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. INTRODUCTION

Nowadays,the researchon multi-input multi-output (MIMO) systemsbecomesa hot spot for the
reasonthat it can greatly increasethe spectralefficiency (capacity)over a limited bandwidth.Since it
hasadditionaldimensionto carry information,the capacitygain of MIMO systemsover the single input
single output (SISO) systemis a remedyto the fastincreasingdemandsf higher dataratesin wireless
communicationsThedefinitionof MIMO itself doesnt give muchspecificatiorof the channel put we will
limit our discussiononly on multi-antennaGaussiarchannel,which is definedas a single user Gaussian
channelwith multiple transmitter/receier antennasThe single userscenariogives us the corvenienceto
processhe transmittedand receved information jointly. The systemis shavn in Figure 1.

The summarypresentssomemajor resultsin Telatars paper[1]. If the channeltransfermatrix is fixed
and both known to the transmitter/receier, through someclever joint processingwe can achieve the
capacityof this type of channel.In the fading ernvironment,underthe assumptiorof independentades
andnoisesatthedifferentantennasthe capacitygainof multi-antennasystemsver single-antennaystems
can be very large. For example,if the numberof receving antennaequalsthe numberof transmitting
antennathe capacitygrows approximatdinearly with this numberwhenit is large, which doesnot occur
in the fixed transfermatrix situation.

Figure 1. MIMO channel

I[I. MODEL OF MULTI-ANTENNA GAUSSIAN CHANNEL

As shaown in the Figure 1, supposethere are t transmittingantennasand r receving antennaswe
considera linear superpositiorchannelmodel. The receved vectorsignaly € C" is

y=Hx+n (2)
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where H is ar x t complex matrix, x € C! is the transmittedvectorsignalandn is zero-mearcomple
Gaussiamoisewith independentealandimaginarypart. Thematrix H characterizethe channekransition
property in which eachentry H;; representshe path gain from j-th transmitterantennato i-th recever
antennaReasonablywe assumehe noiseof eachreceving antennais independenti.e., the covariance
matrix of n is £[nnf] = I,1.

Given a total power constraintP to the transmitterantennas,

Elx'x] < P, (2)
naturally we want to know the channelcapacity C. For different realizationof the channeltransition
matrix, we candivide it into 3 typical situations:

« H is a deterministicmatrix.

« H is arandommatrix, eachuseof the channelcorrespondingo an independentealization.
« H is random,but is fixed onceit is chosen.

In [1], the authorfirst solve the capacityproblemof the first caseand provide someuseful skill to the
later cases.

I11. GAUSSIAN CHANNEL WITH FIXED TRANSFER FUNCTION
If the channeltransferfunctionis constantandknown, which is the commoncasein the fixed wireless
servicesuchas WirelessLocal Loop (WLL), thenwe candefinethe channelcapacityas

C(H.P)= max I(xy) 3)

p(x): E[xTx]<P

From the obsenation, we canseethat for eachinput of the recever antennal, if it only caresaboutthe
outputof the transmitterantennal, thenwe canlook the outputof othertransmitterantennaascrosstalks.
Sowe could call it correlatedparallel Gaussiarchannel.lf usingsomemethodto cancelthe interference
from othertransmitterantennathenwe get a classicalindependenparallel Gaussiarchannel.For every
H € C™*, by the singularvalue decompositiortheorem,it canbe written as

H=UDVT 4)

whereU € C™" andV € C™! are unitary, and D € R"™* is a non-ngative and diagonalwith these
entriesbeingthe non-n@ative squareroots of eigervaluesof H H'. Thenthe channelmodel(1) becomes

y =UDVix +n. (5)
After orthogonaltransformof y = Uy x = Vix andi = U'n, the channelchangego
y = Dx +i. (6)

It's the propertyof orthogonaltransformthat the power constraintresenes, the distribution of noise not
beingchangedand moreimportant,informationlosslessNote that D is diagonal thuswe decomposéehe
correlatedparallel channelinto independenparallel channelsseeFigure 2,

Ui = /\Z.I/jS +n;, 1 <i<min(rt) (7)

1A' meansthe Hermitian (conjugatetransposejransformof a matrix A..
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To maximizethe mutual information /(x,y), we needto choosez;’s to be independentand eachhas
independenGaussianzero-mearreal andimaginarypart. Thenallocatingpower to eachvirtual channel

via waterfilling,

1
E[Re(a;)?] = E[Tm(7;)*] = 5= AT (8)
where ., is chosento meetpower constraint?. Thenthe power and capacitycan be parameterizecs
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Figure 2. Independenparallel Gaussiarchannel
We canalsoderive the capacityformula througha way more usefulin the fading case.The deduction
needssomeknowledgeon the circularly symmetriccomplex Gaussiarrandomvector
Definition 1: A Gaussiarrandomvectorx is circularly symmetric,if for x = [Re[x] Zm|[x]]",

Rel@] —Im[Q)]
ImlQ]  Reld]

The mostimportantpropertyof this kind of randomvectorsis that they are entropy maximizer

1
covlx| = =

5 ] . where@ = cov|x]. (20)

H(vg) = log det(me@). (11)
The mutual information can be written as
I(x;y) = My) — h(y|x) = h(y) — h(n). (12)

We only needto maximize h(y), because:(n) is fixed. If x is zero-mean£[xx'] = Q, then&[yy'] =
I.+ HQH'. For ary Q, h(y) is maximizedwheny is circularly symmetricGaussianin this case,

I(x;y) = logdet[I, + HQH'] = logdet[I, + QH'H]. (13)
Using eigervalue decompositionH'H = UTAU, with A = diag[A, Ao, -+, A,
I(x;y) = logdet[l, + AY2UQUTAY?
= logdet[I; + Al/QQAl/Z] (Q = UQUT>
< log [ J(1+ Qi) (14)

24" meansmax(0, a).
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with equality holds when Q is also diagonal. Then we can use the samewater filling to the diagonal
elementsof Q and get the samecapacityformula.

From the decompositionprocedure we can seethat this capacity can be achieved by the following
precodingtechnique First we form the datastreaminto a vectorsignalx with m = min(r,t) substreams,
codeand modulateaccordingto the watekfilling of the power to the differentsubstreamsandthenrotate
the signalx by multiplying V. At the recever, we rotatethe recevedsignaly by U' to getthe equivalent
parallelchannel,and thenwe can decodethe substreamsin the processof coding, we caneitherjointly
or independentlyencodethe substreamdf we do encodingjointly, from deductionof the error exponents
of parallelchannelsin [2], therewill be a gain of m to the log of the error probability, which is called
antennadiversity gainin space-timecodes.

V. GAUSSIAN CHANNEL WITH RAYLEIGH FADING

On the fading channelsthe path gains are characterizedas randomvariables.In the rich scattering
ervironment,thereare mary path exist from one transmitterantennato one recever antennaBasedon
the centrallimit theorem,the summedreceved signalis Gaussiardistributed. So it is naturalto choose
eachentry H;; asani.i.d. Gaussiarcomplex randomvariablewith independenteal andimaginarypart,
eachwith variancel /2. The Gaussiardistribution with independentmaginaryandreal part resultsfrom
rich scatteringenvironment. This is usual Rayleigh fading model in wirelesscommunication.So H;;
hasuniform phaseand Rayleighamplitude.The i.i.d. entriesassumptiorholds when the transmitterand
recever antennasvere enoughphysically separated.

Assumeperfectknowledge of channelside information (CSl), the channelis consistof input x and
output (y, H). Define the egodic (mean)capacityas

Cc = m(a§<l (x;y,H)
p(x
= In(a§<f (x;H)+ I (x;y|H) (x, Hindependent/ (x;H) = 0)
p(x
= 111(a§<€H [(x;y|H=H)]|. (15)
p(x

In the fading situation, becausehe transmitterhas no knowledge of the channelstate,so the most
robustandconsenrative stratgy for the transmitteris allocatingpower equallyto eachantennaandmakes
their outputsindependentFortunately this stratgy will achieve the capacityin a long runif the channel
is ergodic.

Theorem 1: The capacityof multiple antennaGaussiarchannelwith fadingis £[log det([I, + (P/t)H HT]].
The capacityis achieredwhenx is circularly symmetriccomplex Gaussiarwith zero-mearandcovariance
(P/t)1;.

Sketch of the proof: If x hasa specificcovariance, thenthe choiceof x to maximize/(x;y|H = H) is
the circularly symmetriccomplex Gaussiarrandomvectorwith covariance). Thuswe needto maximize

U(Q) = E[logdet(I, + HQHT)] (16)

Since( is covariancematrix, soit’s non-ngative definite,sowe candiagonalizet usinga unitary matrix
U. The U is absorbedby H and will not affect its distribution, so we can further constraintthe choice
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of Q asa diagonalmatrix. Like the randomcoding methodin the proof of channelcoding theorem,we
selecta Q andthen permuteit in all possibleways. Denotethe permutedmatrix as QU = IIQIIf. The
averageof all this permutedmatrices

0= Q" (17)
II

satisfies¥ (Q) > ¥(Q) and power constrainttr(Q) = tr(Q). The first claim is basedon the concaity
of log det [3] andthe secondis thattr(AB) = tr(BA) if both AB and BA is possible.Obviously Q is
multiple of identity matrix. So we choosethe optimal matrix @ to be the largestpossible,i.e., (P/t)1,.

Although through Theorem1, we know when will the capacity achieve, but the evaluation of the
capacityis still a problemwhenr andt getlarge. So Theorem2 givesthe closeform of the capacity
Theorem 2: The capacityof the channelwith ¢ transmittersand » recevers underpower constraintP
equals

m—1 !

/ h log(1+ PA/t) > mm—mmm”—%—m (18)
0 k=0

)!
wherem = min(r,t) andn = min(r,t), and L arethe associated aguerrepolynomials.
Sketch of the proof: Fromthe capamtyformula notethat det (1, + (P/t)HH') = det(I; + (P/t)H'H)

anddefine
HH' r<t
W = (19)
HH r>t.
n = max(r,t) and m = min(r,t). Then W is m x m non-ngative matrix. So the capacity can be

expressedn termsof its eigervaluesi;, Aa, - -« , A

& [Zm: log(1 + (P/t))\i)] . (20)

Actually the distribution law of W is known asWshart distribution with parameters m, n. Its eigervalues
densityfunction is

[ONCYID VRTINS W mnH)\”m IO =20 (21)
i<j
Recallthe lasttermin the productis the determlnantof Vandermondematrix
1 1
AN o A,
D= _ _ ) (22)
DVAEIPRRID i

The distribution can be written as py(Ay, Ag, - -+ , A,) = K(m,n)det> D[, A\l ™e™™. In the spaceof
real functionsin which definesa specificinner product,applying Gram-Schmidorthogonaltransformto
the sequencd, )\, --- , \™~!, the D changesnto
e1(A1) o p1(Am)
D= ; : : (23)
Om(A) o om(An)
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Thus [ ¢i(A)g;(A)A™ ™e *dX = 6;;. By expandthe determinanof D, the distribution is

PAL A, ) = Clmym) Y (=1 @O T T o, (M), (AN me ™. (24)
a, i
Integratingover \,, - - - , A, usingthe propertyof this specificinner product,we get mamginal distribution

p(A1). Then the expectation(20) can be calculated,which will give the last result of Theorem2. The
capacitycalculatedby Theorem2 for 1 < r,t < 20 and P = 20dB shown in Figure 3.
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Figure 3. Capacityof MIMO fading channel

It is interestingto obsene someextremescenarios.

« Only transmitterdiversity: rfixed t — oo, C' — rlog(1 + P).

« Only recever diversity:t = 1,7 — oo, C' — log(1 + Pr)

. Both transmitter/receier diversity:r = t = n, C ~ r ['log(1 + Pv)L,/L — Lay
The last situation is most interestingbecausethe capacity grows linearly as the number of antennas.
Comparewith the independentparallel Gaussianchannelr = ¢t = n and H = [, of which C' =
nlog(1+ P/n) — P whenn — oo, the capacitygain is obviously. The fading seemsblessthe capacity
We canthink it this way, althoughsometimedading makes somepath corrupted,but becausehe use of
multiple antennasthereare alwayspossiblevery goodpathsdueto the constructve combiningof signals,
we can achieve very high datarate on this path. So in the meaningof average,the MIMO’ s capacityis
larger thanthe unfadedchannel.

V. NON-ERGODIC CHANNELS

In the caseof channelis not ergodic, the transferfunction H is random,but will be fixed onceit’s
realized.Under this situation, the maximum mutual information is in generalnot equalto the channel
capacitybecauset is not alwaysachievable. Anothermeasureof channelcapacitythatis frequentlyused
is outage capacity, which is definedthroughthe tradeof betweenthe outageprobability and supportable
rate. The capacityis treatedas an randomvariableassociatedvith a outageprobability g. Simply,

Pr{C < Coutagd = ¢- (25)
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q is strictly definedas

—  inf  Pr{logdet(l, + HQH') < _ 5
1= g.geitlig)cp Prilog det(ly + HQHY < Couage } (26)

VI. FURTHER READING

In [1], the authorsupposedhe coherentrecever condition. For the non-coherentecever condition,a
comprehenske investigationcan be foundin [4].
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