
EE658G:Multiuser Communication Spring,2003

Multi-antenna GaussianChannel (MIMO)
Wei Zhang

Departmentof ElectricalEngineering

University of Notre Dame

I . INTRODUCTION

Nowadays,the researchon multi-input multi-output (MIMO) systemsbecomesa hot spot for the

reasonthat it can greatly increasethe spectralefficiency (capacity)over a limited bandwidth.Since it

hasadditionaldimensionto carry information,the capacitygain of MIMO systemsover the single input

single output (SISO) systemis a remedyto the fast increasingdemandsof higher dataratesin wireless

communications.Thedefinitionof MIMO itself doesn’t givemuchspecificationof thechannel,but we will

limit our discussiononly on multi-antennaGaussianchannel,which is definedasa singleuserGaussian

channelwith multiple transmitter/receiver antennas.The singleuserscenariogivesus the convenienceto

processthe transmittedandreceived information jointly. The systemis shown in Figure1.

The summarypresentssomemajor resultsin Telatar’s paper[1]. If the channeltransfermatrix is fixed

and both known to the transmitter/receiver, through someclever joint processing,we can achieve the

capacityof this type of channel.In the fading environment,underthe assumptionof independentfades

andnoisesat thedifferentantennas,thecapacitygainof multi-antennasystemsoversingle-antennasystems

can be very large. For example, if the numberof receiving antennaequalsthe numberof transmitting

antenna,the capacitygrows approximatelinearly with this numberwhenit is large,which doesnot occur

in the fixed transfermatrix situation.
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Figure1. MIMO channel

I I . MODEL OF MULTI-ANTENNA GAUSSIAN CHANNEL

As shown in the Figure 1, supposethere are
�

transmittingantennasand � receiving antennas,we

considera linear superpositionchannelmodel.The received vectorsignal ��� � is

�
	���
���� (1)
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where � is a ��� � complex matrix, 

� � is the transmittedvectorsignaland � is zero-meancomplex

Gaussiannoisewith independentrealandimaginarypart.Thematrix � characterizesthechanneltransition

property, in which eachentry ����� representsthe path gain from � -th transmitterantennato � -th receiver

antenna.Reasonably, we assumethe noiseof eachreceiving antennais independent,i.e., the covariance

matrix of � is ��� ���! #"$	&% � 1.
Given a total power constraint' to the transmitterantennas,

�(� 
  
)"+*�'-, (2)

naturally we want to know the channelcapacity . . For different realizationof the channeltransition

matrix, we candivide it into 3 typical situations:/ � is a deterministicmatrix./ � is a randommatrix, eachuseof the channelcorrespondingto an independentrealization./ � is random,but is fixed onceit is chosen.

In [1], the authorfirst solve the capacityproblemof the first caseand provide someuseful skill to the

later cases.

I I I . GAUSSIAN CHANNEL WITH FIXED TRANSFER FUNCTION

If the channeltransferfunction is constantandknown, which is the commoncasein the fixed wireless

servicesuchasWirelessLocal Loop (WLL), thenwe candefinethe channelcapacityas

.�01�2,3'54!	 6�798:<; =?>A@�BDC =FEG=IHAJLK(M 0N
),<�O4 (3)

From the observation, we canseethat for eachinput of the receiver antennaP , if it only caresaboutthe

outputof the transmitterantenna1, thenwe canlook theoutputof othertransmitterantennaascrosstalks.

So we could call it correlatedparallelGaussianchannel.If usingsomemethodto cancelthe interference

from other transmitterantenna,thenwe get a classicalindependentparallelGaussianchannel.For every

�Q� �SR � , by the singularvaluedecompositiontheorem,it canbe written as

�T	�U�VXW  (4)

where UY� �SRL� and WZ� � R � are unitary, and V[� �SR � is a non-negative and diagonalwith these

entriesbeingthe non-negative squarerootsof eigenvaluesof �
�  . Thenthe channelmodel(1) becomes

��	\U�VXW  
����^] (5)

After orthogonaltransformof _�`	\Ua 1� , _
b	�Wc 1
 and _�d	\U5 1� , the channelchangesto

_�
	�Ve_
��\_�^] (6)

It’ s the propertyof orthogonaltransformthat the power constraintreserves, the distribution of noisenot

beingchangedandmoreimportant,informationlossless.Note that V is diagonal,thuswe decomposethe

correlatedparallel channelinto independentparallel channels,seeFigure2,

_f �g	\hjiGkml� _n �+� _o �1, Pp*q�r*\6�sAt�0u�v, � 4 (7)
1 w E meansthe Hermitian (conjugatetranspose)transformof a matrix w .
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To maximize the mutual information M 0 _
�, _��4 , we needto choose _n � ’s to be independent,and eachhas

independentGaussian,zero-meanreal andimaginarypart.Thenallocatingpower to eachvirtual channel

via waterfilling,

��� x�yz0 _n �{4 l "$	q��� |)}~0 _n �{4 l "$	 P� 0u�b��hj� i� 4S� (8)

where � is chosento meetpower constraint2. Thenthe power andcapacitycanbe parameterizedas

'�0u�^4!	 � 0��e��hj� i� 4���, .�0u�!4!	 � ���At)0��-h���4�"���] (9)
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Figure2. IndependentparallelGaussianchannel

We canalsoderive the capacityformula througha way moreuseful in the fadingcase.The deduction

needssomeknowledgeon the circularly symmetriccomplex Gaussianrandomvector.

Definition 1: A Gaussianrandomvector 
 is circularly symmetric,if for �
e	�� x�y?� 
)"L|)}q� 
)"A"�� ,
�<��� ���
g"$	 P� x�y?����"���|)}����5"

|)}q���5" x�y?����" , where �\	 �9�S� � 
g"�] (10)

The most importantpropertyof this kind of randomvectorsis that they areentropy maximizer,

��0u����4!	��¡ L¢-£¥¤§¦�0u¨!yI�54�] (11)

The mutual informationcanbe written as

M 0N
g©9�O4!	\ª�0N�O4)��ª�0N��« 
g4!	\ª�0N�O4)��ª�0N��4�] (12)

We only needto maximize ªO0G�O4 , becauseª�0N��4 is fixed. If 
 is zero-mean,��� 
¬
  "g	�� , then �(� �¬�  "g	
M � �­�
�5�  . For any Q, ª�0N�O4 is maximizedwhen � is circularly symmetricGaussian.In this case,

M 0G
)©9�O4!	��A L¢®£¥¤¯¦z� M � �­�
�5�  "$	\�A L¢-£¥¤§¦�� M � �­�5�  �e"¡] (13)

Using eigenvaluedecomposition,�  �Y	�U  #° U , with ° 	\±²��³I´���h i ,²h l ,²µIµIµ¬,²h � " ,
M 0N
)©9�O4¶	 �A L¢-£¥¤¯¦�� M � � ° iGkml U��aU  ° iGkml "	 �A L¢-£¥¤¯¦�� M � � ° iGkml _� ° iGkml " _�\	\U5�5U  

* �A L¢ � 0�P^� _�·���1h���4�, (14)

2̧v¹ meansºp»�¼v½¿¾IÀ ¸vÁ .
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with equality holds when _� is also diagonal.Then we can use the samewater filling to the diagonal

elementsof _� andget the samecapacityformula.

From the decompositionprocedure,we can seethat this capacitycan be achieved by the following

precodingtechnique.First we form thedatastreaminto a vectorsignal Â
 with }Ã	�}Ä� o 0u�v, � 4 substreams,

codeandmodulateaccordingto the water-filling of the power to the differentsubstreams,andthenrotate

thesignal _
 by multiplying W . At the receiver, we rotatethe receivedsignal _� by U5 to get theequivalent

parallelchannel,and thenwe candecodethe substreams.In the processof coding,we caneither jointly

or independentlyencodethesubstreams.If we do encodingjointly, from deductionof theerrorexponents

of parallel channelsin [2], therewill be a gain of } to the log of the error probability, which is called

antennadiversity gain in space-timecodes.

IV. GAUSSIAN CHANNEL WITH RAYLEIGH FADING

On the fading channels,the path gains are characterizedas randomvariables.In the rich scattering

environment,thereare many path exist from one transmitterantennato one receiver antenna.Basedon

the central limit theorem,the summedreceived signal is Gaussiandistributed.So it is naturalto choose

eachentry ����� asan i.i.d. Gaussiancomplex randomvariablewith independentreal and imaginarypart,

eachwith variance P9Å � . The Gaussiandistribution with independentimaginaryandreal part resultsfrom

rich scatteringenvironment. This is usual Rayleigh fading model in wireless communication.So �����
hasuniform phaseandRayleighamplitude.The i.i.d. entriesassumptionholdswhen the transmitterand

receiver antennaswereenoughphysicallyseparated.

Assumeperfectknowledgeof channelside information (CSI), the channelis consistof input 
 and

output 0G��,<Æ`4 . Define the ergodic (mean)capacityas

. 	 6Ç7<8:<; =z> M 0N
)©9��,<Æ
4
	 6Ç7<8:<; =z> M 0N
)©9Æ
4g� M 0N
)©<�p« Æ`4 0N
�,²� independent, M 0N
)©<Æ`4!	\ÈL4
	 6Ç7<8:<; =z> �¬É`� M 0N
g©9��« ÆQ	��b4�"²] (15)

In the fading situation,becausethe transmitterhas no knowledge of the channelstate,so the most

robustandconservative strategy for the transmitteris allocatingpower equallyto eachantennaandmakes

their outputsindependent.Fortunately, this strategy will achieve the capacityin a long run if the channel

is ergodic.

Theorem 1: Thecapacityof multiple antennaGaussianchannelwith fadingis �����A L¢®£¥¤¯¦z� M � �Ê01'pÅ � 4��
�` 1"A" .
Thecapacityis achievedwhen 
 is circularly symmetriccomplex Gaussianwith zero-meanandcovariance

0�'pÅ � 4 M � .
Sketch of the proof: If 
 hasa specificcovariance� , thenthechoiceof 
 to maximize M 0G
)©9��« ÆY	��e4 is

thecircularly symmetriccomplex Gaussianrandomvectorwith covariance� . Thuswe needto maximizeË 01��4-	q�(�Ì�A L¢-£¥¤¯¦z0 M � �ÍÆ���Æ  4Î" (16)

Since � is covariancematrix, so it’ s non-negative definite,sowe candiagonalizeit usinga unitarymatrix

U . The U is absorbedby Æ and will not affect its distribution, so we can further constraintthe choice
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of Q asa diagonalmatrix. Like the randomcodingmethodin the proof of channelcoding theorem,we

selecta � and then permuteit in all possibleways.Denotethe permutedmatrix as �pÏ~	�ÐÑ�5Ð  . The

averageof all this permutedmatrices _�\	 P��Ò
Ï
� Ï (17)

satisfies
Ë 0 _�a4ÑÓ Ë 01��4 and power constraint

� �¬0 _��4Ñ	 � �¬01��4 . The first claim is basedon the concavity

of �¡ Ô¢Õ£¥¤§¦ [3] and the secondis that
� �¬01ÖÑ×a4Õ	 � �¬01×ØÖ·4 if both ÖÑ× and ×ØÖ is possible.Obviously _� is

multiple of identity matrix. So we choosethe optimal matrix � to be the largestpossible,i.e., 01'pÅ � 4 M � .
Although through Theorem1, we know when will the capacity achieve, but the evaluation of the

capacityis still a problemwhen � and
�

get large. So Theorem2 givesthe closeform of the capacity.

Theorem 2: The capacityof the channelwith
�

transmittersand � receivers underpower constraint '
equals Ù

Ú �¡ L¢Û0ÎP��­'5hjÅ � 4
� � i
Ü²Ý Ú

Þ Ò
0 Þ � o �ß}�4 Ò ��à)á � �Ü 01h+4�" l h?á � � y �Lâ ±?h (18)

where }Ã	\6�sAt)0u�v, � 4 and o 	�6�sAt�0u�v, � 4 , and à �� are the associatedLaguerrepolynomials.

Sketch of the proof: From the capacityformula, note that £¥¤§¦?0 M � ��0�'ãÅ � 4¯ÆeÆ  4-	\£¥¤¯¦z0 M � �\01'pÅ � 4¯Æ  Æ`4
anddefine ä 	 ÆeÆd �æå �

Æd 1Æ �æÓ � ] (19)

o 	ç6�798!0u�v, � 4 and } 	[6ÇsAt)0��Ô, � 4 . Then
ä

is } ��} non-negative matrix. So the capacitycan be

expressedin termsof its eigenvalues h i ,²h l ,²µIµIµ¬,3h � :

�
�
� Ý i

�A L¢Û0�P^�\01'pÅ � 4�h?�14 ] (20)

Actually thedistribution law of
ä

is known asWishart distribution with parameters } , o . Its eigenvalues

densityfunction is

è â 0�h i ,3h l ,3µIµIµ¬,²h � 4-	�éÍ0u}d, o 4 � h á �
�� yê�Lâêë �íìÔ� 0�h��$��h?�S4 l ] (21)

Recall the last term in the productis the determinantof Vandermondematrix

Vî	
P µIµIµ P
h i µIµIµ h �
...

...

h � � ii µIµIµ h � � i�
] (22)

The distribution can be written as è â 01h i ,²h l ,²µIµIµg,3h � 4c	ïéÍ0u}d, o 4$£¥¤¯¦ l V � h�á � �� y �LâIë . In the spaceof

real functionsin which definesa specificinner product,applyingGram-Schmidtorthogonaltransformto

the sequenceP3,²hÛ,²µIµIµj,²h � � i , the V changesinto

_V�	
ð i 01h i 4 µIµIµ ð i 0�h � 4...

...ð � 01h i 4ñµIµIµ ð � 01h � 4
] (23)
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Thus

ÙÚ ð ��01h+4 ð �F01h+4�h á � � y �Lâ ±zh2	\òÎ��� . By expandthe determinantof _V , the distribution is

è â 01h i ,²h l ,²µIµIµg,3h � 4!	�.�0u}d, o 4 ó?ô õp0��2P94 :§ö � ;
ó > � :§ö � ;

õ >
�
ð ó ë 0�h���4 ð

õ
ë 0�h���4�h á � �� yê�LâIë�] (24)

Integratingover h l ,²µIµIµg,²h � usingthepropertyof this specificinnerproduct,we getmarginal distributionè 01h i 4 . Then the expectation(20) can be calculated,which will give the last result of Theorem2. The

capacitycalculatedby Theorem2 for Pp*q�v, � * � È and '�	 � ÈD±z× shown in Figure3.

Figure3. Capacityof MIMO fadingchannel

It is interestingto observe someextremescenarios./ Only transmitterdiversity: � fixed, �ø÷ ù
, . ÷ ���A L¢Û0�P��q'54 ./ Only receiver diversity:

� 	úP3,Î� ÷ ù
, . ÷ �A L¢Û0ÎP���'p��4/ Both transmitter/receiver diversity: �æ	 � 	 o , .�ûq� üÚ �¡ L¢Û0ÎP^�­'5ýþ4 iÿ i� � iü ±zý

The last situation is most interestingbecausethe capacitygrows linearly as the numberof antennas.

Comparewith the independentparallel Gaussianchannel � 	 � 	 o and � 	 M á , of which . 	o �A L¢Û0ÎP��­'pÅ o 4 ÷ ' when o ÷ ù
, the capacitygain is obviously. The fadingseemsblessthe capacity.

We canthink it this way, althoughsometimesfadingmakessomepathcorrupted,but becausethe useof

multiple antennas,therearealwayspossiblevery goodpathsdueto theconstructive combiningof signals,

we canachieve very high datarate on this path.So in the meaningof average,the MIMO’ s capacityis

larger than the unfadedchannel.

V. NON-ERGODIC CHANNELS

In the caseof channelis not ergodic, the transferfunction � is random,but will be fixed once it’ s

realized.Under this situation, the maximummutual information is in generalnot equal to the channel

capacitybecauseit is not alwaysachievable.Anothermeasureof channelcapacitythat is frequentlyused

is outage capacity, which is definedthroughthe tradeoff betweenthe outageprobability andsupportable

rate.The capacityis treatedasan randomvariableassociatedwith a outageprobability � . Simply,

'p���D.\*�. outage� 	 � ] (25)
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� is strictly definedas

� 	 sAt��� @ ��� Ú ô � � ; � >¡JLK '����L�A L¢!£¥¤§¦�0 M � ��Æ���Æ  4-* .
	�� ��
�� ö � ] (26)

VI. FURTHER READING

In [1], the authorsupposedthe coherentreceiver condition.For the non-coherentreceiver condition,a

comprehensive investigationcanbe found in [4].
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