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Department of Applied and Computational Mathematics and Statistics 
 (ACMS)

• ACMS courses that may be useful
– ACMS 30440. Probability and Statistics

An introduction to the theory of probability and statistics, with 
applications to the computer sciences and engineering

– ACMS 30600. Statistical Methods & Data Analysis I
Introduction to statistical methods with an emphasis on analysis of data
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Population versus Sample
• Consider ND Freshman SAT Scores:

– Well defined population
– We could obtain all the 2023 Freshman records and determine the 

 statistics for the full population.
μ – the Mean SAT score
σ ‐ the Standard Deviation of the SAT scores

– We could obtain a sample of say 100 Freshman records and determine 

 estimates for the statistics. 
m or x – Estimated Mean or Average SAT score in the sample
s – the Estimate of the Standard Deviation
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Notation

Measure Population
Greek Letters

Sample
Roman Letters

Location Mean μ Estimate of 

 
the Mean,
Average

m
x

Spread Variance σ2 Sample 

 
Variance

s2

Standard 

 
Deviation

σ Sample 

 
Standard 

 
Deviation

s

Correlation Correlation 

 
Coefficient

ρ Sample 

 
Correlation 

 
Coefficient

r
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Basic Statistical Definitions
• Distribution:

– The pattern of variation of a variable. 
– It records or defines the numerical values of the variable and how 

 often the value occurs. 
– A distribution can be described by shape, center, and spread.

• Variable – x:
– A characteristic that can assume different values.

• Random Variable:
– A function that assigns a numerical value to each possible outcome of 

 some operation/event.

• Population:
– The total aggregate of observations that conceptually might occur as a 

 result of performing a particular operation in a particular way.
– The universes of values.
– Finite or Infinite P. Nahas
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Basic Definitions (cont.)
• Sample:

– A collection of some of the outcomes, observations, values from the 

 population.
– A subset of the population.

• Random Sample:
– Each member of the population has a equal chance of being chosen

 

as 

 a member of the sample.
• Bias:

– The tendency to favor the selections of units with certain 

 characteristics.
• Active Data Collection:

– Planned data collection with specific goals in mind to maximize the 

 information.
• Passive Data Collection:

– Data that just comes our way – that “just is.”
– We do not always know how

 

it was obtained. P. Nahas
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Basic Definitions (cont.)
• Measurement:

– The assignment of numerals to objects and events according to rules.

• Data:
– Can be numerical or textual in form.
– Can be sources of information.

In God we trust, all others bring data!
Stu Hunter

P. Nahas
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Probability Distribution Function
• Probability Distribution Functions:

– Described by the probability density function f(x) where

where R is the range of x.

f (x)dx = 1
R
∫

f (x) ≥ 0,x ∈ R

P(x ∈ A) = f (x)dx
A
∫

P(x = b) = f (s)dx =
b

b

∫ 0

P. Nahas

A

NIST ESH 1.3.6

http://www.itl.nist.gov/div898/handbook/eda/section3/eda36.htm
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Cumulative Distribution Function
• Cumulative Distribution Function (CDF) F(x) where

lim
x →−∞

F(x) = 0 lim
x →+∞

F(x) =1

f (x) = ′ F (x)

P. Nahas

NIST ESH 1.3.6.2

http://www.itl.nist.gov/div898/handbook/eda/section3/eda362.htm
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A measure of Location: Mean
• Mean

– Also known as The First Moment.

– The mean of a sum = the sum of the means.

– The mean is a linear function.

– The estimate of the mean (sample average):

where n is the number of items in the sample.

μ = E(X) = xf (x)
x∈ R
∫ dx

μx +y = μx + μy

μa +bx = a + bμx

P. Nahas

x =
xi

i=1

n

∑
n

NIST ESH 1.3.5.1

μ = E(X) = xf (x)
x∈ R
∑

http://www.itl.nist.gov/div898/handbook/eda/section3/eda351.htm
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Other Measures of Location
• Median

– The midpoint of the distribution.
There are as many point above and below the median.

• Mode
– The peak value of the distribution.
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Measures of Spread
• Variance

– Also known as The Second Moment.

– If and only if x and y are independent:

– s2

 

is the variance estimate (sample variance):

where n is the number of items in the sample.
• Standard Deviation

– σ

 

is the standard deviation.
– s is the standard deviation estimate (sample standard deviation).

σ 2 = E[(X − μ)2] = (x − μ)2 f (x)
x∈ f
∫ dx

σ x +y
2 = σ x−y

2 = σ x
2 + σ y

2

P. Nahas

s2 =
(xi

i=1

n

∑ − x)2

n −1

NIST ESH 1.3.5.6

http://www.itl.nist.gov/div898/handbook/eda/section3/eda356.htm
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Correlation
Let Y and Xi

 

, i= 1 to n be random variables, and

where μi

 

is the mean of Xi

 

and σi
2

 

is the variance of Xi

then the variance of y

where ρij

 

is the correlation coefficient for the population Xi

 

Xj

 

.

Y = ai
i=1

n

∑ Xi

= σ y
2

= E[(Y − μ y )
2]

= E[ (ai
i =1

n

∑ xi − aiμi )
2]

= ai
2

i =1

n

∑ σ i
2 + 2 ai

j
∑

i< j
∑ a j ρ ijσ iσ j

P. Nahas
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The Correlation Coefficient

The correlation coefficient ρ, is a statistical moment that gives 
 a 

 
measure 

 
of 

 
linear 

 
dependence

 
between 

 
two 

 
random 

 variables. It is estimated
 

by:

where sx  and sy are the square roots of the estimates of the 
variance of x and y, while  sxy is an estimate of the covariance of 
the two variables and is estimated by:

Poolla & Spanos

r =
sxy

sxsy

sxy =
(xi

i =1

n

∑ − x)(yi − y)

n − 1
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Correlation
• If ρ = 1, two reandom variables are correlated.
• If ρ

 
= 0, two random variables are not correlated.

• If ρ
 

= ‐1, two random variables are inversely correlated.

• Example:
– The height and weight of a sample of the population of people.

You would expect a positive correlation. 
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Correlation Example
Plot
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X4 Poolla & Spanos
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Correlation Example
Correlations
Variable

X1
X2
X3
X4

X1
  1.0000
  0.9719

 -0.7728
  0.2089

X2
  0.9719
  1.0000

 -0.7518
  0.2061

X3
 -0.7728
 -0.7518
  1.0000

 -0.0753

X4
  0.2089
  0.2061

 -0.0753
  1.0000

Scatter Plot Matrix
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X1

0.1 0.4 0.7 1.0
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Poolla & Spanos

NIST ESH 3.4.2.1

http://www.itl.nist.gov/div898/handbook/ppc/section4/ppc421.htm
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The Distribution of x

• Can calculate the probability of a randomly chosen 
 observation of the population falling within a given range – so 

 it is a probability distribution.
• Vertical ordinate, P(x) is called the probability density
• Can we find a mathematical function to describe the 

 probability distribution?

Discrete Distributions      Continuous Distributions
Shape = f(x)

Center = mean
Spread = variance

Poolla & Spanos

NIST ESH 1.3.6.6

http://www.itl.nist.gov/div898/handbook/eda/section3/eda366.htm
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A Discrete Distribution

What discrete distribution is this?
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A Discrete Distribution: the Binomial
• The binomial distribution is used when there are exactly two 

 mutually exclusive outcomes of a trial. 
– These outcomes are appropriately labeled "success" and "failure". 

• The binomial distribution is used to obtain the probability of 
 observing x successes in n trials, with the probability of 

 success on a single trial denoted by p. 
– The binomial distribution assumes that p is fixed for all trials.

NIST ESH 1.3.6.6.18

where:

Mean  =  np
Standard Deviation =

http://www.itl.nist.gov/div898/handbook/eda/section3/eda366i.htm
http://www.itl.nist.gov/div898/handbook/eda/section3/eda366i.htm


25
© Joseph J. Nahas 2012

10 Dec 2012

A Discrete Distribution: the Binomial

• Simple Examples:
– Number of heads in 10 coin flips: p = 0.5, n = 10
– Number of ones in 5 rolls of a die: p = 1/6, n = 5

Binomial Distribution with p = 0.10 and n=15.

NIST ESH 1.3.6.6.18

http://www.itl.nist.gov/div898/handbook/eda/section3/eda366i.htm
http://www.itl.nist.gov/div898/handbook/eda/section3/eda366i.htm
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Example: Using the Binomial Distribution
• The probability that a memory cell fails is 10‐9. 
• In a 64 Mbit memory array what is the  probability that:

– All cells are OK?
– 1 cell failed?
– 5 cells failed?
– More than 5 cells failed?

Poolla & Spanos
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Binomial Solution

P(X = 0) =
n
x

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ px (1− p)n−x

=
n
0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ (10−9)0(1− (10−9))n−0

=1•1• (1− (10−9))n

≅1− n(10−9) + ⋅ ⋅ ⋅

≅1− 67•106 •10−9

≅ 0.933

64 Mb Memory = n = 226 = 6.7E+7
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A Continuous Distribution: the Normal

figure 2-10 Montgomery pp 39

- ∞
 

< x < ∞

NIST ESH 1.3.6.6.1

Also called a Gaussian Distribution

Notation:   x~N(μ,σ)
i.e.: x is Normally Distributed with a mean of μ

and a standard deviation of  σ. 

http://www.itl.nist.gov/div898/handbook/eda/section3/eda3661.htm
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Standard Normal Distribution

is the Standard Normal Distribution:

so if
 

, then

There are tables of Φ(z) =
0

z

∫ e−ω 2 / 2

2π
dω

z =
x − μ

σ
~ N(0,1)

z ~ N(0,1)

x ~ N(μ,σ )

P. Nahas

i.e. μ = 0, σ = 1

NIST ESH 1.3.6.7.1

f (z) =
e − x 2 / 2

2π

http://www.itl.nist.gov/div898/handbook/eda/section3/eda3671.htm
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Normal Distribution Table from ESH

NIST ESH 1.3.6.7.1

f(z) = f(-z)
Note: Area from 0 to +∞ = 0.5

http://www.itl.nist.gov/div898/handbook/eda/section3/eda3671.htm
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Example: Table Lookup for Normal Distribution
• The wafer‐to‐wafer thickness of a poly layer is distributed 

 normally around 500nm with a � of 20nm:
– Pth

 

~ N (500 nm, 20 nm)

• What is the probability that a given wafer will have 
 polysilicon thicker than 510nm?

• ... thinner than 480nm?

• ... between 490 and 515nm?

Poolla & Spanos

NIST ESH 1.3.6.7.1

http://www.itl.nist.gov/div898/handbook/eda/section3/eda3671.htm
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Example: Table Lookup for Normal Distribution
• The wafer‐to‐wafer thickness of a poly layer is distributed 

 normally around 500nm with a � of 20nm:
– Pth ~ N (500 nm, 20 nm)

• What is the probability that a given wafer will have 
 polysilicon thicker than 510nm?

– 510 –

 

500 nm = 10 nm = 0.5 � from mean
– From table 0 to 0.5 � = 0.19 for between 500 and 510 nm.
– Greater than 510 nm = 0.5 – 0.19 =  0.31

• ... thinner than 480nm?
– 500 –

 

480 nm = 20 nm = 1 � from mean
– From table 0 to 1 � = 0.34 for between 480 and 500 nm
– Thinner than 480 = 0.5 – 0.34 = 0.26

• ... between 490 and 515nm?
– 500 –

 

490 nm = 0.5 � from mean; 515 –

 

500 = 0.75 � from mean
– From table: 0.19 + 0.27 = 0.46

Poolla & Spanos

NIST ESH 1.3.6.7.1

http://www.itl.nist.gov/div898/handbook/eda/section3/eda3671.htm
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Normal Distribution Table from ESH

NIST ESH 1.3.6.7.1

http://www.itl.nist.gov/div898/handbook/eda/section3/eda3671.htm
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The Additivity of Variance
• IF y = a1

 

x1
 

+ a2
 

x2
 

+ …+an
 

xn
– then μy

 

= a1

 

μ1

 

+ a2

 

μ2

 

+ …+an

 

μn

– and σy
2

 

= a12σ1
2

 

+ a22σ2
2

 

+ …+ an2σn
2

– This applies applies under the assumption that the parameters xi

 

are 

 independent..

Examples:
• The thickness variance of a layer defined by two consecutive 

 growths:
– μt

 

= μg1

 

+ μg2

– σt
2

 

= σg1
2

 

+ σg2
2

• The thickness variance of a growth step followed by an etch 
 step:

– μt

 

= μg

 

−μe

– σt
2

 

= σg
2

 

+

 

σe
2
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Example: How to Combine Consecutive Steps
• The thickness of a SiO2 layer is distributed normally around 

 600nm with a � of 20nm:
– Gox

 

~ N (600nm, 20nm)

• During a polysilicon removal step with limited selectivity, 
 some of the oxide is removed. The removed oxide is:

– Rox

 

~N (50nm, 5nm)

• What is the probability that the final oxide thickness is 
 between 540 and 560nm?

Poolla & Spanos
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Example: How to Combine Consecutive Steps
• The thickness of a SiO2 layer is distributed normally around 

 600nm with a � of 20nm:
– Gox

 

~ N (600 nm, 20 nm)

• During a polysilicon removal step with limited selectivity, 
 some of the oxide is removed. The removed oxide is:

– Rox

 

~N (50nm, 5nm)

• What is the probability that the final oxide thickness is 
 between 540 and 560nm?

• Calculations:
– μE

 

= μG

 

–

 

μR

 

= 600 – 50 nm = 550 nm
– �E2

 

= �G2

 

+ �R2

 

= 202

 

+ 52

 

nm2 = 425 nm2; �E

 

= 20.6 nm
– Eox

 

~N(550 nm, 20.3 nm)
– 540 nm = μE

 

– 0.49 �E

 

; 560 = μE

 

+ 0.49 �E
– 0.19 + 0.19 = 0.38 Poolla & Spanos
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The Central Limit Theorem: 
• The distribution of a sum or average of many random variables is

 

close to 

 normal.
– This is true even if the variable are not independent and even if they have 

 
different distributions.

• More observations are needed if the distribution shape is far from 

 normal.
• No distribution should be dominant.

0.05

0.1

0.15

0.2

1 1.5 2 2.5 3 3.5 4

0.05

0.1

0.15

0 0.1 0.2 0.3 0.4 0.50.6 0.7 0.8 0.9 1

Sum of 5 unif. distr. numbers:Uniformly distributed number

P Nahas and Poolla & Spanos

NIST ESH 1.3.6.6.1

http://www.itl.nist.gov/div898/handbook/eda/section3/eda3661.htm
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Dice and the Central Limit Theorem
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