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LECTURE 11

NUMERICAL DIFFERENTIA TION

• To find discrete approximationsto differentiation (since comp
functional values at discrete points)

• Uses of numerical differentiation

•  To represent the terms in o.d.e.’s and p.d.e.’s in a discr

• Many error estimates include derivatives of a function. T
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• Notation
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• Node index→ i → indicates which node or point in spac
(here only one spatial or temporal direction)

• For equi-spaced nodal points,

Taylor Series Expansion forf(x) About a Typical Nodei_______________________________________________
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• For thepresentanalysis we will consider only the first four te
(may have to consider more)

    where

       ⇒
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• If the Taylor series is convergent, each subsequent term
becoming smaller.
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• The terms in the error series may be expressed

• Exactly as

• We note that the value of  is not known

• This single term exactly represents all the truncated

• Approximately as

• This is the leading order truncated term in the series

• This approximation for the error can also be thought
exact single term representation of the error

• In terms of anorder of magnitude only as

• This term is often carried simply to ensure thatall terms
been carried in the derivations.

• This error term is indicative of how the errorrelativelyde
interval!
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• Evaluate

     

• Evaluate
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• Evaluate
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l Values at Nodes

o nodes
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Approximating Derivatives by Linearly Combining Functiona

Forward first order accurate approximation to the first derivative

• Consider 2 nodes,  and

• Combine the difference of the functional values at these tw
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• First derivative of at node  is approximated as

 where

• This is the first forward difference and the error is called firs

• Notes:

• There is a clear dependence of the error on

• The first forward difference approximation isexact for 1
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Backward first order accurate approximation to the first derivat

• Consider nodes  and  and define

⇒

• First backward difference of  is then defined as:

• Error is againfirst order in
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Central second order accurate approximation to the first derivat

• Consider nodes ,  and  and examine

⇒

• Central difference approximation to the first derivative is

• Formula has an error which issecond order in
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• The smaller , the smaller the error

• Error is obviously generally better for the central fo
backward  formulae!
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• Strictly the order of the error is indicative of the rate of con
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Forward first order accurate approximation to the second deriv

• Now consider nodes , and and the linear comb

                                       ⇒

• Forward difference approximation to second derivative

• Errorfirst order in

i i 1+ i 2+
f i 2+ 2 f i 1+– f i+

f i 2+ 2 f i 1+– f i+ f i 2h f i
1( )

2h
2

f i
2( ) 8

6
---h

3
+ + +

=

2 f i h f i
1( ) h

2

2
----- f i

2( ) 1
6
---h

3
f i

3(
+ + +

–

f i 2+ 2 f i 1+– f i+ h
2

f i
2( )

h
3

f i
3( )

–= O h( )4
+

f i
2( ) f i 2+ 2 f i 1+– f i+

h2
--------------------------------------------- E+=

h

E h f i
3( ) O h( )= =



CE 341/441 - Lecture 11  - Fall 2004

1
4
---– h

3
f i

4( )

1
4
---h

3
f i

4( )
p. 11.14

TABLE OF DIFFERENCE APPROXIMA TIONS

• First Derivative Approximations

• Forward difference approximations:

 ,

 ,

 ,
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• Central difference approximations:

 ,

 ,

• Second Derivative Approximations

• Forward difference approximations

 ,
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• Backward difference approximations:

 ,

 ,

• Central difference approximations:
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• All the derivative approximations we have examined are
functional values at nodes!!

• What is a general technique for finding the associated coef
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