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be such that analytical inte-
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over a domain. Typically we

ting interpolating polyno-
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LECTURE 17

NUMERICAL INTEGRA TION

• Find

or

• Often integration is required. However the form of may
gration would be very difficult or impossible. Use numerica

• Finite element (FE) methods are based on integrating errors
use numerical integrators.

• Numerical integration methods are developed by integra
mials.
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Trapezoidal Rule

• Trapezoidal rule uses a first degree Lagrange approxi
 nodes, linear interpolation).
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• Define the linear interpolating function

• Establish the integration rule by computing
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• Trapezoidal Rule
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• Trapezoidal Rule integrates the area of the trapezoid betwe
tion points.

• Evaluating the error for trapezoidal rule.

• The error is dependent on the integral of the dif
However integrating the dependent error approxim
function does not work out in general since  is a funct

• We must express in terms of a series of terms ex

evaluate  correctly.

• An alternative strategy is to evaluate

   by developing Taylor series expansions for ,  and

• We do note that as ↓ 0 ⇒ E ↓ 0
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Evaluation of the Error for Trapezoidal Rule

Evaluation of the error by integrating e(x)

• We note that

      ⇒

• However

     ⇒

• Thus

• Recall that  for Lagrange interpolation was expressed a
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the result would be !
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p. 17.6

• Notes

• Procedure applies to higher order integration rules as w

• In general  is a function of

• Neglecting the dependence of , can lead to incorre

 rule you will integrate out the  dependent term and 

• A way you can apply is to take as a se

always get the correct answer!

Evaluation of the error for Trapezoidal Rule by Taylor Series ex
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• Let’s now develop Taylor series expansions for ,  and
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• In general Taylor series expansion about :

• Now evaluate  using the Taylor series

• However since
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• Similarly

• Let’s substitute in for ,  and  into the expression fo
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ression.

order methods as well
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     ⇒

⇒

• Notes

• Higher order terms have been truncated in this error exp

• This integration will be exact only for linear.

• However it isthird order accurate in

• Error evaluation procedure using T.S. applies to higher 
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Extended Trapezoidal Rule

• Apply trapezoidal rule to multiple“sub-intervals”
 78

• Integrate each sub-interval with trapezoidal rule and sum

• Split  into  equispaced sub-intervals with

• ComputeI  as:
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⇒

where

.

.

.

• Thus extended trapezoidal rule can be expressed as:

where
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• Error is simply the sum of the individual errors:

where  = the average  within each sub-interval

• Defining the average of the second derivatives

• Thus

• Error is 2nd order over the interval

• Thus the error over the interval decreases as .

• The slope of error vs.  on a log-log plot is 2.
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integration point to integra-
spacing), , inconjunction
or more terms in the series

grand.

estimate for the numerical
d spacings.

tegration point spacing

h

h

p. 17.13

Romberg Integration

• Uses extended trapezoidal rule with two or more different
tion point spacings (in this case equal to the sub-interval
with the general form of the error in order to compute one
which represents the error.

• This will then result in a higher order estimate of the inte

• More importantly, it will allow us to easily derive an error
integrations based on the results using the different gri

• Consider

where

the exact integrand,

the approximate integral with integration point to in

the associated error.
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ore terms in the error series.

the various derivatives of

fficients.

coefficients over the interval

f

p. 17.14

• In general the form of the error term if we had worked out m

• Notes

• The coefficient

• In general, C, D, E etc. are functions of the average of
over the interval of interest.

• These coefficients are not dependent on the spacing .

• Also we do not worry about the exact form of these coe

• As far as we are concerned, they are unknown constant
.
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ients of the error term.

the integration point

owns

!

integration point to inte-

)4
p. 17.15

• Thus the integral

• Unknowns:  = the exact integral;  = the coeffic

• Knowns: = the approximation to the integral; =
spacing.

• We must generate equations to solve for some of the unkn

• Solve for  and . This will improve the accuracy of  to

• Two unknowns⇒ must have two equations⇒ use two different
gration point spacings.
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nknowns.

fficient of the error term is

ince we do not have enough

nteger number of sub-inter-
p. 17.16

• We now have two equations and can therefore solve for 2 u

• = the exact integral is unknown: = the leading coe
unknown.

• We can solve for  and .

• We can not solve for , , ... and the other coefficients s
equations!

• We must select and such that is divided into an i
vals. Let

• We compute the approximation to the integral twice.
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h  and .
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• Thus

• Two equations and 2 unknowns. Thus we can solve for bot

⇒

• Therefore if you have 2 second order accurate approximati

You can extrapolate a 4th order accurate approximation u
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arse and the fine integration
eous equations

point spacing solution,
 solutions is,

acing solution, using the
 is,
p. 17.18

• More importantly, we can estimate the errors for both the co
point solutions simply by solving for  using the 2 simultan

• Thus the estimated error associated with thecoarseintegration
using the coarse   and fine   integration point spacing

• The estimated error associated with thefine integration point sp
coarse   and fine   integration point spacing solutions
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o integral estimates were
imate for the integral

al rule results
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Example

• Consider:

• Integrating exactly

• Let’s integrate numerically

• Apply extended trapezoidal rule using:

•  (using one interval of 8)

•  (using two intervals of 4)

• Apply the Romberg integration rule we derived when tw
obtained using intervals 2h* and h* to obtain a fourth order est

• Estimate the errors associated with the extended trapezoid

I
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    ⇒

e summation term. Thus
p. 17.20

• Applying  (using one interval of 8)

• Since the index  runs from 1 to 0, we do not evaluate th

    ⇒
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Ĩ 2h*

2h*

2
-------- f a( ) f b( ) 2 f 0 i2h*+( )

i 1=

8 0–
2h*
------------ 1– 

 

∑+ +=
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• Applying  (using two intervals of 4)

    ⇒
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    ⇒

    ⇒

h h* 4= =
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trapezoidal rule results,

trapezoidal rule results,

ith

 with

Ĩ 2h*

2h* 8= =

0) 1877.33–=

h 2h* 8= =

48.
p. 17.22

• We can obtain an accurate answer using the

and

⇒

⇒

• We can also estimate the error associated with the two

 and

• Let’s estimate the error  for the trapezoidal rule result w

• Note that the actual error  for the trapezoidal rule results
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ith

 with  equals
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• Let’s estimate the error  for the trapezoidal rule results w

• Note that the actual error  for the trapezoidal rule results

Romberg Integration Using 3 Estimates of the Integral

• Let’s consider usingthreeestimates on

h
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– 72 712– 640–= = =

I

I Ĩ h1
Ch2

1 Dh4
1 Eh6

1 O h1( )8+ + + +=

I Ĩ h2
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= exact integral and
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tion to

 .
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• Three equations⇒ we can solve forthreeunknowns: Solve for
and  =coefficients of the first two terms in the error series

• Therefore we can now derive an  accurate approxima

• Apply integration point spacings: ,    and

• Estimates of the integral are related to the exact integral,I, as:

• We can solve for the unknowns ,  and !

I
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I Ĩ 2h*
4Ch2

* 16Dh4
* 64Eh6

* O h*( )8+ + + +=

I Ĩ h*
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ween two points and inte-

is expressed in series

pansions of the integration

imations and sums up indi-

adding errors over all sub-
p. 17.25

SUMMARY OF LECTURE 17

• Trapezoidal rule is simply applying linear interpolation bet
grating the approximating polynomial.

• Error for Trapezoidal Rule

• The error can be determined by computing if

form.

• The error can also be determined by Taylor series ex
formula and the exact integral.

• Extended trapezoidal rule applies piecewise linear approx
vidual integrals.

• Error for extended trapezoidal rule is obtained simply by
intervals

e x( ) xd

xo

x1

∫ e x( )
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ing the number of intervals.

n methods we will develop
p. 17.26

• Romberg Integration

• Uses trapezoidal rule with different intervals.

• Extrapolates a better answer by estimating the error.

• This can be a much more efficient process than increas

• Romberg Integration can be applied to any of the integratio
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	• This will then result in a higher order estimate of the integrand.
	• More importantly, it will allow us to easily derive an error estimate for the numerical integra...

	• Consider
	where
	the exact integrand,
	the approximate integral with integration point to integration point spacing
	the associated error.
	• In general the form of the error term if we had worked out more terms in the error series.
	• Notes
	• The coefficient
	• In general, C, D, E etc. are functions of the average of the various derivatives of over the in...
	• These coefficients are not dependent on the spacing .
	• Also we do not worry about the exact form of these coefficients.
	• As far as we are concerned, they are unknown constant coefficients over the interval .

	• Thus the integral
	• Unknowns: = the exact integral; = the coefficients of the error term.
	• Knowns: = the approximation to the integral; = the integration point spacing.

	• We must generate equations to solve for some of the unknowns
	• Solve for and . This will improve the accuracy of to !

	• Two unknowns ﬁ must have two equations ﬁ use two different integration point to integration poi...
	• We now have two equations and can therefore solve for 2 unknowns.
	• = the exact integral is unknown: = the leading coefficient of the error term is unknown.
	• We can solve for and .
	• We can not solve for , , ... and the other coefficients since we do not have enough equations!

	• We must select and such that is divided into an integer number of sub-intervals. Let
	• We compute the approximation to the integral twice.
	• Thus
	• Two equations and 2 unknowns. Thus we can solve for both and .
	ﬁ

	• Therefore if you have 2 second order accurate approximations to

	You can extrapolate a 4th order accurate approximation using the above formula.
	• More importantly, we can estimate the errors for both the coarse and the fine integration point...
	• Thus the estimated error associated with the coarse integration point spacing solution, using t...
	• The estimated error associated with the fine integration point spacing solution, using the coar...


	Example
	• Consider:
	• Integrating exactly
	• Let’s integrate numerically
	• Apply extended trapezoidal rule using:
	• (using one interval of 8)
	• (using two intervals of 4)

	• Apply the Romberg integration rule we derived when two integral estimates were obtained using i...
	• Estimate the errors associated with the extended trapezoidal rule results
	• Applying (using one interval of 8)
	ﬁ
	• Since the index runs from 1 to 0, we do not evaluate the summation term. Thus
	ﬁ


	• Applying (using two intervals of 4)
	ﬁ
	ﬁ
	ﬁ
	ﬁ

	• We can obtain an accurate answer using the trapezoidal rule results, and
	ﬁ
	ﬁ

	• We can also estimate the error associated with the two trapezoidal rule results, and
	• Let’s estimate the error for the trapezoidal rule result with
	• Note that the actual error for the trapezoidal rule results with
	• Let’s estimate the error for the trapezoidal rule results with
	• Note that the actual error for the trapezoidal rule results with equals


	Romberg Integration Using 3 Estimates of the Integral
	• Let’s consider using three estimates on
	• Three equations ﬁ we can solve for three unknowns: Solve for = exact integral and and = coeffic...
	• Therefore we can now derive an accurate approximation to
	• Apply integration point spacings: , and .
	• Estimates of the integral are related to the exact integral, I, as:
	• We can solve for the unknowns , and !

	SUMMARY OF LECTURE 17
	• Trapezoidal rule is simply applying linear interpolation between two points and integrating the...
	• Error for Trapezoidal Rule
	• The error can be determined by computing if is expressed in series form.
	• The error can also be determined by Taylor series expansions of the integration formula and the...

	• Extended trapezoidal rule applies piecewise linear approximations and sums up individual integr...
	• Error for extended trapezoidal rule is obtained simply by adding errors over all sub- intervals
	• Romberg Integration
	• Uses trapezoidal rule with different intervals.
	• Extrapolates a better answer by estimating the error.
	• This can be a much more efficient process than increasing the number of intervals.

	• Romberg Integration can be applied to any of the integration methods we will develop


