CE 341/441 - Lecture 12 - Fall 2004

LECTURE 12

DERIVATION OF DIFFERENCE APPROXIMA TIONS USING UNDETERMINED
COEFFICIENTS

« All discrete approximations to derivatives are linear combinations of functional values at
the nodes

() _ & fotag fgt...+a f, . E
hp

* The total number of nodes used must be at least one greater than the order of differentia-
tion p to achieve minimum accura¢y(h)

« To obtain better accuracy, you must increase the number of nodes considered.

» For central difference approximations to even derivatives, a cancelation of truncation
error terms leads to one order of accuracy improvement
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Forward second order accurate apptionation to the first derivatie

» Develop a forward difference formulafdbf) whichBs= O( h)2 accurate

First derivative withO(h) accuracy the minimum number of nodes is 2

First derivative withO(h)2 accuracy need 3 nodes

*—o—0

I+l i+2

» The first forward derivative can therefore be approximaten( by as:
df _E:ulfi+a2fi+1+a3fi+2
dx|, _ h

T.S. expansions about are:

f. = f,
,h°.@ 0o 4
_ (1) 2:(2) , 4,3.(3) 4
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« Substituting into our assumed form@df’  and re-arranging

a, fi+a, fj,+agfi,, (ap+a,+ag)
h B h i

(1)

+ (0, + 205) f;

B (2)
ot 20(3%1 f.

+ oty + 5agh?1® + o(?

. Desirefi(l) and 2 order accuracy coefficient offi(l) must equal unity and coefficients

of f. andf® must vanish

O, +0,+0,
h

(a,+2035) =1

2 _
D§-+2a3%1— 0

p.12.3



CE 341/441 - Lecture 12 - Fall 2004

» Solving these simultaneous equations

|

a;, =—7, 0, =2, O3 =—3

NIW
N

* Thus the equation now becomes

3 1
—5fit2 =510
h

= (0)f +(2-1)f P +0)F? + % [Q—gl:%%quim +0(h)°

v _ “3Ti+t A4t —Tiss

f o h 2¢3) 1 o(h)®

» The forward difference approximation df@rder accuracy

(1) _ —3f+ 4t T4,

_ (3)
T +E where E = h fi
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Forward first order accurate appramation to the second derivagv

» Derive theO(h) forward difference approximationsffé>

« Second derivativex 3 nodes folO(h) accuracy

a, fi+o, fi  +osfi,,

h2

f@_E =

« Develop Taylor series expansions fiyr f.,, , and, , substitute into expression and
re-arrange:

o, fi+a, fi o +az i, (ag+a,+ay)

h2 B h2 !

L [P2* 2050 )
O h 0O

(2)

+ %(0(2 +40,) f

¥ (a2+8a3)gfi(3) +0(h)°
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 In order to computé(z) we must have:

—1—2(0(1+0(2+0(3) =0

%(0(2 +2045) =0

%(0(2 +405) = 1

» Therefore

f1 = hi2(fi+2_2fi+l+ f;)+E where E = —hf}’
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Skewed fourth order accurate appmimation to the second derivaty

» Develop a fourth order accurate approximation to the second derivative at node which
involves node$—1 i, and subsequent nodes to the right ofinode

fi(z) ~  requires 3 nodes fap(h) accuracy

~  requires 4 nodes fOTD(h)2 accuracy
~ requires 5 nodes fcID(h)3 accuracy

~  requires 6 nodes fcﬁ)(h)4 accuracy

 Therefore we consider nodes

[ @ @ @ @ @
-1 [ +1 +2 +3 i+4

. 9 is approximated as:

_to firoag fi o, fitag fi g +0g fiuy

| h2
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 Steps to solve for the unknown coefficients in the linear combinatiofrﬁor
 Develop Taylor series expansions for ,, fi, 1, fi o, fiig, fiia
» Substitute and re-arrange to collect terms on equal derivatives

» Generate equations by setting coefficients‘,@f to 1 and the remaining 5 leading
coefficients to zero
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NUMERICAL DIFFERENTIA TION USING DIFFERENCE OPERATORS

Differ ence Operators

First order difference operators

» Consider the following full and intermediate nodes

h h

o—% ® A—O
-1 1-1/2 1 H#+1/2 1+1

» First order forward difference operator

Afi =1, -1,

» First order backward difference operator

Of =f —f._,

» First order central difference operator defined using full node functional values
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Notes

» Intermediate functional values are defined as

_ hO
fi+% - f§<i+2|:|

First order central difference operator defined using intermediate nodes
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Theorder of the difference operatois related to the number of times that the operator
Is applied and not to therder of accuracy

Higher order difference operatorssimply repeat operation as indicated by the operator
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Second orderdrward difference operator

A°f, = A(AT)
= AT, - 1)
= Afy, AT

= (fjaa=fiv ) —(Fi— 1)

A%, fioo=2f, 0+ 1,
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Third order badkward difference operator

0%f, = 0%(Of)
= 0%(f.—f,_,)
= 0(0Of,-0f,_y)
= O[(f,=fi_)—(f,_1—f._))]
= O[f;—2f;_y+ f,_,]
= Of,—20f,_,+0Of; _,
= (f,—f_)—2(f_;—fi ) +(fi_,—f, _3)
3
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Second order central diérence operator

5f = 5(3f)

= 5%”%4'_%%

= 6fi+%—6fi_%

= (=) - (Fi=T_9)
2
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Second order migd diference operator

* We can also apply different operators; e.g.

« Applying a first order forward difference operator and then a first order backward differ-
ence operator

OAf, = A(DF))
= A(f,—f,_,)

= Af —Af,_,

(=T =(Ti=Ti_y)

ADT = T =2f+ 1y

« We note thats® = A0 = 0A and in generaf™ = 0™A™ . (2m)" order central differ-
ence operator
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Approximations to Differentiation Using Difference Operators

di| Af

dx. "'Bx
Xi

df| _Uf;

dx|. ~Tx,
X;

df| 5o

dx|, — Ox
X

First order ba&ward difference operator appromation to the first derivatie

(1) 2T
fi O
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First order central diference operator appsomation to the first derivatie

Of

1:i(l) B 6X.i

W2 h2

o—o0—0 5Xi:h

-2 1 i+1/2

1
fi(1)D 2 2

. &—9——o ox; = 2h
-1 [ I+1

f. —f.
(2) i+1 i—1
f. 0 R
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Central difference apprgimation to the first derivatie as an agrage of first order dr-

ward and bag&ward difference appraimations

* \We note that first order central difference approximations can also be derived as arith-
metic averages of first order forward and backward difference approximations

= —

Af, Of,
f|(1)D1|: | I:|
2| Ax:  UXx;

foo_f f _f
fi(l)D%[ |+; i, hl—1:|

f(l) _ fi+1_fi—l
. 2h

» This concept can be generalized to central approximations to higher order derivatives as
well (see the next section)
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General diference operator appromations to derivaties

* In general we can approximate derivatives using

« Forward approximations

APf.
LY T
hp

« Backward approximations

OPf.
1P o—1+0(h)
hp

» Central approximations

S NS
() "3 '3 2
f.m 0 > +0O(h)” peven
2h
P p
Dot ¥
P g 2 2_+0(h)* podd
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« A complete operator approach to central differencing can be developed. However this
approach is somewhat artificial and overly complicated.

p. 12.19
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