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LECTURE 7

NEWTON FORWARD INTERPOLA TION ON EQUISPACED POINTS

« Lagrange Interpolation has a number of disadvantages
 The amount of computation required is large

* Interpolation for additional values af requires the same amount of effort as the first
value (i.e. no part of the previous calculation can be used)

 When the number of interpolation points are changed (increased/decreased), the
results of the previous computations can not be used

* Error estimation is difficult (at least may not be convenient)

» Use Newton Interpolation which is based on developing difference tables for a given set
of data points

e The N" degree interpolating polynomial obtained by fittiNg- 1 data points will be
identical to that obtained using Lagrange formulae!

* Newton interpolation is simplyanother technique for obtaining the same interpo-
lating polynomial as was obtained using the Lagrange formulae
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Forward Differ ence Rbles

* We assume equi-spaced points (not necessary)

f o f> = (X))
ofy =f(X) o f,=1f(xy)
o fy = f(%) o fy = f0xy)
)éO )él )=(2 ;(3 )i(N ~
0o 1 2 3 N (i)

h=interval sze

» Forward differences are now defined as follows:

A%f, =f, (Zerd" order forward difference)

Af, =f,,,—f, (First order forward difference)
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A°f =Af,,  —AF,

|
2
A fi = (fi+2_fi+1)—(fi+1—fi)

A21:i = T =20 0+ 1

(Second order forward difference)

A3fi = Azfi N 1—A2fi (Third order forward difference)

3
Af, = (fi+3_2fi+2+fi+1)_(fi+2_2fi+1+f')

BPFi = fi,3=3f L+ 3, —F,

k k—1

AF o= AT AT

f.

. (ki order forward difference)

» Typically we set up a difference table
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i | f Af, A°f. A°t. At

0 | f, |Af, = f —f|A°f, = Af, —Af | A°F, = A, —A*F A F = A%F —A°F,
1| f, |Af, = f,—f A%f, = Af,—Af, | A°F, = A®f,—A°F

2 | f, | Af, = fo—f,|A°f, = Af,—Af,

3| fy | Afy=f,—1f,

4 | t,

» Note that to compute higher order differences in the tables, we take forward differences
of previous order differences instead of using expanded formulae.

 The order of the differences that can be computed depends on how many total data
points, x,, ..., Xy, are available

* N +1 data points can develop up 0" order forward differences
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Example 1

« Develop a forward difference table for the data given
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i X f, Af, pf | A%F | A Af,
o) 2 -/ 4 ) ) 3 1
1 4 -3 9 10 8 4

2 6 6 19 18 12

3 8 25 37 30

4 10 62 67

) 12 129
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Deriving Newton Forward Inter polation on Equi-spaced Bints

f(X) A
of,
f
of; °
of, ofy
— : - X
X X1 X X AN
o Summary of Steps
» Step 1: Develop a general Taylor series expansioh(¥Qr apout
 Step 2: Express the various order forward differenceg at  in term$xf and its

derivatives evaluated af, . This will allow us to express the actual derivatives eval-
uated atx, in terms of forward differences.

» Step 3: Using the general Taylor series expansion developed in Step 1, sequentially
substitute in for the derivatives evaluatedkat  in terms of forward differences (i.e.

substitute in the expressions developed in Step 2).
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Step 1

« The Taylor series expansion fofx)  abayt is:

f0 = fO)+ () G| +5(x- x0>2“'f S(x- xo)?’df +O(x-%)*

- X=X, X = X,
[

2fgz)

F(X) = ot (x=x) 157+ Z(x=x)° 117+ Z(x= x)* 1§ +O(x- )"

Step 2a

 Express first order forward difference in terms of £

S
Af =, —f,

« However sincef, = f(x,) , we can use the Taylor series givestep 1to express, in
terms off_, and its derivatives:

1), 1 2.(2) , 1 3¢(3 4
f1= fot (Q=X) fo + 506 =%) 5" + (X1 =%,)* 5 + 003 —%,)
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« We note that the spacing between data poirtisis, — x,

fy = forhfe)+ 20712+ 0%+ o(h)*

* Now, substitute in fof; into the definition of the first order forward differences

_ 1  1,.2.02 . 1,3.03) 4
Afo = f0+hf0 +Zh f0 +§h fO +O(h) —fO
]
Af
(1) _ 1, .2 1,2.0) 3
fo’ = To—zhfo -5 o —O(h)

* Note that the first order forward difference divided by is in fact an approximation to
the first derivative taO(h) . However, we will use all the terms given in this sequence.
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Step 2b

« Express second order forward difference in termg off ", ...
2. _

 We note thatt, = f(x;) was developed in T.S. fornsitep 2a

e For f, = f(x,) we use the T.S. given iBtep 1to express, Interms df, and deriva-
tives off evaluated ag,

1) 1 2.2 1 3¢(3 4
f2= ot Op=X)To +50%=%) Tg” +50G=%) g +O0xp=x,)

« We note thak,—x, = 2h

8

+2h S ISEYIN

f, = fo+2hf(1) Shefg) +
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« Now substitute in fof, andl, into the definition of the second order forward difference
operator

N = f0+2hfg1)+2h2fg)+3h 13 +oh)?=2f - 2n M —n?§ _ 3h %y o)+ 1,

2

N’ f
£ = —2-hty) + o(h)’
h

- Note that the second order forward difference dividechby is in fact an approximation
to fff) to O(h) . However, we will use all terms in the expression.
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Step 2c¢

« Express the third order forward difference in terms off"...
3¢ _

« We already developed expressionsffor  &nd

» Develop an expression fof; = f(x;)  using the T.SStap 1
fa=fo+(X3— xo)f(l) (x3 Xo) f(z) 3|(x3 Xo) f(3)+O(x3—x)4
 Noting thatx;—x, = 3h

fy = fo+3nfS)+ 2017 + 2%+ o(hy*
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 Substituting in forf; ,f, and, into the definition of the third order forward difference
formula.

2 9h £ +o(hy*—3f,—enf_ 12h2f(2) 2913¢3 1 o(hy*

3l

3

Nf, = fo+3nfg)+Shfc +

3,2 3

(2)
h fo +3|

+3f,+30fg) +2 £ +o(h)* -
0
A%t = 0’ + o(h)*

[

A
fo = —52+o(h)

« The third order forward difference divided b§/ Is@¢h) approximation tof(?’)

p.7.12



CE 341/441 - Lecture 7 - Fall 2004

Step 3a

» Consider the general T.S. expansion present&itep 1to definef(x) and substitute in
for Y using the result iStep 2a.

» Note that now we amaot evaluating the T.S. at a data point but atxany

1,.2 1,2.0) 3
- 5hfe) - Zh*Eg —O(h)J

Af,
h 3l

F(x) = fo+(x—xo)[

1
0= 1 50031+ 0k )’

[

X —
f(X) = 1:O+ hXOAfo-l'%[_(X_Xo)h'*'(X—XO)Z]fE)Z)

# A (=X + (=) 11 + Oy

p.7.13



CE 341/441 - Lecture 7 - Fall 2004

Step 3b

« Substitute in forf'” using the expression developestép 2b

A% f

h2

[(X) = fo+ —2Ato + S (x=x)h+ (x— %))

°_hf+0(h)?

+ Z-(x=x)0" + (x= %) 57 + O(h)*

XX 1 (x=x) (=) 2
f(x) = f + - Afo+z— el 2 A™f,

+ A 20 + (x= )P =3(x=x) ] 10+ O(1y*
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Step 3¢

« Substitute in forf'® fronStep 2c

L x=x) [ (x=x)  (x=%)7]
f(x) = ot Ao+ o -+ = N*f
1 NS
* 20N+ (=)= 30x= ) ] =52 + O(h)’
* Re-arranging the terms in brackets:
Af, 1 A°f
F(X) = To+ (X=%) 7= + 51 (X=X)[=h + (X=X))] 3
3
b L s [2h% + (x— %)2 = 3(x = x )h] “a® + O(h)* + HOT
5 (x=% ) = 3(x = x)hl =2 + O()
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2

Af, 1 AT,
00 = o () 2+ 5 (XXX~ + M =
1 ASfo 4
31 (X = X)[(X= (% + 1)) (X = (%, + 2h))] 3 +0O(h) +HOT

« Also considering higher order terrand noting thatx,+ h = x; x,+2h = x,

and f(x) = g(x)+e(x

2 3
) A f

Af, 1 1 o
g(x) = f0+(x—x0)-—ﬁ—+é—!(x—xo)(x—xl) = +é—!(x—xo)(x—x1)(x—x2) 3

AN

+...+Nl-!(x-xo)(x—xp(x—xz)...(x—xN_l) hNO

e This is the N™" degree polynomial approximation toN +1 data points and is iden-
tical to that derived for Lagrange interpolation or Power series (only the form in
which it is presented is different).
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* Note that theN +1 data point ag@actlyfit by g(x)

9(%) = fq
f,—f f,—f
g(xg) = fo+ (X —X,) 1h 0 — f0+hE_1_h__.9%: f,

f,—f 1 1
9(%) = fo+ (=) F T °g+é(xz—xo)(xz—xl)h—z(f2—2f1+fo)

[

2h 2h)h
000) = o (1= 10+ EUN, 21,4 1)

[
g(x) = f +2f, —2f +f,—2f, +f_ = f,

* In general

g(x)=f, i=0N
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It can be readily shown that the error at any is: (by carrying through error terms in the
T.S.)

(X =Xg)(X=Xq)...(X=X) f(N+1)(E)

e(x) = f(x)-g(x) = CE] Xo <& <Xy

This error function is identical to that for Lagrange Interpolation (since the polynomial
approximation is the same).

N+1

However we note that™ " “(x) can be approximated as (can be shown by T.S.)

N+1

A
N+1
(NFD ) hN+1°

In fact if f"*Y(x) does not vary dramatically over the interval

N+1

A
f(N+l)(E) ] hN+lo
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 Thus the error can be estimated as

(X=Xg) (X=X ). (x=xy) AN

(N +1)! AN+

o

e(x)

* Notes
» Approximation for e(x) is equal to the term that would follow the last term in the
N degree polynomial series f@K x)

o If we haveN + 2 data points available and develop\é'h degree polynomial approx-
imation withN + 1 data points, we can then easily estimate®) . This was not as
simple for Lagrange polynomials since you then needed to compute the finite differ-
ence approximation to the derivative in the error function.

o If the exact functionf(x) is a polynomial of degrée<N | thg(x) will be an
(almost) exact representation i) (with small roundoff errors).

* Newton Interpolation is much more efficient to implement than Lagrange Interpola-
tion. If you develop a difference tald@ace you can

» Develop various order interpolation functions very quickly (since each higher
order term only involves one more product)

» ODbtain error estimates very quickly
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Example 2

* For the data and forward difference table presentésample 1
* (a) Developg(x) using 3 pointx{ =2 x, =4 ang =6 )and estimetg
* (b) Developg(x) using4 pointx( =2 x, =4 x, = 6 %, = 8 )and estimaiex)
* (c) Developg(x) using 3 different pointg(= 6 x, = 8 x, = 10 )
(Part a)
 3data pointso N = 2
2

AT
h2

0

Af, 1
Ga(x) = o+ (X=X 12 + 35 (X=X, (X = X,)

with
X =2 X =4 Xx,=6 and h=2

» Note that the “3” designation igy(x) indicat¥s-1=3 data points
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- f,, Af, and A2f0 are obtained by simply picking values off of the difference table
(across therow =0 )

fo=-7 Af,=4 A°f =5

4 1
-+ =

g5(X) = =T+ (x-2)5+5

5
(X—=2)(x— 4)21
 The error can be estimated as:

o) = (x—xo)(x;!xl)(x—xg h% o,

« Simply substitute in fok, x, x, h and pick afff, =5 from the tabl&kample 1

-2)(x—-4)(x-6) -1 5
ey(x) = ERBA )D273E5=(x—2)(x—4)(X—6)Zé
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(Part b)
e 4 data poirgx, = 2,x;, =4,X, = 6,x3=8 O N=3

« Simply add the next term to the series {Q(x) Part a

A3

h3

o

04(X) = Gg(X) + 3 (X = X) (X = X) (X~ %))
« We note that the term we are addinggtox) IS actualy)

« Pick offA°f, =5 from the table iExample land substitute in
1
0,(X) = G(X) + 5 (x~2)(x~4)(x~6) 2

 The error is estimated as

6,(X) = (X_XO)(X_Xlzl(!X_XZ)(X_XB)h_:LA,A4fo .

ey(x) = (x—2)(x—4)(x—6)(x—8)3%4

p.7.22
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(Part c)

 3datapointx, =6 x, =8 ang, =10 O N=2

« We must shift in the table such thgt=6  etc.

A*f

h2

0

Af, 1
Garo(X) = fot (X=X) 12 + (X=X (X = X,)

« Pick offf_, Af, andA®f, from the same difference table with a shifted index

f,=6, Af, =19, A°f =18

o

» Substituting

Gss(x) = 6+ (x=6)5 + 2_1!(X_6)(x—8)?
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Newton Backward Interpolation

* Newton backward interpolation is essentially the same as Newton forward interpolation
except that backward differences are used

» Backward differences are defined as:

(0]

O0°f, =f, Zerd"order backward difference

Of, = f,—f,_, First order backward difference

2

O0°f, = Of,—0Of,_; Second order backward difference

O0°f, =0 ~f,-0 _1 k"order backward difference

p. 7.24
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* ForN + 1 data point which are fitted with arn degree polynomial

Ofy 1 ZfN
g(x) = fN+(x—xN)T+z(x—xN)(x—xN_1) >

1°f

+ :—;LT(X—XN)(X—XN—l)(X_XN—Z)—_hg—

1 NfN
+ m(X_XN)(X_XN—l)“'(X_Xl) n

* Note that we are really expanding about the right most point to the left. Therefore we
must developf, Df, etc. in the difference table

-
—@ @ @ O
X0 X1 XN -1 XN
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Newton Interpolation on Non-uniformly Spaced Data @ints

« Newton interpolation can be readily extended to deal with non-uniformly spaced data
points

— | | - X
oo X1 X% X3 %4

» The difference table for non-uniformly spaced nodes is developed and an appropriate
interpolation formula is developed and used
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SUMMARY OF LECTURE 7

* Newton formulae can be obtained by manipulating Taylor series

Newton interpolating function is related to easily computed forward/backward differ-
ences

Error is readily established and estimated from the difference table (as long as you have
one more data point than used in interpolation)

Newton interpolation througN +1  data points gives the safie degree polynomial as
Lagrange interpolation

Newton interpolation is more efficient than Lagrange interpolation and is easily imple-
mented

p.7.27



	LECTURE 7
	NEWTON FORWARD INTERPOLATION ON EQUISPACED POINTS
	• Lagrange Interpolation has a number of disadvantages
	• The amount of computation required is large
	• Interpolation for additional values of requires the same amount of effort as the first value (i...
	• When the number of interpolation points are changed (increased/decreased), the results of the p...
	• Error estimation is difficult (at least may not be convenient)

	• Use Newton Interpolation which is based on developing difference tables for a given set of data...
	• The degree interpolating polynomial obtained by fitting data points will be identical to that o...
	• Newton interpolation is simply another technique for obtaining the same interpolating polynomia...


	Forward Difference Tables
	• We assume equi-spaced points (not necessary)
	• Forward differences are now defined as follows:
	(Zeroth order forward difference)
	(First order forward difference)
	(Second order forward difference)
	(Third order forward difference)
	(kth order forward difference)

	• Typically we set up a difference table

	0
	1
	2
	3
	4
	• Note that to compute higher order differences in the tables, we take forward differences of pre...
	• The order of the differences that can be computed depends on how many total data points, , are ...
	• data points can develop up to order forward differences
	Example 1
	• Develop a forward difference table for the data given


	0
	2
	-7
	4
	5
	5
	3
	1
	1
	4
	-3
	9
	10
	8
	4
	2
	6
	6
	19
	18
	12
	3
	8
	25
	37
	30
	4
	10
	62
	67
	5
	12
	129
	Deriving Newton Forward Interpolation on Equi-spaced Points
	• Summary of Steps
	• Step 1: Develop a general Taylor series expansion for about .
	• Step 2: Express the various order forward differences at in terms of and its derivatives evalua...
	• Step 3: Using the general Taylor series expansion developed in Step 1, sequentially substitute ...


	Step 1
	• The Taylor series expansion for about is:
	ﬁ


	Step 2a
	• Express first order forward difference in terms of ,
	• However since , we can use the Taylor series given in Step 1 to express in terms of and its der...
	• We note that the spacing between data points is :
	• Now, substitute in for into the definition of the first order forward differences
	ﬁ

	• Note that the first order forward difference divided by is in fact an approximation to the firs...

	Step 2b
	• Express second order forward difference in terms of
	• We note that was developed in T.S. form in Step 2a.
	• For we use the T.S. given in Step 1 to express in terms of and derivatives of evaluated at
	• We note that
	• Now substitute in for and into the definition of the second order forward difference operator
	ﬁ

	• Note that the second order forward difference divided by is in fact an approximation to to . Ho...

	Step 2c
	• Express the third order forward difference in terms of
	• We already developed expressions for and .
	• Develop an expression for using the T.S. in Step 1
	• Noting that
	• Substituting in for , and into the definition of the third order forward difference formula.
	ﬁ
	ﬁ

	• The third order forward difference divided by is an O(h) approximation to

	Step 3a
	• Consider the general T.S. expansion presented in Step 1 to define and substitute in for using t...
	• Note that now we are not evaluating the T.S. at a data point but at any
	ﬁ


	Step 3b
	• Substitute in for using the expression developed in Step 2b.
	ﬁ


	Step 3c
	• Substitute in for from Step 2c
	• Re-arranging the terms in brackets:
	ﬁ

	• Also considering higher order terms and noting that ,
	and
	• This is the degree polynomial approximation to data points and is identical to that derived for...
	• Note that the data point are exactly fit by
	ﬁ
	ﬁ

	• In general
	• It can be readily shown that the error at any is: (by carrying through error terms in the T.S.)
	• This error function is identical to that for Lagrange Interpolation (since the polynomial appro...
	• However we note that can be approximated as (can be shown by T.S.)
	• In fact if does not vary dramatically over the interval
	• Thus the error can be estimated as
	• Notes
	• Approximation for is equal to the term that would follow the last term in the degree polynomial...
	• If we have data points available and develop an degree polynomial approximation with data point...
	• If the exact function is a polynomial of degree , then will be an (almost) exact representation...
	• Newton Interpolation is much more efficient to implement than Lagrange Interpolation. If you de...
	• Develop various order interpolation functions very quickly (since each higher order term only i...
	• Obtain error estimates very quickly




	Example 2
	• For the data and forward difference table presented in Example 1.
	• (a) Develop using 3 points (, and ) and estimate
	• (b) Develop using 4 points (, , , ) and estimate
	• (c) Develop using 3 different points (, , )


	(Part a)
	• 3 data points ﬁ
	with
	and
	• Note that the “3” designation in indicates N+1=3 data points
	• , and are obtained by simply picking values off of the difference table (across the row )
	• The error can be estimated as:
	• Simply substitute in for , , , and pick off = 5 from the table in Example 1


	(Part b)
	• 4 data points , , , ﬁ
	• Simply add the next term to the series for in Part a:
	• We note that the term we are adding to is actually

	• Pick off = 5 from the table in Example 1 and substitute in
	• The error is estimated as
	ﬁ


	(Part c)
	• 3 data points , and ﬁ N=2
	• We must shift in the table such that etc.
	• Pick off , and from the same difference table with a shifted index
	, ,

	• Substituting

	Newton Backward Interpolation
	• Newton backward interpolation is essentially the same as Newton forward interpolation except th...
	• Backward differences are defined as:
	Zeroth order backward difference
	First order backward difference
	Second order backward difference
	kth order backward difference

	• For data point which are fitted with an degree polynomial
	• Note that we are really expanding about the right most point to the left. Therefore we must dev...

	Newton Interpolation on Non-uniformly Spaced Data Points
	• Newton interpolation can be readily extended to deal with non-uniformly spaced data points
	• The difference table for non-uniformly spaced nodes is developed and an appropriate interpolati...

	SUMMARY OF LECTURE 7
	• Newton formulae can be obtained by manipulating Taylor series
	• Newton interpolating function is related to easily computed forward/backward differences
	• Error is readily established and estimated from the difference table (as long as you have one m...
	• Newton interpolation through data points gives the same degree polynomial as Lagrange interpola...
	• Newton interpolation is more efficient than Lagrange interpolation and is easily implemented



