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Abstract 

 In this tutorial, we try to give a tutorial overview of The Context Tree Weighting Method. 
We confine our discussion to binary bounded memory tree sources and describe a sequential 
universal data compression procedure, which achieves a desirable coding distribution for tree 
sources with unknown model and unknown parameters. Computational and storage 
complexity of the proposed procedure are both linear in the source sequence length.  
 
1.  Introduction 
 In our class, we learned Huffman codes. For small source alphabets, though, we have 
efficient coding only if we use long blocks of source symbols. It is therefore desirable to have 
an efficient coding procedure that works for long blocks of source symbols. Huffman coding 
is not ideal for this situation. Arithmetic coding achieves this goal. When no priori probability 
distribution knowledge of the source is available, one uses universal coding algorithm. For 
finite memory source model, Weinberger, Ziv and Lempel developed a sequential algorithm 
for universal coding, where artificial parameter K is involved. To avoid choosing parameter, 
Willems, Shtarkov and Tjalkens proposed a weighting method. This method estimates the 
source probability given past symbols and then combines it with arithmetic algorithm. We 
will outline the basics of the method in this tutorial. 
 
2. Binary Bounded Memory Tree Sources 

 A binary tree source generates a sequence ∞
∞−x  of digits assuming values in the alphabet 

{0,1}. We denote by n
mx  the sequence nmm xxx ⋅⋅⋅+1  and allow m and n to be infinitely 

large. For n<m the sequence is empty, denoted byφ . 

 The statistical behavior of a binary finite memory tree source can be described by means 
of a suffix set S. This suffix set is a collection of binary strings s(k), with k=1,2,…,|S|. We 
require it to be proper and complete. Properness of the suffix set implies that no string in S is 
a suffix of any other string in S. Completeness guarantees that each semi-infinite sequence 

(string) nnn xxx 12 −−⋅⋅⋅  has a suffix that belongs to S. This suffix is unique since S is proper. 

 A bounded memory tree source has a suffix set S that satisfies l (s)≤D for all s∈S. We 
say that the source has memory not larger than D. 

 We define a suffix function )(⋅Sβ , which maps semi-infinte sequences onto their unique 

suffix s in S.  
 Definition 1: The actual next-symbol probabilities for a bounded memory tree source 
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with suffix set S and parameter vector SΘ  are 
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 The actual block probabilities are now products of actual next-symbol probabilities, i.e. 
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 All sources with the same suffix set are said to have the same model. The set of all tree 
models having memory not larger than D is called the model class CD. It is possible to specify 
a model in this model class by a natural code by encoding the suffix set S recursively. The 
code of S is the code of the empty stringλ . The code of a string s is void if l (s) = D; 
otherwise, it is 0 if s∈S and 1 followed by the codes of the strings 0s and 1s if s∉S. If we use 
this natural code, the number of bits that are needed to specify a model S∈CD is equal 

to )(SDΓ , where  

 Definition 2: )(SDΓ , the cost of a model S with respect to model class CD is defined as 

    )(SDΓ = |S| - 1 + |{s:s∈S, l (s)≠ D}| 

where it is assumed that S∈CD. 
 So far, we’ve proposed a model for the source. And we already know arithmetic coding 
is a good sequential method in the sense that its individual coding redundancy is no more than 
2 bits. Now our task is to find a distribution estimate which bridges between the model and 
arithmetic coding method. In the following, we define the coding redundancy, describe the 
redundancy upper bound of arithmetic coding, and then a weighting method as a distribution 
estimate. 
 
3. Codes and Redundancy 
 We assume that both the encoder and the decoder have access to the past source symbols 

011
0
1 xxxx DD −−− ⋅⋅⋅= , so that implicitly the suffix that determines the probability distribution 

of the first source symbols, is available to them. We denote the functional relationship 

between source sequence and codeword to be )|( 0
11 D

TL xxc − . The length of the codeword, in 

binary digits, is denoted as )|( 0
11 D

T xxL − . We restrict ourselves to prefix codes here. 

 The codeword lengths )|( 0
11 D

T xxL −  determine the individual redundancies. 

 Definition 3: The individual redundancy ),,|( 0
11 SD

T Sxx Θ−ρ  of a sequence Tx1  given 

the past symbols 0
1 Dx − , with respect to a source with model S∈CD and parameter vector SΘ , is 

defined as 
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 We only consider sequences with positive probability ),,|( 0
11 SD

T
a SxxP Θ− . 

4. Arithmetic Coding 
 Suppose that the encoder and decoder both have access to, what is called the coding 
distribution 
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 We require that this distribution satisfies 
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 Thereom 1: Given a coding distribution 
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The Elias algorithm achieves codeword lengths )( 1
TxL  that satisfy 
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for all possible Tx1 ∈{0,1}T. The codeword form a prefix code. 

 We say that the coding individual coding redundancy is always less than 2 bits. The Elias 
algorithm combines an acceptable coding redundancy with a desirable sequential 
implementation. The number of operations is linear in the source sequence length T. If we are 
ready to accept a loss of at most 2 bits coding redundancy, we are now left with the problem 
of finding good, sequentially available, coding distributions. 
 
5. Probability Estimation 
 The probability that a memoryless source with parameter θ  generates a sequence with 

a zeros and b ones is baθθ )1( − . If we weight this probability over all θ  with a 

)
2
1,

2
1( -Dirichlet distribution we obtain the so-called Krichevsky-Trofimov estimate ( see 

[5] ). 
 Definition 4: The Krichevsky-Trofimov estimated probability for a sequence containing 

0≥a  zeros and 0≥b  ones is defineds as 
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 This estimator has properties that are listed in the lemma that follows. 

 Lemma 1: The K-T probability estimator ),( baPe   

1)  can be computed sequentially, i.e., )0,0(eP = 1, and for 0≥a  and 0≥b  
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2)  satisfies, for 1≥+ ba , the following inequality: 
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6. Coding for an Unknown Tree Source 
A. Definition of the Context-Tree Weighting Method 
 Consider the case where we have to compress a sequence which is (supposed to be) 

generated by a tree source, whose suffix set S∈CD and parameter vector SΘ  are unknown to 

the encoder and the decoder. We will define a weighted coding distribution for this situation. 

 Definition 5: The context tree DT  is a set of nodes labeled s, where s is a (binary) string 

with length )(sl  such that Dsl ≤≤ )(0 . Each node s∈ DT  with Dsl <)( , “splits up” into 

two nodes, 0s and 1s. The counts must satisfy sss aaa =+ 10  and sss bbb =+ 10  

 Definition 6: To each node s∈ DT , we assign a weighted probability s
wP  which is 

defined as:  
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The context tree together with the weighted probabilities of the nodes is called a weighted 
context tree. 
 We define our weighted coding distribution as 

 0 0
1 1 1 1( | ) ( | )t t

C D w DP x x P x xλ
− −  for all 1 {0,1}t tx ∈ , t = 0, 1, ⋅ ⋅ ⋅ , T, where λ  is the root 

node of the context tree DT .    (4) 

 We can check that the weighted coding distribution satisfies (1). 
B.  An Upper Bound on the Redundancy 
   Definition 7: Let 
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 The basic result concerning the context-tree weighting technique can be stated now. 

 Theorem 2: The individual redundancies with respect to any source with model DS C∈  

and parameter vector SΘ  are upper-bounded by 

  ),,|( 0
11 SD

T Sxx Θ−ρ < ( ) | | ( ) 2D
TS S
S

γΓ + +  for all 1 {0,1}T Tx ∈ , for any 

sequence of past symbols 0
1 Dx − . The three terms on the right hand side of the inequality 

represents upper bound of model redundancy, parameter redundancy and coding redundancy 
respectively. 

 Corollary: Using the coding distribution in (4), the codeword lengths 0
1 1( | )T

DL x x −  are 

upper bounded by 

  0
1 1 0

1 1
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C.  Implementation of the Context-Tree Weighting Method 

1) Encoding and Decoding: We assume that a node Ds T∈  contains the pair ( , )s sa b , the 

estimated probability ( , )e s sP a b  and the weighted probability s
wP . When a node is created, 

the counts sa and sb are made 0, the probabilities ( , )e s sP a b and s
wP  are made 1. We then use 

the update scheme as indicated by (2) & (3) to get the coding distribution. Then the encoding 
and decoding procedure follows through with the Elias algorithm. 
 

2) Complexity Issues: For each symbol tx  we have to visit D+1 nodes. Some of these nodes 

have to be created first. From this it follows that the total number of allocated nodes cannot be 

more than ( 1)T D + . This makes the storage complexity not more than linear in T. Note also 

that the number of nodes cannot be more than 12 1D+ − , the total number of nodes in DT . 

 The computational complexity, i.e. the number of additions, multiplications, and 

divisions, is proportional to the number of nodes that are visited, which is ( 1)T D + . 

Therefore, this complexity is also linear in T.  
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