CE 341/441 - Lecture 17 - Fall 2004

LECTURE 17

NUMERICAL INTEGRA TION

* Find

b
I :If(x)dx

or

b~ v(x)

| = f“ f(x, y)dy}dx

u(x)
« Often integration is required. However the formfak) may be such that analytical inte-
gration would be very difficult or impossible. Use numerical integration techniques.

* Finite element (FE) methods are based on integrating errors over a domain. Typically we
use numerical integrators.

 Numerical integration methods are developed by integrating interpolating polyno-
mials.
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Trapezoidal Rule

» Trapezoidal rule uses a first degree Lagrange approximating polynomial 1
N +1 = 2 nodes, linear interpolation).

f
0 f(x)

g(x) f1

O
X0 X1

» Define the linear interpolating function

_ X X0, X%
g(x) = foB(1—X Ot le(l_XoD

(6]

» Establish the integration rule by computing If (x)dx = I(g(x) + e( X)) dx
X X

(8} (0}
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* Trapezoidal Rule
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» Trapezoidal Rule integrates the area of the trapezoid between the two data or interpola-
tion points.

» Evaluating the error for trapezoidal rule.

« The errorE is dependent on the integral of the differert® = f(x)-g(x)
However integrating th& dependent error approximation for the interpolating
function does not work out in general sirice is a function of |

« We must express(x) in terms of a series of terms expanded apout  in order to
X1
evaluateE = Ie(x)dx correctly.

Xo

* An alternative strategy is to evaluate

X

1
— X
E = J’f(x)dx—g(lz °%(fo+f1)
XO

by developing Taylor series expansionsffor) f,, &nd

* We do note thatas —x, =h ;0 0O E,0
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Evaluation of the Error for Trapezoidal Rule

Evaluation of the error by integrating e(x)

* \We note that

E=I —J’g(x)dx O Es= I f(x)dx—Ig(x)dx
* However

e(x)=f(x)—g(x) O J’e(x)dx = If(x)dx—J’g(x)dx
e Thus

E = Ie(x)dx

* Recall thate(x) for Lagrange interpolation was expressed as:

(X=X) (X=Xp) ... (X—=Xy)

(N+1)! @

e(x) =
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* Notes
* Procedure applies to higher order integration rules as well.
* In generak is a function of

* Neglecting the dependence &fx) , can lead to incorrect results. e.g. for Simpson’s

% rule you will integrate out the dependent term and the result wowd-he !

X1
* A way you can apphe = J’e( XYdx Istotake(x) as a series of terms! Then we will
X

(]

always get the correct answer!

Evaluation of the error 6r Trapezoidal Rule by dylor Series expansion

_ 1~ X
E = I—%%’chﬁfl] 0

X

E = If(x)dx—@(l_x°%(fo+ f,)

b 2

p.17.6



CE 341/441 - Lecture 17 - Fall 2004

. . X, t+X
 Let’s now develop Taylor series expansionsffor) f,,  &nd aio@utoTl

-

\j

<
-

®
X0

x| X
<
=

* In general Taylor series expansion about
F(x) = F(X) +(x=%) FO(R) + (X;—f‘)zf@)(x) +O(x— )3

* Now evaluatef, = f(x,) using the Taylor series

f(2)(x) + O(x,—X)3

—v)2
fo= f(>‘<)+(xo—>‘<)f(1)(>‘<)+(X°2X)

NI

* However sincex,—x = —
P | B YRR LT o 3
fo = f(0~3 f( )(x)+§f( )(x) + O(h)
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o Similarly
= i+ D sy + @) s 3
fr=f(0)+3 f( >(x)+§f( )(x) +O(h)

* Let’s substitute in forf (x) f, and, into the expressionHor

E = I[f(x) + (x—%) fO(x) + (X;—!X)Zf(z)(x) +O(x— $<)3de

Xo

_g(l;Xon()_() _gf(l)()-() " %Zf(z)()—() +O(h)3 + f(X) +g f(D(x) +h§2f(2)(>‘<) +O(h)3J

[]
e = [ fooxr B + K2 pow) +ox- %]

(¢}

(Xl - Xo)
2

[2f(>-<) 4 h{f(Z)(x) + O(h)ﬂ

[
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—%)2 _%\2
E = F(0)0—xp) + ) - L pay
(q-R3, (=R ] ]
t—= f(2(x) - 5 f(2)(X) + O(x — X)* + O( %, — X)*
(-3 1) - 2oz + LT s
U]
E - o)+ rag) + oy - P r@(x) + o(h)4
48 48 8
]
e = -1 10
* Notes

» Higher order terms have been truncated in this error expression.

 This integration will be exact only fof (x) = linear.

* However it isthird order accurate ih

 Error evaluation procedure using T.S. applies to higher order methods as well
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Extended Trapezoidal Rule

* Apply trapezoidal rule to multiplésub-intervals”

Xg X1 X X XN

* Integrate each sub-interval with trapezoidal rule and sum

o Split [a, b] IntoN equispaced sub-intervals wih= %a‘
« Computd as:
b N—1 [fi+1 []
= [fdx = 3 %f f(x)dxg O
a i=0 Dxi ]
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17X 2~ Xq N~XAN-1
I = g%%kfo*' f1)+§(7%f1+ fo)+ ... +Q(T%f|\|_1+ fn) + Efa b
U]

| = 2(f0+2f1+2f2+... +2fN_1+Tn) + Epa

where
f,= f(a)
f, = f(a+h)
f, = f(a+2h)
f. = f(a+ih)

» Thus extended trapezoidal rule can be expressed as:
N-1

_h : _b-a
| = 5 f(a)+f(b)+zzlf(a+|h) where N = =
| =
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e Error is simply the sum of the individual errors:

N
2
Elag = Z'“‘h 1P (x,)
=1
wherex, =the average within each sub-interval
1
=1

» Defining the average of the second derivatives

e Thus

1 -
Efa b = — 13(b-@)h?f@

e Error is 2nd order over the interva, b]
* Thus the error over the interval decreases’as
* The slope of error v&i  on a log-log plot is 2.
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Romberg Integration

» Uses extended trapezoidal rule with two or more different integration point to integra-
tion point spacings (in this case equal to the sub-interval spading), cqnjunction
with the general form of the error in order to compute one or more terms in the series
which represents the error.

 This will then result in a higher order estimate of the integrand.

» More importantly, it will allow us to easily derive an error estimate for the numerical
integrations based on the results using the different grid spacings.

e Consider

I = Ih+E[a,b]—h
where

| = the exact integrand,
I, = the approximate integral with integration point to integration point spacing
Eanj_n= the associated error.

Eb_a_lD
U h U

Thsgf(a)+f(b)+2 S fla+ih)
i=1
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* In general the form of the error term if we had worked out more terms in the error series.
Efapj_n = Ch?+Dh*+Eh® +0O(h)®
* Notes
« The coefficienC = - 112(b— a)f®

* In general, C, D, E etc. are functions of the average of the various derivativies of
over the interval of interest.

» These coefficients are not dependent on the spacing
 Also we do not worry about the exact form of these coefficients.

» As far as we are concerned, they are unknown constant coefficients over the interval
[a, b].
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* Thus the integral

| =1+ Ch2+Dh4+Eh®+0(h)8

* Unknowns: | = the exact integral,C,D,E... = the coefficients of the error term.
« Knowns: 1, = the approximation to the integral; h = the integration point
spacing.

* We must generate equations to solve for some of the unknowns

» Solve forl andC . This will improve the accuracylof Q)4 !

» Two unknownsl must have two equations use two different integration point to inte-
gration point spacings.

In,+Ch? +Dh{ +Eh§ +O(h)8

NN

| =1p,+Chs +Dh% +ER3 +O(h,)8
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* We now have two equations and can therefore solve for 2 unknowns.

* | = the exact integral is unknowr@ = the leading coefficient of the error term is
unknown.

* We can solve for and
* \We can not solve fob E , ... and the other coefficients since we do not have enough
equations!

« We must selech, and, suchthgd b] is divided into an integer number of sub-inter-
vals. Let

hl 2h*

h, = h. = base interval

* We compute the approximation to the integral twice.

2h* - I 2h*

h. - Ip,
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 Thus
| = I, +4Ch2 +16Dh? +64ENhS +0O(h,)8

| =1 +Ch2 +Dh% +Eh6 +0(h,)8
» Two equations and 2 unknowns. Thus we can solve foriboth C and
| = —l, —4Ch2 —16Dh? —64ENE +O(h,)®

41 = 4l +4Ch2 +4Dh% +4EhS +0O(h,)8

[

4rh*_|~2h*
| = ——5——4Dh{ —20Eh? +0O(h,)?

» Therefore if you have 2 second order accurate approximations to
I~h* usingh.
I~2h* using .

You can extrapolate a 4th order accurate approximation using the above formula.
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« More importantly, we can estimate the errors for both the coarse and the fine integration
point solutions simply by solving faZ  using the 2 simultaneous equations

I —1
c =™ _s5pn?+0(h)*

3h?

*

» Thus the estimated error associated with ¢barseintegration point spacing solution,
using the coarseh., and fine  integration point spacing solutions is,

Eran—2n = é(' h,—l2n,) + O(h,)4

* The estimated error associated with fime integration point spacing solution, using the
coarse2h, and fink, integration point spacing solutions is,

Erapj-n = é(' h, —l2n,) + O(h,)4
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Example
» Consider:

8
| = J’Eﬁ—?—4x3+ 2x+1%jx
0

* Integrating exactly = 72
 Let’s integrate numerically
4
f(x) = %—4x3+2x+1 a=0 b=238

* Apply extended trapezoidal rule using:

* h = 2h, = 8 (using one interval of 8)

* h = h, = 4 (using two intervals of 4)

* Apply the Romberg integration rule we derived when two integral estimates were
obtained using intervaldh2andh. to obtain a fourth order estimate for the integral

« Estimate the errors associated with the extended trapezoidal rule results

p. 17.19
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e Applying h = 2h, = 8 (using one interval of 8)

E8—0_1D

U2h, O

~ 2h*
o, = 5| f@+F()+2 §  f(0+i2h)| O
i=1

0
1o = 4] f(0) + f(8)+2y f(0+i2h.)
i=1

e Since the index runs from 1 to 0, we do not evaluate the summation term. Thus
lon=4[1+529 O

1op, = 2120
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* Applying h = h. = 4 (using two intervals of 4)

B-0_40
) Oh, — O
Ih, = E§ f(a)+ f(b)+2 _EE f(a+ih)| O
=1
. 1
Ih*:2f(0)+f(8)+22f(0+4i) [
i=1

2[f(0) + f(8)+2f(4)] O

—z
>
*
1

Ih, = 2[1+ 529+ 2x 8] O

I, = 712
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* \We can obtain aio(h.)4 accurate answer usingaik. )2 trapezoidal rule resylts,
andl,,
4, —1
| = h. 2h*+o(h*)4 B
3
= 4X 71?%—2120+ O(h)* O

| = 242.6667+ O(h,)*

* We can also estimate the error associated with the@io)?2 trapezoidal rule results,
1on, andly,

* Let’s estimate the error for the trapezoidal rule result with2h, = 8
T T 4
E[a, b] — 2h, —estimated — :‘3(' h—lon,) + O(h*)4 - §(712_ 2120 = -1877.33

» Note that the actual error for the trapezoidal rule resultsiwitteh, = 8

E[a, b] — 2h. —actual = | —1on, = 72— 2120= —2048.
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 Let’s estimate the error for the trapezoidal rule results hvithh, = 4

1y 7 1
Ela, - —estimatea= 3(lh. —12n.) + O(h,)* = 3(712- 2120 = -469.33

* Note that the actual error for the trapezoidal rule resultshwithh, = 4 equals

E[a, b]—h*—actual = I —I h. = 72— 712: —640

Romberg Integration Using 3 Estimates of the Integral

» Let’s consider usinghreeestimates om
| =Ip +Ch +Dh{ +ER® +O(h,f
| = Iy, +ChZ +Dh} +ERS +O(h,f

| = I, +Ch3 +Dh} +ER +0O(h,f
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Three equations we can solve fothreeunknowns: Solve for = exact integral agd
and D =coefficientsof the first two terms in the error series!

Therefore we can now derive axth)®  accurate approximation to

: : : : h.
Apply integration point spacingsh; = 2h. h, = h, ard = 5

Estimates of the integral are related to the exact intdges;
| = 1oy +4Ch? +16Dh} +64ENhS +0O(h,

| =1 +Ch2 +Dh* +ER® +O(h P

-7 .G . D4 E6
| = 'h_£+4h* +ah? +=h? +O(h¥

» We can solve for the unknowinhsC, abd !

1
45

64I~E—20I~h*+l~2h* + E(h.)6+0O(h,)8
2
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SUMMARY OF LECTURE 17

« Trapezoidal rule is simply applying linear interpolation between two points and inte-
grating the approximating polynomial.

» Error for Trapezoidal Rule
X1
» The error can be determined by computij‘\g( X)dx e IS expressed in series

Xo

form.

 The error can also be determined by Taylor series expansions of the integration
formula and the exact integral.

» Extended trapezoidal rule applies piecewise linear approximations and sums up indi-
vidual integrals.

o Error for extended trapezoidal rule is obtained simply by adding errors over all sub-
intervals
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 Romberg Integration
» Uses trapezoidal rule with different intervals.
» Extrapolates a better answer by estimating the error.

» This can be a much more efficient process than increasing the number of intervals.

 Romberg Integration can be applied to any of the integration methods we will develop

p. 17.26
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