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Applications in Mechanics

Let us examine three simple planar mechanical
systems.
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Applications in Mechanics

Let us examine three simple planar mechanical
systems.

Point Mass
Pendulum
Rigid Body
Let us consider the following questions:

What mathematical object can we use to desc
a unique con guration of a mechanical system

How do we perform calculations with these
objects?

In which space do these objects "live"?
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Simple Examples

Point Mass

Vector description of con guration:
(X11y1) 2
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Simple Examples

Point Mass

Vector description of con guration:
(X11y1) 2

Geometric description of con guration:
(xy)2 2

Engineering Analysis Lecture — p.4



Simple Examples



Simple Examples

Pendulum
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Simple Examples

Pendulum

)

Vector description of con guration:
(Xl1y1) 2 ?
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Simple Examples

Pendulum

)

Vector description of con guration:
(Xl1y1) 2 ?

Geometric description of con guration:
()2 =1-Sphere
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Simple Examples
Planar Rigid Body

y

L
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Vector description of con guration:
xy, ,)2 3 7

o
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Aspects of Modern Mathematics

"The aim of pure mathematics is not practical
application but intellectual satisfaction."
- lan Stewart
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Aspects of Modern Mathematics

"The aim of pure mathematics is not practical
application but intellectual satisfaction."
- lan Stewart

Tendency towards greater abstraction.

Reliance on the language of set theory.

Mathematical de nitions are rigorous
replacements for vague notions and machiner

for elegant proofs.

The value of a de nition can be judged accord
to the value of the theorems which it allows yo
to express and prove.
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Levels of Structure
Differential geometry is the geometry of manifolds

Engineering Analysis Lecture — p.&



| evels of Structure

Differential geometry is the geometry of manifolds
Level O: points (set theory)

Engineering Analysis Lecture — p.&



| evels of Structure

Differential geometry is the geometry of manifolds
Level O: points (set theory)

Level 1: connectivity and continuity (topology)

Engineering Analysis Lecture — p.&



| evels of Structure

Differential geometry is the geometry of manifolds
Level O: points (set theory)

Level 1: connectivity and continuity (topology)

Level 2: charts and vectors (differentiable
structure)

Engineering Analysis Lecture — p.&



| evels of Structure

Differential geometry is the geometry of manifolds
Level O: points (set theory)

Level 1: connectivity and continuity (topology)

Level 2: charts and vectors (differentiable
structure)

Level 3: parallelism (af ne connection)

Engineering Analysis Lecture — p.&



| evels of Structure

Differential geometry is the geometry of manifolds
Level O: points (set theory)

Level 1: connectivity and continuity (topology)

Level 2: charts and vectors (differentiable
structure)

Level 3: parallelism (af ne connection)

Level 4: distance and angles (Riemannian me

Engineering Analysis Lecture — p.&



Level O: points (set theory)

A set of points Is called a space.



Level O: points (set theory)

A set of points Is called a space.
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A set of points Is called a space.

We are limited to labeling and grouping points
arbitrarily.
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Level O: points (set theory)

A set of points Is called a space.

We are limited to labeling and grouping points
arbitrarily.

No relation between points.€. nearness,
distance).
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A set Is disconnected If it can be covered by tv
disjoint open sets which each contain at least
point of the set.
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Level 1: connectivity (topology)

Connectivity is de ned in terms of "open sets".

|

A set Is disconnected If it can be covered by tv

disjoint open sets which each contain at least
point of the set.

The choice of topology Is arbitrary, however it
must satisfy certain de nitions.
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Level 1: continuity (topology)
Continuous functions preserve connectivity.
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Level 1: continuity (topology)
Continuous functions preserve connectivity.
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If there Is no gap in a subset of the domain of :
function, there must be no gap in the image of
subset.
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Level 1: continuity (topology)
Continuous functions preserve connectivity.
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If there Is no gap in a subset of the domain of :
function, there must be no gap in the image of
subset.

Does there exist a continuous bijection betwec
manifold and Euclidean space?

Engineering Analysis Lecture — p.11



Level 2: local charts

Differentiable structure is necessary for extending
methods of differential calculus to a manifold.
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Level 2: local charts

Differentiable structure is necessary for extending
methods of differential calculus to a manifold.

There Is a signi cant amount of freedom in the
choice of local charts.

The choice of a set of local charts for a set is
called a "differential structure".
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| evel 2: vectors

Vectors at points of a manifold are called "tangent
vectors".
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| evel 2: vectors

Vectors at points of a manifold are called "tangent
vectors".

Vectors are de ned via local coordinate charts.

There Is no relation between the direction of a
vector at one point and a vector at any other p
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Level 3: parallelism

Parallel transport of vectors is dependent upon
curvature.
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along curves.

Engineering Analysis Lecture — p.1-



Level 3: parallelism

Parallel transport of vectors is dependent upon
curvature.

Parallelism connects the notion of direction at
different points in space by "transporting"” vect
along curves.

The core concept of differential geometry is
curvature.
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Level 4: distance and angles

Riemannian metric de nes distance and angles
globally.
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Riemannian metric de nes distance and angles
globally.

A "geodesic" curve Is a curve whose velocity
vector is parallel at all points.
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Level 4: distance and angles

Riemannian metric de nes distance and angles
globally.

A "geodesic" curve Is a curve whose velocity
vector is parallel at all points.

In geometric mechanics, the Riemannian mett
IS introduced via kinetic energy.

Engineering Analysis Lecture — p.17



Recommended Course Work
Differential geometry Iis not easy.



Recommended Course Work
Differential geometry Iis not easy.

Introduction to Mathematical Reasoning

Engineering Analysis Lecture — p.1¢



Recommended Course Work
Differential geometry Iis not easy.

Introduction to Mathematical Reasoning

Multi-variable Calculus

Engineering Analysis Lecture — p.1¢



Recommended Course Work
Differential geometry Iis not easy.

Introduction to Mathematical Reasoning
Multi-variable Calculus

Linear Algebra

Engineering Analysis Lecture — p.1¢



Recommended Course Work
Differential geometry Iis not easy.

Introduction to Mathematical Reasoning
Multi-variable Calculus
Linear Algebra

Mathematical Analysis

Engineering Analysis Lecture — p.1¢



Recommended Course Work
Differential geometry Iis not easy.

Introduction to Mathematical Reasoning
Multi-variable Calculus

Linear Algebra

Mathematical Analysis

Differentiable Manifolds

Engineering Analysis Lecture — p.1¢



Recommended Course Work
Differential geometry Iis not easy.

Introduction to Mathematical Reasoning
Multi-variable Calculus

Linear Algebra

Mathematical Analysis

Differentiable Manifolds

Differential Geometry
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Recommended Reading

Trying to understand mathematics is itself a
suf cient exercise.
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Recommended Reading

Trying to understand mathematics is itself a
suf cient exercise.

Concepts of Modern Mathematibyg lan Stewart
Calculus Vol. Iby Tom M. Apostol
Calculus on Manifoldey Michael Spivak

Riemannian Geometityy Manfredo do Carmo

Foundations of Mechanidsy Abraham and
Marsden
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Questions?
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