CE 341/441 - Lecture 11 - Fall 2004

LECTURE 11

NUMERICAL DIFFERENTIA TION

» To find discrete approximations$o differentiation (since computers can only deal with
functional values at discrete points)

» Uses of numerical differentiation
* To represent the terms in 0.d.e.’s and p.d.e.’s in a discrete manner

* Many error estimates include derivatives of a function. This function is typically not
available, but values of the function at discrete points are.

» Notation

* Nodes are data points at which functional values are available or at which you wish
to compute functional values

At the nodes (x;) = f,

f(X) fio fa i fur fio

—@ @ @ @ o—>
X Xio X1 X Xy X2
node -2 i-1 i +1 i+2

p.11.1



CE 341/441 - Lecture 11 - Fall 2004

* Node index- i - indicates which node or point in space-time we are considering
(here only one spatial or temporal direction)

3 3 i=0,N
I 0 1 2 i 20 21 N=22
* For equi-spaced nodal points= x , ; —X;
Taylor Series Expansion forf(x) About a Typical Nodei
F(x) = F(x) + (X~ mf‘”(x>+( AR >+( _‘) £ ()
4
+(X_4IX|) f(4)(Xi)+ +( _XI) f(5)( ) ( _XI) f(G)( )+
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» For thepresentanalysis we will consider only the first four terms of the T.S. expansion
(may have to consider more)

(x—%)°

2 X
o 1200) + 5

F) = F(x)+ (x=x) FP(x) + ==
where

(x —X.)
E = —- FD(x) +

_(X_Xi)4 4)
E—Tf (&) x;<{<x O

( —X.)
E 05— D) O

E OO(x— )g)4

« If the Taylor series is convergent, each subsequent term in the error series should be
becoming smaller.
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» The terms in the error series may be expressed

(x —X.)

e Exactly asE = £ (g)

* \We note that the value §f is not known
 This single term exactly represents all the truncated terms in the Taylor series

(x —X|)

« Approximately ast 0-—-=f“(x)

 This is the leading order truncated term in the series

* This approximation for the error can also be thought of as being derived from the
exact single term representation of the error with the approximation

t9E) = 19 (x)

* In terms of arorder of magnitude only ag 0O(x— >g)4

 This term is often carried simply to ensure th#tterms of the correct order have
been carried in the derivations.

 This error term is indicative of how the erraglativelydepends on the size of the
interval!
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 Evaluatef (x;, 1)

2
1 (Xi+1—=%)" (2
f(42) = F0) + (a1 =) FP00) + 5= 19 (x)
(%2 1= %)
=) .
I+g! I f()(Xi)"'o(xi+1—xi) i
) h?.2 h.3 4
f,, = f+hf )+'2‘fi()+'gfi( ) +0(h)
 Evaluatef(x;, ,)
2
- (1) (Xi+2—%)" (2
F(X1+2) = FOG) +(X00—=%)F 7 (%) + o (%)

3
+(Xi+2_xi)

3! (%) +0(x, 5 - %) O

flop = fi+2h £ 207D+ 26%6 9 v o)’
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* Evaluatef(x; _,)

2
1 (Xi_1—%)" .2
f(x_q) = f(xi)+(xi_1—xi)f()(xi)+ ' 12! | f()(Xi)
+( i—1" |) f +0 4
30 (Xi) (% _1—X) U
2 3
fioa = fi-ntfP+ T2 -5 1%+ o

 Similarly we can evaluate (x; _,)

= f,—2nfP 4 2n?fP h >+ o(h)*
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Approximating Derivatives by Linearly Combining Functional Values at Nodes

Forward first order accurate appedamation to the first derivatie

 Consider 2 node$, amnd 1

f

I ' ! fiea

i i+1

 Combine the difference of the functional values at these two nodes

@ . h°.@ . h,@ 4
f.,,—f, = f. +hf, +§fi +€fi +O(h) - f. O

2 3
h“ .2 h .3 4
-z 2=t vom® o

1
hfi(): Fivg—f 6

foo.—f. 2
) = %_gfi(z)_%fiwuo(ms
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 First derivative off at nodei is approximated as

foo—f
£ = —'+:1 '+ E where ED—g -

» This is the first forward difference and the error is called first order in  Hi8O( h) )

f(x) _ .-~ actual slopef; (1)

T / approximate slope fi; 1 - f;
h

. 1=
-

h

* Notes:
* There is a clear dependence of the errati on

» The first forward difference approximationeisactfor ftdegree polynomials
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Backward first order accurate appedmation to the first derivatie

e Consider nodes-1 and and define f,_,
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(1) h° (2) h° (3) 4]
fi—fi_y = f—f;—hf += 17— 17 +0o(h)'
L]
2 3
_ne( h7 @ h™ (3 4

» First backward difference éf is then defined as:

fi(1) _ fi_fi—l

n *E

e Error is agairfirst orderin h
1, .2
E = éhfi( ) 00o(h)
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Central second order accurate apptionation to the first derivatie

 Consider nodes i1 and-1 and exanfing—f._.

fo o —f .= Df-+hf-(1)+h—2f-(2)+h—3f-(3)+O(h)4D—Df-—hf-(l)+h—2f-(2)—h—3f-(3)+O(h)4D
I1+1 -1 11 [ 2 | 6 ! ] 1 | 2 | 6 ! []

[

h3

1 3 4
frea—fiog = 200+ 267+ O(h)

» Central difference approximation to the first derivative is

f|(1) — fi+l_fi—1

+
2h =

 Formula has an error whichsecond ordein h

h2

E = —6—fi(3)DO(h)2
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_ .- actual sopef; (1)

approximate slope fiy1 -fi_1
2h

Y
X

-1 i +1
 The smalleh , the smaller the error

» Error is obviously generally better for the centrat h)* formula than the forward or
backwardO(h) formulae!

» Expression is exact for 2nd degree polynomials due to the third derivative in the expres-
sion forE
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o Strictly the order of the error is indicative of the rate of convergence as opposed to the
absolute error

log(E)=log(f () - F.D. approx)

A

Yy

log h
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Forward first order accurate appramation to the second derivagv

* Now consider nodes i,+1 andr2 and the linear combination of functional values
fiva=2T 0 * 1

_ (1) 2.(2) , 8,3,(3) 4
frap—2f, o+ = 5 +2h {7 +2n°f +eht, +0(h)*H

2
_ngi"’hfi(l)"'h fi(2)+%h3fi(3)+o(h)4%+(fi)

2
0

fo,—2f , +f =h’f?_n’f

(3
i

'+ o(h*
» Forward difference approximation to second derivative

(@ - Fiva=2f, 1% fi+E
h

e Errorfirst orderin h

E=nhi® = 0O(h)
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TABLE OF DIFFERENCE APPROXIMA TIONS
* First Derivative Approximations

» Forward difference approximations:

£
fi(1)_ i+1 L E ED—%hfi(Z)

h
—f. ., +4f . -3f.
(1) _ 2 1 1 2.(3)
for = —= 2h'* -+ E, EDzh™f;
2f. ., ,—9f. , ,+18f , —11f.
fi(l) — i +3 i+2 i+1 = | ED_%rh3fi(4)

B 6h

« Backward difference approximations:

f_f.
1 _ -1 1, 22
for = = h' +E, ED3Zhf
3f —4f, . +f.
1) _ —17Tio» 1,2:(3
for = — '2h —<+E, EO3h°f
(@ = 111, -18f; 4 +9f ,—2f 5 o | ED%thim)

B 6h

p.11.14



CE 341/441 - Lecture 11 - Fall 2004

 Central difference approximations:

foo. —f.
1) _ li+1 ~1 12,03
for = = 2h| +E, EO-Zhf;

—f,.,+8f  ,—-8f ,+f
fi(l): i +2 i+1 i—1 '_2+E, EDih4f(5)

12h 30
« Second Derivative Approximations
» Forward difference approximations
fooo—2f . . +f
fi(2): i +2 2|+1 I+E, ED_hfi(B)
h
£(2) :_fi+3+4fi+2—5fi+1+2f' 11, 2_(4)
|

|
+E |, EDlzhf
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« Backward difference approximations:

f.-2f _,+f.
fi(z): | |—21 '_2+E, Ethi(3)
h

2f. —-5f, _,+4f, _,—f,
fi(2) _ 4l i-1 . i-27 -3, EDl—thfi(4)
h 12

» Central difference approximations:

f., —2f. +f,
fi(Z): i+1 T S ED_lizhzfim)

h2

(@ —fi+2+16fi+1—30fi+16fi—1—fi—2+E el 4600
! 12h? | %

* All the derivative approximations we have examined are linear combinations of
functional values at nodes!!

 What is a general technique for finding the associated coefficients?
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