1984]
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MAC

X1

Xk

Y

Z0

... +

¥ k    {1, 2} is the user / encoder

¥ i    {1, 2, ..., N}  is the time index 
for each block

¥ Yi = Z0,i +       Xk,i

¥ Z0,i ~    (0, N0)

¥ E[       ] ! P k  is the average power 
constraint

!

!

N

∑
k

X 2
k ,i

MAC AWGN Replacement Block
and Conditions



!

0 ! ! ! 1

"
(R1, R2) : 0 ! R1 !

1
2

log
#

1 +
P1

N0

$
1 " ! 2%

&
,

0 ! R2 !
1
2

log
#

1 +
P2

N0

$
1 " ! 2%

&
, and

R1 + R2 !
1
2

log
#

1 +
P1 + P2 + 2!

#
P1P2

N0

& '
.

CAW GN ,M AC ,F B =

When    = 0 there is no cooperation and the capacity region 
reverts back to that for the AWGN MAC with no FB.  

!

AWGN MAC with FB Capacity Region 
[Ozarow 1984]



¥ Incoming messages                                          mapped to real 
numbers via

¥ For large Mk, 

¥ One message (per user) sent per block

¥ Feedback is the actual received value

¥ Encoder computes

¥ Message Estimate        depending on i

¥ Estimate Error

¥ Estimate Error Variance

¥ Correlation CoefÞcient Between Variances

mk,j ! { 0, 1, . . . , M k " 1}

E(θ2
k ) ! 1

12

! k ,i = ö"k ,i ! " k

! k ,i = var("k ,i )

ö! k ,i

AWGN MAC with FB Capacity Region 
Achievability (1/7)

Yi = Z0,i +
!

k

X k,i

! k (mk,j ) =
mk,j

M k ! 1
!

1
2

! i =
E[

!
k "k ,i ]" !
k #k ,i



¥ At time i = 1, transmitter 1 sends

¥ Receiver gets                                 and forms

                                                         with

¥ Transmitter 2 ignores this time slot

¥ At time i = 2, transmitter 2 sends

¥ Transmitter 1 ignores this time slot

¥ Receiver gets                                    and forms

                                                with

¥ Note that                    and ! 2 = 0

AWGN MAC with FB Capacity Region 
Achievability (2/7)

X 1,1 = ! 1

!
12P

X 2,2 = ! 2

!
12P

ö! 1,2 = ö! 1,1 =
Y1!
12P

= ! 1 + "1,1

Y2 = ! 2

!
12P + Z0,2

Y1 = ! 1
!

12P + Z0,1

! k ,2 = N 0
12P

ö! 2,2 =
Y2!
12P

= ! 2 + "2,2

! 1,1 ! N (0,
N0

12P
)

! 2,2 ! N (0,
N0

12P
)



¥ For time 3 ! i ! N, the transmitters send

where                                        keeps the estimates sign-

aligned, to avoid signal cancellation at the receiver

¥ The receiver gets                                   

and forms the LMMSE estimate

¥ Similarly

sgn(x) =
!

1 x ! 0
" 1 x < 0

AWGN MAC with FB Capacity Region 
Achievability (3/7)

Yi = Z0,i +
!

k

X k,i

εk ,i = εk ,i ! 1 !
E[εk ,i ! 1 Yi ]

E[Y 2
i ]

Yi

ö! k ,i = ö! k ,i ! 1 !
E["k ,i ! 1 Yi ]

E[Y 2
i ]

Yi

X 1,i = ! 1,i ! 1

!
P1

" 1,i ! 1
X 2,i = sgn(! i ! 1)"2,i ! 1

!
P2

#2,i ! 1



¥ Working through some mathematics

¥ This series converges to                    with     the (largest) 

solution in (0,1) of

which is obtained by taking

¥ There is at least 1 solution because the equation   switches 
sign when going from    = 0 to    = 1 

AWGN MAC with FB Capacity Region 
Achievability (4/7)

! i =
! i ! 1N0 ! sgn(! i ! 1)(1 ! ! 2

i ! 1)
"

P1P2!
(P1(1 ! ! 2

i ! 1) + N0)(P2(1 ! ! 2
i ! 1) + N0)

(N0 + P1(1 ! !̂ 2))(N0 + P2(1 ! !̂ 2))
N0(N0 + P1 + P2 + 2!̂

"
P1P2)

= 1

! i = ! 1i ö! ö!

1 ! ! 2
i |! 2

i = ! 2
i ! 1 = ö!

ö! ö!



¥ After N blocks, the message estimate is

¥ DeÞning

then                                                       for some constants Kk 
which do not depend on N, g, or Ck(g).

¥ Receivers pick the closest actual value of      then compute the 
send messages

¥ Probability of Error is if either message is not properly decoded

var(! k ,N ) = " k ,N = K k e! 2N Ck (g)

! k

ömk,j = (M k ! 1)[! k + 1
2 ]

Pr[error] = Pr[ öm1,j != m1,j or öm2,j != m2,j ]

AWGN MAC with FB Capacity Region 
Achievability (5/7)

ö! k ,N = ! k + "k ,N

Ck (g) =
1
2

log
!

1 +
Pk

N0
(1 ! ö! 2)

"



¥ With                                           and

then

¥ Thus Pr[error] can be driven zero with increasing N so long as

Q(x) =
! !

x
1"
2!

e# 1
2 y2

dy

Rk < Ck (g)

Pr[error] = Pr
!
|! 1,N | >

1
2(M 1 ! 1)

or |! 2,N | >
1

2(M 2 ! 1)

"

"
#

k

Pr
!
|! k ,N | >

1
2(M k ! 1)

"

= 2
#

k

Q
$

1
2(M k ! 1)# " k ,N

%

" 2
#

k

Q
$

1
2eN R k

#
K k e! N Ck (g)

%

M k = ! eN R k " < eN R k + 1

AWGN MAC with FB Capacity Region 
Achievability (6/7)



¥ Summing the Rk rates

¥ Substituting

then

AWGN MAC with FB Capacity Region 
Achievability (7/7)

R1 + R2 <
!

k

1
2

log
"

1 +
Pk

N0
(1 ! ö! 2)

#

=
1
2

log
"

[1 +
P1

N0
(1 ! ö! 2)][1 +

P2

N0
(1 ! ö! 2)]

#

(N0 + P1(1 ! !̂ 2))(N0 + P2(1 ! !̂ 2))
N0(N0 + P1 + P2 + 2!̂

"
P1P2)

= 1

R1 + R2 <
1
2

log
!

1 +
P1 + P2 + 2ö!

!
P1P2

N0

"



¥ Given that mk are equiprobable, and with

then

and

where            is the binary entropy function.

AWGN MAC with FB Capacity Region 
Converse (1/11)

a. Removing conditioning cannot decrease entropy
b. Data processing inequality:
c. Fano!s inequality
d. Entropy of uniform distribution:
e. Entropy of uniform distribution

H (m1|Y n , m2)
a
! H (m1|Y n )
b
! H (m1| öm1)
c
! ! 1log(M 1 " 1) + hb(! 1)
d
! N R1! 1 + hb(! 1)

öm1 = f (Y n )

M 1 = ! eN R 1 " < eN R 1 + 1

H (m1|m2) = H (m1)
e= N R1

! k = Pr[ ömk != mk ]

hb(! 1)



¥ Subtracting

¥ Rewriting:

¥ Reversing m1 and m2 :

¥ Similarly for

AWGN MAC with FB Capacity Region 
Converse (2/11)

f. DeÞnition of mutual information

H (m1|m2) ! H (m1|Y n , m2)
f
= I (m1; Y n |m2)

" N R1 ! N R1! 1 ! hb(! 1)

R1 !
1

1 " ! 1

1
N

[I (m1; Y n|m2) + hb(! 1)]

R2 !
1

1 " ! 2

1
N

[I (m2; Y n |m1) + hb(! 2)]

! 12 = Pr[ öm1 != m1 or öm2 != m2]

R1 + R2 !
1

1 " ! 12

1
N

[I (m1 m2; Y n ) + hb(! 12)]



¥ Working over

¥ Working over

AWGN MAC with FB Capacity Region 
Converse (3/11)

g. Entropy chain rule
h. Removing conditioning cannot decrease entropy
i. Xk,i are each a function of Yi-1 and mk so its addition does not change entropy

H (Y n )
g
=

N!

i =1

H (Yi |Y
i ! 1)

h
!

N!

i =1

H (Yi )

H (Y n |mk )
g
=

N!

i =1

H (Yi |Y
i ! 1, mk )

i=
N!

i =1

H (Yi |X k,i , Y i ! 1, mk )

h
!

N!

i =1

H (Yi |X k,i )



¥ Similarly

AWGN MAC with FB Capacity Region 
Converse (4/11)

H (Y n |m1, m2)
g
=

N!

i =1

H (Yi |Y
i ! 1, m1, m2)

i=
N!

i =1

H (Yi |X 1,i , X 2,i , Y i ! 1, m1, m2)

h
!

N!

i =1

H (Yi |X 1,i , X 2,i )

g. Entropy chain rule
h. Removing conditioning cannot decrease entropy
i. Xk,i are each a function of Yi-1 and mk so their addition does not change entropy



¥ Substituting

AWGN MAC with FB Capacity Region 
Converse (5/11)

R1 !
1

1 " ! 1

1
N

!
N"

i =1

I (m1; Yi |m2) + hb(! 1)

#

=
1

1 " ! 1

1
N

!
N"

i =1

H (Yi |m2) " H (Yi |m1, m2) + hb(! 1)

#

!
1

1 " ! 1

1
N

!
N"

i =1

H (Yi |X 2,i ) " H (Yi |X 1,i , X 2,i ) + hb(! 1)

#

=
1

1 " ! 1

1
N

!
N"

i =1

I (X 1,i ; Yi |X 2,i ) + hb(! 1)

#

j
!

1
1 " ! 1

$
I (X 1; Y n |X 2) +

1
N

hb(! 1)
%

j. Jensen!s inequality: the average of the mutual information is no 
greater than the mutual information of the average



¥ Similarly

¥ Letting                           results in an outer bound for the DM 
MAC with FB.  An outer bound for the AWGN MAC with FB 
must be inside this region.

¥ This could also have been found using the cut-set bound when 
using the general p(x1, x2) [not necessarily equal to p(x1) p(x2)], 
but that wasn!t developed until 1989 [Hekstra and Willems].

AWGN MAC with FB Capacity Region 
Converse (6/11)

! k ! 0, ! 12 ! 0

R2 !
1

1 " ! 2

!
I (X 2; Y |X 1) +

1
N

hb(! 2)
"

R1 + R2 !
1

1 " ! 12

!
I (X 1, X 2; Y ) +

1
N

hb(! 12)
"



¥ For the Gaussian Channel:

¥ For the general RV Q:

¥ With                         , and

then

¥ DeÞne a linear estimate of X2 given X1 = x1 as:

AWGN MAC with FB Capacity Region 
Converse (7/11)

h(Y |X 1, X 2) =
1
2

log(2! eN0)

h(Q) !
1
2

log(2! e var(Q))

öx2 = x1
!
" 2

1

! 2
k = var (X k ) ! = E[X 1X 2]

H (Y ) = h(X 1 + X 2 + Z )

!
1
2

log(2! e var(X 1 + X 2 + Z ))

=
1
2

log(2! e (" 2
1 + " 2

2 + 2# + N0))



k. Let                                      .  Then                                  for any value of   .f X (! ) = EX [(X ! ! )2] f X (EX [X ]) ! f X (! ) !

¥ Assuming that X1 = x1, then

AWGN MAC with FB Capacity Region 
Converse (8/11)

var(X 2|X 1) def= EX 1 [var(X 2|X 1 = x1)]
k
! EX 1

!
EX 2 |X 1

"
[X 2 " öx2]2

#$

= EX 1

%
EX 2 |X 1

&
X 2

2 "
2! X 2x1

" 2
1

+
! 2x2

1

" 4
1

'(

= EX 1

%
" 2

2 +
! 2x2

1

" 4
1

(
" EX 1

%
EX 2 |X 1

&
2! X 2x1

" 2
1

'(

= " 2
2 +

! 2

" 2
1

"
2! 2

" 2
1



l.  
m. (1)                          (2) Xk and Z are independent.
n. Jensen!s inequality, since the log function is convex (concave)
o. Substituting linear estimate

¥ Then

AWGN MAC with FB Capacity Region 
Converse (9/11)

var[X 1|X 1] = 0

H (Y |X 1) = EX 1 [h(Y |X 1 = x1)]
l
! EX 1 [

1
2

log(2! e var[X 1 + X 2 + Z |X 1 = x1])]

m
! EX 1 [

1
2

log(2! e var[X 2|X 1 = x1] + N0)]

n
!

1
2

log[2! e (EX 1 [var(X 2|X 1 = x1)] + N0)]

=
1
2

log(2! e [var(X 2|X 1) + N0])

o
!

1
2

log
!

2! e
"!

" 2
2 "

#2

" 2
1

#
+ N0

$#

h(Q) ! 1
2 log(2! e var(Q))



¥ Then

¥ Similar can be computed for 

AWGN MAC with FB Capacity Region 
Converse (10/11)

I (X 2; Y |X 1) = h(Y |X 1) ! h(Y |X 1, X 2)

"
1
2

log
!

2! e
"!

" 2
2 !

#2

" 2
1

#
+ N0

$#
!

1
2

log(2! eN0)

=
1
2

log

%

&

'
" 2

2 ! ! 2

" 2
1

(
+ N0

N0

)

*

=
1
2

log
!

1 +
" 2

1

N0

"
1 !

#2

" 2
1" 2

2

$#

I (X 1; Y |X 2)



¥ Also

¥ Now have to restore the "i! time index:                  and

¥ DeÞne (Þnally!):                             and

AWGN MAC with FB Capacity Region 
Converse (11/11)

I (X 1, X 2; Y ) = h(Y ) ! h(Y |X 1, X 2)
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Overview

¥ Introduction

¥ Comments on Literature

¥ Acronyms and Notation

¥ MAC with FB

¥ DM [Cover and Leung 1981]

¥ AWGN [Ozarow 1984]

¥ AWGN BC with FB [Ozarow and Leung 1984]



öm1

 Message
 Decoder

ö
Message
Encoder BC

X ...

Feedback

mk

...

Yk

Y1

p(Y1...Yk | X)f Message
 Source k

m1
 Message
 Source 1

...

mk

...

gk

 Message
 Decoder

g1

......
Generic BC with FB

¥ The messages m1, ..., mk are generated:
¥ Independently of each other, and

¥ Uniformly over each source's alphabet.
¥ The message decoders g1, ..., gk have no knowledge of any other decoder's information, 

and thus generate both the feedback and output message independently of other decoders.
¥ Feedback can be information obtained before, during, or after processing by the decoders, 

though generally all feedback is taken at the same processing location.



  BC

+X

Yk

Y1

Z0

+

+
......
Z1

Zk

BC AWGN Replacement Block
and Conditions

¥ k    {1, 2} is the user / encoder

¥ i    {1, 2, ..., N}  is the time index 
for each block

¥ Yk,i = Xi + Z0,i + Zk,i

¥ Zl,i ~     (0, Nl)  for  l   {0, 1, 2}

¥ Nl " 0  for  l   {0, 1, 2}

¥ E[Zm,i Zl,i] = 0     m " l ;
                            m, l   {0, 1, 2}

¥ X and Zl are independent
for  l   {0, 1, 2}

¥ E[     ] ! P   is the average power 
constraint

!

!

N !

!

!
!

X 2
i

!



There exists a code that achieves the rate region

AWGN BC with FB Achievable
[Ozarow and Leung 1984]

where 

¥                                 normalizes the power to satisfy the average 
power constraint;

¥    is a non-negative number which allows trading off of the 
achievable rates between the receivers; and

¥     is the largest solution in (0,1) of

R AW GN ,B C,F B

g
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¥ Incoming messages                                          mapped to real 
numbers via

¥ For large Mk, 

¥ One message (per user) sent per block

¥ Feedback is the actual received value

¥ Encoder computes

¥ Message Estimate        depending on i

¥ Estimate Error

¥ Estimate Error Variance

¥ Correlation CoefÞcient Between Variances

Yk,i = X k + Z0,i + Zk,i

AWGN BC with FB Achievable
Derivation (1/6)

! k (mk,j ) = m k , j

M k ! 1 ! 1
2

mk,j ! { 0, 1, . . . , M k " 1}

E(θ2
k ) ! 1

12

! k ,i = ö"k ,i ! " k

! k ,i = var("k ,i )

ö! k ,i

! i =
E[

!
k "k ,i ]" !
k #k ,i



AWGN BC with FB Achievable
Derivation (2/6)

¥ At time i = 1, transmitter sends

¥ Receiver 1 gets                                    and forms

¥ Receiver 2 ignores this time slot

¥ At time i = 2, transmitter sends

¥ Receiver 1 ignores this time slot

¥ Receiver 2 gets                                    and forms

¥ Note that                        and

Y1,1 = ! 1
!

12P + Z1,1

ö! 1,2 = ö! 1,1 =
Y1,1!
12P

= ! 1 + "1,1

ö! 2,2 =
Y2,2!
12P

= ! 2 + "2,2

X 2 = ! 2

!
12P

X 1 = ! 1

!
12P

Y2,2 = ! 2

!
12P + Z2,2

! k ,2 = N 0 + N k
12P ! 2 = 0



AWGN BC with FB Achievable
Derivation (3/6)

¥ For time 3 ! i ! N, the transmitter sends

¥ with

¥          trades off the receivers! achievable rates

¥                                        keeps the estimates sign-aligned

¥                                 normalizes the transmitted power to 
satisfy the average power constraint

¥ The receivers get                                   
and form their LMMSE estimates

sgn(x) =
!

1 x ! 0
" 1 x < 0

Di = 1 + g2 + 2g|! i |

g ! 0

Yk,i = X i + Z0 + Zk,i

ö! k ,i = ö! k ,i ! 1 !
E["k ,i ! 1Yk ,i ]

E[Y 2
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X i =
!

! 1,i ! 1
! " 1,i ! 1

+
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! " 2,i ! 1
g sgn(#i ! 1)

" #
P
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AWGN BC with FB Achievable
Derivation (4/6)

Errr ... not a miracle, just working through some mathematics
Comic used with permission from Sidney Harris, Copyright 2006. All rights reserved.



AWGN BC with FB Achievable
Derivation (5/6)

¥ After N blocks, the message estimates are

¥ DeÞning

then                                                       for some constants Kk 
which do not depend on N, g, or Ck(g).

¥ Receivers pick the closest actual value of      then compute the 
sent messages

¥ Probability of Error is if either message is not properly decoded

ö! k ,N = ! k + "k ,N

var(! k ,N ) = " k ,N = K k e! 2N Ck (g)

! k

ömk,j = (M k ! 1)[! k + 1
2 ]

Pr[error] = Pr[ öm1,j != m1,j or öm2,j != m2,j ]
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AWGN BC with FB Achievable
Derivation (6/6)

¥ With                                           and

then

¥ Thus Pr[error] can be driven zero with increasing N so long as
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where    trades off between the rates for receivers 1 and 2.
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AWGN BC with FB Outer Bound 
[Ozarow and Leung 1984]



AWGN BC with FB Outer Bound 
Derivation (1/2)

¥ One receiver (say #1) obtains both Y1 and Y2, which 
forms a physically degraded BC with FB with the 
Markov chain                                .

¥ Same can be done for the other receiver.  The outer 
bound is the intersection of these two regions, 
substituting in the correct SNR for the receiver obtaining 
both Y1 and Y2.

¥ For the receiver using both Y1 and Y2, the peak SNR is 
found by the linear combination of Y1 and Y2 as

X ! (Y1, Y2) ! Y2

öYi = N 2
N 1 + N 2

Y1,i + N 1
N 1 + N 2

Y2,i



¥ Effective Noise Power for that receiver is then 

¥ Channel capacity is known for the physically degraded 
BC (with or without FB) satisfying                                 
[El Gamal 1981]
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AWGN BC with FB Outer Bound 
Derivation (2/2)
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